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Preliminaries

Let Q C RY, d > 2 be an open set.

d
Li=— Z Ojajk,iOk + ai,

Jok=1

ajk,i - Q= C, a; : Q = R, such that £; is uniformly elliptic, i =1,2.
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Preliminaries

Let Q C RY, d > 2 be an open set.
d
Li=— Z Ojajk,iOk + ai,
J k=1

ajk,i - Q= C, a; : Q = R, such that £; is uniformly elliptic, i =1,2.

Aiu=Liu, domA; C L*(Q), i=1,2

)

self-adjoint operators in L2(2) (for suitably chosen coefficient functions and

domains)
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Question

A1(A;) < Xa(A;) < ... < M discrete eigenvalues of A;, counted with multiplicities,

below some upper bound M € RU {cc}
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Question

A1(A;) < Xa(A;) < ... < M discrete eigenvalues of A;, counted with multiplicities,
below some upper bound M € RU {cc}

Question:

Under what conditions does it hold

A,,(Ag) S )\n+k(A1) or even )\n(AQ) < )\n+k(A1)

for some kK € N and all n € N?
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History

Results for £; = —A on bounded domain € subject to Dirichlet or Neumann

boundary conditions:

o G. Polya (1952), G. Szeg6 (1954): M) < AP
o L. Payne (1955): Ay < AP for Q C R? convex

o H. Levine & H. Weinberger (1986): )\ﬁ,\frd < AP for Q C R¥ convex with
C°-boundary

o L. Friedlander (1991): M., < AP for Q C R? with C-boundary

o N. Filonov (2005): M., < AP e.g. for Q C R9 Lipschitz domain
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© Operators with different boundary conditions
@ The spectrum

@ Inequality for eigenvalue counting functions

@ Final result
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Assumptions

e Q CRY d>2, unbounded domain with compact Lipschitz boundary (i.e.

the complement of Q is a bounded Lipschitz domain)

o L1 =Ly =—-A+V, with V € L*°(Q) real valued

Simon Stadler Eigenvalue inequalities for PDOs 27.04.2017 7/ 24



Schrédinger operator with Dirichlet boundary condition

Definition
Apu = (A + V)u

dom(Ap) = {u€ HY(Q) | Au e L3(Q) and u]pq = 0}
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Schrédinger operator with Robin/mixed boundary condition

Definition

Aru (=A+ V)u

dom(Ar) = {u € HY(Q) ‘ Au € [2(Q), ulor =0

ou
and aul, + %‘w = 0}

where a € R, @ # w C 90 open and w’ = 00 \ w.
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Schrédinger operator with Robin/mixed boundary condition

Definition

ARU

dom(AR)

(—A+ V)u

{u € HY(Q) ‘ Au e *(Q), ul, =0

and aul, + —

ov

where a € R, @ # w C 90 open and w’ = 00 \ w.

6u‘w:0}

Special case: Neumann b.c. (o« =0 and w = 09Q)
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The spectra of Ap and A

e Operators selfadjoint in L?(Q).

o = = E A
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The spectra of Ap and A

e Operators selfadjoint in L?(Q).

@ The essential spectra of Ap and A coincide.
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The spectra of Ap and A

e Operators selfadjoint in L?(Q).
@ The essential spectra of Ap and A coincide.

e For V € L2(Q) their essential spectrum is equal to [0, c0).
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The spectra of Ap and A

e Operators selfadjoint in L?(Q).
@ The essential spectra of Ap and A coincide.

e For V € [?(Q) their essential spectrum is equal to [0, c0).

