Chapter 1

Deformations and Transformations

Let Q = Q(to) € R", n = 2,3, be some reference configuration at time ¢y, i.e. € is an
open, bounded and connected domain with a piecewise smooth boundary I' = 0€). For a
material point x €  let

y(t) = (t.2) (L1)

denote the deformation where we assume the following;:
i. « = p(tg,x) for all x €
ii. p(t,-) : Q2 — R™ is bijective for all ¢t > to;
iii. @(t,-) € C%(Q) for all t > to;

iv. J(t) :=detDyp(t,x) > 0 for all x € Q and t > ¢, where

0
8—1,1901(t>m) axn <p1(t,:l:)
F = D,p(t,x) = : : e R™". (1.2)
0 0

Note that & € 2 is called Lagrangian coordinate, while y(¢) is called Eulerian coordinate.
The displacement of a material point @ € €2 is then defined as

u(t,x) = p(t,x) —x. (1.3)

Hence we have
p(t,x) =x+u(t,z) forallxe,

and therefore
D.p(t,x) =1+ D,yu(t, x) (1.4)
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follows, where

—uy(? t
() . su(t)
D,u(t,x) = : :
o, (t (1,
8$1 Un( 71") axnu ( m)
A particle starting in @ € €2 moves along the trajectory
y(t) = ¢(t x)
with the velocity
d d
- = = 1.5
Lyt) = Sl ) = wlt.a(y)) = vlty) (1)

where x(y) = ¢ !(t,y) is the inverse mapping of y = (¢, x). Note that v(t,y) is the
velocity in Eulerian coordinates, while w(¢, x) is considered in Lagrangian coordinates.

For the time derivative of a scalar density funtion f(¢,y) : R x R® — R we conclude,
by the chain rule,

@ run) = %f(t,yu))+;aiykf<t,y>%yk<t>

= D1 u0) + V() (). (1.6
With respect to the space variables we may write a scalar function u as
ult,y) = ult, p(t,)) = ii(t, )
and by the chain rule we find
0 - 0 "0

0
axlu<t7 .’,C) - axzu<t7 (P(t, IE)) - p 8—%U‘<t7 y)|y:¢(t,$)a—xlgpk<t7 IE) .

In particular for n = 3 we have

) ) o) ) 9

e Y . —uf(t,

5, ) o, P10®) gy erb®) g eelh) aglu( v

d d 9 d

_— t = R — t?

5o, it @) g (t®) Goea(t@) ot @) 8§/QU( v |,
d d d

—l(t, — —ul(t,

ax?,U( w) a 3@1(t w) 8.T3§02<t7w) 8 3903<t .’B) 8y3u( y>

i.e.

V.i(t,z) = F'V,u(t,y), (1.7)



or

Vyult,y) = F 'V, u(t, ). (1.8)

For a vector valued function
u(t,y) = u(t, o(t, z))

we define
u(t,x) = detF Flu(t, p(t, x)) (1.9)

for which the following result holds.

Lemma 1.1 For the divergence of the transformed vector field w as defined in (1.9) we
have the representation
div,u(t,x) = detF divyu(t,y). (1.10)

Proof: Let us first consider the two—dimensional case n = 2 where the inverse matrix F~!

is given by
Ja i 1 Fyy —Fip
detF —F21 F11

and therefore (1.9) is equivalent to

D B G I (e

In particular we have

Wte) = ot )t ot @) - 5ot 3wl o(t.2))
Wtw) = —alt, )l pl1,2) + Hr (1,2 1 0(0,2)

and hence we conclude

- 0 0
diV$’U,(t, :E) = %Ul (t, a,') + £U2(t, a,')
1 2
= L mt el @) — ot @) wslt, ol )
= 07, 6:52% , L) UL, P, T 8:62@1 , L) Ua(l, P, T
+_8 __8 (t,x) uy(t, p(t IE))+—8 (t, @) us(t, p(t, x))
8$2 ax1902 ) 1\t, @7, axlgol ) 2, P,
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0 0
= Fyp—u(t,o(t,x)) — Fla—us(t, p(t, x))
8 xT1 a 5

