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Regularization and finite element error estimates for
elliptic distributed optimal control problems with
energy regularization and state or control constraints

Peter Gangl!, Richard Loscher?, Olaf Steinbach?

1Johann Radon Institute for Computational and Applied Mathematics,
Altenberger Strafle 69, 4040 Linz, Austria

Institut fiir Angewandte Mathematik, TU Graz,
Steyrergasse 30, 8010 Graz, Austria

Abstract

In this paper we discuss the numerical solution of elliptic distributed optimal
control problems with state or control constraints when the control is considered
in the energy norm. As in the unconstrained case we can relate the regularization
parameter and the finite element mesh size in order to ensure an optimal order of
convergence which only depends on the regularity of the given target, also including
discontinuous target functions. While in most cases, state or control constraints are
discussed for the more common L? regularization, much less is known in the case of
energy regularizations. But in this case, and for both control and state constraints,
we can formulate first kind variational inequalities to determine the unknown state,
from wich we can compute the control in a post processing step. Related variational
inequalities also appear in obstacle problems, and are well established both from a
mathematical and a numerical analysis point of view. Numerical results confirm the
applicability and accuracy of the proposed approach.

1 Introduction

Optimal control problems aim to determine a control of a system that drives the corre-
sponding state as closely as possible to a given desired state under acceptable costs for
the control, see [37] for a thorough overview of the mathematical theory. Over the past
decades, such problems have been studied for a wide variety of applications. A prominent
example is the medical application of cancer treatment by hyperthermia [10] where a heat
source should be placed in such a way that the temperature is increased (only) in the
cancerous tissue. The control variable can, in general, be defined on the full domain or on



the boundary, and typically the application of the control comes at a certain cost which
can be measured in different norms such as the L? norm or an energy norm. This cost is
typically added to the objective functional with a certain weight and can also be seen as
a regularization of the PDE-constrained optimization problem. Finite element error esti-
mates of solutions to optimal control problems have been studied by many authors, see,
e.g., [20], for an elliptic boundary control problem or [1, 8, 14, 31] for boundary control
with energy regularization. More recently, time-dependent optimal control problems in the
context of space-time finite element methods and corresponding error estimates were stud-
ied by some of the authors, see, e.g., [25, 26, 27] for parabolic problems or [29] for the wave
equation. For many optimal control problems, it is important to pose pointwise constraints
for either the state or the control variable, or both. These constraints can be incorporated
in different ways, e.g., by augmented Lagrangian methods [21], barrier methods [33] or by
reformulating the optimality system as a variational inequality [6, 13, 28]. This is closely
related to the treatment of obstacle problems, where constraints can be handled using a
penalization technique, see, e.g., [22]. After discretization, variational inequalities can be
solved by means of primal-dual active set strategies [2] or semi-smooth Newton methods
where the latter two strategies can be shown to be equivalent [16]. In particular the latter
class has been used in different physical contexts such as elasticity [23], fluid mechanics
[9], wave problems [24], and for different kinds of constraints including mixed control-state
constraints [32] or constraints on derivatives of the state [17]. As in the unconstrained case,
the control can be measured in different norms, depending on the regularity assumptions
on the control, which leads to a different behavior of the solutions in particular in the case
of less regular, i.e., discontinuous targets. The, nowaday, common L? regularization with
state constraints was already studied in [11]. Considering the L? norm as energy norm
leads to a fourth order elliptic partial differential equation, see [30]. The recent survey pa-
per [3] gives an overview on the numerical analysis incorporating state constraints in this
case. While in most cases, state or control constraints are discussed in the context of L?
regularizations, much less is known in the case of energy regularizations. The very recent
work [15] examines state constraints in the case of energy regularization for the Laplace
equation, which is also a starting point for our analysis, see [36].

In this paper, we consider the problem to find the minimizer (u,, z,) € H}(Q) x H1(Q)
of the functional

1 _ 1
T (g, 70) = 5 Ity = sy + 5 0 ol (1)

subject to the Dirichlet boundary value problem of the Poisson equation,
—Au, =2, inQ, wu,=0 ond. (1.2)

Here, Q C R", n = 1,2, 3, is some bounded Lipschitz domain, u € L?(f2) is a given target,
and ¢ € R, is some regularization parameter on which the minimizer depends on. The
variational formulation of the Dirichlet boundary value problem (1.2) is to find u, € Hg ()
such that

(Vg, V) r2(0) = (25, 0)q  for all v € Hy (), (1.3)



where (z,,v)q denotes the duality pairing for z, € H~1(Q) = [H}(Q)]* and v € H}(2) as
extension of the inner product in L?(2). Recall that |Vv]|2(q) defines an equivalent norm
for v € HJ(2), and that the dual norm in H~!(Q) is given by

|21 = sup {zt)e for all z € H1(Q).

0£veHL(Q) Vol 2@

With this we easily conclude

||Zg||%{—1(9) = ||VU@||%2(Q) = (2p, Ug)0;
where u, € H}(Q) is the unique solution of the variational formulation (1.3). Hence we

can write the cost functional (1.1) as reduced cost functional

_ 1
o =Tl Z20) + 5 @I Vitoll (- (1.4)

~—

j(ug) =

In the case of neither state nor control constraints, the minimizer of the reduced cost
functional (1.4) is given as the unique solution u, € H}(2) of the variational formulation

0 (Vg, Vv) 12(0) + (Up, V) 12(0) = (U, v)12(0) for all v € Hy(€2). (1.5)

Depending on the regularity of the target w we can prove the following regularization error
estimates:

Lemma 1.1 ([30, Theorem 3.2]) For ¢ > 0, let u, € H}(Q) be the unique solution
of the wvariational formulation (1.5). Assume u € HS(Q) = [L*(Q), H3(Q)]s for some
s €10,1] oru € HY(Q) N H*(Q) for some s € (1,2]. Then there holds the regularization
error estimate

lup =Tl 2y < ¢ 0* [Tl msey- (1.6)

Let Vj, C H}(Q) be some finite element space of piecewise linear and continuous basis
functions which are defined with respect to some admissible decomposition of the domain
) into simplicial shape regular finite elements 7, of local mesh size hy, and with a global
mesh size h := max, hy. For simplicity we may assume that 2 is a polygonally (n = 2)
or polyhedrally (n = 3) bounded domain. The finite element approximation of (1.5) is to
find wu,, € V, such that

1Y (Vugh, Vvh>L2(Q) + <ugh, Uh>L2(Q) = <ﬂ, vh>L2(Q) for all Vp € Vh. (17)

The numerical analysis of this variational formulation as well as the construction of robust
iterative solution methods was considered in [27].

