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Motivation

Solving a partial differential equation (second order)
with solvers of optimal complexity O(NNy,)
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direct solver — reasonable for small Ny,
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iterative solver — iterations ~ k(K}y), \/k(Kp)

idea — C, ! with k(C; ' Kp) = O0(1)
ops(Cy % vy,) = O(Np)




Problem Formulation

Let Q C R? be a bounded Lipschitz domain and T = 0.
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Problem Formulation

% Let Q C R? be a bounded Lipschitz domain and T = 0.
ﬁ 7 —Au = 0 z € ()
o 2 u(lr) = g(z) zeTl
=i
5 2 OF 0
o) = — [ ue)s s+ [ @By,




W ga) = g [ W@ s+ [ 0@ @),

with v(z) = 2% ().

T Ong

we obtain the compact operator-form:

()= (" ke ) ()
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Boundary Integral Operators

- (Du)(y) = —50- Jr nz (@, y)ulz)ds,

_8ny ' Ong
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Boundary Integral Operators

- (Du)(y) = —ga- Jr 5 (@, y)u(z)ds,

pseudo differential operator of order 1
large eigenvalues <+ high frequency eigenfunctions
small eigenvalues <+ low frequency eigenfunctions
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Boundary Integral Operators

- (Du)(y) = —ga- Jr 5 (@, y)u(z)ds,

pseudo differential operator of order 1
large eigenvalues <+ high frequency eigenfunctions
small eigenvalues <+ low frequency eigenfunctions

- (Vu)(y) = Jr E(z, y)v(z)ds,
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Boundary Integral Operators

- (Du)(y) = —ga- Jr 5 (@, y)u(z)ds,

pseudo differential operator of order 1
large eigenvalues <+ high frequency eigenfunctions
small eigenvalues <+ low frequency eigenfunctions

- (Vu)(y) = Jr E(z, y)v(z)ds,

pseudo differential operator of order -1
eigenvalues, eigenvectors act conversly compared to
the hypersingular operator




BEM - Linear System

Interior Dirichlet problem reduces to Vv = (31 + K)u

Find v;, € R such that Kpuy, = f,
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BEM - Linear System

Interior Dirichlet problem reduces to Vv = (31 + K)u

Find v;, € R such that Kpuy, = f,

1. System matrix Kp,(= V3,) € RV *NVh s
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2. Right-hand side f & R

3. Construction of an iterative solver




BEM - Sparse Representation (ACA)

Problem: Dense matrix, vector multiplication is of order O(N?)
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BEM - Sparse Representation (ACA)

Problem: Dense matrix, vector multiplication is of order O(N?)

Idea: Low rank approximation — Adaptive Cross Approximation
M. Bebendorf [2001]

M. Bebendorf, S. Rjasanow [2001]
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BEM - Sparse Representation (ACA)

Problem: Dense matrix, vector multiplication is of order O(N?)

Idea: Low rank approximation — Adaptive Cross Approximation
M. Bebendorf [2001]

M. Bebendorf, S. Rjasanow [2001]

Split the dense BE-matrix into clusters D*
with corresponding indices I = {1,..., Ny}

k
IxI=|]t xth
=1




BEM - Sparse Representation (ACA)

Let D1, Dy clusters with
diam Ds < ndist(Dq, D)

— n-admissible
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BEM - Sparse Representation (ACA)

Let D1, Dy clusters with
diam Ds < ndist(Dq, D)

— n-admissible

T

)

Objective: Find a low rank approximation A = > U
for some n-admissible matrix A € R*»*™
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BEM - Sparse Representation (ACA)

Let D1, Dy clusters with
diam Ds < ndist(Dq, D)

— n-admissible

T

)

Objective: Find a low rank approximation A = > U
for some n-admissible matrix A € R*»*™

Np r;

- near E :E : el
i=1 j=1
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Algebraic Multigrid Methods - General

pre-smooth post-smooth fine grid

restriction prolongation

‘coarse grid’
coarse grid solver

Objective: Construction of a multigrid cycle by using the
system matrix and the right-hand side

Motivation: no hierarchical grid
(GMG) coarse grid is very large

10



Components of an AMG Method

split the degrees of freedom into fine and coarse grid nodes
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Components of an AMG Method

split the degrees of freedom into fine and coarse grid nodes

prolongation Py, : Vi = V4, restriction Ry, = (P)! : Vi = Vg

11



Components of an AMG Method

Galerkin's method: Ky = PY K, Py,

1.
3 split the degrees of freedom into fine and coarse grid nodes
4 2.
&
é prolongation Py : Vg — V}, restriction Ry, = (Ph)T V= Vg
s 3.
=
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Components of an AMG Method

5
g} 1.
7 8 split the degrees of freedom into fine and coarse grid nodes
E m
© 3| 2
o =
< . . .
3 & prolongation Py : Vg — V}, restriction Ry, = (Ph)T V= Vg
g 2
5 @
g 3 3.
s 2
: 2 Galerkin's method: Ky = PY K, Py,
= 3
b2 4,
§.

