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Outline of the talkOutline of the talk

1. Formulationof theproblem
2. Mathematicaltools
3. Modellingof theboundarycondition
4. Solutionof theeddycurrentproblem
5. Someremarkson theheattransfer
6. FastBEM via AdaptiveCrossApproximation
7. Numericalexamples
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IntroductionIntroduction




I

I

Givendata: amperageI Unknown: currentdensityj in 

frequency ! ; elastostatics,elastodynamics

; thermodynamics
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Model for the current densityModel for the current density
Maxwell's equations

curl E = �
@B
@t

; div D = 0;

curl H = j +
@D
@t

; div B = 0:

LinearmaterialandOhm's law

D = "E; B = � H ; j = � E:

for piecewisehomogeneousandisotropicmaterial,i.e. " , � and� arepiecewiseconstant.
For simplicity only theconstantcaseis consideredin thispresentation.

Timeharmonicequationsandneglectionof displacementcurrents(eddycurrentsmodel)

curl E = � i! � H ; div "E = 0;

curl H = div � H = 0:

Eliminationof themagnetic�eld resultsin thesystem

curl curl E + � 2E = 0 in 
 ;

curl curl E = 0 in 
 c ;

div E = 0 in 
 c (gaugecondition):

with thecomplex wavenumber� := (1 + i )
p

2
2

p
! �� .
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Mathematical toolsMathematical tools

Energy spaces:

H (curl ; 
) := f V 2 L 2(
) : curl V 2 L 2(
) g

W (curl ; 
 c) :=

(
V

p
1 + j � j2

2 L 2(
 c) : curl V 2 L 2(
 c)

)

Traceoperators:
 D U := n � (U j � � n);  N U := curl U j � � n:

 � U := U j � � n;  n U := U j � � n; Ru := u � n:

Tracespaces:
H

1
2
jj (�) := f tang.®eldsin H

1
2
pw (�) with weaklycount.tang.comp.atedgesg

H
1
2
? (�) := f tang.®eldsin H

1
2
pw (�) with weaklycount.norm.comp.atedgesg

Surfacederivatives:
r � u := n � (r uj � � n); curl � u := r � u � n:

div� := �r �
� ; curl� := curl �

� ; � � := div� r � :

Tracespaces:
H

� 1
2

? (curl� ; �) :=
�

V 2 H
� 1

2
? (�) : curl� V 2 H � 1

2 (�)
�

H
� 1

2
jj (div� ; �) :=

�
V 2 H

� 1
2

jj (�) : div� V 2 H � 1
2 (�)

�

For detailssee: A. Buffa,Somenumericalandtheoretical problemsin computationaleletromagnetism, thesis,2000.
Buffa,Ciarlet(2001)
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Boundary value problemBoundary value problem
Eddycurrentequations

curl curl E + � 2E = 0 in 


curl curl E = 0 in 
 c ;

div E = 0 in 
 c

Continuoustangentialcomponent(Dirichlet data)
�
 D E

�
�

:=  c
D E �  D E = 0 on �

Transmissioncondition(Neumanndata)
�

1
�

 N E
�

�

= J = J (I ; ! ) on �

Radiationcondition

E = O(jxj� 1); curl E = O(jxj� 2) uniformly for jxj ! 1

Gaugecondition
Z

� k

E � n dSx = 0; k = 1; : : : ; Z := # connect.comp.of �

) uniquesolutionfor Im� > 0 andcontinuousright handsidehJ ; �i

For detailssee:R. Hiptmair, Symmetriccouplingfor eddycurrentproblems, SIAM J.Numer. Anal.,Vol. 40,No. 1, 2002.
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Computation of JComputation of J

Dueto

hdiv� ( N E); � i = �h curl E � n; r � � i = hcurl E; r � � � n i

= hcurl� curl E; � i = h(curl curl E) � n; � i

eachsolutionof theBVP satis�es

div� ( N E) = � � 2  n E

and
div� ( c

N E) = 0

respectively.