—Fy %ul(t, p(t,x)) + Fiq aixlug(t, p(t,x))
= Fa|goulty)gelte) + 5ot )l
P _%um D)5 (t2) + Gt ) gl o)
|t ) g (2) 4 ) ea(t0)|
[0 0 0 0 ]

F _ I _ I
+ 11 _ay u2<t7 y) 8$’2 901<t7 .’,U) + 8'3/2 u2(t7 y) 8$’2 ()02<t7 .’,C)_

0 0
= | FyfF — F21F12] [@Ul(ta ’y) + @W(ta ’y)
1 2

= det Fdivyu(t,y).
For n = 3, the inverse matrix F~' is given by

F22F33_F23F32 F13F32_F12F33 F12F23_F13F22
F23F31_F21F33 F11F33_F13F31 F13F21_F11F23
F21F32_F22F31 F12F31_F11F32 F11F22_F12F21

1
F'=
det F'

)

and therefore (1.9) is equivalent to

uy(t, @)
us(t, ) =
us(t, )
FooF3g — Fo3lyy  Figkzy — Fiols3  FiaFag — Fi3lh u(t, o(t, x))
= | Fozlby — ForFsg Fulss — Figksy Fizly — FiiFas us(t, p(t, x))
ForF3g — Foolyy FioFzy — FiiFsy FiiFas — Fiaky us(t, o(t, x))

In particular we have

2) = (povaltw) et @) — 3ot ) gt o) )t ()

+ <a—:€3¢1(t, w)a—:cg%(t’ x) — 8—372901(75, :L‘)a—%@g(t, w)>u2(t, p(t,x))

+ (a—@%(t, :B)a—x;ﬁz(t, x) — 8—$3801(t, m)a—@(pg(t, :c))ng(t, p(t, x)),



Wte) = (5oeata)y alta) - 5 alte) s ete)ul o)
(et @)yt ) = ot )t 2) ) ualts (1)

(g elta)y et ) - 5 et o)y gttt )
W(t2) = (gopalt )5t ) = st )t 2) . pl1, )
+(

Hence we conclude

6 0 0
a— twa ealt. @) — (@) 5 pa(t, ) Juat, (1, )

(1) = @)l ) sl (1, )

~ 0 o _ o _
1 Hi) T3
= {(6902 pa(t, w)a os(t, @) — a—ms@Q(t,m)a—xQ%(t,m))ul(t, Qo(t,m))}
0
+8—:701 _(a—x?’%(t,w)a 3(t, x) 8—801(15,:18)6 cpg(t,w)>u2(t,go(t,m))
+i (i (t,x) (t,x) — =—¢1(t, x) (t :B))u (t, p(t,z))
0xy | 8;52@1 ) axst ) ) 3901 ) axzﬁpQ ) 3(t, p({,
(Lt 0)-Lpult @) - pult. @)t )l (1, 2)
aSUQ I or P2 7wa @3(t, or ©2 ,.’,Ua ps(t, @) Jui(t, p(t, T
+a—562 _(a—:ﬁ%(t,w)a—%@s(t,w) - 8—;1:3901@’ w)a—xlwg(t,w»uz(t, p(t,x))
o [, 0 P
tor _(a—xg%(t,w)a palt, @) = 5t @) pa(t, @) )us(t, o1, @)
o [, 0 9
+8—:703 _(71%(75,:3)6 w3(t, ) 87802(15,:18)6 cp;»,(t,:v))ul(t,go(t,m))
+i (i (t,x) (t,x) — =—p1(t, x) (t :B))u (t, p(t,z))
aZL'g I alé(pl ) axlwi’) ) ) 1@1 ) axQQP?, ) 2(t, ol

o [ 0 0 o Z
— (= (t — o (t — o (t ‘ y , .
+ax3 _(3:61901( aiL‘)asz@Q( 7w) 8x2@1( 7m)ax‘1802( ,$)>U3( ’(p( ’m))—

