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Schrodinger operator with magnetic fields

= Goal: describe motion of a particle under the influence of an
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Schrodinger operator with magnetic fields

= Goal: describe motion of a particle under the influence of an
electric field V : R® — R and an magnetic field B : R® — RS

= Corresponding Schrédinger equation:
(i0y — (—iVx — AP+ V)9(t,x) =0 + i.c,

where B=V x A/i.e. A:R® - R®
= Corresponding Schrédinger operator: H := (—iVy — A)? — V
= Spectral properties of H lead to solutions (spectral theorem)

= Note: for A # Ap with V x Ay = V x Ay: different Hamiltonians,
but same physics = gauge invariance

= We consider H in L2(RY) for any d > 2 (physical meaning
for d =2, 3)
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Hamiltonians with J-potentials

For a zero-set ¥ c R% and o : ¥ — R consider

H, = “(—iV — A)2 — ads” in L3(RY)
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Hamiltonians with J-potentials

For a zero-set ¥ c R? and « : ¥ — R consider
H, = “(—iV — A)2 — ads” in L3(RY)

Mathematical motivation:
= Interesting spectral effects for §-operators without magnetic field:
= d = 2: Existence of bound states

= Asymptotics of the smallest eigenvalue
= [soperimetric inequalities

= Question: Do these effects also occur in the presence of a
magnetic field?

Conjectures:
= For homogeneous magnetic fields (B = const.): same behavior
= For non-homogeneous fields: bound states disappear
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The magnetic Schrodinger operator without
electric potential

= General assumption:

A e C*(R%RY)
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The magnetic Schrodinger operator without
electric potential

General assumption:

A e C*(R%RY)

Define the sequilinear form

bolf, g := ((—IV — A)f,(=IV — A)g),
dombg = HA(RY) := {f € LB(RY) : (—iV — A)f € L3(RY)}

ho is densely defined, closed, and by > 0
associated self-adjoint operator

Ho = (—iV — A)?
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Definition of magnetic Sobolev spaces

= Problem: for A € C>®(RY; RY) we have in general
fe H'Y(RY) % f € H}(RY)
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Definition of magnetic Sobolev spaces

Problem: for A € C>(RY; RY) we have in general
fe H'Y(RY) % f € H}(RY)
Define for s > 0 the magnetic Sobolev spaces

H3(RY) := dom HZ/?

For an open Q c R? define

HE(Q) := {flo : f € HE(RY)}

H3(£2), equipped with the natural norm, is a Hilbert space
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The diamagnetic inequality

Lett> 0 andf € L3(RY). Then:
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The diamagnetic inequality

Theorem
Lett> 0 andf € L3(RY). Then:

letof| < e~ t=A))f).

Consequences:
= ltholdsfors > 0,r>0,and A <0

N
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The diamagnetic inequality

Theorem
Lett> 0 andf € L3(RY). Then:

letof| < e~ t=A))f).

Consequences:
= ltholdsfors > 0,r>0,and A <0

N
- 0

.(/-/0_ A)S<(-A—-X)sforalls>0
$<(Ho—A)Sforalls>0

Corollary
HS(RY) C HS(RY) for all s > 0.
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Definition of the J-operator — preparations

= Let {Z,}l.'\i1 be a family of smooth hypersurfaces with
O’(ZkOZ/) =0,k#1
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N N
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Definition of the J-operator — preparations

= Let { Z,}L be a family of smooth hypersurfaces with
O’(ZkQZ/) =0,k#1

= Set¥:= UL, ¥jand [; fdo == 31, [y fls,do

= Since H}(R?) c H'(RY), the trace f|x € L3(X) for f € H}(RY)

Corollary

For any oo € L*°(%; R) the form bs[f, 9] := [s afgdo,
dom by := H4(RY), is form bounded w.r.t. by with bound zero.

