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Outline of the Talk

Model problem: SLP / DLP

Data-sparse H-matrix format
. H-matrix coarsening & arithmetic

Hybrid Cross Approximation




Model Problem: Laplace

—Au =0 in unit sphere Q := B(0,1) C R?,
U= Up on I':=00Q or

Optt = UN on I

Solution wu fulfils for x € T

_u ar, — 1 [,z —yuply) -

47T IIZE—yH C Am r lz = yl®
:,V[uN = Klup]
On the boundary I' we get the two mappings

Y

1 —1
up (§—|—K) V’LLN,

1
UN vl (§—|—K>u

Goal: discretise V and K efficiently / solve linear system




Roadmap: Discretisation & Solution

Viuy] = /F gv (@, y)un(y) ATy, Klup] = /F g5 (z,y)up(y) dT

Discretisation:
e discretisation by Galerkin's method
— dense stiffness matrix A

compression by ACA /Interpolation/. ..
— data-sparse H-matrix Ay

algebraic recompression/coarsening
— coarse H-matrix Ay

Solution:
e (algebraic recompression/coarsening)

e approximate LU-dec. Ay ~ LUy

e [, U;-preconditioned GMRES

Error Estimation &
Adaptive Refinement




Low Rank Approximation

//qx 9(r, )6 (y) dT,dT,

t
I S A|t><s %UVT, U,VERnXk.

Interpolation:

m3

g(z,y) = Z Ly,(x)9(zv,y)

Uty = /F b:(2) Lo () AT, Vi = / 6;(1)g(@s,y) T,

e EXponential convergence requires admissibility condition

e Rigorous proof for asymptotically smooth kernels

e \Works also for double layer




Choice of the clusters t, s

1. Subdivision of the index set 7 :={1,...,72}

n,...

{1,...,20}{21,...,45} {46,...,67} {68,...,72}

Indices — cluster tree 17
Geometry — BlinarySpacePartitioning




Choice of the blocks t x s

2. Subdivision of the product index set Z x 7

Given: cluster tree T7 with root Z ={1,...,n}

Seeking: block cluster tree 177

— 1

Start: Z x Z. Iterate: subdivide inadmissible blocks:

sons(t X s) := sons(t) x sons(s).

n - Admissibility:
min(diam(B;), diam(B;)) < ndist(B¢, Bs)

t




Numerical Example

Model problem: DLP on the sphere

Integration: automatic quadrature [Erichsen/Sauter]

n = 2048

Build Storage Error

e e P
8 |8 |8 |8 |88 8 :?
AR Interpol.  [Sec.] [KB/DoF] ||I— A, ‘A

olo| 8  MEY TN s s s ls| 8

e ne e e I 44 10.2 7.2x10~3
n = 32K 241 29.7 6.1x10"3
n = 128K 1353 40.9 5.7x1073
ACA

n = 8K 12 5.9 9.1x10™4
n = 32K 58 7.1 1.0x1073
n = 128K 284 8.3 2.5x1073

8 |8
8|8
s 8

Initial H-matrix
Complexity Interpolation: O (nlog(n)log(e)?)
ACA.: ~ O (nlog(n)log(e)?)




Numerical Example

Idea for 1st Recompression (blockwise):
Given: UV1 — Compute SVD
— discard small singular values o; < €07

DLP, n = 2048

el s R s Storage Error

i i ’43»3 3 3 |3 |afs a s
’3L R 3 |3 313 e 4 ?: 3 _1
Lt - o, BRL. o Interpol. [KB/DoF] |[I — A, Al

n = 8K 4.2 7.1x1073
n = 32K 4.7 7.2x1073
n = 128K 5.5 5.5x1073
ACA

n = 8K 1 4.3 3.8x1073
n = 32K 4.8 3.7x10"3
n = 128K 5.4 3.9x1073

4

1. Recompression

Complexity 1st Recompression: O (nlog(n)k?)




Numerical Example

Idea for Coarsening
(leaves to root):

Join 4 sons — SVD — discard singular values o; < €0y

DLP, n = 2048

e ) Storage Error

SE—- Interpol. [KB/DoF] |1 - A7'A|
n — 8K 1.9 8.0x103

n = 329K 2.3 7.8x1073

n = 128K 3.0 5.7x107 3

ACA

n — 8K 1.8 6.0x103

n = 32K 2.4 5.5x10 "

n = 128K 2.9 5.4x10 3

1ls 12(s
6 |s|n 5 3 |1

15} W16 |5 |7
M

4

Coarsening

Complexity Coarsening: O (nlog(n)k?)




Cholesky Decomposition of H-Matrices 11

Example “Crank Shaft”
n = 25744
SLP, [T —=VV |2 ~ 1073

Assembly Coarsen Cholesky Solve
standard 298 0 0 156 (81)
no prec. 298 86 0 46 (81)

e = 0.02 208 86 31 6.7 (9)

e = 0.00001 298 36 213 0.3

Software: HLib [http://www.hlib.org] Hardware: SUNFIRE 900 MHz

First paper on H-matrices: Hackbusch "99
2d/3d model problem: Hackbusch/Khoromskij '00
General Arithmetic/Complexity: Hackbusch, G. '00-'01




Review of ACA 12

successive rank 1 approximation of M

each rank 1 term is of the form
R, = M j« M« j /Mg j-

with pivot index ¢* determined by some
heuristic and

ok s — . .
g~ = argmax; M;« ;.

