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Motivation for Coupled FETI/BET]I

e Solving Nonlinear Field Problems

Magnetostatic 2D «— Maxwell

coil

e Why FETI/BETI?

— Parallel Computing core
e Why Coupling? ol

— Benefit from both FEM and BEM

techniques Sir

References
FETI: [Farhat, Roux, Klawonn, Widlund, Brenner]
BETI/Coupling: [Langer, Steinbach]
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Non-overlapping Domain Decomposition

QCR® n=2,3 bounded

Q) = Uie[ Q

I' =01

I'; = 0%,

I'iy=1yNTL;

n; ... outward unit normal vector to 2;
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Linear Potential Problem

Potential Problem a; = a;(x) !

-V - [ozz-Vu] =f in €
u=0 onl
(a;Vu) - 7; + (a;Vu) -, =0 on L'y,

Weak formulation — Find u € H;(Q):

Z/anU Vvdx—/fvda: Yo € HL(Q)

ZEI Q
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BEM Subdomains

I = IBM (J IP®M guch that  «; = const for i € IBEM

Local representation:

B ou . BEM
o;Vu - Voder = —o;Au vdx + a;,—— vds, fore e I
S— anz

Q-

7 7 =/ L; “

v :Szu—sz

Global formulation:

Z /oz@-Vu-Vvdac—l— Z /(Siu)vdsx:

icIFEM ¢ icIBEM .
— Z /fvder Z /(Nif)vdsx Yu € Hy(Q)
icIFEM ¢, icIBEM .

BEM Workshop, Sollerhaus 29.09.-2.10.2004




Discretization

e Triangulation of ;, i € ITEM
o n C HL(,) N HLQ) AVAAV

e Triangulation of I';, i € IBEV |
~ Vin CH{v € H1/2(I‘i) : v|p,Ar = 0}) conforming

(K n uy,v;) = /aivui,h Vupdr (f,v) = / fvipdx
€
Q;

($5Mu0) ~ [(Siuvinds,  (50) = [ (Nfyvindso
r

r; ¢

1
SEM = Dyt |

2M + K, }Vzhl {—Mi,thKi,h}

BEM Workshop, Sollerhaus 29.09.—2.10.2004




Tearing and Interconnecting

Tearing:  Unknowns are now (u;);cr
Interconnecting:  Continuity enforced by > Bu, =0
icl
IFEM =11

Linear System: IBEM — fg 41, ...

[ K Bl ([ w )
| Kqn B%T Qq
SSJEI\l/I,h | Bq.—l-l ﬁq_+1 =
SB,EhM BT u
\ B B B o B0 )\ x )\

,q}

, P}
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FEM - Schur Complement

Optionally: Elimination of inner FEM-unknowns via Schur Complement

SFEM KOC L KIC [KI ] KCI

FEM I
L’,h - iz h K@ h [K ] Lih
Linear System:
FEM
( St B/ \ [ w0 ( il_
N GFEM B:T E iFEM
q,h ey BTq q - BEM
q+1,h q+1 yq_Jrl o iq—i—l
SBEM BT U B:EM
\ B B, B B o )\ x L
L ) 1 e , A L o
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FETI/BETI - Regularization, Dual Problem

In floating domains, i.e. 't NI = 0:

~SFEM/BEM _ ~FEM/BEM
Sz',h = 5, 1

-
+ 3 €, ¢,
Elimination of w;:

_ [S,FEM/BEM} _1[f|.:EM/BEM . B@T} 4+ i e,

ih g

Dual problem: F :=3%" ., Bi[S'iF,EZM/BEM] B, G:= (Biei), ffloating

(&Y (2)-(4)

IORNISH

Projected dual problem: P :=1 — G(G'G)'G'

PF)X = Pd
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FETI/BETI - Preconditioners

Projected dual problem solved with CG-iteration.

Preconditioners: [Langer, Steinbach, Klawonn, Widlund, Brenner]

Crer = (BC,'B')'BC,

CB_ElTI — (BcoleT)_lBCojl

Spectral Equivalence:

" BisT M BT ¢ BT (BO, BT
i€l
'S BB/ |C'BT)(BC,'BT)

el

SBEM ~ SFEI\/I Sz o D’i,h

Condition Estimate:

K (P Cre FETI/BETI

Y

PTPTFP) < (1 +log(H/h))?
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Nonlinear Potential Problems

Nonlinear Coefficient v; : RS — R*,  1;(-) = const for i € I5EM
s — v(s)s strongly monotone and Lipschitz-continuous

=V [p([Vu)Vu] = fin Q
u=0 onT
vi(|Vul)Vu -1y + v ([Vu)Vu - 1i; =0 on Ty,

Problem: In magnetostatics, v; not available in analytical form
~+ Approximation
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Approximation of B-H-Curves

Magnetostatics / Maxwell:

—V - [wi(|Vu))Vu] =P
V(s)::—f_i(s)
|H| = v(|B]) |B]
‘Physical’ Properties:
B-H-Curve f
fE€C Ry —Ry)
f(0)=0
f'(s) > po >0 —

lim f(s) = po

— L::maxfls < oo
szo| (s)]

