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[TINSS

Model for the current density

Maxwell's equations

@B .
curle = —; divD = 0
@
. @ .
curlH =+ —; divB = O:
G
LinearmaterialandOhm's law
D="E; B= H; j= E:
for piecavise homogeneouandisotropicmaterial,i.,e.”", and arepiecaviseconstant.

For simplicity only the constantases consideredn this presentation.
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Model for the current density

Maxwell's equations

curl E =

%; divD = O;

curlH = | + divB = O:

@.
a

LinearmaterialandOhm's law
D="E; B= H; j= E:

for piecavise homogeneouandisotropicmaterial,i.,e.”", and arepiecaviseconstant.
For simplicity only the constantases consideredn this presentation.
Time harmonicequations

culE= 11 H; div'E = 0O
culH=( +i! ")E; div H=0:
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Model for the current density

Maxwell's equations

curl E =

%; divD = O;

curlH = | + divB = O:

@.
a

LinearmaterialandOhm's law
D="E; B= H; j= E:

for piecavise homogeneouandisotropicmaterial,i.,e.”", and arepiecaviseconstant.
For simplicity only the constantases consideredn this presentation.
Time harmonicequationsandneglectionof displacementurrentgeddycurrentsmodel

curlE= 1 H: div'E = O;
curlH = E; dv H = 0O:
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Model for the current density

Maxwell's equations

curl E = : divD = O;

@&
@

curlH = | + divB = O:

@
=

LinearmaterialandOhm's law
D="E; B= H; j= E:

for piecavise homogeneouandisotropicmaterial,i.,e.”", and arepiecaviseconstant.
For simplicity only the constantases consideredn this presentation.
Time harmonicequationsandneglectionof displacementurrentgeddycurrentsmodel

curlE = 1 H; div'E = 0;
curlH = E; dv H = O:
Eliminationof themagneticeld resultsin thesystem
curlcurrE+ “E=0 in ;
c

curlcurlf E=0 Iin *;

dvE = 0 in °© (gaugecondition)

P _
with thecomplex wavenumber := (1 + i)T2p I
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IS, Mathematical tools

H(curl; ) =fV 2 L() :curlV 2L2() ¢

Enegy spaces: ( v )

W (curl; °)= p————=2La( “:curlV 2Ly °)
1+ J°
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IS, Mathematical tools

H(curl; ) =fV 2 L() :curlV 2L2() ¢

Enegy spaces: ( V )
W (curl; °)= p————=2La( “:curlV 2Ly °)
1+ j°
Traceoperators: oU=mn (U ) wUi=ceulUy o ne

U = U, n, U=U; n; RU:=uU n;:
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Mathematical tools

H(curl; ) =fV 2 L() :curlV 2L2() ¢

Enegy spaces: ( V )
W (curl; °)= p————=2La( “:curlV 2Ly °)
1+ J°
U:=n U; n); U = curl U; n:
Traceoperators: . (U] ) N :
U = U, n, U=U; n; RU:=uU n;:
1 1
Tracespaces: H jjz () = ftang.®eldsinHZ, () with weaklycount.tang.comp.atedges§)
1 1
H3 () := ftang.®eldsinHZ, () with weaklycount.norm.comp.atedge§)
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Mathematical tools
s H(curl; ) =fV 2 L() :curlV 2L2() ¢
= Enegy spaces: ( Vv )
£ W (curl; °)= p————=2La( “:curlV 2Ly °)
@ 1+ j°
8
b = i n); =curlU; n:
& Traceoperators: pU=n (U )i wU = eurl U
> U=U; n; ,U:=U; n; RU:=u n:
©
S 1 1
ﬁ H2() := ftang.®eldsinHZ, () with weaklycount.tang.comp.atedges)
[ Tracespaces: i P
> 1
g - H5 () := ftang.®eldsin szlw() with weakly count.norm.comp.atedge§)
©
(@)]
E% o ru:=n (ru n); curl u:=r u n:
X% Surfacederwvatives:
< 5 div = r © curl = curl = div r
S 2
20
S5 O
5 2
0n c
£ D
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Mathematical tools

H (curl ;)
Enegy spaces:
W (curl ; ©):
Traceoperators: ol :=n
U:=U
"
Tracespaces: AN
1
HZ() =
o ru:=
Surfacedervatives:
div =
1
H,?(curl ;)
Tracespaces:
1
H, 2(div ;)

For detailssee:
Buffa, Ciarlet(2001)

j

n

r

= fV 2 La()

(

(A

Vv

ERNE

n,

(r u;

n);

curl =

1
V2H,?

nU = UJ

n);

()

1
2

curl

n,

curl u

. curl

ccurlV 2 L2() g

n U = curl U

RU =

=TI u

= div T

V2H

n:

u

2

n:

()

V2H, 2() tdv V2H Z()

2 L2( C) ccurl vV 2 L2( C)

n:

)

1
f tang.®eldsin H& () with weaklycount.tang.comp.atedges)

1
f tang.®eldsin Hé& () with weaklycount.norm.comp.atedges)

A. Buffa, Somenumericalandtheoretical problemsn computationakletomagnetism thesis,2000.
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Boundary value problem

Eddycurrentequations
culcurlE+ “E =0 in

curlcurlE=0 in ¢

dvE=0 in °©

Institute of Applied Analysis and Numerical Simulation

University of Stuttgart

00000

Sdllerhaus, 29.9.-2.10.2004 — p.6/30



Boundary value problem
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Boundary value problem

