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= Representation of electromagnetics by using differential forms

— Maxwell's equations, constitutive laws, isomorphisms

= Generic curl-curl type problems

— Double forms, fundamental solution, representation formula

= Boundary integral equation

— De Rham map, (co-)homology

= Summary
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Representation of Electromagnetic Fields and

Potentials by Differential Forms

DF Name, physical unit

¢  0-Form | Electric scalar potential inV
A 1-Form Magnetic vector potential in Vs
E 1-Form Electric field inV
H 1-Form Magnetic field in A
D  2-Form | Electric flux density in As
B 2-Form Magnetic flux density in Vs
J 2-Form Electric current density in A
P 3-Form Electric charge density in As
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Maxwell‘s Equations in Terms of Vector Fields

and Differential Forms
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Expressing the Material Laws

Vector field representation Differential form representation
D=eE+ P D = xeoE + P

5 = EE D = xek

B = po(H 4 M) B = xpo(H + M)

B = uH B =x+uH

F=kE+ 7% J =*kE + Js
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Tonti Diagram

Maxwell-Faraday Maxwell-Ampere
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Translating Scalar and Vector Fields into Forms

Translating scalar and vector fields into differential forms by means
of metric induced isomorphisms

p | Field Associated DF
0| f o=t

1| a= azezt+ayeytaze, la=aydz + aydy +azdz

2 | b= bges +byey+bze; | b= bydyAdz+byd2zAdz+b.dzAdy

3|9 3g=gdzAdyAdz
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= Representation of electromagnetics by using differential forms

— Maxwell’'s equations, constitutive laws, isomorphisms

= Generic curl-curl type problems

— Double forms, fundamental solution, representation formula

=» Boundary integral equation

— De Rham map, (co-)homology

= Summary

Universitat der Bundeswehr Hamburg - Fachbereich ET - Allgemeine und Theoretische Elektrotechnik - Prof. Dr.-Ing. Stefan Kurz 8



Setting of the Problem (1) -

e Generic second order curl-curl type equation

sda =*n < dxda=(-1)PT1lp in V C Es,
ac FP(V), neF3>PWV), p=0,1,2
d = exterior derivative

§ = co-derivative, dw = (—1)9€9%¥ % dx w
x = Hodge operator of the Euclidean metric

e Representation of boundary conditions by trace operators

Dirichlettrace  vp : FP(V) — FP(F) :a+— B =t«

Neumann trace ~y : FP(V) — F2P(F) i a—~ =txda

t = standard trace operator
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Electromagnetic Interpretation

oo =
P a n 0da = *n
W =
0 13 1 1o (%p) = °(elp)
01 7% | 57° |2¥="% 0 1o
(%) =—2%(Dnl )
1A)= 14
1 1A | 427 | curlcurl A = po7 1 (*4) (_,t‘F)
w(tA) =not (Help)
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V=V-uvt
F =09V~

V'~ = interior domain,
Lipschitz curvi-
linear polyhedron

V+ = exterior domain

F = piecewise smooth
boundary

[y]lp =91 —7"

~~- = interior trace

~vt. = exterior trace

[7v:]» = jJump of some trace
across F
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e Necessary conditions for existence of solutions

Apply d : dn =20 p=1: divy=
Applyt—: dvy = (=1)PTl¢ fﬁ-df’:/ﬁ-de
=09 QCF

e Subsequently we will assume t—n = 0, therefore v must be closed,

dv=0
e Definition of the space of closed p-forms
FP(do, X) = {w|w € FP(X),dw = 0}

— mEF>P(do, V), v € F27P(dg, F)
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Double Forms (1)

e Double forms are forms in one space with coefficients that are forms in

another space, or DF-valued DFs.

e The double forms to be used here are associated with Eé X E3.

EJ = observation space ~ x’ = observation co-ordinates
E3 = source space X = source co-ordinates

e A double form K ,(x,x") can be used as a transformation kernel

FP(E) — FP(EL) : w(x) — w'(x') = /Kp(x,x') A 00 x)
E3

see: G. de Rham, Differentiable Manifolds, Springer, 1984, pp. 30-33.
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e The identity kernel §,(x,x’) has the property

w/'(x") = /6p(x,x’) A xw(x) = w(x’)
E3

dp(x,x") = §(x,x")I,
d(x,x") = three-dimensional Dirac delta distribution

e In Cartesian co-ordinates

Ip= 1

I{=dzxdz'+dydy’+dzdz’
I>=(dzAdy)(dzAdy)’'+(dyAndz)(dyAndz) 4+ (dzAdz)(dzAdz)’
I3 =(dzAdyAdz)(dzAdyndz)’
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e Starting point: Fundamental solution of the scalar Laplace equation
1