Lemma 1.2 ([27, Theorem 1)) Let us assume, for simplicity, that Q C R™ is conver,
and that the target function satisfies either u € H3(Q) for s € [0,1] oru € HJ () N H*(Q)
for s € (1,2]. For the choice o = h?* there holds the error estimate

H#(Q)- (1.8)

[won = Tl 20 < ¢ h” [l
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The aim of this paper is to provide related estimates for both the regularization and the
finite element error when considering the minimization of (1.4) with either state or control
constraints. Note that related work, considering state constraints, but not with respect to
the regularization parameter p, was recently presented in [15].

The remainder of this paper is structured as follows: In Section 2 we provide estimates
for the error ||u, — u||12() with respect to the regularization parameter ¢ for both state
and control constraints. These results follow similar as in the unconstrained case, due to
the structure of the variational inequality to be solved. In order to include state or control
constraints we have to solve a first kind variational inequality to find the unknown state.
Their numerical approximation using finite element methods is well established, and we
can transfer the general results to the particular application of constrained optimal control
problems with energy regularization. The finite element discretization and the related a
priori error estimates are given in Section 3. In a post processing step we finally compute
the control, when the state is known. The resulting discrete variational inequality can
be reformulated as a nonlinear system of algebraic equations, which can be solved by
applying a semi-smooth Newton method which turns out to be an active set strategy,
and which is described in Section 4. Several numerical results are given in Section 5 in
order to demonstrate the applicability and accuracy of the proposed approach. Finally, we
summarize and comment on ongoing work.

2 Regularization error estimates

In this section we will discuss regularization error estimates for the minimization of (1.4)
with additional constraints on either the state u, or the control z,.

2.1 State constraints

We consider the reduced functional 7 (u,) as defined in (1.4), but now we minimize over
the convex subset

K, = {v € Hy(Q) : g_(v) <wv(z) < gy (x) for almost all z € Q},

where g1 € HA(Q) := {v € H}(Q) : Av € L?(Q)} are given barrier functions, and where
we assume g < g, and 0 € K, to be satisfied. From this it follows that g < 0, and
g+ > 0. The minimizer u, € K satisfying

J (u,) = min j(v)

veEK

is determined as the unique solution u, € K of the first kind variational inequality
0 (Vug, V(v —up)) r200) + (Up, v — Up) r2(0) > (W, v — up) 2y for all v € K. (2.1)

As in the unconstrained case [30] we can prove the following regularization error estimates.
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Lemma 2.1 For o > 0, let u, € K, be the unique solution of the variational inequality
(2.1). Foru e L*(Q) there holds

[ — Tl r20) < ([l r2(0), (2.2)
while for uw € Ky we have
[ue = Tllr20) < VoIVl L2, (2.3)
and
IV (uy =) | 22(0) < IV 220 (2.4)
If in addition At € L*(Q) is satisfied for u € K,
|up —Tllr2(0) < 0| AT||L2(q) (2.5)
as well as
IV (ue =)l z20) < Vel Atz (2.6)
follow.

Proof. From the variational inequality (2.1) we obviously have
0 (Vug, V(v —up))r2) > (U — up, v — up) 2y forallv € K.
In particular for v = 0 € K, this gives
[T — wol| 720y + 0 (Vg Vup) 20y < (g — 0, W) o) < [T — tgl| 2o 1l 2w
i.e., (2.2) follows. When assuming u € K we can consider v = U to obtain
oIV (ug = )| F2iq) + llup — EH%Q(Q) < o(VU, V(U — ug))r2(0)
< oVl [V (u — )2,
ie.,
IV (1 = 1)l 22() < V] L2(0),
that is (2.4), and (2.3),
g — ﬂH%Q(Q) <0 ||VﬂH%2(Q) .
If u € K, is such that Au € L*(Q) is satisfied, then we conclude
oIV (up =) ||720) + lup = llT2) < 0(VT V(T = uy)) 120
= 0((—A0), T —uy)12(0) < 0||AU[|r2(0)llup — Ul r2(0),
and hence
[t =0l L2() < 0| AU L2y,
i.e., (2.5), follows. Finally,
011V (g = )72y < 01T r2(0) [l — Tl r2(0) < 07 |1AT 20

implies (2.6). O
For the solution u, of (2.1) we introduce the active sets 25 4 = {z € Q : u,(z) = gs(x)}.
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Lemma 2.2 For u, € K, being the unique solution of the variational inequality (2.1), let
AN i= —0Au, +u, —u € H Q). Assumeu € K, N HA(Q) and g+ € HA(Q). Then we
conclude z, = —Au, € L*(Q) and hence, A € L*(Q).

