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A hybrid space-time finite element method for
parabolic evolution equations

Michael Reichelt and Olaf Steinbach

Abstract In this note we formulate and analyze a hybrid space-time finite element
method for the numerical solution of parabolic evolution equation. We combine
the more standard variational formulation in Bochner spaces, and a more recent
formulation in anisotropic Sobolev spaces using a modified Hilbert transformation.
The Galerkin discretization then results in symmetric and positive definite stiffness
matrices for both the temporal and spatial derivatives, and a remainder which is in
general non-symmetric, but non-negative. We present related error estimates a series
of different numerical examples which confirm the theoretical findings.

1 Introduction

Space-time finite element methods, e.g., [1, 6, 8, 11], are well established for the
numerical solution of time-dependent partial differential equations. In the case of
parabolic evolution equations, the space-time variational formulation is usually con-
sidered in Bochner spaces, and the stability and error analysis is based on a discrete
inf-sup stability condition. As an alternative, one may consider the variational for-
mulation in anisotropic Sobolev spaces, see, e.g., [5, 9], and using either the standard
or a modified Hilbert transformation, the related bilinear form turns out to be elliptic
in suitable spaces. While in the Bochner space setting the space-time finite element
discretization of the spatial part results in a symmetric and positive definite stiffness
matrix, the discretization of the first order time derivative becomes symmetric and
positive definite when using the modified Hilbert transformation [9]. In this note
we propose and analyze a hybrid formulation of both approaches which results in
symmetric and positive definite stiffness matrices for both the temporal and spatial
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differential operators, and a non-negative remainder. Numerical results for all three
formulations are given to confirm the theoretical findings.

2 Space-time variational formulations

As a model problem for a parabolic evolution equation, we consider the Dirichlet
boundary value problem for the heat equation,

Ou—Ayu=finQ:=Qx(0,T), u=00nX:=9Qx(0,7T), u(0)=0in Q, (1)

where Q C R", n = 1,2,3, is a bounded Lipschitz domain. The abstract space-time
variational formulation of (1) reads to find u € X such that

T T
b(u,v) ::./0 /Q[a,uv+qu~va] dth:./o ‘/vadxdt )

is satisfied for all v € Y, where X and Y are appropriate Hilbert spaces to be fixed. As
in [8] we can consider the Bochner spaces X = L*(0,T; H)(Q)) N H} (0,T; H~'(Q))
andY = L*(0,T; Hé (Q)) with the associated norms

lolly = IVxvlli2g)  Mullx = yllully + 18ull5..  3rully- = llwally,

where w,, € Y is the unique solution of the variational formulation

T
/ / Viw, - Vyvdxdt = (0u,v)p forallvel. 3)
0 Q

In this case, unique solvability of (2) is based on the inf-sup stability condition, see
[8, Theorem 2.1], and [3] for an improved estimate,

b ]
lullx < sup ﬂ forall u € X. 4)

ozvey [[0lly

For the Galerkin discretization of the variational formulation (2) we introduce a
conforming space-time finite element space X, = span{¢x },’("i | C X of piecewise
(multi-)linear and continuous basis functions ¢ which are defined with respect to
some admissible decomposition of Q into shape-regular simplicial or tensor-product
finite elements g, of local mesh size hy. As in [8], chosing ¥;, = Xj,, we then consider
the space-time Galerkin variational formulation to find u}l € Xj, such that

T T
/ /[a,u}lvh+qu;l~vah]dxdt=‘/ /fvhdxdt for all vy, € X. (5)
0 Q 0 Q
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The stability and error analysis of (5) is based on a discrete inf-sup stability condition
with respect to a discrete norm,

el = Ml + el < Al + ol = llalle,

where wy, ; € Y}, is the unique solution of the Galerkin variational formulation

T
/ / VW - Vxvp dx dt = (Ou,v)g forall vy, €Y.
0o Jo

With this, and assuming u € H*(Q) for some s € [1,2], we are able to derive an
error estimate for the spatial part ||Vy(u — M;,)H 12(0)> see [8, Corollary 3.4], but
the error for the temporal part is only measured in the discrete norm, which in
general is not equivalent to the full norm. Due to the anisotropy in the temporal and
spatial derivatives in the heat equation, and due to the maximal parabolic regularity
u € H*>'(Q) for the solution of the heat equation with f € L*(Q), one can also derive
linear convergence in the energy norm in this case [2], when assuming a space-time
tensor product discretization, see also [7].