Eddycurrentequations
culcurlE+ “E =0 in

curlcurlE=0 in ¢

dvE=0 in ¢
Continuougangentiacomponen{Dirichlet data)
pE = gE pE=0 on
Transmissiorcondition(Neumanrdata)

ENE =J =J(;!') on
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Boundary value problem

Eddycurrentequations
culcurlE+ “E =0 in

curlcurlE =0 in =
dvE =0 in ¢
Continuougangentiacomponen{Dirichlet data)
pE = gE pE=0 on
Transmissiorcondition(Neumanrdata)

ENE =J =J(;!') on

Radiationcondition
E=0(x] ); curlE=0(xj %) uniformlyforjxj! 1
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Boundary value problem

Eddycurrentequations
culcurlE+ “E =0 in

curlcurlE=0 in ¢
dvE =0 in ¢
Continuougangentiacomponen{Dirichlet data)
pE = gE pE=0 on
Transmissiorcondition(Neumanrdata)

1 nNE =3 =J(;!) on
Radiationcondition
E=0(x] ); curlE=0(xj %) uniformlyforjxj! 1

GaugeconditionZ

E ndSc=0;, k= 1;:::;z := # connectcomp.of
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Boundary value problem

Eddycurrentequations
culcurlE+ “E =0 in

curlcurlE=0 in ¢

dvE=0 in ¢
Continuougangentiacomponen{Dirichlet data)
pE = gE pE=0 on
Transmissiorcondition(Neumanrdata)

ENE =J =J(;!') on

Radiationcondition
E=0(x] ); curlE=0(xj %) uniformlyforjxj! 1
Gaugecondition

E ndSc=0;, k= 1;:::;z := # connectcomp.of
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University of Stuttgart

Lo, | ) uniquesolutionfor Im > 0 andcontinuougight handsidehd ; i

sty | For detailssee:R. Hiptmair, Symmetricouplingfor eddycurrentproblems SIAM J. Numer Anal., Vol. 40,No. 1, 2002.
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Computation of J

Dueto

hdv ( NE); 1 = hcurlE n;r 1 =hourlE;r ni
= heurl curlE; 1 = hcurlcurlE) nj; |

eachsolutionof the BVP satis es
dv (NE)= 2 ,E
and
dv ( NE)=0

respectrely.
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Computation of J

Dueto

hdv ( NE); 1 = hcurlE n;r 1 =hourlE;r ni
= heurl curlE; 1 = hcurlcurlE) nj; |

eachsolutionof theBVP satis es

dv ( NE)= % ,E
and
dv ( NE)=0
respectrely.
Computatiorof J :

1. Compute , E fromthegivendatal and!
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Computation of J

Dueto

hdv ( NE); 1 = hcurlE n;r 1 =hourlE;r ni
= heurl curlE; 1 = hcurlcurlE) nj; |

eachsolutionof theBVP satis es

dv ( NE)= % ,E
and
dv ( NE)=0
respectrely.
Computatiorof J :

1. Compute , E fromthegivendatal and!
2. Compute] satisfying

dIVJ:dIV 1NE :—nE:|| nE:: f
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Computation of J

Dueto

hdv ( NE); 1 = hcurlE n;r 1 =hourlE;r ni
= heurl curlE; 1 = hcurlcurlE) nj; |

eachsolutionof theBVP satis es

c

9

ke

>

=

N

'S

O

®

S 2

= div ( NE) = E
2 and

© . .

2 dv ( NE)=0

(72)

= :

© _ | respectrely.

< g

=] _

§ % Computatiorof J :

< 5 1. Compute , E fromthegivendatal and!

;j, %‘ 2. Compute] satisfying

=20 ,

= 2 1 .
ES div J = div — nE = — ,E=1 E= f

ooooo

st | Theabove relationscanalsobe usedto realizea domaindecompositionrmethodvia a
s | Dirichlet—=Neumanmap. !
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First step

Fromthesideconditiononecanderve
1
]

jS_ I erdx

C _ B

iS) Solvwe eld equationsin an in-

c—é o — nity cylinderover  with the
+ . [

= S|de%ond|t|on

.§ E ndx=1I

=

E Splitthecurrentdensityinto asourceeld js := Es andreactioneld j, == E;.

o Exploiting symmetryandMaxwell equationg/ieldsthetwodimensionatcalarsystem

@®©

0 e+ ‘e= il js in

(72)

> :

S e =0 in ©

-

<

8 0€r = O On@

2

2 e =0 on@

©

0]

2

@

=
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First step

Fromthesideconditiononecanderve
_ 1
]
00000 Thesystemhasto be solved on eachcontact.

Fgeds. | 2D-BEMor analyticalsolutionfor simplegeometries

Z

jS I er dX

c S _ . :

S Solvwe eld equationsin an in-

c—é o — nity cylinderover  with the
+ . [

= S|de%ond|t|on

.§ E ndx=1I

=

E Splitthecurrentdensityinto asourceeld js := Es andreactioneld j, == E;.

o Exploiting symmetryandMaxwell equationg/ieldsthetwodimensionatcalarsystem

@®©

0 e+ ‘e= il js in

(72)

> .

