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Exercise 1: Let B and CB be symmetric and positive definite square matrices. Let λmin and
λmax be the smallest and the largest eigenvalues of C−1

B B, respectively. Prove the convergence of
the preconditioned Richardson method

uk+1 = uk + θC−1
B (f −Buk)

for the relaxation parameter θ ∈ (0, 2/λmax). Hint: Consider the related sucessive iteration of the
error ek = u− uk and use Banach’s fixpoint theorem.

Exercise 2: Find the relaxation parameter ωopt with the optimal convergence factor ηopt for the
preconditioned Richardson method. Rewrite ηopt in terms of κ(C−1A).

Exercise 3: Consider the lowest order FE stiffness matrix Ah ∈ Rn−1×n−1 of the one-dimensional
Dirichlet boundary value problem for an equidistant mesh (xk = kh, k = 0, . . . , n, h = n−1) on
the unit interval for even n. There holds true

κ2(Ah) ≤ ch−2.

Prove that the estimate of the condition number is sharp. For this purpose show that

λmin(Ah) = min
06=v∈Rn−1

v>Ahv

v>v
≤ ch,

λmax(Ah) = max
06=v∈Rn−1

v>Ahv

v>v
≥ ch−1

hold true, i.e., equality holds true for special choices v ∈ Rn−1. Hint: Consider the vector related
to the piecewise linear affine function vh(x) where vh(0) = vh(1) = 0, vh(0.5) = 1 and the vector
v = (1,−1, 1,−1, . . . , 1)> ∈ Rn−1.

Exercise 4: Consider the stiffness matrix Ah of a lowest order finite element discretization on
globally quasi-uniform meshes. Consider the CG method to solve the related system of linear
equations and use the stopping criterion that the relative error of the current iteration is smaller
than a given precision ε. Show that the number of maximally required iteration steps of the CG
methods doubles (approximately) if you refine the mesh, i.e. for h/2. Start from the convergence
estimate

‖uk − u‖A ≤
2qk

1 + q2k
‖u0 − u‖A

where
q =

√
κ2(A) + 1√
κ2(A)− 1

> 1.

Exercise 5: Consider the Cholesky decomposition LL> of a symmetric, positive definite, tridia-
gonal matrix A ∈ Rn×n without pivoting. Exploit the specific setting of the tridiagonal matrix.
What is the structure of the lower triangular matrix L for this specific case? Write down the
adapted algorithms for the setup and application of the Cholesky decomposition. What are the
related memory requirements and the asymptotic complexity?
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