E.g., choice of ¢* in next step:

" := argmax; M; ;-.

only few entries M;- ;, M; ;~ needed

result: rank k matrix R =) R”




DLP/Galerkin

Comparison ACA - Interpolation

[KB/DOoF]

I = (&) "'Gl

Sphere

ACA, £ =102
ACA, ¢ =103
ACA, e =104
ACA, ¢ =107°

15.9
18.9
22.9
27.1

2.2x1073
2.6x10 4
3.2x10"°

1.2x10 6

Interpol., m=1
Interpol., m = 2
Interpol., m =3
Interpol., m =4

29.2
54.1
61.5
75.5

4.5%x10 2
2.7x10" 3
1.7x10" %

1.2x10~°

ACA, ¢ =102
ACA, ¢ =103
ACA, e =104
ACA, ¢ =107°

14.8
18.2
22.6
27.4

1.8x10~2
1.8x10 2
1.8x10 2

1.8x10~2

Interpol., m=1
Interpol., m = 2
Interpol., m =3
Interpol.,, m =14

28.7
55.1
71.7
89.4

5.3><10_2
7.5><10_3
1.6x10~3

6.8%x10°
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Review of ACA

What is proven [Bebendorf '00] ?
it
M;; = g(zi, y;)
z; € X, y; € Y for some asymptotically smooth g and

min{diam(X),diam(Y)} < n dist(X,Y)

then the error M;; — R;; after k ACA steps is at most

e = 02" VF)

in practice growth factor 1, convergence (14 c¢np~1)~ V¥
proof works only for Nystrgm of SLP

no proof for DLP or Galerkin

14



Review of ACA

Example (DLP):

(n(y5), Ti — Yj5)
s — ;|3

M; ;=

My O

0  Mao X

ACA approximates either My or Moo

M =

Error ||M — R||2 = || M]|2.

kernel function g is asymptotically smooth in z but not y
there exists a low rank approximation

ACA doesn’t find it

standard error estimator indicates success




Review of ACA

ACA approximates either M, or Moo

Error |M — Rl|s = ||M]|2.

kernel function g is asymptotically smooth in x but not y
surface is smooth

there exists a low rank approximation

ACA doesn'’t find it

standard error estimator indicates success
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Review of ACA

Conclusions:

ACA is proven for M;; = g(z;,y;)

The heuristic works well for many problems
In general it may fail
NO guaranteed error estimate

What we want:

e a method like ACA but

which cannot fail = proof
works for SLP, DLP, Collocation, Galerkin
IS simple and easy to implement

is as fast as the ACA heuristic

17



Hybrid Cross Approximation

//qz 9z, y);(y) d,dT,

S Algxs =~ USVT U,V e Rv¥k,

t]

Complete interpolation:

g(x,y) ~ ZZ xuayu)Lu(y)

Uy = / bi(0)Ly(2) ATy, V= / 63 (y) Lu(y) AT

Approximate the coupling matrix by ACA:
S~ ABT, Sv =9y, yu)

DLP: apply normal derivative to L,

18



DLP/Galerkin

Comparison ACA - HCA(D)

[KB/DOF]

I = (&) ~'Gl

Sphere

ACA, £ =102
ACA, ¢ =103
ACA, ¢ =104
ACA, ¢ =107°

15.9
18.9
22.9
27.1

2.2x1073
2.6x10 4
3.2x10"°

1.2x10~ 6

HCA(), m=1
HCA((I), m =2
HCA(I), m =3
HCA(I), m =4

18.5
23.0
27.7
32.8

T.1x10 2
4.2x10"3
4.4%x104

2.9%10°

ACA, ¢ =102
ACA, ¢ =103
ACA, e =104
ACA, ¢ =107°

14.8
18.2
22.6
27.4

1.8x10~2
1.8x10 2
1.8x10 2

1.8x10~2

HCA(I), m =1
HCA(I), m =2
HCA(T), m = 3
HCA(T), m = 4

11.5
17.1
20.5
27.7

1.6x10 1
3.7 x 10_2
5.3x103

4.0x10 4
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Hybrid Cross Approximation

HCA(II):

//qz 9z, y);(y) d,dT,

t| r .
S A|th%UV, U,VGRnX )

Compute coefficients ¢, ,, D, , by applying ACA to the
coupling matrix S to get

g(z,y) fﬁ(ygwq Cm) (Zg% Dﬁq)

/=1 \g=1

Compute the matrices U and V with entries

l

6:@9(,5,)Cri Vie= Y [ 5o, 9)Dr

g=1" 5

20



DLP/Galerkin

Comparison

ACA - HCA(II)

[KB/DOF]

I = (&) "'Gl2

Sphere

ACA, £ =102
ACA, ¢ =103
ACA, e =104
ACA, ¢ =107°

15.9
18.9
22.9
27.1

2.2x1073
2.6x10 4
3.2x10"°

1.2x10 6

HCA(II), m =1
HCA(ID), m = 2
HCA(II), m = 3
HCA(ID), m = 4

16.0
22.0
30.4
38.0

4.7x10 2
3.6x10 3
8.3><10_4

1.0x10~ %

ACA, ¢ =102
ACA, ¢ =103
ACA, e =104
ACA, ¢ =107°

14.8
18.2
22.6
27.4

1.8x10~2
1.8x10 2
1.8x10 2

1.8x10~2

HCA(ID), m =1
HCA(ID), m = 2
HCA(II), m = 3
HCA(II), m = 4

12.9
18.9
27.0
34.6

1.8x10 1
2.8%x10 2
3.9x10°3

8.3x10 4
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