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Isoperimetric inequalities

|02 = 08| . 1| < |B] (geometric)
Q2B AP(Q) > AP(B)  (spectral)

Geometric: STEINER-1842, HURWITZ-1902 (d = 2), corollary of
BRUNN-MINKOWSKI inequality (d > 3). Spectral: FABER-23, KRAHN-26.
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From classical to spectral isoperimetric inequality

A bounded domain Q C RY (d > 2) with smooth boundary 9Q; ball Bc ]Rd.J

Self-adjoint Dirichlet Laplacian —Af in L2(Q)

Spectrum of —A% is discrete. \P(Q) > 0 — the lowest eigenvalue of —Af.

| N\

Isoperimetric inequalities

|02 = 08| . 1| < |B] (geometric)
Q2B AP(Q) > AP(B)  (spectral)

\

Geometric: STEINER-1842, HURWITZ-1902 (d = 2), corollary of
BRUNN-MINKOWSKI inequality (d > 3). Spectral: FABER-23, KRAHN-26.

Other boundary conditions

The Neumann Laplacian: similar spectral inequality is trivial: )\ll\I(Q) =0.
Non-trivial for d-interactions on manifolds and for the Robin Laplacian.
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A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J
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Definition of Hamiltonians with surface d-interactions

A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J

Symmetric quadratic form in L?(R9)

Hl(Rd) S U hz[u] = HVUHLz(Rd .cd) 0‘”“’2“[_2 for a > 0.
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Definition of Hamiltonians with surface d-interactions

A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J

Symmetric quadratic form in L?(R9)

HARY) 3 = 3 (0] = [V ulBagce) — alluls g, for o> 0.

The quadratic from hZ is closed, densely defined, and semi-bounded. J

Schrédinger operator with d-interaction on X of strength o

HZ - self-adjoint operator in L?(R?) associated to the form hZ.

The lowest spectral point for HX
ps(X) := inf o(HEL).
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Motivations to study HZ

(i) ‘Leaky’ quantum systems: a particle is confined to ¥ but the
tunneling between different parts of X is not neglected.

(ii) Inverse scattering problem for HE is linked to the Calderon problem
with non-smooth conductivity.

(iii) Existence of spectral gaps for high-contrast photonic crystals.
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Motivations to study HZ

(i) ‘Leaky’ quantum systems: a particle is confined to ¥ but the
tunneling between different parts of X is not neglected.

(ii) Inverse scattering problem for HE is linked to the Calderon problem
with non-smooth conductivity.

(iii) Existence of spectral gaps for high-contrast photonic crystals.

Spectral geometry

Characterise the spectrum of HZ in terms of !

e An explicit mapping ¥+ o(HZ) can not be constructed.
e Particular spectral results might be very difficult to obtain.
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d-interactions on loops

C>-smooth loop ¥ C R?, a circle C C R?. Regularity — not the main issue.J
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d-interactions on loops

C>-smooth loop ¥ C R?, a circle C C R?. Regularity — not the main issue.J

Oess(HE) = Ry and aq(HZ) # @ for all @ > 0. |

Theorem (Exner-05, Exner-Harrell-Loss-06)

Z:C o (6%
{‘z’%” —  18(0) > 18(), Va>o.
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d-interactions on loops

C>-smooth loop ¥ C R?, a circle C C R?. Regularity — not the main issue.J

Oess(HE) = Ry and aq(HZ) # @ for all @ > 0. |

Theorem (Exner-05, Exner-Harrell-Loss-06)

Z:C o (6%
{‘z’%” —  18(0) > 18(), Va>o.

Operator theory: Birman-Schwinger and min-max principles.
Geometry: mean-chord length inequality (LUk6-66).
Classical analysis: decay and convexity of Ko(-), Jensen’s inequality.
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d-interactions supported on open arcs

Y C R? —a C*>®-smooth open arc. S C R? — a line segment. J

2l
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d-interactions supported on open arcs

Y C R? —a C*>®-smooth open arc. S C R? — a line segment. ]
7 /
Oess(HE) = Ry and oq(HZ) # @ for all o > 0. )

Recent topic: an analogue of the result by EXNER-HARRELL-LOsS-067

Theorem (VL-16)

Z = S [0 [0
{'zlst — 15(S) > p§(E), Va>o.