Computationof J :

1. Compute n E from thegivendataI and!

2. ComputeJ satisfying

div� J = div�

�
1
�

 N E
�

�

=
� 2

�
 n E = i! �  n E =: � f

Theabove relationscanalsobeusedto realizeadomaindecompositionmethodvia a
Dirichlet–Neumannmap.

!
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Computationof J :

1. Compute n E from thegivendataI and!

2. ComputeJ satisfying

div� J = div�

�
1
�

 N E
�

�

=
� 2

�
 n E = i! �  n E =: � f

Theabove relationscanalsobeusedto realizeadomaindecompositionmethodvia a
Dirichlet–Neumannmap.
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First stepFirst step


 � �

� + � +

Solve �eld equationsin an in-
�nity cylinder over � � with the
sidecondition

Z

� �
� E � � n dx = I �

Split thecurrentdensityinto asource�eld j s := � Es andreaction�eld j r := � E r .
ExploitingsymmetryandMaxwell equationsyieldsthetwodimensionalscalarsystem

� � er + � 2er = � i! �j s in �

� � er = 0 in � c

�
 0er

�
�

= 0 on@�
�
� � 1  1er

�
�

= 0 on@�

Fromthesideconditiononecanderive

j s =
1

j� j

�
I �

Z

�
� er dx

�
:

Thesystemhasto besolvedoneachcontact.
; 2D–BEM or analyticalsolutionfor simplegeometries
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Second stepSecond step
WeusetheHodgedecomposition

H
� 1

2
jj (div� ; �) = r � (H (�)) � curl � (H

1
2 (�) =CZ );

usingthespace

H (�) :=
n

� 2 H 1(�) =CZ : � � � 2 H � 1
2 (�) =CZ

o
:

Theansatz
J = r � � + curl � �

gives
� div� J = � � � � = f

Dueto
�h div� J ; 1i = hJ ; r � 1i = 0

oneachcomponentof � wegetthesolvability condition

hf ; 1i =
Z

� k

E � n dSx = 0; k = 1; : : : ; Z ( b= continuityequation)
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Second stepSecond step
Solve thevariationalproblem:

Find � 2 H 1(�) =CZ with

hr � �; r �  i L 2 (�) = hf ;  i L 2 (�) (1)

for all  2 H 1(�) =CZ .

Thebilinearform is continuousandelliptic

hr � �; r � � i L 2 (�) = kr � � k2
L 2 (�) � ck� k2

H 1 (�) for all � 2 H 1(�) =CZ :

UsingLax–Milgramwehave theexistenceof auniquesolution� 2 H 1(�) =CZ with
� 2 H (�) .

In thecontinuouscaseonecangetthesolutionJ from thesurfacepotential

J := r � � 2 H
� 1

2
jj (div� ; �)

Thecontributioncurl � � correspondsto  n E = 0.
Thediscretization� h 2 S1(�) � H 1(�) is notpossiblebecauseof � � � h 2 H � 1(�) .
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Second stepSecond step
Considerthecorrespondingsaddlepointproblem:

FindJ 2 H (div� ; �) and� 2 L 2(�) =CZ suchthat

hJ ; K i L 2 (�) + hdiv� K ; � i L 2 (�) = 0

�h div� J ;  i L 2 (�) = hf ;  i L 2 (�)

holdsfor all K 2 H (div� ; �) andall  2 L 2(�) =CZ .

Adding thesecondequationwith  = div� K andhr � �; r �  i L 2 (�) = hf ;  i L 2 (�) leads
to themodi�ed saddlepointproblem:

FindJ 2 H (div� ; �) und� 2 H 1(�) =CZ suchthat

hJ ; K i H ( div� ; �) + hdiv� K ; � i L 2 (�) = �h f ; div� K i L 2 (�) (2)

�h div� J ;  i L 2 (�) + hr � �; r �  i L 2 (�) = 2hf ;  i L 2 (�) (3)

holdsfor all K 2 H (div� ; �) andall  2 H 1(�) =CZ .

System(2,3) is elliptic.
) uniquesolutionJ 2 H (div� ; �) and� 2 H 1(�) =CZ .