S e =0 in ©

-

<

8 0€r = O On@

2

2 e =0 on@
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2
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Second step

We usethe Hodgedecomposition

1
2

HyZ(dv ;) =1 (H() cul (HZ() =C°);

usingthespace
n 0

H() == 2HY()=C*: 2H 2() =
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University of Stuttgart
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[TINSS

Second step

We usethe Hodgedecomposition
1
2

HyZ(dv ;) =1 (H() cul (HZ() =C°);

usingthespace
n . 0
H() = 2HY() =C*: 2H 2()=C*

Theansatz

gives
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[T Second step

We usethe Hodgedecomposition

1
2

HyZ(dv ;) =1 (H() cul (HZ() =C°);

usingthespace

n . o)
H() = 2HY() =C*: 2H 2()=C*
Theansatz
J = + curl
gives
dv J = = f
Dueto

hdiv J;1i =hd;r 1i =0
on eachcomponenzbf we getthe solvability condition
hf; L= E ndSy=0; k=1;:::;Z ($% continuityequation)

k
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University of Stuttgart
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Second step

(1)

= h; 1,0

hr ||_2()

Solve thevariationalproblem:
Find 2 H() =C* with
2 HY() =C*.

for all
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Second step

Solve thevariationalproblem:
Find 2 H!() =C* with
hr 5 r i, =H; 1,0 (1)
forall 2 H*() =C~*.
Thebilinearform is continuousandelliptic
hr 5 i, = ki kiay  ck ki, forall 2 H?*() =C*:

Using Lax—Milgramwe have the existenceof auniquesolution 2 H*() =C* with
2 H() .
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Second step

Solve thevariationalproblem:
Find 2 H!() =C* with
hr 5 r i, =H; 1,0 (1)
forall 2 H*() =C~*.
Thebilinearform is continuousandelliptic
hr 5 i, = ki kiay  ck ki, forall 2 H?*() =C*:

Using Lax—Milgramwe have the existenceof auniquesolution 2 H*() =C* with
2 H() .

In the continuouscaseonecangetthesolutiond from thesurfacepotential

(div ;)

N|—

J =7 2Hjj

Thecontributioncurl  correspondso ,E = 0.
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Second step

Solve thevariationalproblem:
Find 2 H() =C* with

hr ;r i|_2() = If; i|_2() (1)

forall 2 H*() =C~*.
Thebilinearform is continuousandelliptic

hr 5 i, = ki kiay  ck ki, forall 2 H?*() =C*:

Using Lax—Milgramwe have the existenceof auniquesolution 2 H*() =C* with
2 H() .

In the continuouscaseonecangetthesolutiond from thesurfacepotential
1
J = 2Hjj2(div ;)

Thecontributioncurl  correspondso ,E = 0.

Thediscretization » 2 S*()  H?*() isnotpossiblebecausef h2H ).
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Second step

Considerthe correspondingaddlepoint problem:
FindJ 2 H(div ;) and 2 L,() =C* suchthat

hJ;Ki,y + hiv K; i, = 0

hdiv J; i, = 5o,
holdsforallK 2 H(div ;) andall 2 L,() =C-*.
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Second step

Considerthe correspondingaddlepoint problem:
FindJ 2 H(div ;) and 2 L,() =C* suchthat

hJ;Ki,y + hiv K; i, = 0

hdiv J; T, = K5 0,0
holdsforallK 2 H(div ;) andall 2 L,() =C-*.

Addingtheseconcequatiorwith = div K andhr ;r i,y = H; i, leads
to themodi ed saddlepoint problem:

FindJ 2 H(div ;) und 2 H'() =C* suchthat
h; Kigw ;) thdiv K; 1,0 = hif;div Kig,q (2)
hdv J; 1., *hr ;1 i, = 21F; 1,9 (3)
holdsforallK 2 H(div ;) andall 2 H?*() =C~*.
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Second step

Considerthe correspondingaddlepoint problem:
FindJ 2 H(div ;) and 2 L,() =C* suchthat

hJ;KiL,y + hiv K; i, = 0

hdiv J; i, = 5o,
holdsforallK 2 H(div ;) andall 2 L,() =C-*.

Addingtheseconcequatiorwith = div K andhr ;r i,y = H; i, leads
to themodi ed saddlepoint problem:

FindJ 2 H(div ;) und 2 H'() =C* suchthat
h; Kigw ;) thdiv K; 1,0 = hif;div Kig,q (2)
hdv J; 1., *hr ;1 i, = 21F; 1,9 (3)
holdsforallK 2 H(div ;) andall 2 H?*() =C~*.

System(2,3) is elliptic.
) uniquesolutiond 2 H(div ;) and 2 H*() =C~.
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Second step

Considerthe correspondingaddlepoint problem:
FindJ 2 H(div ;) and 2 L,() =C* suchthat

hJ;KiL,y + hiv K; i, = 0

hdiv J; i, = 5o,
holdsforallK 2 H(div ;) andall 2 L,() =C-*.

Addingtheseconcequatiorwith = div K andhr ;r i,y = H; i, leads
to themodi ed saddlepoint problem:

FindJ 2 H(div ;) und 2 H'() =C* suchthat
h; Kigw ;) thdiv K; 1,0 = hif;div Kig,q (2)
hdv J; 1., *hr ;1 i, = 21F; 1,9 (3)
holdsforallK 2 H(div ;) andall 2 H?*() =C~*.
System(2,3) is elliptic.
) uniquesolutiond 2 H(div ;) and 2 H*() =C~.