When applying the product rule it is easy to check that all terms involving second order
derivatives of the deformation will disappear. As an example, let us consider all expressions
in front of u(t, p(t, x)):



Coeff (uy) =
0
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0 (0 0 0 0
— t t —pa(l, ) =—p3(t
5 (G0, 220205 0s(t.2) = 5 (b @) 5 ou( )

+8$2 (aZL'g 72 (t w) 0ry s (t IE) 011 5. P2 <t’ w)a—xg(pfi(tv IE))

0 (0

0 0 0
(o (t, )3 (t, &) — —— (L, &)~ ot
+8x3(61’1¢2( ,w)angog( ) 8:1:2@2( ’m)6x1(p3( ,w))

- 22 (t, ) 0 (t, :zc)+i (t, )ii S(t.2)
B al’l 8$‘2()02 or 3903 or 2902 or ax?’@
0 0 9 0 9 0
"y 0y P P g, P B, o)
g 0 0 8 9 0
¥ 0 0y 7 P, ) F g 202D o i 901
0 0 0 o 9 o
"B, 80, 70 ) gy W)~ g 9 (b0 e (80)
T Bs 9, P2 ) g Pl @) et @) g sl

29 (t, )8 (t,z) — 0 (t, )—a o (t, )
B1s 01y T2\ T g, P3N ) T 5, P B B T
p— 0.

Hence it remains to consider

div,u(t,z) =



With
0 > 0 L)
Z; Zj

we further conclude

.~ 0 0 0
div,u(t,z) = (F22F33 — F23F32) (Fn 8—3/1u1<t’ y) + Fo a—yQu1<t7 y) + Fi1 a—ygul(ta y))
+(F Fip — FioF )(F 0 ) + P 2a(t, ) + Py 2un(t ))
134'32 124733 118y1 2L, Y 218y2 20, Y 3183/3 2L, Y
+(FF FF)(F O st y) + Fon 2yt ) + Py 2us(t ))
- e ) e ) e )
124723 134722 H&yl 30, Y 218y2 30, Y 3183/3 30, Y
+(FF FF)(F O it y) + o2y (b ) + Foo=2ouy (¢ ))
- 5 U ) 5 U ) et )
231731 211433 128@/1 1LY 228@/2 10y 328y3 1LY
+(F Fyy — FisF )(F 0 ) + Fro2a(t, ) + Fro2oun(t ))
114'33 134731 128@/1 2L, Y 228y2 20, Y 328y3 2L, Y
+(F Foy — FiuF. )(F O sty) + Pro=2us(t, ) + Fro2ous(t ))
134721 114723 128y1 30, Y 228y2 30, Y 3283/3 30, Y
+(FF FF)(F O i (hy) + Foss (1 ) + Fag =2 (ty))
- U ) e ) U )
21132 221731 138y1 1 238y2 1 3363/3 1
+(FF FF)(F O it ) + Frs—2tn(t. ) + Frg—2ounlt ))
- 5 U ) 5 U ) et )
124731 114732 138@/1 200, Y 238y2 20, Y 338y3 200, Y
+(F Fyy — FioF. )(F O () + Frs=2us(t, ) + Frs—2us(t ))
114722 124721 138@/1 30, Y 2382 30, Y 338y3 3L, Y
0
= P (B = FsFin) + Fuo(FusFor = PuF) + Fis(FuFip = FF )| 5ot )
1
+ [Fm <F13F32 — F12F33> + Fy (F11F33 — F13F31> + Fys (F12F31 — F11F32)] @UQ(ta Y)
2
0
+ [F:n <F12F23 — F13F22> + F3 (F13F21 — F11F23> + Fi3 (F11F22 — F12F21>] a—us(t> Y)
3
= detF divyu(t,y) .
| |

For the transformation of time-depending integrals we will need the following result.