Proof: Ya > 0 3b > 0:
bx[f] < allVF|* + blf||* < aho[f] + bl f||?
(diamagnetic inequality)
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Definition of the J-operator

= Letx :=J", ¥ and o € L(%; R).
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Definition of the J-operator

LetX :=JY, ¥;and a € L(%; R).
Define

balf.g] = ((—IV — A)f, (—iV — A)g) - /zaf|zﬁda,
dom b, = Hjy(RY)

KLMN-Theorem: b, is densely defined, closed and bounded
from below

Associated self-adjoint operator H,,:

H, = “(—iV — A)? — ads”

Remark: One can add a form bounded potential Q with relative
bound < 1
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Approximation by Hamiltonians with squeezed
potentials — the problem

Our operator:
H, = (—iV — A)? — ads
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Approximation by Hamiltonians with squeezed
potentials — the problem

Our operator:
H, = (—iV — A)? — ads
Problem:
= H, is used to find approximately the spectral properties of

H=(-iV-A2-V,

where V is large around ¥ and small else
= |s this really the case?

Justification for the usage of H,:
= Construct potentials V. such that (—iV — A)2 — V. — H,,

= Then, spectral properties of the operators are approximately the
same

Markus Holzmann,
Schradinger operators and boundary value problems, Graz



Construction of the approximating sequence

= Assume 35 > 0 such that
Y x (=8,8) > (x5, 1) = Xz + tv(xs) € RY B

is injective for all j
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Construction of the approximating sequence

Assume 35 > 0 such that
T % (=B,8) 3 (x5, 1) = x5 + ty(xs) € R EAN\NY

is injective for all j
Q= {xz + tv(xs) : Xz € Iyt € (=B, 8)}
Choose real-valued V; € L(R?) with supp V; ¢ @/

Ly (xz + gtv(xz)) . X = Xs + tr(xs) with
V/’E(X) = Xy € Z/, te (*6,6),
0, otherwise.
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Construction of the approximating sequence

Assume 35 > 0 such that
Y % (—B,8) 2 (x5, 1) = x5 + tv(xs) € R?

is injective for all j
Q= {xg + tv(xg) : Xz € Iyt € (=5, 8)}
Choose real-valued V; € L=(R9) with supp V; € Q/

\//,E(X) = Xy € ):j, te(—e,e),
0, otherwise.
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Construction of the approximating sequence

Assume 35 > 0 such that
Y % (—B,8) 2 (x5, 1) = x5 + tv(xs) € R?

is injective for all j
Q= {xg + tv(xg) : Xz € Iyt € (=5, 8)}
Choose real-valued V; € L=(R9) with supp V; € Q/

Vie(x) = Xz € %), te(—¢¢),
0, otherwise.

= (—iV — A2 — 2V V. is self-adjoint on 2 (R?
j=1 %I A

16 Markus Holzmann,
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The result

Theorem
Define o € L*(X) as

B
o(xg) = / Vixe + sv(xs))ds, xg € 5,
—B
and let A < 0. Then there exists ¢ > 0 such that
—
H( —iV — AP 2,“;1\/,-,54) —(HQ_A)—1H < ce

for small e > 0. In particular (—iV — A)? — Z/-’L V; . converge to
H., in the norm resolvent sense.
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Sketch of the proof

= Letb.[f, ] := holf, g] - X214 (Vjf. g), domb. = H}(RY)
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Sketch of the proof

= Leth.[f, 9] := holf,g] — Z,'A;(V/,ef, g), domb. = Hj(RY)
= It holds for f, g € C§°(RY)

N
1bf. 91— B[, gl = | / aflzglzdo — 3 (Vi.f.g)

J=1
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= Leth.[f, 9] := holf,g] — Z,'A;(V/,ef, g), domb. = Hj(RY)
= It holds for f, g € C§°(RY)

N
1bf. 91— B[, gl = | / aflzglzdo — 3 (Vi.f.g)

j=1

|, izalee - v.0)
X

N
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Sketch of the proof

= Leth.[f, 9] := holf,g] — Z,'A;(V/,ef, g), domb. = Hj(RY)
= It holds for f, g € C§°(RY)

N
1bf. 91— B[, gl = | / aflzglzdo — 3 (Vi.f.g)

j=1

|, izalee - v.0)
X

N
<2
j=1
< cellflluligllur < cehalf]'/20.10]"2

= This implies then the claim
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Sketch of the proof

= Leth.[f, 9] := holf,g] — Z,'A;(V/,ef, g), domb. = Hj(RY)
= It holds for f, g € C§°(RY)

N
1bf. 91— B[, gl = | / aflzglzdo — 3 (Vi.f.g)
bx =

N
<2
j=1

< cellflnllgllm < cehalf]'?0:[g]'/?

