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Let us consider a linear control problem of the form

dyy(t) = Ay(t) + Bu(t) Vte (0,7),
y(0) = yo € X,
u(t)yed cU vt € (0,7),

where X, U are (possibly infinite-dimensional) Hilbert spaces and U C U is a convex,
closed and bounded constraint set. Considering a target yy, it follows from a separation
argument that yy is not reachable in time 7" if and only if

T
dpr e X, J(py) 12/0 osu(Sips(t)) dt — (Y, pr) + (Yo, Stpys) <0,

where (S;); is the semigroup associated to A, and oy, is the support function of the
constraint set. This formulation will prove to be especially adapted to a numerical dis-
cretisation aiming for rigourous numerics.

Under standard assumptions on the operators (A continuous and coercive on V' < X
B bounded) and a-priori assumptions on the discretisation space V}, C V| we introduce
a space-time discretisation of .J, allowing us to obtain the following bound:

[T(ps) = Jaen(pn)l < CAL+ D) ([Apsllx + s — psullv)  pspon € D(AT) X Vi,

where C' is an explicit constant depending on various problem-related parameters.
This upper-bound allows for computer-assisted proofs in the following meaning: should
one find py, € V), and associate it py € D(A*) such that

Iaen(pen) + 1 (pf) — Jaen(®sn)| 4 er(ppn) <0,

where e, (ps,) is an upper-bound of the rounding errors of the numerical computation
of Jaen(pyn), then J(py) < 0 and hence yy is not reachable in time 7" under constraints U.

This methodology is then applied to prove the non-reachability of various 1D-heat-
equation based reachability problems. These results have yielded the preprint 2], which
is a continuation of the finite-dimensional paper [1].
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