Lemma 1.2 Let

0
6—1‘1()01 <t7 .’13) 8xn ¥1 (tv IE)
J(t) = det Dyp(t, ) = det
0
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be the Jacobian of the transformation y = @(t,x). We then have

CI(0) = J(0)divye(t, ). (1.11)

Proof: We first consider the two-dimensional case n = 2. In general, a time dependent

matrix A(t) is given by “ “
ar1(t) ama(t
A<t> - < agl(t) agg(t) ) ’

and the determinant is
detA(t) = an(t)agg(t) — a,lg(t)agl (t) .

Since the inverse matrix of A(t) is given by

-1 b11<t> bu(t) 1 a22(t) —alg(t)
B =AW = ( bor(t) Daoft) ) " det A ( —ag(t) an(t) ) ’

we have
axs(t) = by(t) detA(t),
ajp(t) = —bia(t) detA(t),
a21 (t) = —b21 (t) detA(t),
a;1(t) = boo(t) detA(t),

and therefore we obtain, by applying the chain rule,

%detA(t) — % [an(t)agg(t) — ar(t)as ()
= an(t)%am(t) + a22(t)%a11(t) — a12(t)%a21(t) - a21(t)%a12(t)
= detA(t) {bgz(t)%agg(t) + bn(t)%an(t) + blg(t)%agl (t) + b21 (t)%alg(t)] .

In particular for A(t) = D,p(t,x) and J(t) = detD,p(t, x) this gives, by exchanging the
order of differentiation,

d d 0 d 0

LI = T bal) o a2) + b0 Tl )

d 0 d 0
+b12 (t)&a—xlwg (t, :IZ) -+ b21 (t)&a—mwl (t, w)]

= J(t) [bm(t)iwg(t,m)ern(t) 0

8352 a—xlwl(t, a:)

0 0
+b12 (t)a—{[lw2 (t, a:) + b21 (t)a—{L‘le (t, $):|



where

= Lo tw), w = Lot @)
wl_dtwl’ ) wQ_dt¢2’

are the components of the velocity vector in Lagrangian coordinates. By using the inverse
transformation

z=xz(y)=¢ (1Y)
we have
i =ei(t,2(y)), y2 =t z(y)).
From the chain rule we therefore find
d d 0 0 0

o= gatew) = ete)s ny) g elte)y o) = L
diyzyl = diyzwl(t,w(y)) - ai%wl(t,w)aiyle(y) + a%zwl(t w)a%wz(y) =0,
diylyz = dimwz(t,w(y)) - a%lsoz(t,w)aiylfcl(y) + a%zwz(t w)a%wz(y) =0,
o= galta() = Gt @) () + galte)y aaly) =1
In particular we have
seatta) ghena | (Graw gonw (1)
Ppaltw) pmpatw) |\ ponaty) o) ) N0

and since the inverse matrix B(t) = [A(t)]™! of A(t) = D,(t, ) is uniquely determined,
we therefore conclude

0 0 0 0

bii(t) = 8—y1$1(y)> bor(t) = z—x2(y), bio(t) = =—x1(y), ban(t) = a—y2$2(y)

Hence we obtain

+b12(t)aix1w2 (t, IE) + b21 (t)ai@wl (t, .’B)
= J(t) [aimwg(t,w)%@(y) + 5 1w1(t,w)a—1x1(y)
st ) g () + n(0.2) )
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= J(t)divyw(t, z(y))
= J(t)divyo(t,y).

For n = 3 the proof follows in the same way as for n = 2, i.e. we have

au(t) a12(t) a3 (t)
A(t) = | ax(t) axn(t) as(t)
az(t) asa(t) ass(t)

and
detA(t) = (11022033 1 Q12023031 + A13021A32 — 013022031 — 12021033 — A11023032.