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 24.04.2017



d-interactions supported on open arcs

Y C R? —a C*>®-smooth open arc. S C R? — a line segment. J
Oess(HE) = Ry and oq(HZ) # @ for all o > 0. )

Recent topic: an analogue of the result by EXNER-HARRELL-LOsS-067

Theorem (VL-16)

Z = S [0 [0
{'zlst — 15(S) > p§(E), Va>o.

Geometry: line segment — the shortest path between two endpoints.
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Fixed endpoints

P,Qe R2 — points. P # Q.
S, ¥ C R? - the line segment and an arc connecting P and Q.
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Fixed endpoints

P,Qe R2 — points. P # Q.
S, ¥ C R? - the line segment and an arc connecting P and Q.

D—

{az ={P,Q}

= F(S) > puf(X), Va>0.
TS p1(S) > pi(X) o

|

Open questions

(i) Shape of the optimizer under two constraints: fixed endpoints
P,Q € R? and fixed length L > |P — Q|?

(ii) A generalization for Laplace-Beltrami operator on a 2-manifold M
with S being the geodesic connecting P, @ € M?
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d-interactions on truncated cones

No direct analogue in R3: under the constraint |X| = const,
max uf'(X) = 0 is achieved at uncountably many shapes.
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d-interactions on truncated cones

No direct analogue in R3: under the constraint |X| = const,
max uf'(X) = 0 is achieved at uncountably many shapes.

T C S? —a C*®-smooth loop on the unit sphere. C C S? - a circle.
Yr(T)={rT:re[0,R)} C R® - truncated cone of radius R with base 7.

Yr(T) Yr(C)
4( X
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T C S? —a C*®-smooth loop on the unit sphere. C C S? - a circle.
Yr(T)={rT:re[0,R)} C R® - truncated cone of radius R with base 7.

Yr(T) Yr(C)
4( X

Discrete spectrum is non-empty if and only if & > a, > 0. J

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 24.04.2017 9 /20



d-interactions on truncated cones

No direct analogue in R3: under the constraint |X| = const,
max uf'(X) = 0 is achieved at uncountably many shapes.

T C Sz — a C*®-smooth loop on the unit sphere. C C S? - a circle.
Yr(T)={rT:re0,R)} C R - truncated cone of radius R with base 7.

i

Discrete spectrum is non-empty if and only if & > a, > 0. J

Theorem (Exner-VL-17)

=17 _,  Ju(Er(C) > pi(Zr(T)), Vo> au(Xr(C))
C2T ,LL%(ZR(T)) < 0 for a = (X*(ZR(C))
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T C S? —a C*®-smooth loop. C C S? — acircle. [T|=[C| <27 J
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d-interactions on infinite cones

T C S? —a C*®-smooth loop. C C S? — acircle. [T|=[C| <27 J

>(T)={rT: r€[0,00)} C R3 - infinite cone with the base T J
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d-interactions on infinite cones

T C S? —a C*®-smooth loop. C C S? — acircle. [T|=[C| <27 J

>(T)={rT: r€[0,00)} C R3 - infinite cone with the base T |

Proposition (Behrndt—VL—Exner—14, Ourmiéres-Bonafos-Pankrashkin-16)
. >(T)
(i) gess(Ha i )=[- 1a2 , +00).

(i) #oa(HE) = .

Refinements: VL-OURMIERES-BONAFOS-16, BRUNEAU-POPOFF-15
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d-interactions on infinite cones

T C S? —a C*®-smooth loop. C C S? — acircle. [T|=[C| <27 J

>(T)={rT: r€[0,00)} C R3 - infinite cone with the base T ]

Proposition (Behrndt—VL—Exner—14, Ourmiéres-Bonafos-Pankrashkin-16)
(i) oess(Ha'") = [ fo?, +o0).