|, izalee - v.0)
X

= This implies then the claim

= Adding a form bounded potential Q does not change the
argument
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Comparison to [Behrndt-Exner-H-Lotoreichik’17]

Statement Known New
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Comparison to [Behrndt-Exner-H-Lotoreichik’17]

Statement Known New
Magnetic field No Yes
Allowed for & hypersurface networks
Order of convergence (1 +|In¢|) €
Additive potential Q bounded form bdd.
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Outline

4. Exner-Ichinose for homogeneous magnetic fields
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Homogeneous magnetic fields

= Assume from now on d = 2 and B = const.
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Homogeneous magnetic fields

= Assume from now on d = 2 and B = const.
= Possible choices for A (gauge invariance):
= A= g(iya X)T
= A=B(-y,0)"
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Homogeneous magnetic fields

Assume from now on d = 2 and B = const.
Possible choices for A (gauge invariance):
= A= g(iya X)T
= A=B(-y,0)"
Physical interpretation: (0,0,B)" = V x (A,0)7, i.e. the
magnetic field is perpendicular to the plane
For A € p((—iV — A)?) it holds

(V= AP =0 100 = | Gleey)fady,

where G{ is explicitely given by a combination of

= an irregular confluent hypergeometric function
= an in general complex valued function
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Goal: derive an Exner-Ichinose type result

= Letl:={(0,s)" : s€ R}
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Goal: derive an Exner-Ichinose type result

= Letl:={(0,s)" : s€ R}
= Assume that ¥ is a compact perturbation of I without
self-intersections

Theorem (Exner-Ichinose '01)

Assume that X # I and o > 0 is constant. Then,
odisc(—A — ads) # 0.
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Goal: derive an Exner-Ichinose type result

= Letl:={(0,s)" : s€ R}

= Assume that ¥ is a compact perturbation of I without
self-intersections

Theorem (Exner-Ichinose '01)

Assume that X # I and o > 0 is constant. Then,
odisc(—A — ads) # 0.

Goal: Prove a similar result for B # 0
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Proof of Exner-Ichinose

= Use Birman-Schwinger principle:
(=00,0) 3 A €0(—A —ads) & 1 € a(aMs(N))
with Mz (X) : L3(X) — L3(Z), Ms(M)e(x) = [+ G3(X, y)e(y)do
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= For X = I parametrize ¥ by its arc length
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Proof of Exner-Ichinose

Use Birman-Schwinger principle:
(=00,0) 3 A €0(—A —ads) & 1 € a(aMs(N))

with Mz (X) : L3(X) — L3(Z), Ms(M)e(x) = [+ G3(X, y)e(y)do

For ¥ =T and A < 0 show o(aMr (X)) = [0, 2\@]

For ¥ # I parametrize ¥ by its arc length

Rewrite M= () in these coordinates

= Ms()\), Mr(\) : L2(R) — L3(R)

MF()‘) - MZ()\) is compact = Jess(/\/l)i()\)) = Uess(MF()‘))

Show: Eigenvalues of Ms(\) depend continuously on A
Construct a test function ¢ such that (a«Ms (X)), ) > ij\\wnz
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Proof of Exner-Ichinose

Use Birman-Schwinger principle:
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with Mz (X) : L3(X) — L3(Z), Ms(M)e(x) = [+ G3(X, y)e(y)do

= For £ =T and A < 0 show o(aMr(})) = |0, 2\@]

= For ¥ # [ parametrize X by its arc length

= Rewrite Mx()) in these coordinates
= Ms()\), Mr(\) : L2(R) — L3(R)

= Mr(\) — Mz (X) is compact = gess(Mx (1)) = oess(Mr (X))

= Show: Eigenvalues of Ms(\) depend continuously on A

= Construct a test function v such that (a«Ms(A\)y, ) > ij\\wnz
= supo(aMz())) > 52 = SUP gess(aMx ()
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Proof of Exner-Ichinose

Use Birman-Schwinger principle:
(=00,0) 3 A €0(—A —ads) & 1 € a(aMs(N))

with Mz (X) : L3(X) — L3(Z), Ms(M)e(x) = [+ G3(X, y)e(y)do

= For £ =T and A < 0 show o(aMr(})) = |0, 2\@]