By applying the chain rule we obtain

4 Gt At) ( )d +( )d +( )d
—de = { QooQ — A39Q —Q as31a — A33a —a a3oa — a31a —a
dt 22U33 32U23 dt 11 3123 33U21 dt 12 32U21 3122 dt 13
a13a — A192Q —Q ai1a — a13Q —a a19Q — a11Q
13432 1233 dt 21 11U33 13431 dt 22 12031 11U32 dt 23

d d
+<a12a23 — a13a22> Eaiﬂ + <a13a21 — a11a23> $CL32 + (a11a22 — a12a21) ﬁaszs .

The inverse of A(t) is, on the other hand, given by, by using Cramer’s rule,

1 A22a33 — A23G32 1130A32 — A12A33 Q12023 — (13022
B(t) = 7detA(t) Q23031 — A21G33 11033 — A13A31 A13A21 — G110A23
a21G32 — A22G31 G12a31 — A11G032 G11022 — A1202]1

Hence we conclude

%detA( t) = detA(t) [611%@1 + bgl%au + bgl%alg + lejt
+622%a22 + bgg;lta,gg + b13%a31 + ng%a,gg + bgg%&gg .
In particular for A(t) = D,e(t, ) and J(t) = detD,p(t, ) this gives
LI = IO [y (1.0) + b ,0) + b ()
+blzjtaal%02(t ) + bzzj 862 pa(t, ) + 532;18 3@2@ , )
+b13%8i803(t x) + 52351 88 s(t, ) + 533%8i 3(t, m)]

0 0 0
= J(t) |:b11 8—1‘1’11]1(75, m) + b21 8—@’(1]1(75, m) + bgl a—l’gwl (t, a:)

0 0 0
+b12—w2<t .’E) + b22—w2<t .’E) + b32—w2(t IE)
0xy 0xo Oxs

0 0 0
+b138—x1w3(t , ) + 5238—2103(75 , ) + bgga—g’wg(t m)] )



where

d

w1 dtwl( 71")7 Wa dth( 7m)7

d

are the components of the velocity. By using

Y1 = cpl(tv iL‘(y)),

we find, by the chain rule,

Y2 = 902(157 iL‘(y)),

11

d
W3 = %ng(t, 1‘)

ys = p3(t, z(y))

diylyl = aixl%(ta w)a—ylfﬁl(y) + %@1(’57 w)a—ylxz(y) + %901(’57 w)aiylfﬁz(y) =1,
d;;yl = aixl%(ta w)a—yzfﬁl(y) + %@1(’57 w)aim:cz(y) + 8%:3%01(’57 :c)aiyz:cg(y) =0,
T = goeilte)gn(v) + et @)z ) - gl o) () =0
T = gaalte)sny) + et )y ) + gl a)y () =0
d;;yz = aixl%(ta w)a—wfﬁl(y) + %@2(’57 w)a—mxz(y) + %902(’57 w)aiwfﬁz(y) =1,
diygyz = %@2@7 w)a—ygfm(y) + %@2(’57 w)a—%xz(y) + 8%:3%02(’57 w)aiygfﬁz(y) =0,
T = gonlt)gn(Y) + 5t )5 ) + gpalt )3 () =0
T = geenlte)sny) + et @)y ) + gl a) () =0
diygy?’ - aixl%(ta w)aiygfﬁl(y) + %@3(’57 w)a—ygl’z(y) + %903(’57 w)aiygfﬁz(y) =1
In particular we have

Talte) pe) e | [ ) a5 onw)

plt) Sop(te) ope) || gon() on) gon) | =1

(tw) ltn) po(te) |\ pn() o) g o)

and since the inverse matrix B(t) = [A(t)]™! of A(t) = D,p(t, ) is uniquely determined,
we therefore conclude

9
ys !
9 .
ys ?
ix
0ys ’

(y)
(y)
(y)

9

838/3 !

a—yBIEQ(y)
0

8—y3x?’(y)

