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Exercise 1: Calculate an explicit formula of the non-singular entries of the collocation matrix

− 1
2π

∫
τk

log |~x− ~x∗` |dsx

of the single layer boundary integral operator for piecewise constant basis functions, line seg-
ments τk with two endpoints ~xk1 , ~xk2 ∈ R2, and an arbitrary collocation point ~x∗` 6∈ τk. Use the
local coordinate systems with the representation

~x(t) = ~xk1 + t ~rk ∈ τk ∈ R2 for t ∈ [0, hk]

on the element τk, the tangential vector ~rk = (~xk2 − ~xk1)/hk, the mesh-size hk = |~xk2 − ~xk1 |, and
the normal vector ~nk = (rk[2],−rk[1])> on τk. Use the representation

~x∗` = ~xk1 + t`~rk + s`~nk ∈ R2

for the collocation point ~x∗` . Distinguish two cases s` 6= 0 and s` = 0, t` 6∈ [0, hk]. Use tables of
integrals only.

Exercise 2: Calculate the entry of the collocation matrix

− 1
2π

∫
τk

log |~x− ~x∗` |dsx

for the singular case s` = 0, t` ∈ [0, hk] as improper integral using above notations. Use tables of
integrals only. Provide the formula for the diagonal entry

V C
h [k, k] = − 1

2π

∫
τk

log |y − x∗k|dsy

of the collocation matrix with midpoint x∗k.

Exercise 3: Let τk be an one–dimensional boundary element of length hk. Compute the diagonal
entry of the Galerkin matrix

V G
h [k, k] = − 1

2π

∫
τk

∫
τk

log |x− y|dsydsx

as improper integral.

Exercise 4: Using a simple mid point rule the entries of the Galerkin matrix are approximated
by

V G
h [`, k] ≈ h`V C

h [`, k].
Determine the absolute error |V G

h [k, k]− hkV C
h [k, k]| and the relative error

|V G
h [k, k]− hkV C

h [k, k]|
|V G
h [k, k]|

and consider the limit cases for hk → 0.
Note that the collocation matrix V C

h is not symmetric in general. Define a symmetric version
of the collocation matrix inspired by above relation.
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Exercise 5: Consider the Dirichlet boundary value problem

−∆u(x) = f(x) for x ∈ Ω,
γint0 u(x) = g(x) for x ∈ Γ

of the Poisson equation. Formulate two direct approaches by using the first and the hypersingular
boundary integral equation, respectively. Comment on the unique solvability of these formulations.
Work out two indirect formulations using the property that the Newton potential is a solution of
the inhomogeneous partial differential equation. Comment on the unique solvability of these two
indirect formulations.
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