ConformingGalerkindiscretization

) uniquesolutiondy 2 RT () (Raviart Thomaselementsand 2 S*()
) quasioptimalerrorestimates
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BEM for eddy currents

Singlelayerpotential(scalarandvectorial)
Z Z

vl 1) = G (xy) (y)dSy; Al 10:= G (xy) (Y)dSy; x2 R’n
Doublelayerpotential
v [V1IX) = curlx A (RV)(X); x2 R3n

with thefundamentatolutionof the Helmholtzttypeoperator

1 e X Vi

G (xy) = 7 X
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BEM for eddy currents

Singlelayerpotential(scalarandvectorial)
Z Z

vl 1) = G (xy) (y)dSy; Al 10:= G (xy) (Y)dSy; x2 R’n
Doublelayerpotential
v [V1IX) = curlx A (RV)(X); x2 R3n

with thefundamentatolutionof the Helmholtzttypeoperator

1 e X Vi
G (x;y) = _ —
4 x yl
Scalarboundaryintegral operators
Vectorialboundaryintegral operators
1 C . . 1 C . . .
A::DA;B:ZE(N"'N)A,C-:E(D"'D) My N = N u:
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BEM for eddy currents

Singlelayerpotential(scalarandvectorial)
Z Z

vl 1) = G (xy) (y)dSy; Al 10:= G (xy) (Y)dSy; x2 R’n
Doublelayerpotential
v [V1IX) = curlx A (RV)(X); x2 R3n

with thefundamentatolutionof the Helmholtzttypeoperator

1 e X Vi
G (x;y) = _ —
4 x yl
Scalarboundaryintegral operators
Vectorialboundaryintegral operators
1 C . . 1 C . . .
A::DA;B:ZE(N"'N)A,C-:E(D"'D) My N = N u:

Boundaryintegral equations !

Institute of Applied Analysis and Numerical Simulation
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pE= 1+C [pEl+A [WE]+( V)[aEl

ooooo

1
NE=N [pE]+ §|+B [ N E]
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[TINSS

BEM for eddy currents

SplittheNeumanmdata y E into known partJ andunknawvn part
NE= (J + ), RE= o %= o
thenit holds
div = 0:
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[TINSS

BEM for eddy currents
SplittheNeumanmdata y E into known partJ andunknawvn part
NE= (J + ), RE= o %= o
thenit holds
div = 0:

We canchoosgheunknaovn in theconstrainspace

N
N[

H,; (div 0;) = V 2 H, (div ;) :div V=0
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[TAWES)

BEM for eddy currents
SplittheNeumanmdata y E into known partJ andunknawvn part
NE= (J + ), RE= o %= o
thenit holds
div = 0:

We canchoosgheunknaovn in theconstrainspace

N
N[

H,; (div 0;) = V 2 H, (div ;) :div V=0

Testingthe rst integral equation

pE = %I+C [ bE]+ A [ NE]+ (1 V)| nE]

1
with 2 H, 2(div 0; ) it followsfrom partialintegrationonthesurface

h(r VI wE]; i= hV ][ ,E];dv i=0:
All thetermincludingthenormaltrace , E vanish.
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[TAWES)

BEM for eddy currents
SplittheNeumanmdata y E into known partJ andunknawvn part
NE= (J + ), RE= o %= o
thenit holds
div = 0:

We canchoosgheunknaovn in theconstrainspace

N
N[

H,; (div 0;) = V 2 H, (div ;) :div V=0

Testingthe rst integral equation

pE = %I+C [ bE]+ A [ NE]+ (1 V)| nE]

1
with 2 H, 2(div 0; ) it followsfrom partialintegrationonthesurface

h(r VI wE]; i= hV ][ ,E];dv i=0:

All thetermincludingthenormaltrace , E vanish.
Finally we set

Institute of Applied Analysis and Numerical Simulation

University of Stuttgart

Sdllerhaus, 29.9.-2.10.2004 — p.13/30



LRSS Variational formulation

1
2

(curl ;) H, (div 0; ) with

L
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+CHuit = h;A Ji

hBo+ B ) ;vi+ iNO+EN u;v = %I+B J:v
0

1
2

(curl ;) H, (div 0; ) .

N|—

forall(v; )2 H,
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LRSS Variational formulation

1
2

(curl ;) H, (div 0; ) with

L
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+CHuit = h;A Ji
1 1 1

hBo+ B ) ;vi+ —Nop+ —N u:;v = §I+B J:v
0

1

1 1
forall(v; )2 H, ?(curl ;) Hjjz(div 0;) .
DuetoC = B theproblemis skew symmetric
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[0S Variational formulation

1
2

(curl ;) H, (div 0; ) with

L
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+CHuit = h;A Ji

hBo+ B ) ;vi+ iNo+1N u;v = %I+B J:v
0

1

1 1
forall(v; )2 H, ?(curl ;) Hjjz(div 0;) .