ConformingGalerkindiscretization
) uniquesolutionJ h 2 RT (�) (Raviart Thomaselements)and� h 2 S1(�)
) quasioptimalerrorestimates

SÈollerhaus, 29.9.-2.10.2004 – p.11/30



In
st

itu
te

of
A

pp
lie

d
A

na
ly

si
s

an
d

N
um

er
ic

al
S

im
ul

at
io

n
U

ni
ve

rs
ity

of
S

tu
ttg

ar
t

Second stepSecond step
Considerthecorrespondingsaddlepointproblem:

FindJ 2 H (div� ; �) and� 2 L 2(�) =CZ suchthat

hJ ; K i L 2 (�) + hdiv� K ; � i L 2 (�) = 0

�h div� J ;  i L 2 (�) = hf ;  i L 2 (�)

holdsfor all K 2 H (div� ; �) andall  2 L 2(�) =CZ .

Adding thesecondequationwith  = div� K andhr � �; r �  i L 2 (�) = hf ;  i L 2 (�) leads
to themodi�ed saddlepointproblem:

FindJ 2 H (div� ; �) und� 2 H 1(�) =CZ suchthat

hJ ; K i H ( div� ; �) + hdiv� K ; � i L 2 (�) = �h f ; div� K i L 2 (�) (2)

�h div� J ;  i L 2 (�) + hr � �; r �  i L 2 (�) = 2hf ;  i L 2 (�) (3)

holdsfor all K 2 H (div� ; �) andall  2 H 1(�) =CZ .

System(2,3) is elliptic.
) uniquesolutionJ 2 H (div� ; �) and� 2 H 1(�) =CZ .

ConformingGalerkindiscretization
) uniquesolutionJ h 2 RT (�) (Raviart Thomaselements)and� h 2 S1(�)
) quasioptimalerrorestimates

SÈollerhaus, 29.9.-2.10.2004 – p.11/30



In
st

itu
te

of
A

pp
lie

d
A

na
ly

si
s

an
d

N
um

er
ic

al
S

im
ul

at
io

n
U

ni
ve

rs
ity

of
S

tu
ttg

ar
t

Second stepSecond step
Considerthecorrespondingsaddlepointproblem:

FindJ 2 H (div� ; �) and� 2 L 2(�) =CZ suchthat

hJ ; K i L 2 (�) + hdiv� K ; � i L 2 (�) = 0

�h div� J ;  i L 2 (�) = hf ;  i L 2 (�)

holdsfor all K 2 H (div� ; �) andall  2 L 2(�) =CZ .

Adding thesecondequationwith  = div� K andhr � �; r �  i L 2 (�) = hf ;  i L 2 (�) leads
to themodi�ed saddlepointproblem:

FindJ 2 H (div� ; �) und� 2 H 1(�) =CZ suchthat

hJ ; K i H ( div� ; �) + hdiv� K ; � i L 2 (�) = �h f ; div� K i L 2 (�) (2)

�h div� J ;  i L 2 (�) + hr � �; r �  i L 2 (�) = 2hf ;  i L 2 (�) (3)

holdsfor all K 2 H (div� ; �) andall  2 H 1(�) =CZ .

System(2,3) is elliptic.
) uniquesolutionJ 2 H (div� ; �) and� 2 H 1(�) =CZ .

ConformingGalerkindiscretization
) uniquesolutionJ h 2 RT (�) (Raviart Thomaselements)and� h 2 S1(�)
) quasioptimalerrorestimates

SÈollerhaus, 29.9.-2.10.2004 – p.11/30



In
st

itu
te

of
A

pp
lie

d
A

na
ly

si
s

an
d

N
um

er
ic

al
S

im
ul

at
io

n
U

ni
ve

rs
ity

of
S

tu
ttg

ar
t

Second stepSecond step
Considerthecorrespondingsaddlepointproblem:

FindJ 2 H (div� ; �) and� 2 L 2(�) =CZ suchthat

hJ ; K i L 2 (�) + hdiv� K ; � i L 2 (�) = 0

�h div� J ;  i L 2 (�) = hf ;  i L 2 (�)

holdsfor all K 2 H (div� ; �) andall  2 L 2(�) =CZ .