Proof. When using integration by parts we can write (2.1) as
(—oAu, +u, —u,v —uy)g >0 forallve K,

ie.,
(A, v —1uyq >0 forallve K. (2.7)

The definition of A implies
A+ 0Au, = u, — U € L*(9).
For z € Q4 we have uy(x) = g+(z), and hence Au, = Agy € L*(Q+) as well as A €
L*(Q4). Let w € H}(Q) satisfying
0 < w(z) < min {g+(x) — u,(x), uy(z) — g_(x)} for z € Q,

ie., w(z) =0 for x € Q1. For v = u, +w € K, we then obtain from (2.7) (A\,w)q > 0,
while for v = u, —w € K, we conclude (A, w)q < 0. Hence we have (A\,w)q = 0 for all
w € Hy(N\Qs+), ie, A =0 in H HOQ\Q+), which remains true in L*(Q\Qg ). This
already gives A\ € L*(Q). Moreover, by 0 = A = —pAu, +u, — @ in Q \ Q, 4+ and Lemma
2.1 we obtain

oAU L2\u v) = Jte — Tl L2000 1) < g — Tl 2200) < 0| AT L2(0),

which implies

1A, 2@v0x) < [[AT]] 220,
ie., Au, € L*(2\ Q1) and together with Au, = Agy in Q,4, Au, € L*(Q), independent
of p. O
Due to A € L*(Q) we can write (2.7) as

/ M) [v(x) —uy(z)]de >0 for all v € K.

For arbitrary w, € HJ(Q) satisfying 0 < w, (x) < g4 (x) — u,(x) for almost all z € Q we
have v = u, + wy € K, and we conclude

/ Mz)wy(z)ds, >0 forallwy € Hy(Q\Q), wy > 0.
o\
Hence we obtain A\(xz) > 0 for almost all x € Q\Q . In the same way we choose w_ €

Hy () satisfying g_(z) — u,(x) < w_(z) < 0 for almost all z € Q. Hence we have
v =1u, +w_ € K, and we conclude

/ Mz)w_(z)dz >0 forallw_ € Hy(Q\Q_), w_ <0,
o\
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i.e., A(x) <0 for almost all x € Q\Q,_. With this we finally obtain the complementarity
conditions which hold for almost all x € €2

g-(2) < uy(@) < g (2) : A@) = 0; uy(@) = g (2) : A@) = 0; uy(w) = g (2) : M) < 0.

Remark 2.1 The variational inequality (2.1) corresponds to the two obstacle problem as
considered, e.g., in [5], where also a more general discussion on the reqularity of solutions is
given, i.e., [5, Theoréme 1.1, Remarque 1.4, Remarque 1.5], which also fits our application.

2.2 Control constraints

Since —A : H}(Q) — H () defines an isomorphism, we can also write u, = Sz,, where
S H Q) — H(Q) is the solution operator of the Dirichlet boundary value problem
(1.2). Instead of (1.1) and (1.4) we now consider the reduced cost functional

~ 1 1
J(z,) = 5 152, — UHL2 + = ) 0(Szy 2,00 for z, € HH(Q). (2.8)

Box constraints in H () are defined in weak form, i.e., for given fy € L*(Q) we define

Z. = {Z e H Q) : (f-,v)120) < (20,0)0 < (4, 0) 1200 Yo € Hy(Q), v(z) > O}- (2.9)

Hence we find the minimizer z, € Z. of the reduced cost functional (2.8) as the unique
solution of the variational inequality

(S*Szp+ 0525, — 2p00 > (S™U, ) — zp)q forally € Z,. (2.10)
When using u, = Sz, and the fact that S is self-adjoint, this can be written as
(Up + 020,V — Up) > (W, v —up)q forallv =S5y, ¢ e Z.
When introducing
K, = {u € HYQ) : (f-,0) 2y < (Vit, Vo) o) < (Fir 02 Vo € HH(Q), v(z) > o},
(2.11)

and using z, = —Au,, we finally end up with a variational inequality to find u, € K. such
that

(g, v — Ug)r2(0) + 0 (Vg V(U — wp)) r2() = (W, 0 — up) 2 forallve K.  (2.12)

Since the variational inequality (2.12) coincides with (2.1), all the regularization error
estimates as given in Lemma 2.1 remain valid, but we have to assume u € K. instead of
u € K, when required.

For the unique solution u, € K. and for the target u € L*(Q) we define w € Hj(Q) as
the unique weak solution of the Dirichlet boundary value problem

—Aw = —pAu,+u,—u inQ, w=0 ondQ, (2.13)



satisfying
(Vw, Vo) 2y = 0 (Vg V) 1200y + (tp — U, v)12(q)  for all v € Hy ().
When using integration by parts we can write this as
(—Aw + 0Auy, v)g = (U, — T, V)2 for allv € Hy(€2).

For fi € L?(Q) we define g.+ € H}(Q) as unique solutions of the Dirichlet boundary value
problems
_Agc,i = fi in Q? Ge+ = 0 on 897

and we introduce Q.+ = {x € Q : uy(x) = g.+(z)}. Due to f+ € L*(Q) we therefore have
fi(x) = =Age+(x) = —Au,y(z) for almost all z € Q. 4.

Lemma 2.3 Foru, € K, being the unique solution of the variational inequality (2.12), let
w € H(Q) be the weak solution of the Dirichlet boundary value problem (2.13). Assume
u € K.NHXQ) and fr € L*(Q). Then we conclude z, = —Au, € L*(Q), and hence,
Aw € L*(9).

Proof. The definition of w € H}(Q) as weak solution of the Poisson equation in (2.13)
implies
—Aw(z) = o0 fr(x) + up(x) —u(z) for almost all z € Q. 4,

and hence, Aw € LQ(Qci) follows. Since u, € K. is the unique solution of the variational
inequality (2.12), and using the definition of w € Hj(€), this gives

(Vw, V(v —1u,))r2 >0 forallv e K.,

or equivalently,
(w, —Av 4+ Au,)g >0 for allv € K..