For M :=inf 0ess(Ap) = inf 0ess(Ar) denote by
@ M (Ap) < X2(Ap) < -+ < M the discrete eigenvalues of Ap in (—oo, M)

counted with multiplicity

® M (Ar) < A2(Ar) < --+ < M the discrete eigenvalues of A in (—oo, M)

counted with multiplicity
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Characterization of the discrete eigenvalues

@ Bilinear form corresponding to Ap

ap(u, V) = (VU, VV)(Lz(Q))d + (VU, V)Lz(Q)
dom(ap) = H(Q)

@ Bilinear form corresponding to Ar

ar(u,v) = (Vu, VV)(Lz(Q))d + (Vu, V)Lz(Q) + a(ulaq, v|ea)
dom(ap) = {ue H Q)| ul. =0}
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Characterization of the discrete eigenvalues

@ Bilinear form corresponding to Ap
ap(u, V) = (VU, VV)(Lz(Q))d + (VU, V)Lz(Q)
dom(ap) = H(Q)

@ Bilinear form corresponding to Ar

ar(u,v) = (Vu, VV)(Lz(Q))d + (Vu, V)Lz(Q) + a(ulaq, v|ea)
dom(ap) = {ue H Q)| ul. =0}

Theorem (min-max principle)

max a,'(U, U)

min
L subspace of dom(a;) (ueL\{0} (U7 U)
dim L=n

An(A;) =

}, i€ {D,R}
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An inequality for eigenvalue counting functions

For an interval Z C R define the eigenvalue counting functions
e Np(Z) :=dimranEp(Z),
o Ng(Z):=dimranEg(Z),

Ep, Er spectral measures of Ap and Ag respectively.
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An inequality for eigenvalue counting functions

For an interval Z C R define the eigenvalue counting functions
e Np(Z) :=dimranEp(Z),
o Ng(Z):=dimranEg(Z),

Ep, Er spectral measures of Ap and Ag respectively.

Theorem
Let M = inf 0ess(Ap) = inf 0ess(Ar). Then for each < M the inequality

NR((_OO7 :u)) > Np ((—OO, :u])

holds.
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|dea of the proof 1
Let 4 < M. Then we have

Np((—o0,p]) = max{dimL: L C dom(ap) subspace,

ap(u,u) < /L”U”iz(g)a uelL}.
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|dea of the proof 1
Let 4 < M. Then we have
Np((—o0,p]) = max{dimL: L C dom(ap) subspace,
ap(u,u) < N||U||i2(Q)a uelL}.
Let F C dom(ap) be such that dim F = Np ((—oo, u]) and ap(u, u) < ,u||u\|i2(m,
for all u € F.

It holds for u € F and v € ker(Ag — u):

2
ar(u+v) < pllu+ vz
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|dea of the proof 1
Let 4 < M. Then we have
Np((—o0,p]) = max{dimL: L C dom(ap) subspace,
an(u.0) < sy € L.
Let F C dom(ap) be such that dim F = Np ((—oc, u]) and ap(u, u) < pl|ulf?
for all u € F.
It holds for u € F and v € ker(Ag — u):

ar(u+v) < pfu+ V||i2(9)-
The sum F + ker(Ag — p) is direct and hence

Nz ((—oo,u]) = dim(F) +dimker (Ag — 1)
= Np((—o0, 1) + dimker (A — p).
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|dea of the proof 2
NR((_OOHU‘])

dim(F) + dimker (Ag — 1)

Np ((—o0, p]) + dim ker (Ag — )
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|dea of the proof 2

Nz ((—oo,u]) > dim(F)+dimker (Ag — 1)
= Np((—o0, u]) + dimker (Ag — 1)

Ng ((—o0,p]) — dimker (A — ) > Np((—o0,pn])
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|dea of the proof 2

Nz ((—oo,u]) > dim(F)+dimker (Ag — 1)
= Np((—o0, u]) + dimker (Ag — 1)

Ng ((—o0,p]) — dimker (A — ) > Np((—o0,pn])

NR((_OOa ,u)) > Np ((—OO, N])
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The corresponding eigenvalue inequality

Inserting 1t = Ax(Ap) one obtains the following result

Theorem

If there exist m eigenvalues of Ap in (—oo, M) then there exist at least m
eigenvalues of Ag in (—oo, M) and the strict inequality