Institute of Applied Analysis and Numerical Simulation

DuetoC = B theproblemis skew symmetric Furtherwe have theestimate
1
- ih ;A ij ck k¥ . forall 2 H. 2(div ;) ;
E H . 2() ]
9 I
% which givesellipticity of theoperatorA
y— 1
2 ih ;A ij ck k¥ 1+ =ck k¥ . forall 2 H; ?(div 0;) :
*é HHZ() Hjjz(div )
o
=
-
)

00000
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[0S Variational formulation

1
2

(curl ;) H, (div 0; ) with

L
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+CHuit = h;A Ji

hBo+ B ) ;vi+ iNo+1N u;v = %I+B J:v
0

1

1 1
forall(v; )2 H, ?(curl ;) Hjjz(div 0;) .

Institute of Applied Analysis and Numerical Simulation

DuetoC = B theproblemis skew symmetric Furtherwe have theestimate
1
- ih ;A ij ck k¥ 1 forall 2 H. 2(div ;) :
E H . 2() ]
9 I
% which givesellipticity of theoperatorA
y— 1
2 ih ;A ij ck k¥ 1+ =ck k¥ . forall 2 H; ?(div 0;) :
5 HHZ() Hjjz(div )
o
2 | Integrationby parts
)
N u;vi = “HRv;A (Ru)i + hV (curl u);curl Vi

L
2

andellipticity of V yieldstheellipticity of the OperatoN onH, *(curl ;) .
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[IAWSS/

Variational formulation

Thevariationalproblem:

1
2

(curl ;) H, (div 0; ) with

1
2

Find(u; )2 H,

h;( Ao+ A ) i+h;(Co+C)lui = h; A Ji
hBo+ B ) ;vi+ iONo+ 1N u;v = %I+B J ;v
forall (v; )2 H, ?(curl ;) H, ?(dv 0;) is
H, 2(cur ;) Hy 2 (dv 0;) —elliptic
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Variational formulation

Thevariationalproblem:

1
2

(curl ;) H, (div 0; ) with

1
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+C)Hui = h;A Ji

hBo+ B ) ;vi+ iNo+1N u;v = }I+B J ;v
0

1
2

(curl ;) Hjj (div 0; ) is

N~

forall(v; )2 H,

1
2

N

H, *(curl ;) Hjj (div O; ) —elliptic:

Therearetwo possiblediscretizations
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Variational formulation

Thevariationalproblem:

1
2

(curl ;) H, (div 0; ) with

1
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+C)Hui = h;A Ji

hBo+ B ) ;vi+ iNo+1N u;v = }I+B J ;v
0

1
2

(curl ;) Hjj (div 0; ) is

N~

forall(v; )2 H,

1
2

N

H, *(curl ;) Hjj (div O; ) —elliptic:

Therearetwo possiblediscretizations

N[

1. ConformingGalerkindiscretizatiorrequiresdiscretesubspacXn  H;

(remark:ker(div ) 6 Im (curl ) for multiply connectedlomains
domaindecomposition div Ny E = 0onapartof theboundary)

(div 0;)
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Variational formulation

Thevariationalproblem:

1
2

(curl ;) H, (div 0; ) with

1
2

Find(u; )2 H,

h;( cAo+ A ) i+h;(Co+C)Hui = h;A Ji

hBo+ B ) ;vi+ iNo+1N u;v = }I+B J ;v
0

1
2

(curl ;) Hjj (div 0; ) is

N~

forall(v; )2 H,

1
2

N

H, *(curl ;) Hjj (div O; ) —elliptic:

Therearetwo possiblediscretizations

N[

1. ConformingGalerkindiscretizatiorrequiresdiscretesubspacXn  H;

(remark:ker(div ) 6 Im (curl ) for multiply connectedlomains
domaindecomposition div Ny E = 0onapartof theboundary)

(div 0;)
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2. Enforcetheconstraintdiv. = 0 via Lagrangiarmultipliers
, alsoworksfor thedomaindecomposition
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Variational formulation

Usingoperatomotationwe get
! ! !

A B _ J1
B N u g2
with theconstraintiv. = 0. LettheoperatorD bede ned by
D ; i:=hiv ;V i foral 2H z():

thenthe saddlepoint problemwith Lagrangiamultiplierp 2 H %() readsasfollows
10 1 0 1
B

A D g1
%B N 0] g %)ug = %gzg:

D O 0 D 0
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Variational formulation

Usingoperatomotationwe get
! ! !

A B _ J1
B N u g2
with theconstraintiv. = 0. LettheoperatorD bede ned by
M ; i:=Hhv :V i foral 2H 2();

thenthe saddlepoint problemwith Lagrangiamultiplierp 2 H %() readsasfollows
10 1 0 1

Institute of Applied Analysis and Numerical Simulation

A B D 01
. %B N 0] g %Ug — %gzgi
% D 0 0 P 0
% Addingthestabilizationterm0 = hV (div  );div | leadsto anew operator& via
4 D E
o
2 A = h ;A i+hWN(dv );div i
(7))
2 | Wethengetthe stabilizedsystem
5 0 p 3 10 1 0 1

D 01
%B N 0 g %Ug = %gzg

D O 0 D 0
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Variational formulation

1
2

Ellipticity of N onH ,, * (curl ;) gives

u=N (g2 B )
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Variational formulation

1
2

Ellipticity of N onH ,, * (curl ;) gives
u=N (g2 B )
TheSchurcomplement = (£+ B N 'B) isHjj %(div ; ) —elliptic
=S *(g1+B g2+ D p)
usingthe propertieof &. For the Lagrangiarmultiplier we thengetthe equation
DS 'D p= DS 'gi DS 'B N ‘g
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Variational formulation

1
2

Ellipticity of N onH ,, * (curl ;) gives

u=N (g B )
1
TheSchurcomplement = (£+ B N 'B) isHjj 2(div ;) —elliptic
=S (g1+B g2+ D p)
usingthepropertieof &. For the Lagrangiammultiplier we thengetthe equation
DS 'D p= DS 'gs DS 'B N 'gs:
Fromtherelationker(DS 'D ) = ker(D ) = IinfV '1,gtheinvertibility of DS D

onH 2z() =CZ immediatelyfollows.