= For ¥ # [ parametrize X by its arc length

= Rewrite Mx()) in these coordinates
= Ms()\), Mr(\) : L2(R) — L3(R)

= Mr(\) — Mz (X) is compact = gess(Mx (1)) = oess(Mr (X))

= Show: Eigenvalues of Ms(\) depend continuously on A

= Construct a test function v such that (a«Ms(A\)y, ) > ij\\wnz
= supo(aMz())) > 52 = SUP dess(aMx()))

= Use Birman-Schwinger to show ogisc(—A — ady) # 0
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What is still true for B £ 0

Use Birman-Schwinger principle:
(—00,0) 3 A €0(—A —ady) & 1 €o(aMs(N))

with Mg (X) : L3(Z) — L3(Z), Ms(M)e(x) = [+ G3(X, y)e(y)do

= For £ =T and A < 0 show o(aMr(})) = |0, 2ﬂ]

= For ¥ # [ parametrize ¥ by its arc length

= Rewrite Mx(\) in these coordinates
= Ms(N\), Mr(\) : L2(R) — L3(R)

= Mr(X\) — Mg()\) is compact = cess(Ms(A)) = gess(Mr(A))

= Show: Eigenvalues of Ms()\) depend continuously on A

= Construct a test function ¢ such that (aMs ()¢, ¥) > Na_ijHZ
= supo(aMz(N)) > 37— — sup Tess(aMz ()

= Use Birman-Schwinger to show ogisc(—A — ads) # 0
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What is still true for B £ 0

Use Birman-Schwinger principle:
(—00,0) 2 A€o ) < 1€ a(aMs(N))

with Ms()\) : L3(Z) — L3(X), Ms () = |5 G} o(y)do

= For ¥ =T and A < 0 show a(aMr()\)) = [0, 2ﬂ]

= For X # I parametrize X by its arc length

= Rewrite Mx()) in these coordinates
= Ms (M), Mr(\) : L2(R) — L3(R)

= Mr(A) — Ms()) is compact = gess(Ms(A)) = 0ess(Mr (X))

= Show: Eigenvalues of Ms()\) depend continuously on A

= Construct a test function ¢ such that (a«Ms(A\)y, ) > zjosz
= supo(aMs (X)) > 2\?%*)\ = SUp gess (M (N))

= Use Birman-Schwinger to show ogisc(—A — adx) # 0

o4 Markus Holzmann,
Schrddinger operators and boundary value problems, Graz




Essential spectrum of (—iV — A)? — adr

= Choose A= —B(y,0)"
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Essential spectrum of (—iV — A)? — adr
= Choose A= —B(y,0)"

= Fourier transform w.r.t. x:

(—iV — AP — adr ~ / (= 08y +(By — £)? - ado)dé
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Essential spectrum of (—iV — A)? — adr

= Choose A= —B(y,0)"
= Fourier transform w.r.t. x:
CJVfAwawpv/(78W+(By7027a%wﬁ

1

NE/(—B4m+F—a¢Q@
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Essential spectrum of (—iV — A)? — adr

= Choose A= —B(y,0)"
= Fourier transform w.r.t. x:
(—iV — A2 — adr ~ / (= 8y + (By — €)? — adp)d¢

1

~ g [ (=B #0h+ 1 —ad¢)de

= Spectrum of (—iV — A)? — adr has a band structure
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Essential spectrum of (—iV — A)? — adr

= Choose A= —B(y,0)"
= Fourier transform w.r.t. x:
(—iV — A2 — adr ~ / (= 8y + (By — €)? — adp)d¢

1

~ g [ (=B #0h+ 1 —ad¢)de

= Spectrum of (—iV — A)? — adr has a band structure

= Literature on harmonic oscillators with §-point interactions
[Fassari-Inglese '97]

mino ((—iV — A2 — adr) = ming (B~ (— B™29 + 1* — ado))
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Essential spectrum of (—iV — A)? — adr

= Choose A= —B(y,0)"
= Fourier transform w.r.t. x:
(—iV — A2 — adr ~ / (= 8y + (By — €)? — adp)d¢

1

~ g [ (=B #0h+ 1 —ad¢)de

= Spectrum of (—iV — A)? — adr has a band structure

= Literature on harmonic oscillators with §-point interactions
[Fassari-Inglese ’97]

mino ((—iV — A2 — adr) = ming (B~ (— B™29 + 1* — ado))

