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Space—Time Methods
1. Let u be a weak solution of the homogeneous heat equation
Ou(z,t) — Agu(z,t) =0 for (z,t) € @ =Q x (0,7,

where we assume some inhomogeneous Dirichlet boundary conditions on ¥. Let Y = L2(0,T; H}(Q).
Prove that
10cullyr < IVaull 2 -

2. Let w € Y = L%(0,T; H}(2)) be the unique solution of the elliptic variational formulation such
that
(Vow, Vav) 120y = (Oru,v)q  for allv € Y.

Prove that
|Opullyr = [lwlly .

3. Let wy, € Y, C Y be the unique solution of the Galerkin variational formulation
(Vzwh, vwvh>L2(Q) = <6tu,vh>Q for all vj, € Y,.
Prove that
lwally < [lwlly
where w € Y is the unique solution of the variational formulation in 2.
4. Let w € Y = L*(0,T; H}(2)) be the unique solution of the elliptic variational formulation such

that
(Vaow, Vav) 120y = (O, v)Q + (Vau, Vav) 12(g) forallv €Y.

Prove that
100 — Agull5r = w5 = b(u, w),

where

b(u,v) = /OT/Q {Otu(:v,t)v(m,t) + Vyu(z,t) - va(:c,t)] dx dt.

5. Prove, by using the result of 4., the inf-sup condition

b
|0;u — Azullyr < sup b, v)]
0#£vEY vy

for allu € X,

where

X = {u €Y :0meY u(x,0)=0 forxe Q}
Prove that ||0;u — Ayullys defines a norm in X which is equivalent to the graph norm

lull% = ull$ + 19eul5