As an alternative to the Bochner space setting as described above, and as in [9], we
may also consider the variational formulation (2) in the anisotropic Sobolev spaces

X = Hyy'2(0) = LX0.T: HY(Q) 0 Hy*(0.T; L)), and ¥ = Hy'/*(Q). Unique

solvability of (2) is now based on the inf-sup stability condition [9, Corollary 3.3]

(O, )0 + (Vit, Vi) 2
sup 4 Qo L*(Q)

0xveH, /*(0) llv ”HO‘;*})/ K(2)

1,1/2
5 Mullri g < L ue Hyp ().

When using the finite element space X}, = span{py }}("i , € X as in the first approach,
and using the modified Hilbert transformation Hr : Hé,’ol/ 2(Q) — Hé,’ 1)/ Z(Q), see [9],

this results in a space-time Galerkin—Bubnov variational formulation to find ufl € X
such that

{é)tufl,?-(th)Lz(Q) + (quﬁ,VxWth)Lz(Q) = (f,Hron)o forallv, € X,. (6)

While stability of the space-time finite element scheme (6) follows for any choice
of the conforming finite element space X;, C X, related error estimates are given
in [9] only in the case of a space-time tensor product discretization. This is due to

the fact that (0,u, Hru)o defines a norm in H(;/ 2(Q), but the non-negative spatial

part (Vu, Hr V. u)o > 0 does not define a norm in L*(0,T; Hé (Q)). However, when
assuming sufficient regularity for the solution, e.g., u € H*(Q), we can conclude
optimal convergence on tensor product meshes, see [9, Theorem 3.4].
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3 A hybrid space-time finite element method

The aim of this section is the formulation and numerical analysis of a space-time finite
element method which ensures the control of both temporal and spatial derivatives,
which is not restricted to space-time tensor product meshes, but also allows the
use of adaptive decompositions into simplicial elements. In some sense, this is the
counter part of the approach in [5] where the classical Hilbert transformation was
used with respect to the infinite time interval [0, o). Here we assume u € H*(Q) for
some s € [1,2] only, and we will not consider the regularity in anisotropic Sobolev
spaces. We start to consider the variational formulation (2) in the Bochner spaces
X = L*0,T; H& Q)N H&(O, T:H'(Q))andY = L*(0,T; H& (Q)). As before we use
X, = span{<pk}£’il C X, but we now define ¥}, = span{¢ + Hrox }}c‘il C Y which
covers neither zero initial nor terminal conditions. Hence, ¢x + Hrox € Hé,’l/ 2(Q)
only. In particular for s € [0, 1), the spaces Hol.’g (0), Hé,’SO(Q), and Hol,’S(Q) coincide.
Now we consider the variational formulation to find u;, € X}, such that

(Orupn,vn + HTUh>L2(Q) + (Vup, Vi(vn + HTUh»LZ(Q) ={(f,on + T{th>Q ()

is satisfied for all v, € Xj,. In fact, the variational formulation (7) is the sum of the
variational formulations (5) and (6). Since each of these variational formulations is
uniquely solvable, unique solvability of (7) follows.

Theorem 1 The bilinear form
Duypria(ttns n) 2= (Orutn, vn + Hron) 12y + (Vattn, Vi (on + Hron)) 120)
is elliptic, satisfying

Duatnovn) 2 Wnll 2 Sor all v € X € Hopy™(Q). ®)
0:0,

Proof For uy, = vy, € Xp, we have

Buyuia(Ons vn) = (Orvn, vn + Hrop) 20y + (Vavn, Vi(vn + Hron))r20)

1 ("a
= E/0 E‘/g[uh(x,z‘)]2 dx dt + (0rvn, Hron)2(0)

+(Vxon, vah>L2(Q) + (Vxl)h,'}(TVth)Lz(Q)

2

1

v,
” h“HOﬁ(Q)

2 2
+ ”vah”Lz(Q) = ”vh“Hl,l/Z(Q)’
0;0,

i.e., the assertion. |
For any ¢ € H(;;’Ol’/ 2(Q) we define the Galerkin projection ¢, = G, ¢ € X;, as unique
solution of the variational formulation

bhybrid(¢h7 Uh) = bhybrid(¢’ vp) forall v, € Xj,. 9)
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Lemma 1 The Galerkin projection Gy, : H(;,’Ol / 2J“E(Q) - X, C Hé_’ol/ 2(Q) is bounded
forall € € (0, %], satisfying

1Gndlly10m0) < 2 Illraimee ) forall ¢ € Hyy*7*(@). (10)

Proof With the ellipticity estimate (8), using duality for ¢, + Hron ¢ Hé,’ i)/ 2(Q),
Hoélders inequality, and