Let v, € Hj(2) be the unique solution of the Dirichlet boundary value problem
—Avy = —-Au,+v¢ inQ, vy =0 ond,

where ¢ € L?(Q), ¥(x) > 0 for almost all z € Q, is given. To ensure v, € K. we need to
assume

(1, v) 1200y < (f+ 4+ Aup,v)o  for allv € Hy(2), v > 0.

From this we conclude, when considering v € Hj (e +), ¥(z) = 0 for almost all x € Q. ,,
and

(w, V) r20) = (0, V) 2@\0.4) > 0. (2.14)

Next, and using the same 1 as above, let v_ € H}(Q) be the unique solution of the Dirichlet
boundary value problem

—Av_ =—-Au,—1¢Y inQ, v_=0 on .

8



To ensure v_ € K, we now have to satisfy
(P, 0)q < —{f_ + Au,,v)g forallve Hy(Q), v>0.

This gives () = 0 for almost all x € . _, and we have (w, ) 2\q._) < 0. Hence we
conclude (w, ) 2.,y = 0 for all ¢ € L*(Q\ Q) satisfying

(¥, v)q < min {(f+ + Auy, v)g, —(f- + Aug,v>g} for all v € Hy (), v > 0,
and therefore w(z) = 0 for almost all x € Q\Q, 4 follows. Using Lemma 2.1, this implies

lo AuyllL2 00 2) = U — Tl 2\ sy < MU — Ul 22() < 0| AU L2(0),

ie.,
[Aupll 2 @0 ) < [1AT]| 220y

Together with —Au, = fy € L*(Q.+) this gives —Au, € L*(Q), and —Aw € L*(Q). O
From the proof of Lemma 2.3 we already have f_(z) < —Au,(z) < fi(z) and w(z) =0
for z € Q\Q. 1. Moreover, (2.14) gives (w, 1) 2, ) > 0 for all ¢ € L*(Q,_) with ¢ > 0,
and hence we obtain —Au,(z) = f_(z) and w(z) > 0 for x € Q. _. In the same way we
conclude —Au,(z) = fi(x) and w(z) < 0 for z € .. Note that these relations are the
complimentarity conditions of the variational inequality (2.12).

3 Finite element discretization

Let us consider the variational inequality to find u, € K such that
0 (Ve V(v —up))r2) + (Up, v — Up) 1200y > (U, v — up) 12y for all v € K, (3.1)

which corresponds to (2.1) with K = K in the case of state constraints, and to (2.12) with
K = K. for control constraints. We now assume that () is either convex or sufficiently
regular such that ||Aul| 2y defines an equivalent norm in Hj(Q2) N H?*(Q) = HA(Q).

As in the unconstrained case, let Vj, = S}(Q) N H} () = span{yy }2L, be a conforming
finite element space, e.g., of piecewise linear and continuous basis functions ¢ which are
defined with respect to some admissible decomposition of €2 into simplicial shape regular
finite elements 7, of local mesh size hy.

Let Kj; C Vj be some appropriate approximation of K to be specified later. Then we
consider the Galerkin variational inequality of (3.1) to find wu,, € K}, such that

1Y (Vugh, V(’Uh — ugh)>L2(Q) + (ugh, Uy — ugh>L2(Q) Z <ﬂ, Uy — ugh>L2(Q) (32)
is satisfied for all v, € K}, which is obviously equivalent to
<ﬂ — Ugh, Uy — ugh>L2(Q) —0 <Vu9h, V(Uh — ugh>>L2(Q) <0 forall v, € Kj,. (33)

Following [12] we can prove the following a priori error estimate for the solution u,, € Kj,
of the variational inequality (3.3).



Lemma 3.1 For u, € K and u,, € K, being the unique solutions of the variational
inequalities (3.1) and (3.2), respectively, there holds the error estimate

ltg = wanl3ey + € 1V (ttg = 1000 3y (3.4)
< 8| inf (||ug—vh||L2 T 01V (up = vn) 32y ) + 0% 1At l3a(a) + lttp = Tl32qey

v EKp

Proof. For arbitrary v, € K}, using (3.3) and integration by parts, we can write

o — thHL2 + 0|V (u, — th)H%?(Q)

= (Up — Uph, Up — Uph) 12(02) + 0 {V (Up — Ugn), V(g — Ugn)) L2(0)

= (U — Ugh, Up — Un)r2(0) + 0 (V (g — Ugn), V(up — vp)) r2(0)
(g — Ugh, Vn — Ugh) 12(02) + 0 {V (Ug — Upn), V(0 — Upn)) 12()

= (U — Ugh, Up — Vn)r2(0) + 0 (V (g — Ugn), V(uy — vp)) r2(0)
+(up — U, vp — Ugh) r2(0) + 0 Vg, V(Uh — Ugn)) r2()

U — Ugh, Uh — Ugn) 12(2) — 0 {VUgh, V(0 — Ugn)) 12(02)

< (up — Ugh, Up — Un)r2(0) + 0 {V (g — Upn), V(g — vp)) r2(0)
+(up — W, v — Ugh) r2(0) + 0 Vg, V(Uh — Ugn)) r2()

= (Ug — Ugh, Up — Vn) 12(0) + 0 (V (g — Ugn), V(up — V1)) L2(0)
+(—0AUu, + Uy — T,V — Ugn) 12()

< o = wonllr2(e) lue — vallrz) + 0 [V (ue — won) || 22(0) [V (1w — vn) || 220

| — 0Au, +up — UHL2 th - ugh”L2
When using Young’s inequality we further have
o = wonllZage) + IV (e = wan) 720y < 7 llte = wonllzze) + llue — onllzzo)
1
+50 V(o = uen)lliz@) + 5 @IIV( ) |22 (0)
_ 1
| — 08wy +uy =Tl 720y + 7 llon = enllzz()

ie.,

3 1
7 e = wonllZaa) + 3 Q||V( —ton) 12y < llue = onllZzio) + 5 011V (e = vn) 72

B 2 1 2
+ (e lldugl ey + lup = llzze )+ 7 (Ion = wgllzagey + ey = vl o))
< g — vl + 5 19 (g — )2