Jacobi method
Gauss-Seidel method
Bramble-Leyk-Pasciak smoother
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AMG designed for BEM - Coarsening

Definition of an

Fast Boundary Element Methods in Industrial Applications

Institute of Computational Mathematics
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AMG designed for BEM - Coarsening

Definition of an

)
—ﬁ i # j connected I
0 otherwise / /
\
i !
j* v z" s

(sparse, M-matrix)

Bu = (PEY'BuPP  Ku = (PF)TK,P




AMG designed for BEM - Smoothing

1. Hypersingular Operator — Gauss-Seidel method

2. Single Layer Potential — Bramble-Leyk-Pasciak (BLP) smoother
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AMG designed for BEM - Smoothing
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AMG designed for BEM - Smoothing

1. Hypersingular Operator — Gauss-Seidel method

2. Single Layer Potential — Bramble-Leyk-Pasciak (BLP) smoother

Problem: Converse behavior of eigenvalues and eigenfunctions w.r.t.
Hypersingular operator

ldea: suggested by Bramble, Leyk and Pasciak:
The Analysis of Multigrid Algorithms for Pseudo-Differential Operators
of Order Minus One (1994)

13



BLP - Smoother

Let A; be some discretization of the boundary corresponding to the
operator. A = auxiliary matrix By,

An appropriate BLP-smoothing sweep is

up, = up + ThAR(f — Knuy,)
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AhKhw = )\w
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AMG designed for BEM - Restriction

Remember: 3 )
R = KJer + K
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AMG designed for BEM - Restriction

Remember: )
Kh _ Knear 4+ K]]:ar

Galerkin's method:

K?Iear — P};I_K;zzearph
- f SR T
Ky = P le (fu;-) b,
& & J T.i (PT.i\T
— _Zl_ZlPhuz (PhU;')
1=17j=
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AMG designed for BEM - Coarse Grid Correction

Objective: Solving the equation system on the 'coarsest’ grid

KHMH:iH
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AMG designed for BEM - Coarse Grid Correction

Objective: Solving the equation system on the 'coarsest’ grid

KHQH:iH

1. Full BEM: direct methods
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2. ACA BEM: iterative methods (Richardson, Tschebyscheff, PCG)
direct methods (evaluation of the ACA matrix)
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Complexity Analysis

Matrix-by-Vector Multipl.: ops(Kxv,) = M}, := O(e~*N,; %)
Preconditioning Operation: ops(é}:lc_ih) = O(Mp) ?

Multiplication with Kj, Ap, — O(My)
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Matrix-by-Vector Multipl.: ops(Kxv,) = M}, := O(e~*N,; %)
Preconditioning Operation: ops(é}:lc_ih) = O(Mp) ?

Multiplication with Kj, Ap, — O(My)
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Prolongation Operators are defined locally — O(Np,)
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Complexity Analysis

ops(P " x (KpPr)) < ops(Kp * Pp,) and
ops(Kp * Pp) = O(Mp)
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Complexity Analysis

ops(P " x (KpPr)) < ops(Kp * Pp,) and
ops(Kp * Pp) = O(Mp)

O(Npg), which is less than O(Ny)
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Complexity Analysis

ops(P " x (KpPr)) < ops(Kp * Pp,) and
ops(Kp * Pp) = O(Mp)

O(Npg), which is less than O(Ny)

1.- 4. hold for each level
Ny = Ny,
Counting the operations yields

ops(Cy, 'dy,) = O (M)

18
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Numerical Results

. Implementation in the AMG program package PEBBLES

Parallel Element Based grey Box Linear Equation Solver
(www.numa.uni-linz.ac.at/Research /Projects/pebbles.html)

. BEM-Matrix entries by OSTBEM (O. Steinbach)

. AMG preconditioner for the conjugate gradient method

. Sparse representation of Kj (ACA)

. PC 2000MHz AMD Athlon(tm)

19
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Interior Dirichlet Problem - L-Shape 2D

glx)=lnjz—y| y¢Q

random initial guess u
rhs f = (31 + K)g
e=10"8

03

01

-0.1 +

-0.2

-0.3 -

T
mesh —*—

coll o]

L
-0.3

L
-0.2

L
-0.1
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0.1

L
0.2

L
0.3
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Interior Dirichlet Problem - L-Shape 2D
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th Ny, || lterations | Setup | Cycle
3 22000 5 73 | 13
z AMG (ACA) | 44000 5 154 | 2.9
88000 5 320 | 6.2
< 176000 5 69.1 | 14.7
3
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Interior Dirichlet Problem 3D

Setup | Cycle
Np || [sec] [sec] | It
Sphere 1920 1.9 0.2 9
7680 8.2 1.4 10
30720 33 8.3 11
3072 6.6 0.3 6
Cube 12288 10 2.9 9
49152 58 16.6 | 13
1792 1.9 0.2 14
L-Shape 7168 7.5 1.3 7
28672 30 8.0 10
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Interior Dirichlet Problem 3D

AMG
Ny, | w/ Setup  w/o Setup | CG | K; !
1920 3.4 1.5 3.1 11
Sphere 7680 22 13.8 24 | 611
30720 125 02 151 | ~ 9h
1792 3.1 1.2 3.3
-Shape 7168 17 9.5 24
28672 111 81 181
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