H(;’/Z(O, T; LZ(Q)) C H(;’/Z*S(O’T; LZ(Q)) — H,IO/ng(O,T; LZ(Q))’
we conclude, for ¢, = Gp ¢,

||¢h||12ql,1/z(Q) < bhybrid(¢h7 ¢h) = bhybrld(¢’ ¢h)
0:0,

(0rp. b + Hr dn)o + (V. Vi (dn + Hrdn)) 20
||at¢”[H’lo/zig(O,T;Lz(Q))]* ||¢h + 7_{T¢h ||H'10/278(0,T;L2(Q))

+ IV llL2 o) I Va(bn + Hrdu)ll 20y

IN

IA

2 [||¢||H(:’/2+8(0,T;L2(Q))“¢h”HYIO/%S(O,T;LZ(Q)) + ||VX¢”L2(Q)||Vx¢h||L2(Q)

2 2 2 2
2 J||¢||H(;’/2+£(O’T;L2(Q)) + ||Vx¢||L2(Q)J||¢h”H’]O/2E(O’T;LZ(Q)) + ||Vx¢h||L2(Q)

< 206l 100119 g

IA

A

i.e., the assertion. O

With the projection property v, = Gy, for all vy, € Xj, and (10) we further conclude
Cea’s lemma,

e = unll 1) = llu = Guull i ) = Nl = o + Guow = Guull 112

< |lu- Uh”HO],‘O]/Z(Q) + |G (vp — u)||H01.b1/z(Q)
< ||lu- Uh”HOl_’OI/Z(Q) +2||lu—- Uh”HU/Z*f(Q)

< 3||M—l)h||H1,1/2+s(Q) for all v, € Xj,. an
When combining (11) with the approximation property of piecewise (multi-)linear
basis functions in H'(Q) we can formulate the main result of this paper.
Theorem 2 Let u € Hé,’ol/z(Q) N H*(Q) for some s € [1,2] be the unique solution of

(1), and let up, € Xy, be the unique solution of the hybrid variational formulation (7).
Then there holds the error estimate

e = unllggrin ) < € B ulgs ). (12)

Proof The assertion follows from (11),
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— < i - ) < i —
[|ue uh||H(;;E)l,/2(Q) < 3u,,nel)f(,, [|lu Uh”H(};b‘/z“‘(Q) <3 ’lrel}f( [|u Uh||H01:b1’(Q),

U, h

and the approximation property of Xj, in H'(Q). |

In the case of tensor-product finite element spaces it is possible to improve the error
estimate (12) when using suitable projection operators with respect to spatial and
temporal components separately. This also allows to consider less regular solutions
u € H>'(Q) when assuming f € L*(Q) and convex spatial domains Q, which then
requires the parabolic scaling #; = h2 for the temporal and spatial mesh sizes %, and
hy, respectively. For a more detailed discussion, we refer to [2], and [7].

4 Numerical results

The variational formulation (5) in the Bochner space setting is equivalent to a linear
system of algebraic equations,

[A) + Ky lu' = £, (13)

where
Knlj, k] = / Vogr - Vapjdxdt, Aplj,k] = / Orpr @) dx dt,
(] o

fork,j=1,...,M,and fj1 = (f,¢))o- Note that the stiffness matrix Kj, is symmetric

and positive definite, and A is non-symmetric, and non-negative. In contrast, the
variational formulation (6) in the anisotropic Sobolev space results in the linear
system

[An + Knlu® = £, (14)

where
MUH=/@%%WWm,EMMZ/VMVW%%Wﬁ
%) 9)

fork,j=1,...,M,and sz = (f,Hrej)o. Now the stiffness matrix Ay, is symmetric

and positive definite, and K is non-sysmmetric, and non-negative. The hybrid space-
time variational formulation (7) then results in the linear system

[An + Kn + Ap + Kylu = f' + f* = f, (15)

where Ay, + K}, is symmetric and positive definite, and Zh + fh is non-symmetric, but
non-negative. Note that the representation (15) holds true for discretizations using
either simplicial or tensor-product meshes. To simplify the implementation [10] of the
modified Hilbert transformation Hr, at this time we only consider the discretization
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using space-time tensor-product meshes with n, quadrilaterals in space, and n,
elements in time. Recall that X, is the space-time finite element space of multilinear
and continuous basis functions. In the case of space-time tensor product meshes it is
also possible to construct efficient direct solvers for the solution of the linear system
(15), see [4].

In what follows we will consider numerical examples for a regular solution
Uy € HZ(Q) as used in [1], a solution u> with a singularity in space, and u3 with a
singularity in time,

u1(x,t) = sin(10xt) sin(zrxy ) sin(mxy),

o (x,1) = 17 (x(1 = x1))"* sin(xp),
us(x,t) = 7 sin(rrx;) sin(rxz).