1 1
) uniquesolution 2 H; *(div ;) ,u2H,"

(cul @) andp2 H z() =C?
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Variational formulation

1
2

Ellipticity of N onH ,, * (curl ;) gives

u=N (g B )
1
TheSchurcomplement = (£+ B N 'B) isHjj 2(div ;) —elliptic
=S (g1+B g2+ D p)
usingthe propertieof &. For the Lagrangiarmultiplier we thengetthe equation
DS 'D p= DS 'gs DS 'B N 'gs:
Fromtherelationker(DS 'D ) = ker(D ) = IinfV '1,gtheinvertibility of DS D

onH 2z() =CZ immediatelyfollows.

1 1
) uniquesolution 2 H; *(div ;) ,u2H,"

(cul @) andp2 H z() =C?
ConformingGalerkindiscretization
1
n2RT() H, (v ;); pn2S°() H 3()=C;

1

uh 2 RT () H,2(curl ;) :

Institute of Applied Analysis and Numerical Simulation
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Discreteinf—supconditionfor D onRT () S%°() canbeshown.

) uniquesolution 2 RT () ,un 2 RT () andpn 2 S°()
) quasioptimalerrorestimate
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Heat transfer

Conductomproduceseatandis cooledby a givenair o w.

Full model
. full NaviertStokesequations+ enegy balancan °©

Givenvelocity dominateghe o w
, computev independendf temperaturd
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Heat transfer

Conductomproduceseatandis cooledby a givenair o w.

v — v
v —— L

1<

Full model
. full NaviertStokesequations+ enegy balancan °©

Givenvelocity dominateghe o w
, computev independendf temperaturd

Dimensionalanalysis
, potential o w in thefar®eld+ NaviertStokesequationsn | ;

Institute of Applied Analysis and Numerical Simulation
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Heat transfer

Conductomproduceseatandis cooledby a givenair o w.

v — v
v —— L

1<

Full model
. full NaviertStokesequations+ enegy balancan °©

Givenvelocity dominateghe o w
, computev independendf temperaturd

Dimensionalanalysis
, potential o w in thefar®eld+ NaviertStokesequationsn | ;

<

Enegy equationn
dv (T)r T +v r T=aqy(v)

Linearheatconductionequationn

Institute of Applied Analysis and Numerical Simulation

University of Stuttgart

T =av(E)
is thethermalconductvity.
TheJoulelossesandthedissipationenterassourceson theright handside.
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Heat transfer

Conductomproduceseatandis cooledby a givenair o w.

v — v
v —— L

1<

Full model
. full NaviertStokesequations+ enegy balancan °©

Givenvelocity dominateghe o w
, computev independendf temperaturd

Dimensionalanalysis
, potential o w in thefar®eld+ NaviertStokesequationsn | ;

<

Enegy equationn
dv (T)r T +v r T=aqy(v)

Linearheatconductionequationn

Institute of Applied Analysis and Numerical Simulation

University of Stuttgart

T =av(E)
is thethermalconductvity.
TheJoulelossesandthedissipationenterassourceson theright handside.

Substituter = 1 in far®eldandv = 0 in boundarylayer
, nhonlinearheatconductionequationn

L
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Heat conduction

Heatconductionequations

T=aqv(E) In 1:=
dv (T)r T =agv(v) in 2:=

ol = To on p = @2n 12
ol =0 on 2= @1\ @2
(T) 1T =0 on 12
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Heat conduction

Heatconductionequations
T=ogv(E) in 1:=
dv (T)r T =agv(v) In 2:=

ol = To on p = @2n 12

ol =0 on 2= @1\ @2
(T) 1T =0 on 12

Sutherland.aw
3

o T P T +T,
T)= =2
(M=% 7 T+T, 7?2
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Heat conduction

Heatconductionequations
T=ogv(E) in 1:=
dv (T)r T =agv(v) in 2:=

oT = To on p = @2n 12
oT =0 on 2= @1\ @2
(T) «T =0 on 12
Sutherland.aw 3
2 +
(T) = C;;r _I'_I' -I_-|_+—_I-_I;O in
TheKirchhoff Transformatioru = M (T) with M (T) = Rr ( )d gives

u=qgv(E) Iin i
u=aqv(v) in »
ou= M (Tp) on p

Institute of Applied Analysis and Numerical Simulation
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M(oU):O on 1»

iu =0 on 12
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BEM for the heat transfer

Let i ;= lu,ui := lu,localSteklo—PoincaréperatorsS;, Newton potentialsN; .
; local Dirichlet—-Neumanmmayp

i = Sjuj N; f

Thecouplingof theDirichletdatau, = M (uy) is nonlinear
; weakcouplingof the Dirichlet data
;  strongcouplingof the Neumanrdata
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BEM for the heat transfer