(it) #oa(Ha") = oo

Refinements: VL-OURMIERES-BONAFOS-16, BRUNEAU-POPOFF-15

Theorem (Exner-VL-17)

{|C|=|T|<2” — () = W (E(T)), Ya>0.

CzT
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d-interactions on infinite cones

T C S? —a C*®-smooth loop. C C S? — acircle. [T|=[C| <27 J

>(T)={rT: r€[0,00)} C R3 - infinite cone with the base T ]

Proposition (Behrndt—VL—Exner—14, Ourmiéres-Bonafos-Pankrashkin-16)
(i) oess(Ha'") = [ fo?, +o0).

(it) #oa(Ha") = oo

Refinements: VL-OURMIERES-BONAFOS-16, BRUNEAU-POPOFF-15

Theorem (Exner-VL-17)

{|C|=|T|<2” — () = W (E(T)), Ya>0.

CzT

Passing in the result for truncated cones to the limit R.— +o00.
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d-interactions on star-graphs

Star-graph Xy with N > 3 leads

N leads meeting at the origin and forming angles ¢(Xy) = {¢1,...,on}
in the counterclockwise enumeration: Z,’Yzl ¢n = 27.
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d-interactions on star-graphs

Star-graph Xy with N > 3 leads

N leads meeting at the origin and forming angles ¢(Xy) = {¢1,...,on}
in the counterclockwise enumeration: Z,’Yzl ¢n = 27.

o(Tn) = {37,2F,..., 3} for symmetric star-graph I'y. J

s

X5

b5 /oy

[on P

3
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d-interactions on star-graphs

Star-graph Xy with N > 3 leads

N leads meeting at the origin and forming angles ¢(Xy) = {¢1,...,on}
in the counterclockwise enumeration: Z,’Yzl ¢n = 27.

o(Tn) = {37,2F,..., 3} for symmetric star-graph I'y. J

s

X5

b5 /oy

[on P

3

Theorem (Exner—lchinose—Ol, Khalile-Pankrashkin-17, Exner-VL-17)
(i) Gess(HEV) = [ — 2a?,+00) and 1 < #oq(HE) < oo.
(i) p$(En) < p§(My) for all & > 0 (EXNER-VL-17).
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Optimisation with magnetic fields

Homogeneous magnetic field B # 0 in R2

A= %B(—xz,x;l)T — vector potential. V4 :=iV + A — magnetic gradient.
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Optimisation with magnetic fields

Homogeneous magnetic field B # 0 in R?
A= %B(—xz,x;l)T — vector potential. V4 :=iV 4+ A — magnetic gradient.

d-interaction on a loop in R? + homogeneous magnetic field B # 0

The quadratic form

{us u, [Vaul € (R} 3 u = b, plu] = |Vaulfapeco) — ollulz s,

defines self-adjoint operator H g in L*(R?) with pB(E) = inf o (HX 5).

v
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Optimisation with magnetic fields

Homogeneous magnetic field B # 0 in R?

A= %B(—xz,xl)—r — vector potential. V4 :=iV 4+ A — magnetic gradient. )

d-interaction on a loop in R? + homogeneous magnetic field B # 0
The quadratic form

{u: u,|Vaul € P(R?)} 3 u e by glu] == | Vaul2me.c) — allulslfzg

defines self-adjoint operator H g in L*(R?) with 1S B(T) = inf o (HE ).

|

Questions

(i) Is the circle a local optimiser under fixed length constraint? Shape
derivative of M?’B(Z) with respect to .

(ii) Is the circle still a global optimiser under fixed length constraint?

(iii) Does the "non-magnetic" strategy of the proof apply?