= The last number is the solution an algebraic equation
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Essential spectrum of (—iV — A)? — adr

= Choose A= —B(y,0)"
= Fourier transform w.r.t. x:

(—iV — AP — adr ~ / (= 08y +(By — £)? — ado)dé

1

~ g [ (=B #0h+ 1 —ad¢)de

= Spectrum of (—iV — A)? — adr has a band structure

= Literature on harmonic oscillators with §-point interactions
[Fassari-Inglese '97]

mino ((—iV — A2 — adr) = ming (B~ (— B™29 + 1* — ado))

= The last number is the solution an algebraic equation
= Birman-Schwinger principle gives upper bound for o(Mr (X))
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What is still true for B £ 0

Use Birman-Schwinger principle:
(=00,0) 2 A € o ((—iV — A2 — ads) & 1 € a(aMs()))

with Mz()) : L3(X) — L2(X), Me(A)p(x) = [+ GR(X, ¥)¢(y)do
= For £ =T and A < 0 show o(aMr(})) = |0, 2\/(%]
= For X # I parametrize X by its arc length
= Rewrite Mx(\) in these coordinates
= Ms(\), Mr(\) : L3(R) — L2(R)
= Mr(X\) — Mg()\) is compact = cess(Ms(A)) = gess(Mr(A))
= Show: Eigenvalues of Ms(\) depend continuously on A
= Construct a ¢ such that (Ms(\)v, 1) > gfj\\¢||2
= supo(aMz(})) > 57 = sup gess(aMx(}))

= Use Birman-Schwinger to show ogisc(—A — ady) # 0
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What is still true for B £ 0

Use Birman-Schwinger principle:
(=00,0) 2 A € o ((—iV — A? — ady) & 1 € a(aMs()))

with Mz () : L3(Z) = L2(Z), M (M)p(x) = [+ GR(X, ¥)¢(y)do
= For ¥ =T and A < 0 show o(aM; (X)) = [0
= For X # I parametrize ¥ by its arc length
= Rewrite Mx()) in these coordinates

= Ms(\), Mr()) : L3(R) — L3(R)
= Mr(\) — Mz (1)) is compact = gess(Mx (1)) = oess(Mr(A))
= Show: Eigenvalues of Ms()\) depend continuously on A

= Construct a ¢ such that (Ms()\)y,v) > sup o(Mr(\))||[¥|)?
= supo(aMs (X)) > sup o(aMr(N)) = sup gess(aMs(A))
= Use Birman-Schwinger to show ogjsc(—A — ady) # 0
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Use Birman-Schwinger principle:
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What is still true for B # 0

Use Birman-Schwinger principle:
(—00,0) 2 A € o ((—iV — A2 — ads) < 1 € a(aMz()))

with Mz () : L3(X) = L2(X), Me(A)p(x) = [+ GR(X, ¥)e(y)do

= For £ =T and A < 0 show o(aMr(})) = |0, 2ﬂ]

= For X # I parametrize X by its arc length

= Rewrite Mx()) in these coordinates
= Ms(\), Mr()) : L3(R) — L3(R)

= Mr(A) — Ms()) is compact = gess(Ms (X)) = 0ess(Mr (X))

= Show: Eigenvalues of Ms(\) depend continuously on A

= Construct a ¢ such that (Ms(\)y,¥) > sup o(Mr(\))||y|> ?77?
= supo(aMz () > supo(aMr())) = Sup dess(aMs (M)

= Use Birman-Schwinger to show o ((—iV — A)? — ady) # 0
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. Motivation

Magnetic Schrodinger operators with §-potentials

— The magnetic Schrddinger operator without potential
— Magnetic Sobolev spaces

— Definition of the é-operator

Approximation by Hamiltonians with squeezed potentials
Exner-Ichinose for homogeneous magnetic fields

A quasi boundary triple

Outlook




Some notations

= In this section: ¥ c R is the boundary of a smooth bounded
domain Q. with outer normal vector field v
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Some notations

= In this section: ¥ c R is the boundary of a smooth bounded
domain Q. with outer normal vector field v

= Q =RI\Q,
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Some notations

= In this section: ¥ c R is the boundary of a smooth bounded
domain Q, with outer normal vector field v