In all cases we consider Q = (0,1)> and T = 1, i.e., Q = (0,1)3. The observed errors
|V (i =i 1)l 1) s well as the experimental order of convergence (eoc) are listed
in Tables 1, 2, and 3, respectively. The respective L? errors |u; — u; 1 || 12(0) only
slightly differ for the different formulations, and hence are only presented for the
hybrid formulation in Table 4, where we see a breakdown of the convergence order
for the two singular solutions. In Table 5 it is visible that in the case of the temporal
singularity the optimal order of convergence can be retrieved by using parabolic

scaling, i.e. n; = n2.

Table 1 Convergence of the finite element method for the regular solution u; (x, 7) in the modified
Hilbert transform, the Bochner, and the hybrid setting.

DOF [|V.c(u1 = ul',)llr2g) eoc | Vxur —uB)) 20 eoc [Vl = uy3”)llr2g) eoc
44 1.57 - 10° 1.57 - 10° 1.57 - 10°

189 7.85-107! 1.00 7.40 - 107! 1.09 7.62 107! 1.04

1025 3.63-107! 1.11 3.59 -10"! 1.04 3.62-107! 1.07

6561 1.79 - 107! 1.02 1.78 - 107! 1.01 1.79 - 107! 1.02

46529 8.91-1072 1.00 8.91-1072 1.00 8.91 1072 1.00

349569 4.45.1072 1.00 4.45.1072 1.00 4.45-1072 1.00

Acknowledgements This work has been supported by the Austrian Science Fund (FWF) under the
Grant Collaborative Research Center TRR361/F90: Computational Electric Machine Laboratory.
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Table 2 Convergence of the finite element method for the singular solution u,(x, ) in the modified
Hilbert transform, the Bochner and the hybrid setting.

y hyb
DOF [|V.c(u2 - uf!, 120y eoc [[Vxuz = uB,)ll120) eoc [[Vx(uz = u}")llp2(0) coc

44 1.36 - 107! 1.36 - 107! 1.36 - 107!

189 5.68 -1072 1.27 5.68 -1072 1.27 5.68 - 1072 1.27
1025 3.55-1072 0.68 3.55-1072 0.68 3.55.1072 0.68
6561 2.12-1072 0.75 2.12-1072 0.75 2.12-1072 0.75

46529 1.20-1072 0.81 1.20 - 1072 0.81 1.20-1072 0.81
349569 6.66 - 1073 0.85 6.66 - 1073 0.85 6.66 - 1073 0.85

Table 3 Convergence of the finite element method for the singular solution u3(x, 7) in the modified
Hilbert transform, the Bochner and the hybrid setting.

y hyb
DoF [|V(us —ul',)liL2g) eoc IIVx(us —uf) )l o) eoc [[Va(us = )2 o) eoc

44 1.45-10° 1.45 - 10° 1.45 - 10°
189 6.53 - 107! 1.15 6.53 - 107! 1.15 6.53 107! 1.15
1025 3.28 -107! 0.99 3.28 -107! 0.99 3.28 -107! 0.99
6561 1.65-107! 1.00 1.65-107! 1.00 1.65-107! 1.00
46529 8.24 - 1072 1.00 8.24 - 1072 1.00 8.24 - 1072 1.00
349569 4.12 - 1072 1.00 4.12-1072 1.00 4.12-1072 1.00

Table 4 L? convergence for the different solutions in the hybrid setting.

hyt hyb hyb
DoF ||u; _ul,i;)”Lz(Q) eoc ||u2—u2,>h l20) eoc ||1,t3—143il ll2o) €oc

4  3.53.107! 3.57-1073 3.27 - 107!

189  9.10-1072 196  6.48-107* 246  7.59-1072 2.11
1025 2.15-1072 2.08 3.22-1074 1.01 1.91-1072 1.99
6561  5.29-1073 202  1.11-10™* 1.54  4.83-1073 1.98

46529  1.32-1073 200  3.36-107° 172 1.28-1073 1.91
349569  3.31-10%  2.00  9.64-107° 1.80  4.20-107* 1.61

Table 5 L2 convergence for the time singular solution in the hybrid setting using parabolic scaling.

hyb
DoF ny, n; ||u3—u31,‘2 l2o) eoc

8 1 1 3.27 - 107!

45 2 4 7.56 - 1072 2.11
425 4 16 1.91 - 1072 1.98
5265 8 64  4.85-1073 1.98
74273 16 256 1.24.1073 1.96
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