(v)
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Hence we obtain

d 0 0 0 0 0 0
%J@) = J(t) [6—3;1:61@)8—:517“01@’ x) + 8—%1’2(?!)6—:62“}1(# x) + 8—3;1x3<y)8—:53w1<t’ x)
0 0 0 0 0
+8—y2x1<y)6 1w2(t, x) + 8—y2x2<y)8—x2w2<t’ x) + a—ml’s(y)axng(t’ x)
0 0 0 0 0
+a—y3$1(y)a 1w3(t790) + 6—mx2<y)8 ng(t, x) + a—%fcs(y)a—mws(taw)

= J(t)divyw(t, z(y))
= Jt)divyu(t,y). "

In what follows we will consider the rate of change of integrals which are considered in the
actual configuration Q(t). This is required for the reformulation of conservation or balance
equations, which are given in integral form, by means of partial differential equations.

Theorem 1.1 (Reynold’s transport theorem) Let f: R x R” — R be a continuously
differentiable density function, and let @(t,-) : R" — R™ be continuously differentiable for
allt € R. For any bounded control volumina w(t) C §2(t) we then have

d 0
dt w(t)f(t’m dy = /w(t) [af(t,y)+vy~[f(t,y)’v(t,y)]} dy. (1.12)

Proof: We first note that
W(t) = {y — o(t, @) for all € w(to)},

and, by using (1.2),
J(t) = det Dyp(t, x) .

Hence we obtain, due to (1.11),

il sewm = 5[ e o

= [ Pogitet e+ s g G| de
|

Gl tplt.a)) + 1t (o) divult ()] 10 do
By using

d 0
%f(ta ‘P(tv 1‘)) = af(ta ‘P(tv 1‘)) + ’l_U(t, 1‘) ) vyf(tv y)\y:ga(t,a:)
we therefore obtain, with y = (¢, ),
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d

— ft,y)dy =
dt w(t)

- / [gtf(t p(t,x))+w(t,xz) - V,f(t, y)|y:(p(t,m) + f(t,(t, x)) divyw(t, x(y))| J(t)dz
:/ {gtf( ) +olty) - Vyf(ty) + fty) divyo(t y) | dy

_/Lif(vww (t,y)f(t,y)]| dy.

w(t)
|

While Reynold’s transport theorem (Theorem 1.1) is on the time derivative of moving
volume integrals, we will also consider the time derivative of moving surface integrals
which will be used in electrodynamics.

Theorem 1.2 Let g be a vector valued function where the components g, : R x R — R,

k=1,2,3, are continuously differentiable, and let A be a smooth surface which is described

by a two times differentiable time dependent parametrisation ¥ with velocity v = %
Then there holds

d
— / g(t,y) -n,ds, (1.13)
dt [,
0 .
- [ |t +aivgtew ot + e (gt ) < ott) | ny s,
Proof: Assume that the surface A is given as

A= {y:¢(t,u,v) for (u,v) EPCRZ}.

By using
o 0 ~[0 2
E = %zp(t,u,v) : %¢(tauav) = ; [%wk@,u’v)} ’
9 0 ~ [0 2
G = %w(t,u,v) : %1/)@7%”) = ; [%wk@,u,v)} J
o 0 ~ 0
F - %¢<t7u7v) ' %¢<t7u7v) = P %wk(t u U>8 ,l/}k(t u U>

we can write the surface integral as

/g(t,y)-nydsy:/g(t,w(t,u,v))-ny\/EG—FQdudv.
A P
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To express the normal vector along A we first compute