= Q =RI\Q,
= Define

Sf := (—iV — A?f, domS = {f € H3(R?): f|lx =0}
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Some notations

= In this section: ¥ c R is the boundary of a smooth bounded
domain Q, with outer normal vector field v

= Q =RI\Q,
= Define

Sf i= (=iV — APf, domS = {f € HZ(R) : f|z = 0}
and

Tf == ((—iV — A?f.) & ((—iV — A)*f.)
domT:={f=f &f € H5(Q)DHAQL) f|x=1F]s}
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The quasi boundary triple

Tf := ((—iV — A?f.) & ((—iV — A)*f)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
= Define Iy, M1 : dom T — L2(X) by
Fof = d,f s —O,f | and T{f=f|s
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
= Define Iy, M1 : dom T — L2(X) by
Fof =0,fi|s —0,f-|x and Tif=f|s
= ltholds forall f,g € dom T
((=1v - Ay, Q+)Q+ — (f, (—iV — A)zg+)9+
= (flz. (0 — ivA)gil5); — (0 — A5, gl5) 5
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
= Define Iy, M1 : dom T — L2(X) by
Fof = 0,fr]y —0,f-|x and Tif=f|x
= ltholds forall f,g € dom T
((—1V = APf,94) g — (Fur (HIV = APgu) g
= +(fls, (8 — ivA)G+|5) s T((8, — ivA)fL]s, 9l5) s
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
= Define Iy, M1 : dom T — L2(X) by
Fof =0,fi|x —O,f- | and T4f=f|s
= ltholds forall f,g € dom T
((—iv - A)zfivgi)ﬂi — (fe, (—iV - A)zgi)Qi
= +(flx, (0 — ivA)g+|x) s F((0 — vA)L]x, glx) s
and hence
(T, @)re — (£, Tg)ra = (T1£,Tog)s — (Tof,T19)s
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
Define Iy, My : dom T — L2(X) by
Fof = 0,fr]y —0,f-|x and Tif=f|x
It holds for all f,g € dom T
(Tf,9)rs — (f, Tg)ra = (M1£,T0g)s — (Fof, T19)s

ran(lo, 1) = H'/2(X) x H3/2(%)
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
Define Iy, My : dom T — L2(X) by
Fof = 0,fr]y —0,f-|x and Tif=f|x
It holds for all f,g € dom T
(Tf,9)rs — (f, Tg)ra = (M1£,T0g)s — (Fof, T19)s

ran(lo, 1) = H'/2(X) x H3/2(%)
Ao := T | ker[g is the free operator (—iV — A)? in L?(RY)
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The quasi boundary triple

Tf == ((=iV — APf.) @ ((—iV — A)L)
domT:={f=f of € H3(Q)DHAQ): fi|x =15}
Define Iy, My : dom T — L2(X) by
Fof = 0,fr]y —0,f-|x and Tif=f|x
It holds for all f,g € dom T
(Tf,9)rs — (f, Tg)ra = (M1£,T0g)s — (Fof, T19)s

ran(lo, 1) = H'/2(X) x H3/2(%)
Ao = T | ker[g is the free operator (—iV — A)? in L?(R9)
= {L3(X),To,l1} is a quasi boundary triple for S*
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(I'y — al¢), i.e.

AQf = ((—iV — A2f) @ ((—iV — A)PL.)
domAQ .= {f=f @f edomT:d,f|x —d,f |s = of|s}
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The quasi boundary triple and the §-operator

Define for a € R the operator H2 := T | ker(I'y — al¢), i.e.

AQf = ((—iV — A2f) @ ((—iV — A)PL.)
domAQ .= {f=f @f edomT:d,f|x —d,f |s = of|s}

Theorem

AQ is self-adjoint and coincides with A,,. In particular,
domA, C Ha(Q4) ® HA(Q2-).
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(Fg — al'y)

Theorem

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) @ HA(Q-).

Sketch of the proof:
= Green’s formula: A2 is symmetric
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(Fg — al'y)

Theorem
AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) @ HA(Q-).

Sketch of the proof:
= Green’s formula: A2 is symmetric
= We verify: ran(A2 — )\) = L2(R9) for A € C\ R
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(l'g — al’¢)

Theorem

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) @ HA(Q-).