/
X,X') =
9 ) 47|x — x|

e Consider the Laplace-Beltrami operator

A FP(V) = FP(V), A = 6od+dos
e Fundamental solution

Gp(x,x") = g(x,x")I, —  AGpH(x,x") = dp(x,x")
e Useful properties of G(x,x")

A'Gy(x,x") = § Gy 1 (x,x") |
xE=x, p=10,1,2
dGp(x,x") = 5’Gp_|_1(x,xf)
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Representation Formula

e From Green’s theorem forx’ € V—

o' = [5G A= (=17 [(RGI A8 + [Gpan
2 F

- N -

lI’SL,p(")’) ‘I'DL,p(/B) ‘I’Newton,p("?)

+ d,<lI’SL,p—1(‘~P) + /Gpl A *50")
V-

N FP(VT) = FIP(F) o o =t xa W (FA) =2(An| )
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Electromagnetic Interpretation

e Encompasses the usual Kirchhoff (p=0) and Stratton-Chu (p=1) represen-

tation formulas

dp 0Og 1/

T !\ — oy 09 P L %

L'O(X)_/(gan 8nc'0)dF €0 gpd
F 7

Al(x)) =/gﬁ><,uoﬁ dF—I—CUH’/gﬁxﬂdF—l—po /gj’dV
F F V-

—grad’(/gﬁ-}de—l- /g div[de)
e

F
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= Representation of electromagnetics by using differential forms

— Maxwell’'s equations, constitutive laws, isomorphisms

= Generic curl-curl type problems

— Double forms, fundamental solution, representation formula

= Boundary integral equation

— De Rham map, (co-)homology

= Summary
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e Consider n = 0 (no sources) and éa = 0 (Coulomb gauge) for simplicity.

e Boundary integral equation from representation formula by applying the

trace operator v’

(S +Kp) B =Viy +d'Vp10

e How to get rid of the additional Neumann data ¢?

problem type Dirichlet Neumann
prescribed data 16 ¥, @
unknown data v, @ B

T evaluation .
elimination of ¢ in FP(dg, F)L | #=
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e Consider the space C,(F') of p-dimensional integration domains in F, i.e.
p-chains, and the space of closed p-chains, i.e. p-cycles

Cp(00, F) = {I € C,(F)|or = 0}.

e Introduce the map Pgernamp :

FP(F) x Cp(F) -»R: (B,T) n—>,6]l‘=/ﬁ
4

4 PdeRham,p(d AMN=0 V A€ Fp_l(F), NS Cp(ao, F), since
dA|lr = Ao =0 by Stokes theorem
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e Application of Pgernam,p to the boundary integral equation yields the
“collocation” formulation for the Dirichlet problem

For a given 3 € FP(F) find v € F?~?(do, F') such that

V| = (%Ip+1<:p),8|r’ VI’ € Cp(8o, F')

e Electromagnetic interpretation

p = 0 | Laplace | The boundary integral equation is enforced in
equation | each point of the boundary.

p = 1 | curl-curl | The boundary integral equation is enforced w.r.t.
equation | the magnetic flux through arbitrary cycles which
are contained in the boundary.
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e Each cycle is either a
bounding cycle or a
member of the homolo-

gy group.
Example: Torus

Mo
o bounding cycle F/
1> members of Hi(F) r{ \r{
Cp(0o, F) = 0Cpt1(F) & Hy(F)

De Rham theorem for DFs: Each closed form can be decomposed into an
exact form and a member of the cohomolgy group

F2P(do, F) = dFLP(F) @ H>P(F)

e Simplest case: Trivial topology — lety =dw, "= 090'QY’
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e Electromagnetic interpretation

p

v =dw

interpretation

Hy = — gradg ¢*

magnetic surface scalar potential (mandatory)

0

Dn = —curlg A}

electric surface vector potential (optional)

e The remaining problem reads

For a given 3 € FP(F) find w € F1~P(F) such that

Vpdw|o'Q’ = (T +K)Bl0'Q" VR € Cpya (F)

e Go for a discretisation of F1=P(F) and C,, 1 (F):

Needs triangulation 7}, of the boundary F.
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= The laws of electromagnetics can be stated concisely by means of
differential forms (DFs)

= Some integral equations of electromagnetics have been
reformulated in terms of DFs

— The integral kernels become double forms
= Uniform treatment of electro- (p=0) and magnetostatics (p=1)

= Since DFs possess discrete counterparts, the discrete DFs, such
schemes lend themselves naturally to discretisation...
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