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Space–Time Methods

For a bounded domain Ω ⊂ Rm we consider a locally quasi–uniform and admissible decomposition
into shape regular simplicial elements τℓ of local mesh size hℓ. Let Vh = span{φk}Mk=1 be the related
space of piecewise linear and continuous basis functions φk with support ωk which covers all finite
elements τℓ with xk as a node, i.e., ℓ ∈ I(k). Hence we can define, for all nodes xk, the local mesh size

ĥk :=
1

#I(k)

∑
ℓ∈I(k)

hℓ.

For the restriction Vh(ωk) of the global finite element space onto ωk we define Qk
h : L2(ωk) → Vh(ωk)

as the local L2 projection satisfying

⟨Qk
hu, vh⟩L2(ωk) = ⟨u, vh⟩L2(ωk) for all vh ∈ Vh(ωk).

10. Prove the error estimate, s = 1, 2,

∥u−Qk
hu∥L2(ωk) ≤ c ĥsk |u|Hs(ωk) for all u ∈ Hs(ωk).

11. Prove the stability estimate
∥Qk

hu∥H1(ωk) ≤ c ∥u∥H1(ωk) .

Next we define the quasi interpolation or Clement operator

Phu(x) =
M∑
k=1

(Qk
hu)(xk)φk(x) .

12. Prove that Ph : Vh → Vh is a projection.

13. Prove the local error estimates, s = 1, 2,

∥u− Phu∥L2(τℓ) ≤ c
∑
xk∈τℓ

ĥsk |u|Hs(ωk).

14. Prove the stability estimate
∥Phu∥H1(Ω) ≤ c ∥u∥H1(Ω).