_ { .7 k w2,uw3,v - wB,uwZv
n, = ¢u X ¢v = wl,u wQ,u wB,u = wB,uwl,v - wl,uw&v
¢1,U wZ,v w?),v wl,ud}Q,U - wZ,uwl,v

and its norm

n, > = (Youtse — Ysuthen)® + (Vsuthie — Yrutse)’ + (Vruthew — Yauthie)’
= i/fg,uw?%,u + w:?,qﬂ/f%,v — 299, V203,003,
+1/1§,uwiv + wizﬂ/fg,v — 201 1,0 Y3,0 V3,0
+¢iu¢§,v + @b;,uwiv — 21 V1 02,020
= (VR + v, vl ) (Vh, + i+ vl ) — vt - vEE, - vil,
—2?/)2,u?/)2,v¢3,u¢3,v - 2?/)1,u@/)1,u?/)3,u?/)3,v - 2?/)1,u¢1,u?/)2,u¢2,u

= (VR B 8) (B0 + 03+ 030) — (Vratbus + dnutinn + natne)
= EG-F”.

Hence we have
ny = ————= (1.14)

and therefore
/Ag(t, y) -nyds, = / g(t,P(t,u,v))-ny VEG — F2? du dv
P
= / g(t,P(t,u,v)) n,dudv
P
follows. Now we can interchange differentiation and integration to obtain

4 gt y)-nyds, — /Pi[g(t,@b(t,u,v))-ﬁy} du dv

dt A dt
. d
= L;E[Qk(t,t/)(t,u,v))ﬁk} du dv
- /i[ﬁ ot (t0,0) + il zb(tuv))iﬁ] du dv
_szl kdtgk7 , U, gr(t, , U, dtk
3 T p
- / |:nk <_tgk‘(t7 ¢(t7 u, U)) + vygk(ta y>y=w(t,u,v) : Et/J(t,u,v))
P =1

d
+gk(t> ¢(t, u, ’U))@n/{| du dv.
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It remains to compute the time derivative of the moving normal vector. In particular for
the first component we have

d d
%nl = - [wz uws v — 3 uw2,v
= (jt [ o(t,u v) lpg(t,u,v) — gwg(t,u,v)gz/g(t,u,v)
0 d 8 d 0
:%wg(tuv)dtaw(tuv)—l— wg(tuv)dtaw(tuv)
0 0 d o
—%1/13(@ ; )@8_%( V) — %1/12@ )@8_1/}3@ u,v)
= 2 t 0 d t t g— t
Dt 0) o 0, 0) 50, 0) o)
0 0 d 0 d
——wg(t U v)a dt@/} o (t,u,v) — —wz(t U v)a pn —3(t, u,v)
= %¢2(t, u, v)%wg(t,u,v) + %wg(t,u,v)%wg(t,u,v)

0 0 0 0
—%wg(t, u, v)%wg(t, u,v) — %@DQ(t, u,v) %wg(t, u,v)

with the velocity

d
w(t,u,v) = E@Z)k(t,u,v) = v (t, Y (t,u,v)) =w(t,y), k=1,23.

With the chain rule we then obtain, for £ =1, 2, 3,

0 0 °L 0
_wk(tuuav) _Uk t 1/J t u, U Z— 7y wf(t u U)
ou — Oy

ou

as well as
0 0 L0 a
%wk(t,u,v) 8—vk (t,(t, u,v) ;8— 1/15(15 u, ).

With this we have

d .

0 0 0
%nl — %w2 (tu u, U) |:8—ylv3(t7 y)%wl <t7 u, U)

0 0 0 0
+8—2U3 (t y) va (tu u, U) + a—y?’U?) (tv y)%w?) (tv u, U>:|

0 0
+%w3(t7 Uu, 'U) [8—y102 (tv y)%wl (t7 Uu, ’U)

0 0 0 0
o) pbalt ) + ) balt )|
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0 0 0
_%@Di’) (tv u, U) |:a—y11)2 (tv y)%dﬁ (tv u, U)

0 0 0 0
+8—2”2(t y) U?/JQ(t,UaU) + a—yBUQ(tay)%d)?)(tvuav)]
0

0
—%7/12 (t,u,v) {a—les(ta Y) %wl (t, u,v)