1 1
+20° HAUQHL? )2, — U||L2(Q)+ v — u9||%2(9)+§||ug—u@h||%2(m
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and hence,

1
7 lue = wanllizo) + 5 @||V( = ugn)|[12(0)

3 _
< 5 llwe = vllzae) + 5 0V (ug = vn)llz2() + 20” 18U 220y + 2 [up = Tll72(q).
and the assumption follows. [l

3.1 State constraints

Let I, : C(Q) — S}(Q) be the nodal interpolation operator. When assuming g. €
HA(Q) = Hg(2) N H*(Q2) we then define

K, = {Uh € Vi Ing- <y < Ijgy in 9}7
and we consider the variational inequality (3.2) for K, = K.
Theorem 3.2 Let u, € K, and u,, € Ky, be the unique solutions of the variational
inequalities (2.1) and (3.2), respectively. Assume u € K, N HA(Q) and g+ € HA(Q).
When choosing o = h?, then there holds the error estimate

o = gl + B2 19 oty ) ooy < bt [ ATy + 1802 By (35)
Proof. Due to Lemma 2.2 we have

HAU.QH%Q(Q) = HA9H|%2(Q¢) + HAU.QH%Q(Q\Qi)’

and since ||Aul|r2(q) defines an equivalent norm in Hg(Q) N H*(Q),
30y < ¢ N1 AU |32y < € [1AT] 2@y + 1802 2200

follows. Hence we can consider the nodal interpolation Iu, € Ky, and we can use standard
interpolation error estimates to conclude

ltg = Intto 2y + 0 19 (g = Tt I3y < e (h* + 05 ey
With this and using (2.5) we can write the general error estimate (3.4) as

o — uth%%Q) + 0|V (up — Ugh)”%2

< 8 [e(h + 0h?) lugliz +20° (18T o) + 1802 130 ) |

The assertion finally follows when choosing o = h?. O

11



Corollary 3.3 Assume uw € Ky N H"(Q) for some r € (1,2], or uw € H}(2) for some
r € [0,1]. In the latter case we also assume g_(z) < u(x) < gy (x) for almost all x € Q,
where g+ € H"(Q2), r € [0,2]. Then there holds the error estimate

lugn =z < e 1l @) + 1923 @) (3.6)
Proof. When considering the variational inequality (3.2) for v, = 0, this gives
0 (Vgn, VUugn) r2(0) 4 (Upn — Ty Upn — T) 12(0) < (U — Ugn, W) 12(02),

from which we derive the trivial error estimate

[t — Tl 20y < [Tl 20) < \/||ﬂ||%2(9) + 19211720

On the other hand, (3.5) and (2.5) imply, recall o = h?

lttgn = ll 20 < lugn — wgll 2@y + lug = Tl < e [l + 192 ooy

Now the assertion follows from a space interpolation argument. O
Using the isomorphism v;, € K + v € RM we can write the variational inequality (3.2)
as: Find u € RM <5 u,, € K, such that

o (Kpu,v —u) + (Mpu,v —u) > (T, v — u) (3.7)

is satisfied for all v € RM < v, € K,j,. Here, M, and K, are the standard finite element
mass and stiffness matrices, defined by

Kh[j,k]:/QVgok(:E)-thj(x)dx, Mh[j,k]:/ﬂgok(:v)gpj(m)dx, G k=1,..., M,

and w is the load vector with the entries
u; :/U(x)goj(x)dx forj=1,..., M.
Q

As in the continuous case we define X := Myu + oKpu —u € RM. Further, let the index set
of the active nodes be denoted by Dy :={k=1,...,M : ux = g+ x}. Then we conclude
the discrete complementarity conditions

M=0, g <up <gypforkg Dy, Ny <Oforke Dy, \p >0forke D_, (3.8)
which are equivalent to
A = min{0, Ay + (945 — ug)} + max{0, \y + c(g—r —ur)}, ¢>0.
Hence we have to solve a system F(u, A) = 0 of (non)linear equations
Fi(u,A) = Myu+ oKpu — A —a =0, (3.9)
Fy(u,A) = A —min{0,A + c(g, —u)} —max{0,A+c(g_—u)}, (3.10)

where the latter have to be considered componentwise. This will be discussed in Section 4.
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3.2 Control constraints

In the case of control constraints we consider the variational inequality (3.2) for K = K,
where

Kch = {uh € Vh : <f_,Uh>L2(Q) S (Vuh,Vvh)Lg(Q) S <f+,vh>L2(Q) V’Uh S Vh, Uhp, Z O} .

Theorem 3.4 Let u, € K. and u,, € K, be the unique solutions of the variational
inequalities (2.12) and (3.2), respectively. Assume u € K. N HA(Q) and fy € L*().
When choosing o = h%, then there holds the error estimate

g = wgnl|Z2 () + B |V (g — ugn)||72(q) < b || AT[720) + | £l 72(0) |- (3.11)
Proof. Due to Lemma 2.3 we have

“A%Hi%m = Hfi||%2(9i) + ||AUQH2L2(Q\Qi) < ||Am|%2(g) + Hf:l:H%?(Q)?

and
|ty < cllAu||T2i0y < ¢ |[1AT172(g) + /21720

follows. For u, € K. we define P,u, € V} as the unique solution of the variational
formulation
(VPyugy, Vo) 120y = (Vug, Vup) 12 for all v, € V.

By construction we have Pyu, € K., and using standard finite element error estimates
including the Nitsche trick we conclude

ltg = Pty + 0 IV (g = Patig) 2y < € (W + 042 [t oy

The assertion now follows as in the case of state constraints, we skip the details. U
As in the case of state constraints we can also derive error estimates for less regular target
functions.