Let i ;= lu,ui := lu,localSteklo—PoincaréperatorsS;, Newton potentialsN; .
; local Dirichlet—-Neumanmmayp

i = Sjuj N; f

Thecouplingof theDirichletdatau, = M (uy) is nonlinear
; weakcouplingof the Dirichlet data
;  strongcouplingof the Neumanrdata

Standardlomaindecompositiorapproactyieldsthefollowing variationalformulation:

hSiup;vii | + hSauz;vai = hNi vl
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BEM for the heat transfer

Let i ;= lu,ui := lu,localSteklo—PoincaréperatorsS;, Newton potentialsN; .
; local Dirichlet—-Neumanmmayp

i = Sjuj N; f

Thecouplingof theDirichletdatau, = M (uy) is nonlinear
; weakcouplingof the Dirichlet data
;  strongcouplingof the Neumanrdata

Standardlomaindecompositiorapproactyieldsthefollowing variationalformulation:

X2

NG f;vii . hSoM (To); vai
i=1

hSiuyp;vii | + hSzez; vl

2 2
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BEM for the heat transfer

Let i ;= lu,ui := lu,localSteklo—PoincaréperatorsS;, Newton potentialsN; .
; local Dirichlet—-Neumanmmayp

i = Sjuj N; f

Thecouplingof theDirichletdatau, = M (uy) is nonlinear
; weakcouplingof the Dirichlet data
;  strongcouplingof the Neumanrdata

Standardlomaindecompositiorapproactyieldsthefollowing variationalformulation:

X2
+hSz@2;v2i = NG f;vii . hSoM (To); vai
i=1

he, M (ui); 120 o, = 0

th_Ul;Vli

1 2
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BEM for the heat transfer

Let i ;= lu,ui := lu,localSteklo—PoincaréperatorsS;, Newton potentialsN; .
; local Dirichlet—-Neumanmmayp

i = Sjuj N; f

Thecouplingof theDirichletdatau, = M (uy) is nonlinear
; weakcouplingof the Dirichlet data
;  strongcouplingof the Neumanrdata

Standardlomaindecompositiorapproactyieldsthefollowing variationalformulation:
. 1 1 1
Find(ui;82) 2 X := f(vi;v2) 2H2( 1) H2( 2):M(vi) v22H82( 12);v2; = 0Og

and 12 2 H Z( 1) suchthat §
hva M (Vi); 120 4 AN f;vii . hSoM (To); vai
i=1

he, M (ui); 120 o, = 0

hSiuq; vyl + hS,85; Vol 5

1 2

forall (vi:v2) 2 X andall 122 H 2( 12).
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BEM for the heat transfer

Let i ;= lu,ui := lu,localSteklo—PoincaréperatorsS;, Newton potentialsN; .
; local Dirichlet—-Neumanmmayp

i = Siu;  N;if
Thecouplingof theDirichletdatau, = M (uy) is nonlinear
; weakcouplingof the Dirichlet data
;  strongcouplingof the Neumanrdata
Standardlomaindecompositiorapproactyieldsthefollowing variationalformulation:

Find (u1382) 2 X = f(Viiva) 2HZ( 1) HZ( 2):M(v1) V22 BZ( 12);v5 = 0g

and 12 2 H Z( 1) suchthat §

AN f;vii . hSoM (To); vai
i=1

he, M (ui); 120 o, = 0

hSiui;vii , +hSzey; vai hvo M (vi); 121

1 2 12 2

forall (vi:v2) 2 X andall 122 H 2( 12).
ConformingGalerkindiscretization
ui 2 8'(1); 122 S°( 12)

Discreteinf-supconditionforhn M ();i ., on S*( 1) S'( 2) S°( 12).

) uniquesolutionu; 2 S*( i); 122 S 1)
) quasioptimalerrorestimate

Institute of Applied Analysis and Numerical Simulation

University of Stuttgart

Séllerhaus, 29.9.-2.10.2004 — p.20/30



Fast BEM

Drawbackof the BEM arethefully populatedmatrices
; FastBEM
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Fast BEM

Drawbackof the BEM arethefully populatedmatrices
; FastBEM

AvailableMethods:

1. Wavelets
DahmenProssdorfSchneidef1993,1994),Schneidef1998),Harbrecht Schneide(2002)
Up to now not availablein theeddycurrentenegy spacedgrom above
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Fast BEM

Drawbackof the BEM arethefully populatedmatrices
; FastBEM

AvailableMethods:

1. Wavelets
DahmenProssdorfSchneidef1993,1994),Schneidef1998),Harbrecht Schneide(2002)
Up to now not availablein theeddycurrentenegy spacedgrom above

2. ClusterMethodswith kernelexpansion(Multipol, PanelxClustering,..)
Greengrd,Rokhlin (1988),Hackkusch,Nowak (1989),Sauter(1998,2000)
Complicatedmplementationkernelexpansion
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Fast BEM

Drawbackof the BEM arethefully populatedmatrices
; FastBEM

AvailableMethods:

1. Wavelets
DahmenProssdorfSchneidef1993,1994),Schneidef1998),Harbrecht Schneide(2002)
Up to now not availablein theeddycurrentenegy spacedgrom above

2. ClusterMethodswith kernelexpansion(Multipol, PanelxClustering,..)
Greengrd,Rokhlin (1988),Hackkusch,Nowak (1989),Sauter(1998,2000)
Complicatedmplementationkernelexpansion