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 24.04.2017 12 /20



Il. The Robin Laplacian on exterior
domains

otoreichik (NPI CAS) imi o 24.04.2017 13 /20



Definition of the Robin Laplacian

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 24.04.2017 14 /20



Definition of the Robin Laplacian

G C RY — an unbounded Lipschitz domain with compact boundary 9G.
e Exterior domain. e Complement of a hypersurface.
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Definition of the Robin Laplacian

G C RY — an unbounded Lipschitz domain with compact boundary 9G.
e Exterior domain. e Complement of a hypersurface.

Closed, symmetric, semi-bounded quadratic form in L2(G)

HY(G) 3 u s 05[] = [V ullsg.co — BlluloclZog for B> 0.
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Closed, symmetric, semi-bounded quadratic form in L2(G)
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The Robin Laplacian on G with the boundary parameter (3

Hg — the self-adjoint operator in L?(G) associated with the form hg.
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Definition of the Robin Laplacian

G C RY — an unbounded Lipschitz domain with compact boundary 9G.
e Exterior domain. e Complement of a hypersurface.

Closed, symmetric, semi-bounded quadratic form in LZ(G)

HY(G) 3 u s 05[] = [V ullsg.co — BlluloclZog for B> 0.

The Robin Laplacian on G with the boundary parameter (3

Hg — the self-adjoint operator in L?(G) associated with the form hg.

V7 (G) := inf o(H). J
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Definition of the Robin Laplacian

G C RY — an unbounded Lipschitz domain with compact boundary 9G.
e Exterior domain. e Complement of a hypersurface.

A\

Closed, symmetric, semi-bounded quadratic form in L2(G)

HY(G) 3 u s 05[] = [V ullsg.co — BlluloclZog for B> 0.

The Robin Laplacian on G with the boundary parameter (3

|

Hg — the self-adjoint operator in L?(G) associated with the form hg.
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Applications in physics

(i) Oscillating, elastically supported membranes in mechanics.
(ii) Linearized Ginzburg-Landau equation in superconductivity.

(iii) Thin layers with impedance BC condition in electromagnetism.
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Complement of a bounded convex planar set

Q C R? - bounded, simply connected, C*®-smooth. Q' := R?\ Q. J

-
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Complement of a bounded convex planar set

Q C R? - bounded, simply connected, C*®-smooth. Q' := R?\ Q. J

-

Tess(HF ™) = [0, +00) and 1 < #oq(HF™) < oo. J
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Complement of a bounded convex planar set

Q C R? - bounded, simply connected, C*®-smooth. Q' := R?\ Q. J

-

O'ess(ngXt) = [0, +OO) and 1 < #Ud(ngXt) < o J

Theorem (Krejcitik-VL-16, d = 2)

— (B > Q%) vE > 0.

{either |02 = |0B| or |Q] = |B|

Q % B, Q convex
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Complement of a bounded convex planar set

Q C R? - bounded, simply connected, C*®-smooth. Q' := R?\ Q. J

-

O'ess(ngXt) = [0, +OO) and 1 < #Ud(ngXt) < o J

Theorem (Krejcitik-VL-16, d = 2)

— (B > Q%) vE > 0.

{either |02 = |0B| or |Q] = |B|

Q % B, Q convex

e Min-max principle. ® Method of parallel coordinates. o [,k = 27.

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 24.04.2017



Complement of a bounded convex planar set

Q C R? - bounded, simply connected, C*®-smooth. Q' := R?\ Q. J
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O'ess(ngXt) = [0, +OO) and 1 < #Ud(ngXt) < o J

Theorem (Krejcitik-VL-16, d = 2)

— (B > Q%) vE > 0.

{either |02 = |0B| or |Q] = |B|

Q 2 B, Q convex
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Connectedness is important

Two disjoint discs
Q, =B,UB/ where B.NB! = 3.
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Connectedness is important

Two disjoint discs
Q, =B,UB/ where B.NB! = 3.

A simple computation gives

Q2| = | Bg| = r=R/V2,
0Q,| = [0Br| =  r=R/2.
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Connectedness is important

Two disjoint discs
Q, =B,UB/ where B.NB! = 3.