Using the isomorphism v, € K., ++ v € RM we can write the variational inequality
(3.2) as: Find u € RM < u,, € K, such that

(My, + oKp)u —u,v —u) >0 forallv € RM < v, € K, .
The control constraints v, € K., are equivalent to
foi < (Kpv) < fy; foralli=1,... M.
On the other hand, the discrete variational inequality can be written as

(w, Kpv — Kpu) >0, where w := (K, "M, + ol )u — Kglﬂ.

13



We introduce the discrete active sets Iy := {i € RM : (Kju); = f1;} and conclude

> w [(Knw)i — fra + D> wi [(Knw)i — f-i]+ > wil(Kw)i — (Kpu)i] > 0.

el b iel_ A iel\I+

Let us define g; = f4; fori € I, g, = f_,; fori € I_, and ¢g; = (Kpu); for i € I\I .
For some j € I, we set g; = fi,; —a with 0 < a < fy; — f_;, and we solve Kv = g.
By construction we obtain —w;a > 0, ie., w; < 0 for j € I, and in the same way we
conclude w; > 0 for j € I_ as well as w; = 0 for j € I\I1. Hence we have the discrete
complementarity conditions

wy=0: f; <(Kpu); < frj, J&1e, wp <0 (Kpu)y = frj w; =0 (Kpu); = f ;.
As in the case of state constraints we have to solve a system of (non)linear equations,
Fi(u, w) = Myu+ oKpu — Kyw —u = 0, (3.12)

Fy(u,w) = w —min{0,w + ¢(f | — Kpu)} —max{0,w +c(f — Kpu)}, ¢>0. (3.13)

3.3 Finite element approximation of the control

When the state u,, i.e., its finite element approximation u,, is known it remains to find
the related control z, = —Au, € H~*(), i.e., an appropriate finite element approximation
of Z, = —Au,, € H1(Q2). To do so, we define A : Hj(Q2) — H () satisfying

<Au7 ’U>Q = <VU,’ V'U>L2(Q) for all u,v € H&(Q),
and we can compute z, € H1(Q) as unique solution of the variational formulation
(A™'Z %) = (ugn, ¥y for all g € HH(Q).

In addition to the finite element space Vi, C Hj(2) of piecewise linear and continuous
basis functions ¢ we now define the ansatz space Zg = S%(Q) = span{t,}¥, of piecewise
constant basis functions 1, which are defined with respect to some mesh of mesh size
H ~ h. Then we can find the finite element approximation z,5 € Zy as unique solution
of the variational formulation

<A71/ZVQH,wH>Q = <u9h,’¢H>L2(Q) for all wH € Zy. (314)

In addition, let 2,5 € Zi be the solution of the variational formulation

(A 2o, Yo = (g, )2y = (A7 20, Yu)a  for all Yy € Zy.

When using standard arguments we conclude Cea’s lemma

2o = 2on |l H-1(0) < wgngH 2o — Yulla-10)
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and the error estimate
120 = Zenll -1 () < ¢ H [|Zp]|2(0) = ¢ H [[Aug|| 20
In the case of state constraints we further have, as in the proof of Lemma 2.2,

1
||Au9||%2(ﬂ) = ||A9ﬂ:||i2(ni) + ||Aug||%2(sz\9i) = ||Agi||%2(ni) + E [w — Ug||%2(sz\ni)

< Agelzeg + o Il

2
2oy < (18gsl2e + 2 [alleo )

i.e., recall H ~ h and p = h?,

120 = Zom || -1y < ¢h®! (Hgiufﬁ(m + [l HS(Q))'

Note that in the case of control constraints we obtain a similar result, when assuming f. €
L?(92) instead of g+ € HA(Q). In any case, we have the perturbed Galerkin orthogonality

(A" (zor — Zon), Vr)a = (g — Ugh, Yu) 2 for all Yy € Zy,
from which we conclude

[2om — z@HH?LI—l(Q) = <A_1(ZQH — ZoH), %ol — Zom ) = (Ug — Ugh, ZoH — ZoH ) 12(9)

< lup — uenll 2@ |20 — Zerll2(0) < ¢h® \/Hm tog) T 19 l3re ) H zom — Zonrll 10,
when using an inverse inequality in Zg, and the related error estimates for the approximate

state. This gives

ot = Zonllir-ro < e (e + o= e ).

and, therefore,

|20 = Zorrll-1) < N20 = Zorll 1) + 120 — Zorillr-10) < ch®™ <||ﬂ| Ho@) T ||9i||%12(n)>

follows. Note that we cannot expect any order of convergence for the approximate control
in H1(Q2) when we have u € H*(Q) for s < 1 only. In this case we have to measure the

15



error in a weaker norm. For this we consider, using the L? projection Qy : L*(Q) — Zg,

<Zg - gQH»U>Q

||Zg_g@H||H*2(Q) = sup
0£vEHE(Q)NH2(Q) ||U||H2(Q)
T AL
— sup <ZQ ZoH ¢>Q
0#v=A-1yYeH} (QNH2(Q) ||UHH2(Q)
Az, — Z
_ sup < (Zg ZQH)7 w>Q
0£v=A—1ype H} (QNH?() HUHHQ(Q)
_ sup <A_1<29 — Zon), ¥ — Qu)a + <A_1(Zg — Zor), Qu) o
0#v=A—19peH}(QNH2(Q) HUHHQ(Q)
_ sup (A7 (20 = Zom), 0 — Quib)a + (up — upn, Quip)a
0#v=A—19pe H}(QNH2(Q) ||UHH2(Q)
_ sup 120 = Zor |1 1Y — Qull a1 + lug — vl L2 |QEY || L2(0)
0£v=A~1pe HL(Q)NH2(Q) HUHHQ(Q)
- sup cH ||zp = Zomll a-1@ |10l 2) + 1w — uonll 2@ ¥l 20
N 0#v=A—19peH} (DNH2(Q) HUHHQ(Q)