3. AlgebraicclustermethodqACA, H+xMatrices,...)
Hacklusch(1999,...), BebendorfRjasanav (2000,2003,...)
Simpleimplementationjust kernelpropertiesneeded
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Adaptive Cross Approximation

Matrix partitioningvia hierarchicaklusterstructure
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Adaptive Cross Approximation

Matrix partitioningvia hierarchicaklusterstructure

distinguishbetweeradmissabl@andnontadmissablblocks
diam (C>) distf Cyq; C5Q;
usefull matricesfor nontadmissibl®locks

approximateadmissabldlocksby lowrankmatrices
A UV'; A2Cc™™hu2cCcmPvacCct P
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Adaptive Cross Approximation
Matrix partitioningvia hierarchicaklusterstructure
distinguishbetweenndmissabl@andnontadmissablblocks

diam (C>) distf Cyq; C5Q;
usefull matricesfor nontadmissibldédlocks
approximateadmissabldlocksby lowrankmatrices
A UV'; A2C™"hu2CcmPv2chP
exploit asymptoticallysmoothnessf thekernels

Cn o

D. k(x; . . © n= 2 IN

y KX Y) Xy J ]
computethe approximatioralgebraicallyfrom matrix entries
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Adaptive Cross Approximation

Matrix partitioningvia hierarchicaklusterstructure

distinguishbetweeradmissabl@andnontadmissablblocks
diam (C>) distf Cyq; C5Q;
usefull matricesfor nontadmissibl®locks

approximateadmissabldlocksby lowrankmatrices
A UV'; A2Cc™™hu2cCcmPvacCct P

exploit asymptoticallysmoothnessf thekernels
. Cn _ o
Dyk(x1 y) jX yjn+ n= J J! 2 IN

computethe approximatioralgebraicallyfrom matrix entries

Institute of Applied Analysis and Numerical Simulation

University of Stuttgart

. almostlinearcompleity O(N1* )

For detailssee:M. BebendorfS. Rjasanav, AdaptiveLow-RankApproximationof CollocationMatrices Computing70, 2003
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Adaptive Cross Approximation

Thekernelfunction

K ) e X Vi
X, -

Y X Y]

IS asymptoticallysmoothfor all wavenumbers 2 CwithRe > 0(and = 0).

Thisis nottruefor Helmholtz!
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Adaptive Cross Approximation
- Thekernelfunction
.% y e X Vi
i X;y) = ——
e (X;y) X Vi
C—U; Is asymptoticallysmoothfor all wavenumbers 2 CwithRe > O(and = 0).
-% Thisis nottruefor Helmholtz!.
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Adaptive Cross Approximation

Thekernelfunction

k( ) e JX Y]
X, -
Y X Y]

IS asymptoticallysmoothfor all wavenumbers 2 CwithRe > 0(and = 0).
Thisis nottruefor Helmholtz!

Thesmoothnessonstanis givenby
O0s 1,
Im

c,=n@ 1+ 4+ 2A
Re

In theeddycurrentcase isgivenby = (1+ i) . Thesmoothnessonstant
Ch 1= N2 + pé)”
Isthenindependenof (resp. ).
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Adaptive Cross Approximation

Thekernelfunction

k( ) e JX Y]
X, -
Y X Y]

IS asymptoticallysmoothfor all wavenumbers 2 CwithRe > 0(and = 0).
Thisis nottruefor Helmholtz!

Thesmoothnessonstanis givenby
O0s 1,
=@ 1+ M4 oA
Re

In theeddycurrentcase isgivenby = (1+ i) . Thesmoothnessonstant
Ch 1= N2 + pé)”
Isthenindependenof (resp. ).
All kernelfunctionsin theeddycurrentBEM modelareasymptocicallysmoothwith

constantsndependenof
,  Thealgorithmworksfor all frequenciegshesame!
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Numerical example: Compression rates (sphere)

Computescalarsinglelayer potentialwith piecavise constants
Z Z o
VIi:j]= e " 7 ds, ds,
| Xy
for differentwavenumbers
= (1+1)

onaspherewith 2640boundaryelements.
Clustertreeandaccurag for the ACA methodare x ed.

Nt ul N comp cpr(%]
0) 6969600 | 1511428 | 21.7
1 6969600 | 1507491| 21.6
10 6969600 | 1021391 | 14.7
100 | 6969600 909733 13.1
200 | 6969600| 909540 13.1
1000 | 6969600| 909540 13.1
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Numerical example: analytic solution (cylinder)
c Fom Lax—Milgramandthe approximatiorpropertyof the discretespacesve get
T 2 3 2 2
E Ku uth?%(CurI | ch kukH%W() + Keurl UngW()
z) 2 3 2 2
c ALV PP T T
() 1l
S
> sowe canexpectlinearcornvergencein L ? for bothof the Caucly data.
=
@®©
%
2 N Dirichleterror | Neumanrerror | p N
= = 128 9.32e-02 9.86e-02 - | -
oS 2 512 4.26e-02 5.23e-02 1.13 | 0.92
= 35
2 0 2048 2.21e-02 2.66e-02 0.95| 0.98
. 8196 | 1.13e-02 1.34e-02 | 0.96 | 0.99
£ g 32768 5.40e-03 6.68e-03 1.06 | 1.00
£ D
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Magnitude of the current density
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Magnitude of the current density
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Thank you!
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