Adding thesecondequationwith  = div� K andhr � �; r �  i L 2 (�) = hf ;  i L 2 (�) leads
to themodi�ed saddlepointproblem:

FindJ 2 H (div� ; �) und� 2 H 1(�) =CZ suchthat

hJ ; K i H ( div� ; �) + hdiv� K ; � i L 2 (�) = �h f ; div� K i L 2 (�) (2)

�h div� J ;  i L 2 (�) + hr � �; r �  i L 2 (�) = 2hf ;  i L 2 (�) (3)

holdsfor all K 2 H (div� ; �) andall  2 H 1(�) =CZ .

System(2,3) is elliptic.
) uniquesolutionJ 2 H (div� ; �) and� 2 H 1(�) =CZ .

ConformingGalerkindiscretization
) uniquesolutionJ h 2 RT (�) (Raviart Thomaselements)and� h 2 S1(�)
) quasioptimalerrorestimates

SÈollerhaus, 29.9.-2.10.2004 – p.11/30



In
st

itu
te

of
A

pp
lie

d
A

na
ly

si
s

an
d

N
um

er
ic

al
S

im
ul

at
io

n
U

ni
ve

rs
ity

of
S

tu
ttg

ar
t

BEM for eddy currentsBEM for eddy currents
Singlelayerpotential(scalarandvectorial)

	 �
V [� ](x) :=

Z

�
G� (x; y)� (y) dSy ; 	 �

A [� ](x) :=
Z

�
G� (x; y)� (y) dSy ; x 2 IR3 n �

Doublelayerpotential

	 �
M [V ](x) := curl x 	 �

A (RV )( x); x 2 IR3 n �

with thefundamentalsolutionof theHelmholtz±typeoperator,

G� (x; y) :=
1

4�

e� � j x � y j

jx � yj
:

Scalarboundaryintegraloperators
V� :=  0 	 �

V

Vectorialboundaryintegraloperators

A � :=  D 	 �
A ; B � :=

1

2
( N +  c

N )	 �
A ; C � :=

1

2
( D +  c

D )	 �
M ; N � :=  N 	 �

M :

Boundaryintegralequations !

 D E =
�

1

2
I + C �

�
[ D E ] + A � [ N E ] + (r � � V� ) [ n E ]

 N E = N � [ D E ] +
�

1

2
I + B �

�
[ N E ]
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with thefundamentalsolutionof theHelmholtz±typeoperator,

G� (x; y) :=
1

4�

e� � j x � y j

jx � yj
:

Scalarboundaryintegraloperators
V� :=  0 	 �

V

Vectorialboundaryintegraloperators

A � :=  D 	 �
A ; B � :=

1
2

( N +  c
N )	 �

A ; C � :=
1
2

( D +  c
D )	 �

M ; N � :=  N 	 �
M :

Boundaryintegralequations !

 D E =
�

1

2
I + C �

�
[ D E ] + A � [ N E ] + (r � � V� ) [ n E ]

 N E = N � [ D E ] +
�

1

2
I + B �

�
[ N E ]
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BEM for eddy currentsBEM for eddy currents
Split theNeumanndata N E into known partJ andunknown part�

 N E =: � (�J + � );  c
N E =: � 0 � c = � 0 �

thenit holds
div� � = 0:

Wecanchoosetheunknown � in theconstraintspace

H
� 1

2
jj (div� 0; �) :=

�
V 2 H

� 1
2

jj (div� ; �) : div� V = 0
�

:

Testingthe�rst integralequation

 D E =
�

1
2

I + C �

�
[ D E] + A � [ N E] + (r � � V� ) [ n E]

with � 2 H
� 1

2
jj (div� 0; �) it follows from partialintegrationon thesurface

h(r � � V� )[ n E]; � i = �h V� [ n E]; div� � i = 0:

All thetermincludingthenormaltrace n E vanish.
Finally weset

 D E =  c
D E =: u 2 H

� 1
2

? (curl � ; �)
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Variational formulationVariational formulation
Find (u; � ) 2 H

� 1
2

? (curl� ; �) � H
� 1

2
jj (div� 0; �) with

h� ; (� 0A0 + �A � )� i + h� ; (C0 + C� )ui = h� ; �A � J i

h(B0 + B� )� ; v i +
� � 1

� 0
N0 +

1
�

N�

�
u; v

�
=

� �
�

1
2

I + B �

�
J ; v

�

for all (v ; � ) 2 H
� 1

2
? (curl� ; �) � H

� 1
2

jj (div� 0; �) .

