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Domain discretization BOSCH

e A discretization 2, of the domain Q2 € R3 is a finite collection of oriented
cells S3(€2;), faces S2(€2;,), edges S1(€2;,) and vertices So(£21).

e The elements of S,(<2;,) are called p-facets.

b O & 4

e A p-chain is a weighted sum of p-facets: 2} = 3363 @) Yisi, Vi €R,
represented by a vector {27} = (71, ... ,fykP)T.

kp kp
e Integration over a p-chain: w | 2} = > vi (w | 8i) = Y vi wi
=1 =1

p-cochain {w} = (w1,...,ws, )" represents a discrete DF on mesh €2,
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Cochains in a mesh BOSCH

p-forms assign to any p-dimensional manifold €27 a real number

P
w | SF = /w
Q

e Discrete p-forms assign to any p-chain €2} a real number

kp
wh | ) = E Vi wi
i=1

Discretization: 0-form {w} = (w | n;)¥, nodal values
1-form {w} = (w | &)L, circulation across the edges
2-form {w} = (w | )12, flux through the faces
3-form {w} = (w | t;)!2, cell values

Denote the vector space of p-cochains on €2;, by C?(£2;,).
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Incidence matrices and discrete outer derivative BOSCH

e Incidence matrix D? € Rkw+1%k of p-facets and p + 1-facets:

0, facet s} is not a subset of the boundary of facet s,

Df; = £1, facets’isasubset of the boundary of facet s/**

with orientation £+ 1.
e Discrete representation of the boundary
(o™} = [D)T{}
e Discretization of the outer derivative

{dw} | {2} {w} | {052} (discrete Stokes’ theorem)
{w} | [D")7{$2}
[D"Hw} [ {2}

=  {dw} = [D’{w}
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DeRham theorem for cochains BOSCH

e There are finite-dim. spaces HCP($2,) C CP(S2,): for {w} € CP(£2;) holds:
[DPl{w} =0 < 3{n} e P 1(w), {7} € HCP(2)
satisfying {w} = [D*"'|{n} + {7} .

[D°] [D] [D?]
CO(Qh) —_—> Cl(Qh)—"' Cz(Qh) —FC3(Qh)

() 2(2})
CHO(pr) \ \
\1 exact exact exact
closed closed closed
0

0-forms 1-forms 2-forms 3-forms
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Discrete differential forms BOSCH

e Cochains are representatives of discrete forms. Interpolation of p-
cochains with Whitney p-forms yields discrete p-forms.

e Whitney p-form of a p-facet s; of a tetrahedral mesh:

P
P=pYy (1) A dAng A--- AdAn Addn A-e- AdAg,,
j=0
where A, is the linear nodal ansatz function of the node n;.

e Interpolation {87} : CP(S2,) —> WP(S21)

ky
wp, = sz‘ P = {w}"{B"}
i=1

WP(2;) is the vector space of discrete p-forms.
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DeRham theorem for discrete DFs BOSCH

e DeRham complex is invariant w.r.t. interpolation

d d d
WO(Qh) — " Wl (Qh-)H Wz(Qh)H W3(Qh)

\(S21) (2]
MO \ \
\ exact exact exact
closed closed closed
0
0-forms 1-forms 2-forms 3-forms
Oct. 2003
© Robert Bosch GmbH reserves all rights even in the event of industrial property rights. We reserve all rights of disposal such as 8

copying and passing on to third parties. FV/FLO-Rain



Discrete Dirichlet problem BOSCH

The discrete Dirichlet problem reads:
For 3 € W(I"}) find~ € W*(do, 1) such that

&)
o (47?1+ zc) BITL, VI € Ci(do, )

e From DeRham theorem follows
Wl(do, I'h) — dWO(l—h) . ’Hl(l'h)

e Discretization of W°(I";,): nodal ansatz functions
Discretization of H!(I1,): cycles [R.Hiptmair and J.Ostrowski, 2001]

Assume in the sequel trivial topology W1 (do, ;) = dW°(I},)

e Collocation on boundaries of dual faces
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Discrete Neumann problem

e The discrete Neumann problem reads:
For~ € W(do, ") find 3 € W(I"},) such that

e
V| T} = (%I—i—lc) B s, el

e Discretization of W!(I"},): edge ansatz functions

e Collocation on primal edges
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Discretization of potentials, BEM matrices BOSCH

e Single layer potential V, double layer potential K:

V’YZfr('YDG)/\% mzfr(we)/\ﬂ

v~ Zi\;l%curlr@, B~ Eilﬁéwi

e Entries of the matrices
Vi = [ (] GOoy)eurlro (o drs, dL).
Ci JIy

Ky = / (| (curl,G(x,y) X n(x))T wi(x) dFyy dly)
Ci JI'y

where C; are collocation contours.

e Dirichlet problem: V € RV*XN | K € RVN*XE
Neumann problem: V € RE*N | K € RE*E

e Analytic inner integration for triangular and rectangular meshes.
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Numerical example. Sphere. BOSCH

e Sphere with Radius R = 0.05m immersed in the field of a current
I = 20kA in a circular coil, Rc = 0.07m, h = 0.03m. [Z.Rhen]

Az

é: Hc/__ R

e \ector potential for the exterior domain can be written analytically:

2
Of(T, 9) = aS(T:G) - EQS(R—:H): r 2 R:
r T

where as = |- G A7 is the source potential due to the coil’'s excitation.

e The corresponding Neumann data « can be calculated analytically.
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Mesh data for Dirichlet Problem BOSCH

e Three meshes of the sphere are considered

Mesh Coarse Medium Fine

# Nodes 162 642 2562
# Edges 480 1920 7680
# Trias 320 1280 5120
cond(V) 4.40 8.93 18.16
€ 8.36% 3.55% 1.62%

e — max ”"Yana(x) - 'Ynum(X)HQ
xeC ||7ana(x)||2
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Homogeneous Dirichlet problem on sphere

BOSCH

e Comparison of the analytic and the numerical solutions along a meridian C.

Neumann data || v [, (Vs/m2)

Oct. 2003

0.5

0.4

0.3

0.2

0.1

A

0.04 0.08 0.12
Distance along path (m)

© Robert Bosch GmbH reserves all rights even in the event of industrial property rights. We reserve all rights of disposal such as

copying and passing on to third parties.

0.16

14

FV/FLO-Rain



Adaptive Cross Approximation

BOSCH

e ACA compression of the BEM matrices (Accuracy e = 1073)
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Homogeneous Neumann problem on sphere BOSCH

e Comparison of the reference (2D-axisymmetric) and numerical solutions.
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Numerical example. Cylinder. BOSCH

e Cylinder immerced in the field of a circular coil
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Nodal elements vs. reference solution BOSCH

e Homogeneous Dirichlet problem on cylinder. Nodal elements. Fine mesh.
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Edge elements vs. reference solution BOSCH

e Homogeneous Dirichlet problem on cylinder. Edge elements. Fine mesh.
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Conclusions BOSCH

e Discrete DFs provide a natural discretization of differential forms.
e DeRham theorem is identical for DFs, cohains and discrete DFs.
e Generalization of the point collocation technique by DeRham maps.

e BEM matrices for triangular and rectangular meshes can be computed
semianalytically

e Due to the asymptotically smooth kernels BEM matrices can be compres-
sed by the ACA.

e Numerical tests show a good approximation of the analytic solution (Dirich-
let problem) and the reference 2D-axisymmetric solution (Neumann pro-
blem) on the sphere.

e On a cylinder edge elements achieve a better approximation of the refe-
rence solution, especially for the singular solution.
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