Sketch of the proof:
= Green’s formula: A2 is symmetric
= We verify: ran(A9 — \) = L2(RY) for A\ € C\ R
= feran(AQ — \)iff [ ((—iV — A)2 — X)"'f € ran(1 — aM())) for
some operator I\~/I(>\)
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(l'g — al’¢)

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) @ HA(Q-).

Sketch of the proof:
= Green’s formula: A2 is symmetric
= We verify: ran(A9 — \) = L2(RY) for A\ € C\ R
= feran(AQ — \)iff [ ((—iV — A)2 — X)"'f € ran(1 — aM())) for
some operator I\~/I(>\)
= M()) : H'/2(£) — H3/2(X) is bounded
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(l'g — al’¢)

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) @ HA(Q-).

Sketch of the proof:
= Green’s formula: A2 is symmetric
= We verify: ran(A9 — \) = L2(RY) for A\ € C\ R
= feran(AQ — \)iff [ ((—iV — A)2 — X)"'f € ran(1 — aM())) for
some operator M(\)
= M()\) : H'/2($) — H3/2() is bounded
= ran(1 — aM()\)) = H'/2(X) by Fredholm’s alternative
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The quasi boundary triple and the J-operator

Define for a € R the operator H2 := T | ker(l'g — al’¢)

Theorem

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) @ HA(Q-).

Sketch of the proof:
= Green’s formula: A2 is symmetric
= We verify: ran(A9 — \) = L2(RY) for A\ € C\ R
= feran(AQ — \)iff [ ((—iV — A)2 — X)"'f € ran(1 — aM())) for
some operator M(\)
= M()\) : H'/2($) — H3/2() is bounded
= ran(1 — aM()\)) = H'/2(X) by Fredholm’s alternative
= ran (M1 ((—iV — A2 — )\)_1) = H3/2($) c ran(1 — aM()))
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The quasi boundary triple and the §-operator

Define for a € R the operator H? := T | ker(Fg — al'1)

Theorem
AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) & HA(Q2-).

Consequences:

= Krein type resolvent formula in terms of Poisson and Neumann
to Dirichlet maps
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The quasi boundary triple and the J-operator

Define for a € R the operator H? := T | ker(l'g — al’¢)

Theorem

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) & HA(Q2-).

Consequences:

= Krein type resolvent formula in terms of Poisson and Neumann
to Dirichlet maps

= Resolvent power differences:

(AQ =N — ((—iV = AP =) "€ Gy (L2(RY)

2m+1>
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The quasi boundary triple and the J-operator

Define for a € R the operator H? := T | ker(l'g — al’¢)

Theorem

AQ is self-adjoint and coincides with A,,. In particular,
dom A, C H3(Q4) & HA(Q2-).

Consequences:

= Krein type resolvent formula in terms of Poisson and Neumann
to Dirichlet maps

= Resolvent power differences:

(AQ =N — ((—iV = AP =) "€ Gy (L2(RY)

2m+1>

= Formulae for scattering theory
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2. Magnetic Schrodinger operators with §-potentials
— The magnetic Schrddinger operator without potential
— Magnetic Sobolev spaces
— Definition of the §-operator

Approximation by Hamiltonians with squeezed potentials
Exner-Ichinose for homogeneous magnetic fields

A quasi boundary triple
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Outlook

= Finish proof of Exner-Ichinose type result:
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Outlook

= Finish proof of Exner-Ichinose type result:
= Find good estimate for sup o(Mr()\))
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= Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
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Outlook

= Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
= More general &
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Outlook

= Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
= More general &

= Can one say something for varying B
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Outlook

= Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
= More general &

= Can one say something for varying B
= Conjecture: bound states disappear
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Outlook

= Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
= More general &

= Can one say something for varying B
= Conjecture: bound states disappear
= Can one do more with the quasi boundary triple?
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Outlook

Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
= More general &

Can one say something for varying B

= Conjecture: bound states disappear
Can one do more with the quasi boundary triple?
= More suggestions?
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Outlook

Finish proof of Exner-Ichinose type result:

= Find good estimate for sup o(Mr()))
= Learn how to work with G§
= More general &

Can one say something for varying B

= Conjecture: bound states disappear
Can one do more with the quasi boundary triple?
= More suggestions?

Thank you for your attention!
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