A simple computation gives

Q2| = | Bg| = r=R/V2,
0Q,| = [0Br| =  r=R/2.

Strong coupling (KOVAR{K-PANKRASHKIN-16)

p(Q2%) =] (Bg) = B (2 — %) + o(B) as B — oo.

r
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Connectedness is important

Two disjoint discs
Q, =B,UB/ where B.NB! = 3.

A simple computation gives

Q2| = | Bg| = r=R/V2,
0Q,| = [0Br| =  r=R/2.

Strong coupling (KOVAR{K-PANKRASHKIN-16)

p(Q2%) =] (Bg) = B (2 — %) + o(B) as B — oo.

For all 5 > 0 large enough

VD (Q9%) > 1P (BSt) (the inequality is reversed).
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No direct analogue for d > 3
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No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 24.04.2017 17 /20



No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr > 0: 3s > 0 such that either |Q, s| = |Bg| or |09, s| = |0BRg| |
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No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr > 0: 3s > 0 such that either |Q, s| = |Bg| or |09, s| = |0BRg| J

Strong coupling
Vlﬁ(Q‘ﬁXst) = V{LB(B‘,??X‘J) =8 (d—2 — %) +0o(B) as B — .
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No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr > 0: 3s > 0 such that either |Q, s| = |Bg| or |09, s| = |0BRg| J

Strong coupling
V) (Q28) — ] (Bg) = B (42 — 42 ) + o(B) as B — oo.

For r < %R and all 8 > 0 large enough

yf(Q‘ﬁf‘st) > V) (BZ%) (the inequality is reversed).
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No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr > 0: 3s > 0 such that either |Q, s| = |Bg| or |09, s| = |0BRg| J

Strong coupling

yf(Q ) > U (B"Xt) (the inequality is reversed).
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The Robin Laplacian on a plane with a screen
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The Robin Laplacian on a plane with a screen

Y C R? — a C®-smooth open arc. S C R? — a line segment. )
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Y. C R? — a C®-smooth open arc. S C R? — a line segment. J
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The Robin Laplacian on a plane with a screen

Y. C R? — a C®-smooth open arc. S C R? — a line segment. J

R?\ ¥

Gess(H ') = [0, +00) and 1 < #oa(H ') < oc. J
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The Robin Laplacian on a plane with a screen

Y C R? — a C®-smooth open arc. S C R? — a line segment. J

R?\ ¥

Gess(H ') = [0, +00) and 1 < #oa(H ') < oc.

Theorem (VL-16)

=S
(FoF = denedE, veso
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Related settings
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Related settings

Optimisation results for other boundary conditions

4-parametric family of self-adjoint realisations (EXNER-ROHLEDER-16).
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Related settings

Optimisation results for other boundary conditions

4-parametric family of self-adjoint realisations (EXNER-ROHLEDER-16).

Dirac operators

ARRIZABALAGA-MAS-VEGA-16. Still a lot of open questions.
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Related settings

Optimisation results for other boundary conditions

4-parametric family of self-adjoint realisations (EXNER-ROHLEDER-16).

Dirac operators

ARRIZABALAGA-MAS-VEGA-16. Still a lot of open questions.

Interactions supported on manifolds of higher co-dimensions

Loops in R3 (BEHRNDT-FRANK-KUHN-VL-ROHLEDER-17)
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Related settings

Optimisation results for other boundary conditions

4-parametric family of self-adjoint realisations (EXNER-ROHLEDER-16).

Dirac operators

ARRIZABALAGA-MAS-VEGA-16. Still a lot of open questions.

Interactions supported on manifolds of higher co-dimensions

Loops in R3 (BEHRNDT-FRANK-KUHN-VL-ROHLEDER-17)

Robin cones

An analogue of the optimisation result for d-interactions supported on
conical surfaces in the Robin setting.
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Thank you for your attention!
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