Dueto C� = � B �
� theproblemis skew symmetric. Furtherwehave theestimate

jh� ; A � � i j � ck� k2

H
� 1

2
jj

(�)
for all � 2 H

� 1
2

jj (div� ; �) ;

whichgivesellipticity of theoperatorA �

jh� ; A � � i j � ck� k2

H
� 1

2
jj

(�)
= ck� k2

H
� 1

2
jj

( div� ; �)
for all � 2 H

� 1
2

jj (div� 0; �) :

Integrationby parts

hN� u; v i = � 2hRv ; A � (Ru)i + hV� (curl� u); curl� v i

andellipticity of V� yieldstheellipticity of theOperatorN � onH
� 1

2
? (curl� ; �) .
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Variational formulationVariational formulation
Thevariationalproblem:

Find (u; � ) 2 H
� 1

2
? (curl� ; �) � H
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2

jj (div� 0; �) with
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=

� �
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2

I + B �

�
J ; v

�

for all (v ; � ) 2 H
� 1

2
? (curl� ; �) � H

� 1
2

jj (div� 0; �) is

H
� 1

2
? (curl� ; �) � H

� 1
2

jj (div� 0; �) –elliptic:

Therearetwo possiblediscretizations

1. ConformingGalerkindiscretizationrequiresdiscretesubspaceX h � H
� 1

2
jj (div� 0; �)

(remark:ker (div� ) 6= Im (curl� ) for multiply connecteddomains
domaindecomposition; div�  N E = 0 onapartof theboundary)

2. Enforcetheconstraintdiv� � = 0 via Lagrangianmultipliers
; alsoworksfor thedomaindecomposition
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Variational formulationVariational formulation
Usingoperatornotationweget

 
A � B �

B N

!  
�
u

!

=

 
g1

g2

!

with theconstraintdiv� � = 0. Let theoperatorD bede�ned by

hD � ;  i := hdiv� � ; V  i for all  2 H � 1
2 (�) ;

thenthesaddlepointproblemwith Lagrangianmultiplier p 2 H � 1
2 (�) readsasfollows

0

B
@

A � B � � D �

B N 0
D 0 0

1

C
A

0

B
@

�
u
p

1

C
A =

0

B
@

g1

g2

0

1

C
A :

Adding thestabilizationterm0 = hV (div� � ); div� � i leadsto anew operatoreA via
D

� ; eA�
E

:= h� ; A� i + hV (div� � ); div� � i

We thengetthestabilizedsystem
0

B
@

eA � B � � D �

B N 0
D 0 0

1

C
A

0

B
@

�
u
p

1

C
A =

0

B
@

g1

g2

0

1

C
A
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Variational formulationVariational formulation
Ellipticity of N onH

� 1
2

? (curl� ; �) gives

u = N � 1(g2 � B � )

TheSchurcomplementS := ( eA + B � N � 1B ) is H
� 1

2
jj (div� ; �) –elliptic

� = S� 1(g1 + B � g2 + D � p)

usingthepropertiesof eA. For theLagrangianmultiplier we thengettheequation

D S� 1D � p = � D S� 1g1 � D S� 1B � N � 1g2:

Fromtherelationker(D S� 1D � ) = ker(D � ) = lin f V � 11z g theinvertibility of

D S� 1D � onH � 1
2 (�) =CZ immediatelyfollows.

) uniquesolution� 2 H
� 1

2
jj (div� ; �) , u 2 H

� 1
2

? (curl� ; �) andp 2 H � 1
2 (�) =CZ

ConformingGalerkindiscretization

� h 2 RT (�) � H
� 1

2
jj (div� ; �) ; ph 2 S0(�) � H � 1

2 (�) =CZ ;

uh 2 RT � (�) � H
� 1

2
? (curl� ; �) :

Discreteinf–supconditionfor D onRT (�) � S0(�) canbeshown.
) uniquesolution� h 2 RT (�) , uh 2 RT � (�) andph 2 S0(�)
) quasioptimalerrorestimate
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Heat transferHeat transfer
Conductorproducesheatandis cooledby agivenair �o w.