< e H |1z = Zontll vy + g = wanlliziey = e ([l + gzl )

when assuming © € H§(Q) for s € [0,1], or u € H}(Q) N H(Q) for s € (1,2]. In
particular, this error estimate also allows the consideration of discontinuous target functions
u € H(Q), s < 1/2. However, the application of the inverse A~' does not allow a direct
evaluation, and hence we need to introduce a suitable approximation as follows: For any
z € HY(Q) we define p, € H}(Q) as the unique solution of the variational formulation

<Apz’ q>Q = <sz) vQ)LQ(Q) = <Z7 Q>Q for all q € H01<Q)

Moreover, we compute an approximate solution p,, € Vj,, for simplicity we consider the
finite element space V), as already used for the approximation of the state, such that

(VDn, Van) 12(0) = (2, qn)a  for all g, € Vj
which defines an approximation ALy = pan, of p, = A7z, From

||vah||%2(Q) = <vpzh7vpzh>L2(Q) = (ijzh>9 < ||Z||H*1(Q)||vah”L2(Q)

we immediately conclude boundedness, i.e.,
1A 2 ) = Ipnllzie) = IVPanlliz@) < l2llm-r)  for all 2 € H(€).
For zy € Zy let p,,n = Z—le € V}, be the unique solution of the variational formulation
(VDyn, Van) 12() = (2m, qn) 2 for all g, € Vy,
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while p,,, = A™'zy solves

(VDor, V@) 12(0) = (21, @) 12(0)  for all ¢ € H(Q),

which is the weak formulation of the Poisson equation —Ap,, = zy with homogeneous
Dirichlet boundary conditions. When using standard arguments, i.e., Cea’s lemma and the
approximation property of V}, we conclude the error error estimate

IVPey = Pegn)llzz@) < f IV(Pzy — an)llz2) < cab|pyluo

~ ~ -~ h
< Call|Apzy|lra@) = cahlizrllrz@) < €acr o l2nlla-1),

and when using an inverse inequality, e.g., [34]. In the case

1

QEAC T

h < H (3.15)

we therefore have .
Hv(sz —Pth)HL2(Q) < 5 “ZHHH’l(Q)'

Hence we can write

<121:12H;ZH>Q = <szh72H>L2(Q) = <sz72H>Q - <sz _szhazH>Q

_ 1
> (A2, 2o — IV (e = Do) | 2@ 20l -10) > 3 128131 (-

The approximate operator A is therefore discrete elliptic, if the mesh condition (3.15) is
satisfied. Although the constants ¢4 and ¢; are in general unknown, in our numerical
experiments we have used h = %H .

Instead of (3.14) we now consider the variational formulation to find z,; € Zy such
that

(A B, Vir)e = (tgh, V) 2y for all vy € Zyy. (3.16)

Unique solvability of (3.16) follows since A~! is discrete elliptic. Note that (3.16) can be
written as a mixed variational formulation to find (2, pEth) € Zy x Vj, such that

(Dz,m> Vi) 12(0) = (Uoh, Vi) 12(),  (VD2,ums Van) 12(Q) = (Zomrs Gn) 120

is satisfied for all (¢y, qn) € Zy x Vj. This formulation is equivalent to the linear system
of algebraic equations,
Ml;r]_) = M}—Lrg7 KhB = Mz,

where in addition to the standard finite element stiffness matrix K; we have used the mass
matrix M), defined by

Mul§, 0] = W, 03) 120y, £=1,...,N; j=1,..., M.
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Since the finite element stiffness matrix Kj, is invertible, we can eliminate p = K’ 1Mh§ to
end up with the Schur complement system to be solved,

MK Mz = M. (3.17)

The mesh condition (3.15) not only implies unique solvability of (3.17), but the discrete
ellipticity of A~! also provides related error estimates, when applying the Strang lemma,
e.g., [4, 34]. With this we conclude the final error estimate

20 = Zanlir-2(0) < eh® (Wllwsier + gl ) (3.18)

Note that this estimate remains true when considering control constraints fi € L?(£2).

4 Semi-smooth Newton method

In this section we discuss the iterative solution of the discrete variational inequality (3.7).
For the solution of (3.9) and (3.10) we can apply a semi-smooth Newton method which is
equivalent to an active set strategy as given in Algorithm 1, see [7, 16, 18, 19], and [35].
The generalization to the iterative solution of (3.12) and (3.13) is straightforward and will
not be discussed here.

Algorithm 1 Active set algorithm [16]

Require: Initial values u°, \°
(a) m=0
(b) Set
Z/T,k = A\ +clge(zr) —up'] and l/_n,k = A\ +clg-(zr) — uy']

while stop criterion is not fulfilled do

(i) Set
" ={k:yl) 20,97, <0F, AT ={k: y", >0}, AT ={k:y}, <0}
(ii) Solve
(My, + oKp)u™ = X" =, u"! = go(ay), ke A7, A\ =0, ke I™

(i) m=m+1
end while

The semi-smooth Newton method successively computes the roots of F(u, ) =0 by
u™t! u™ m ymy\ L, m ym
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with the Jacobian DF' given by

Mh+QKh —1

DE(u, A) = ( (Gin (W, A) + G, X)) T = (Gl (0, A) + Gl (1, A)))

The diagonal entries of
Groin(, ) = diag( gl (M + clgs (2r) = we])).
Grae(t,A) = diag (g;naz(Ak + clg-(zx) — Uk]))

are the slant derivatives of the functions gmin(y) = min{0,y} and gmax(y) = max{0,y}

defined by
1, y<0 0, ¥y<0
i =<7 " and ¢ =7 ’
Iimin (Y) {0’ )0, Imax(Y) {17 y> 0.

