Theorem 5.5 (Wiist). Let A = A* in H and let V be a symmetric operator in H such
that dom A C dom V. If there exists an a > 0 such that ||Vz|| < af|z|| + ||Az|| holds for all
z € dom A, then_A + V_is essentially sell adjoint.

Caution: The condition in Wiist’s theorem is not equivalent to
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Under the last condition, the statement of the theorem is not true in general!

"V is A-bounded with A-bound 1.”

Definition 5.6. A self adjoint operator A in H is called semibounded from below, if there
exists a v € R such that —
- (Az,z) > ~|z|

holds for all x € dom A. Each such ~ is called lower bound of A and we write A > + in this
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case.

Lemma 5.7. Let A be a self adjoint operator in H. Then A > ~ if and only if o(A) C
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Theorem 5.8. Let A = A" in ‘H _be bounded from below, A > v4. Assume that V is a
symmetric operator in H that is A-bounded with A-bound less than one, i.e. there exist
a>0and b€ (0,1) such that

V]| < all]| + b]| Az]]

holds for all x € dom A. Then A + V is bounded from below and
S$- Q. bé W'LO QCM
a
7 =74 —mauX{1 _b,a+b|%4|}

is a lower bound for A + V.
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5.2 Compact and finite dimensional perturbations

Definition 5.9. Let A = A* in ‘H. The discrete spectrum of A is defined by
04(A) == {X € 0,(A) : dimker(A — ) <ooand e > 0: (A —e, A +e)No(A) ={A\}}.
The essential spectrum of A is
Oess(A) = 0(A) \ 04(A).

The discrete spectrum of A consists of all isolated eigenvalues with finite multiplicity
and the essential spectrum of all eigenvalues with infinite multiplicity and all accumulation
points of o(A). In particular, we have 0.(A) C 0es5(A).

In the following we characterize points in the essential spectrum. For that we repeat
two facts from basic functional analysis:

(i) A sequence (z,,) C H is called weakly convergent to x € H (notation: z, — x), if for
all y € H the relation (x,,y) — (x,y) holds for n — oo. E.g. by the Bessel inequality
each infinite orthonormal system converges weakly to zero.

(ii) An operator K € L(H) is called compact (notation K € &), if it maps bounded
sets onto relativly compact sets. This is equivalent to the fact that for any bounded
sequence (x,,) C H there exists a subsequence (z,, ) such that (Kx,,) is convergent
in ‘H. Another equivalent condition is that z,, — = implies Kz, — Kz in H.

Recall that any operator with dimran K < oo is compact. Moreover, if K € &, and
A€ L(H), then AK € S, and KA € &,

Proposition 5.10. Let A = A* in H and let A € R. Then the following is equivalent:
(i) A € 0ess(A);

(i) I(z,) C dom A with ||z,|| =1, z, = 0 and (A — X)x,, — 0 (such a sequence (x,,) is
called singular sequence);

(iii) dimran E_ e = oo for all € > 0.
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