PSfragreplacements




 L
v

v

PSfragreplacements




 L


 L

v

v

Full model
; full Navier±Stokesequations+ energy balancein 
 c

Givenvelocitydominatesthe�o w
; computev independentof temperatureT

Dimensionalanalysis
; potential�o w in thefar®eld+ Navier±Stokesequationsin 
 L ; v

Energy equationin 
 L

� div
�
� (T )r T

�
+ v � r T = qV (v )

Linearheatconductionequationin 


� � � T = qV (E )

� is thethermalconductivity.
TheJoulelossesandthedissipationenterassourceson theright handside.

Substitutev = 1 in far®eldandv = 0 in boundarylayer
; nonlinearheatconductionequationin 
 L
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Heat conductionHeat conduction
Heatconductionequations

� � � T = qV (E) in 
 1 := 


� div
�
� (T )r T

�
= qV (v ) in 
 2 := 
 L

 0T = T0 on � D := @
 2 n � 12

�
 0T

�
= 0 on � 12 := @
 1 \ @
 2

�
� (T ) 1T

�
= 0 on � 12

SutherlandLaw

� (T ) =
cp � �

P r

�
T
T �

� 3
2

�
T � + T0

T + T0

�
in 
 2

TheKirchhoff Transformationu = M (T) with M (T) =
RT � (� ) d� gives

� � u = qV (E) in 
 1

� � u = qV (v ) in 
 2

 0u = M (T0) on � D

�
M ( 0u)

�
= 0 on � 12

�
 1u

�
= 0 on � 12
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BEM for the heat transferBEM for the heat transfer
Let � i :=  i

1u, ui :=  i
0u, localSteklov–PoincaréoperatorsSi , NewtonpotentialsN i .

; localDirichlet–Neumannmap

� i = Si ui � N i f

Thecouplingof theDirichlet datau2 = M (u1) is nonlinear
; weakcouplingof theDirichlet data
; strongcouplingof theNeumanndata

Standarddomaindecompositionapproachyieldsthefollowing variationalformulation:

Find (u1; eu2) 2 X := f (v1; v2) 2 H
1
2 (� 1) � H

1
2 (� 2) : M (v1) � v2 2 eH

1
2 (� 12 ); v2 j � D

= 0g

and� 12 2 H � 1
2 (� 12 ) suchthat

hS1 u 1 ; v1 i � 1 + hS2 u2 ; v2 i � 2hS2 eu2 ; v2 i � 2 �h v2 � M (v1 ) ; � 12 i � 12 =
2X

i =1

hN i f ; vi i � i �h S2 M̂ (T0 ) ; v2 i � 2

heu 2 � M (u 1 ) ; � 12 i � 12 = 0

for all (v1 ; v2) 2 X andall � 12 2 H � 1
2 (� 12 ).

ConformingGalerkindiscretization

ui 2 S1(� i ); � 12 2 S0(� 12 )

Discreteinf–supconditionfor h� � M (�); �i � 12 on
�
S1(� 1) � S1(� 2)

�
� S0(� 12 ).

) uniquesolutionui 2 S1(� i ); � 12 2 S0(� 12 )
) quasioptimalerrorestimate
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for all (v1 ; v2) 2 X andall � 12 2 H � 1
2 (� 12 ).

ConformingGalerkindiscretization

ui 2 S1(� i ); � 12 2 S0(� 12 )

Discreteinf–supconditionfor h� � M (�); �i � 12 on
�
S1(� 1) � S1(� 2)

�
� S0(� 12 ).