Rewriting the system (4.1) gives
My, + oK}, —1 u™ —umtt
( (Grnin (W™, A™) 4 Gl (@™ A™)) T = (Gl (W™, A™) + G (W™ Am))) (Am - X”“)
— Fm,A™. (42)
From the first line we get
(My, + oK) (u™ — u™ ) = A" + A" = (M), + 0Kp)u™ — A" — 1,

from which we conclude
(Mp + oKp)u™ = A" =7,
With
Ve =M +clgr(zr) —w!] and " = N+ clg-(2n) — ],
the second line reads, componentwise,
ClGtmin (V1) + T YT (W = ™) + AT = A
~[Grin (Y1) + Tnax (WA = AT = A = min{0, y7 ).} — max{0,y™ }.

We distinguish the following three cases.
L oy?, >0and y™, <0: Then, g, (4T 1) = Grnaz(¥™) = 0, and we compute

APt = 0.
2. y™, > 0: From this we get A}’ > c[uy’ — g_(z})] and we compute
Ao+ g (or) —ul] > elui — g- (k) + g4-(2) — w] = g4 (zn) — g-(a)] > O,

i.e., yT'p > 0. Therefore, g, (y7 ) = 0 and g, (y™)) = 1, and we get

= g ().
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3. YTy < 0: Then, as in the second case, we compute y™, < 0 to get g, (y7)) = 1,

g;nax(yfk) = 0, and thus

u;n-‘,—l = g4 (zp).

Therefore we see, that the iterates of the semi-smooth Newton method (4.1) fulfill the
active set strategy as given in Algorithm 1.

5 Numerical results

For our numerical tests we consider the domain @ = (0,1)? and the following target
functions u; € C*(Q) N HY(Q), i = 1,2,

Uy (x,y) = sin(mz) sin(my),

and

1 1

EQ(x7y) = EZ(‘Taya k) = Hk(x)Hk’(y)v where Hk(s) = 1+ ¢—k(s—0.25) - 1+ e—k(s—0.75)’

for k = 40, see Fig. 1, for which we can compute z; = —A%u; analytically. We also consider
the discontinuous target s := limy_,o Ua(-, s k) € HY?75(Q), € > 0, for which we cannot
compute the control analytically, given as

T(a.g) = {1, (z,y) € [0.25,0.75]2,

0, else.

5.1 State constraints

In order to incorporate constraints on the state, we apply the semi-smooth Newton algo-
rithm, where we set o = h?, and the initial values

u = (BPK,+ M) 'zeRY and )\’ =0.

A stopping criterion is then defined using a maximal absolute error in each node, i.e., we
stop if

tol := max{tol,,tol_} < 107°, (5.1)
where

toly ==  max up — g+ ( and tol_ :=  max up — g_ ()]
" {kiuk>9+(73k)}| g g+< k>| {k:uk<g,(azk)}| k g ( k>|

After computing the state u <+ u,, € Kyp,, we can reconstruct the control z <+ z,n € Zy
by solving the Schur complement system (3.17). In order to ensure stability of the discrete
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nnnnn

(d) 21 = —Auy (e) 29 = — ATy

Figure 1: Target functions w; and z; = —Au;, 1 =1,2,3, 7 =1,2.
system, we choose h = H /4. For the targets @; we consider the upper and lower constraints

gg ) given by

V@) =0, ¢V @) =05-w(z), ¢P@) =0, ¢ () =05 ().

The results are depicted in Fig. 2 and Fig. 4. Note that gf) (x,y) < w(z,y) fori = 1,2
and all (x,y) € Q. Thus, the constrained solutions as shown in Fig. 2 (¢) and (i) as well
as the controls in (f) and (1) coincide.

5.2 Control constraints

In order to incorporate contraints on the control, we apply the semi-smooth Newton algo-
rithm, where we set o = h?, and the initial values

u = (RPK, + M) 'u € RM and w° =0.
Again we apply the stopping criteria (5.1) but now we use

tol, = max Kpu), — and tol_ := max Kou)e — f— &l
* {ki(Khu)k>f+,k}|( h_)k f+7k| {k5(Kh2)k<f—,k}|( h_)k f ’k‘
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Figure 2: Targets w; and unconstrained controls z;, ¢ = 1,2, computed constramed states
Uph; on a mesh with NV = 32768 elements and M = 16129 DoF's with constraints gi , and
reconstruction of the controls z,r,; on a mesh with Ny = 2048 elements.
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For the upper and lower constraints on the control we consider the functions fg ) given by

f@) =0 and f(x)
fP@) =0 and fP(x)

f&g) (x) = max{min{zy(x),0}, =500} and f’)(x) = min{max{z(x),0},500}
[P@) =0 and [P(2)
fP@)=0 and f(2)

The results are depicted in Fig. 3 and Fig. 4. Note, that for p = 0 the control for us is
given by z3 = —Atiy € H~%?7¢(Q) and thus can only be seen in a distributional sense.
If we compute the control on a sufficiently fine mesh, this behaviour is resembled and the
control explodes only in some points. Thus, we also give the reconstruction on a coarser
mesh in Fig. 4 and with suitable constraints, which still gives a meaningful control.

6 Conclusions

In this paper, we have described and analyzed state and control constraints when consid-
ering elliptic distributed optimal control problems with energy regularization. We have
proven optimal error estimates with respect to both the regularization parameter o, and
the finite element mesh width h. While for the solution of the nonlinear system we have
used a semi-smooth Newton method, the design of an overall efficient iterative solution
method including preconditioning was not within the scope of this paper. This approach
can be extended to optimal control problems in three space dimensions, and to more in-
volved applications. Moreover, following existing work for unconstrained optimal control
problems subject to time dependent problems such as the heat and the wave equation, we
can include state and control constraints also in these cases.
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