)\k(AR) < )\k(AD)

holds for all k € {1,..., m}.
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© Operators with different coefficients
@ The spectrum

o Eigenvalue inequality
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Assumptions

e Q CRY d>2, open, nonempty and (for simplicity) connected
d
o L=~ > 0Ojaj,i0k + ai,
Jrk=1
» aj;i: © — C bounded Lipschitz functions such that aj ;(x) = ak,i(x) for all
x€Q
> 3;: Q — R bounded and measurable

such that £; is uniformly elliptic, i = 1,2.
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Associated linear operators and bilinear forms

Definition

d
Au = — E 8jajk7,-6ku+a,-u
J.k=1

dom(A;) = {ueHyQ)|Liue 2(Q)}

Bilinear form corresponding to A;

d
ai(u,v) = Z /ajk,,-akumdx—i—/a,-uvdx
Jk=19 Q
dom(ai) = H3(Q)
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Additional assumptions

@ The essential spectra of A; and A coincide

d

o > apa(x)gék <
k=1

J

d _
ajk,2(x)&&k,
jk

for any x € Q and ¢ € RY
(i.e. (ajk2(x) — ajk71(x))ﬂk:1 >0,Vx € Q)

@ a1(x) < ay(x) for all x € Q

(in particular az(u, u) < ay(u, u) for any u € H}(Q))
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The spectra of A; and A,

A1 and A; are selfadjoint in L2().

Define:
0 M :=inf oes(Ar) = inf oess(A2)
@ A (Ai) < X(Ai) <--- < M discrete eigenvalues of A;
in (—oo, M) counted with multiplicity
e N;(Z) :=dimranE;(Z), Z C R interval,

where E; is the spectral measure of A;.
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Eigenvalue inequality for different coefficients

Theorem
Assume there exists an open ball O C € such that at least one of the following

conditions is satisfied:
@ a1(x) < ax(x) for all x € O,
o the matrix (ajk 2(x) — ajk,1(x))j « is invertible for all x € O.
Then for all x < M the inequality
Ny ((—o0, 1)) = No((—o0, p])

holds. In particular, if there exist | eigenvalues of A in (—oo, M) then

)\k(Al) < )\k(Az)

holds for all k € {1,...,1}.
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|dea of the proof

Let 4 < M. Then we have

N>((—oc,p]) = max{dimL: L C dom(ay) subspace,

aa(u, u) < pullul gy, u € L.
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|dea of the proof

Let 4 < M. Then we have

N>((—oc,p]) = max{dimL: L C dom(ay) subspace,
aa(u, ) < pllulaqey. v € L.
Let F C dom(az) be such that dim F = Na((—o0, z1]) and az(u, u) < u||u||i2(ﬂ)7

YueF.
It holds for u € F and v € ker(A; — p):

2
a1 (u+v) < plu+ vPag.

Simon Stadler Eigenvalue inequalities for PDOs 27.04.2017 22 /24



|dea of the proof

Let 4 < M. Then we have
N>((—oc,p]) = max{dimL: L C dom(ay) subspace,
o, ) < pllulagy u € L}.

Let F C dom(az) be such that dim F = Na((—o0, z1]) and az(u, u) < u|\u||i2(ﬂ),
YueF.
It holds for u € F and v € ker(A; — p):

2
ar(u+v) < pllu+ vz

The sum F + ker(A; — p) is direct and hence

Nl ((700, :u'])

\Y

dim(F) + dim ker (A1 — )
= No((—o0,p]) +dimker (A1 — p1).
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|dea of the proof

dim(F) 4 dimker (A; — p)
= No((—o0, ) + dimker (Ay — p)

Ny ((_007 :u‘])

Y
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|dea of the proof

dim(F) 4 dimker (A; — p)
= No((—o0, ) + dimker (Ay — p)

Ny ((_OO’ /f'])

Y

Ny ((—oo, p]) — dimker (A — p) > Nao((—o0, 1)
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|dea of the proof

dim(F) + dimker (A1 — 1)
= No((—o0, ) + dimker (Ay — p)

Y

Ny ((_OO’ /f'])

Ny ((—oo, p]) — dimker (A — p) > Nao((—o0, 1)

Ny ((—OO, N)) > N ((_007 ﬂ])
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Thank you for your attention.

o = = E A
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