) uniquesolutionui 2 S1(� i ); � 12 2 S0(� 12 )
) quasioptimalerrorestimate
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Fast BEMFast BEM
Drawbackof theBEM arethefully populatedmatrices
; FastBEM

AvailableMethods:

1. Wavelets
Dahmen,Prössdorf,Schneider(1993,1994),Schneider(1998),Harbrecht,Schneider(2002)

Up to now notavailablein theeddycurrentenergy spacesfrom above

2. ClusterMethodswith kernelexpansion(Multipol, Panel±Clustering,. . . )
Greengard,Rokhlin (1988),Hackbusch,Nowak (1989),Sauter(1998,2000)

Complicatedimplementation,kernelexpansion

3. Algebraicclustermethods(ACA, H±Matrices,. . . )
Hackbusch(1999,. . . ), Bebendorf,Rjasanow (2000,2003,. . . )

Simpleimplementation,just kernelpropertiesneeded
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Adaptive Cross ApproximationAdaptive Cross Approximation
� Matrix partitioningvia hierarchicalclusterstructure

� distinguishbetweenadmissableandnon±admissableblocks

diam (C2) � � dist f C1; C2g;

� usefull matricesfor non±admissibleblocks

� approximateadmissableblocksby lowrankmatrices

A � UV T ; A 2 Cm� n ; U 2 Cm� p; V 2 Cn� p

� exploit asymptoticallysmoothnessof thekernels
�
�D �

y k(x; y)
�
� �

cn

jx � yjn+ �
; n = j� j; � 2 IN

� computetheapproximationalgebraicallyfrom matrixentries

� ; almostlinearcomplexity O(N 1+ � )

For detailssee:M. Bebendorf,S.Rjasanow, AdaptiveLow-RankApproximationof CollocationMatrices, Computing70,2003
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Adaptive Cross ApproximationAdaptive Cross Approximation
Thekernelfunction

k(x; y) :=
e� � j x � y j

jx � yj

is asymptoticallysmoothfor all wavenumbers� 2 C with Re� > 0 (and� = 0).
This is not truefor Helmholtz!.

Thesmoothnessconstantis givenby

cn = n!

0

@

s

1 +
�

Im�
Re�

� 2

+ 2

1

A

n

In theeddycurrentcase� is givenby � = (1 + i )� . Thesmoothnessconstant

cn := n!(2 +
p

2)n

is thenindependentof � (resp.� ).

All kernelfunctionsin theeddycurrentBEM modelareasymptocicallysmoothwith
constantsindependentof � .
; Thealgorithmworksfor all frequenciesthesame!
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Numerical example: Compression rates (sphere)Numerical example: Compression rates (sphere)

Computescalarsinglelayerpotentialwith piecewiseconstants

V [i; j ] =
Z

� i

Z

� j

e� � j x � y j

jx � yj
dSy dSx

for differentwavenumbers
� = (1 + i )�

onaspherewith 2640boundaryelements.

Clustertreeandaccuracy for theACA methodare�x ed.

� Nf ull Ncomp cpr[%]

0 6969600 1511428 21.7
1 6969600 1507491 21.6
10 6969600 1021391 14.7
100 6969600 909733 13.1
200 6969600 909540 13.1
1000 6969600 909540 13.1
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Numerical example: analytic solution (cylinder)Numerical example: analytic solution (cylinder)

FomLax–Milgramandtheapproximationpropertyof thediscretespacesweget

ku � uh k2

H
� 1

2
? ( curl� )

� ch3
�

kuk2
H 1

pw (�) + kcurl� uk2
H 1

pw (�)

�

k� � � h k2

H
� 1

2
jj

( div� )
� ch3

�
k� k2

H 1
pw (�) + kdiv� � k2

H 1
pw (�)

�

sowecanexpectlinearconvergencein L 2 for bothof theCauchy data.

N Dirichlet error Neumannerror � D � N

128 9.32e-02 9.86e-02 – –

512 4.26e-02 5.23e-02 1.13 0.92

2048 2.21e-02 2.66e-02 0.95 0.98

8196 1.13e-02 1.34e-02 0.96 0.99

32768 5.40e-03 6.68e-03 1.06 1.00
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Current density in magnetic valveCurrent density in magnetic valve
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Magnitude of the current densityMagnitude of the current density
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Current density in bus barCurrent density in bus bar
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Magnitude of the current densityMagnitude of the current density
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Thank you!
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