0 0 0 0
+8—2U3( y)%d@ <t7 u, U) + 8—y3v3(t’ y)%w?) (tv u, U>:|

and by some reordering we further conclude

d 0

@nl = 8—y1U2<t’ y) [wl,uws,v - 1/13,u¢1,v} + aiylvs(t, ZJ) [wz,zﬂ/ﬁ,v - %,zﬂ/&,v}

[%Ug(t y) + aiygvs(ta y)] [Qﬂluw&v - 1/’37“%’”]

_ i'l}g(t, y) [¢1,u@/}3,u _ ¢37u¢1,v} + v3(t,y) |:77Z)2,uw1,v — ¢1,uw2,v:|

oy
0 0 0
[8—101(75 y) + 8 " va(t,y) + a—ygvs(t y)] [%,M/’:’,,v — @bs,u%,v]

1

—i—ailvl( Y) [ws,zﬂ/f?w - wz“w?””}

= divyv(t,y) ny — a—%"f(t’ y) - n,

Doing the same computations for the remaining components we obtain

%ﬁk = divyv(t,y) ng — %v(t’y) n,, k=123

Hence we have, again inserting the parametrisation y = ¥ (t, u, v),

g(t,y) n,ds,

/PZ[ (8th ty) + Vygr(ty) <t,y>)+gk<t,y>%m] dudo

dt /4

/P [ (t,y) + Vygi(t, y) - v(t,y) + gt y) divyo(t, y)] 7, du dv

3
0 _

— t,y) —uv(t,y) - n,dudv
[ S attw 5oty w,

3

I/Z[gtgk( Y) + Vygr(t,y) - (tay)—i-gk(t,y)divyv(t,y)] Tip du dv
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/Zng ,Y) o(t, y) N du dv.
P

In the second part we interchange the roles of k and ¢ to obtain

pm Ag(t, y) - n, ds,

3
0 . ~
= / E {agk(t, Y) + Vygr(t,y) - v(t.y) + gi(t, ) divyo(t, y)} ny, du dv
Pr=1

/ZZW ,y—vk t,y) ny dudv

k=1 (=1
3

_ / Z {;gk( Y) + Vgt y) - vt y) + gkt y) divyv(t,y)} e ds,,

//;ZZQK 7y 7y)nkd5y

k=1 (=1

when returning back to the surface integral over A, recall the representation of the normal
vector n,, see (1.14). In what follows we will consider the vector components, k = 1,2, 3,

] . : 9
fie = 5,00t y) + Vygu(t,y) -v(t,y) + gi(t,y) divyo(t,y) — > alt, y)a—ka(t y)
=1
In particular for £ = 1 we have

) - 9
fl = agl (tv y) + vygl (tv y) ’ ’U(t, y) + gl(t7 y) ley’U(t, y) - g(t, y)a—wvl (t’ y)

~
IIMw
L

Q

When neglecting the arguments and evaluating all operations we can write this as

f S +vi +vi +Ui + {8v+iv+iv]
1 8tgl 18y1g1 28y2g1 36y3g1 g1 au 1 9y 2 E 3
g1 o 1— 92 9y 1— 93 93 1
0 0 0 0 0 0 0 0

= 591 + U1a—y191 + Uza—yzgl + U3a—y391 + gla—yQUz + 918—%03 - g2a—y201 - 938—%01-

When introducing divg we further obtain

1 = 8tgl 1 g 18y292 18y393 283/291 3ay391
+ Vo + 0 - 0 - 0
%822 %833 w821 %83

0 . 0 0
= 5 + vy divg + e <91U2 - 9201> "o <Q3U1 - 9103> -
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In the same way we conclude

B . 0 0

fa = 5% + v divg + B (92@3 - 93U2) ~ o (9102 - 927}1)7
9 . g, 0

fz = ag:g +v3divg + 0—y1 (9301 - 91U3) - B (92113 - 93U2>-

In particular we have
0
f= angdivg'v + curl [g X v].

This concludes the proof. [ ]