VX |V X A)V x A] "
\—\/—/ W

=B

\ >4

—H

vvvvvvvvvvvvv
nnnnn

Bl = f(IH]) .

reluctivity v
v € C'(RT — RY)
v(s)s strongly monotne:
(v(s)s —v(t)t)(s —t) > 1/L|s — t|?
v(s)s Lipschitz-continuous:

[v(s)s —v(t)t] < 1/pols — ¢
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Approximation of B-H-Curves

[Pechstein, Jiittler, Gfrerer] S ]
Given Data Pairs s ‘

(Hg, Bk)k=1,... N

\\\\\
0000000000000000000000000

Approximation of f in the class of strongly monotone cubic C! splines,
such that |f(Hk) — Bk‘ < ¢k

H
Minimization of [ [f”(s)]2 95 (Data Dependent Functional)

0

w(s)

~» Quadratic Optimization Problem

: : =N Trick .
~+ Spline Representation of f WM Fast Evaluation of v, 1/, etc.
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Approximation of B-H-Curves — Results

nu - interproximated B-H-curve - Su7a2.dat - monotone cubic C*1 B-spline (rel. tolerance 0.005) interproximated B-H-curve - SiFe.dat - monotone cubic C*1 B-spline (rel. tolerance 0.005)

1le+06 T T
odaratt 4 2 data ,
mmmmmamenam --famnton ™ - i fungtion..-
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Nonlinear Potential Problem

Nonlinear Coefficient v; € C*(Rf — RY),  v;(-) = const for i € 1°M

000000

v;(t)t strongly monotone, Lipschitz-continuous

=V - [vi(|Vu|)Vu] = f in
u=0 onll
vi(|Vu|)Vu - i + v (|[Vu|)Vu - 7i; =0 on T'y;

Weak formulation: Find u € H;(Q):

Z /yi(\Vu\)Vu-Vvdx—l— Z /(Sfyi)u)vdsw:

icIFEM ¢ icIBEM .
— Z /ffud;r;—|— Z /(Nz-f)vdsw Yo € H}(Q)
icIFEM ¢, icIBEM .
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Newton lteration

Initial ©(9,  e.g. w® =0

Z /[Ci(\Vu<k>])Vw(k) - Vodx + Z /(Sgui)w(k))vdsa;:

icIFEM . i€IBEM p.
— Z / fv— I/Z-(\Vu(k)DVu(k) - Vudx + Z / (N f) — (Siu(k))} v ds,
icIFEM ) icIBEM .
where
vi(Ipl) n "
Ci(p)q := vi(lp))g + | (p-a)p Vp € R\ {0} VqeR
Ci(0)q := vi(|0])q Vg € R"
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FETI/BETI for the k-th Newton Equation

Define
/
(K; p(w)w,v) = /Q [Gi(up) - Vwp] Vo, dz
1
(zgk),y) = (f; - Ki@w®) vy forie MEM
EEkz),BEM’Q) _ (f?!BEM B thEMﬂ(k)) for i € [BEM
Linear System
T k
K1 5 (u) By w®) r{F)
. / .T .k
K n(u) By M((J ) ¥
SBEM BT (k) — | ,.(k),BEM
q+1,h g+1 Wa+1 —q+1
BEM T : k).BEM
Sp,h Bp w](gk) fzg) :
By By By41 Bp 0 A 0
BEM Workshop, Sollerhaus 29.09.-2.10.2004
18




Inner vs. Outer lteration

Outer lteration: Newton
Inner Iteration: Projected Preconditioned CG

Stopping Criterion (PPCG):
|PEAY|| < e¢d Ao

Stopping Criterion (Newton):

H (Tgk),inner>i€IFEM || < ENewton T0

additionally measure flux jump on the interfaces I';;

BEM Workshop, Sollerhaus 29.09.-2.10.2004

19



Numerical Results (Linear)

model problem:
coil-core configuration

core wy = 103
coil / coil  f =410
elsewhere pu,.=1,f=0

Dirichlet: u|sq =0

_ 1 _ —7
V= Ho = 4.7.10

OSTBEM
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Numerical Results (Linear)

260 coupling nodes, 911 inner nodes, 276 Lagrange parameters

preconditioner | iterations | residual | total (sec) | one step (sec)
FETI (C = 1) 77 038e-13 | 5.7 0.0775
BETI 34 6.79e-13 5.73 0.06382
FETIT (Kla-Wid) 22 1.60e-13 | 1.89 0.0859
BETI 34 9.26e-13 2.61 0.07638

532 coupling nodes, 3271 inner nodes, 548 Lagrange parameters

preconditioner | iterations | residual | total (sec) | one step (sec)
FETI (C = 1) 06 197e-13 | 388 0.404
BETI 98 9.60e-13 37.0 0.377
FETI (Kla-Wid) 23 494e-13 | 104 0.453
BETI 39 6.52e-13 15.8 0.404
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Numerical Results (Linear)

PPCG residual - magnet.inp PPCG residual - magnet.inp
Scaled ISchur Comlplemem P;econdilionle type Klavlvonn—WidIulnd (Euclid)I E— I Scaleld Schur Clomplemelnt Preconlditione ly[;e Klawonln-WidIun(Ii (Euclid) J—
Scaled Hypersingular Preconditione type Klawonn-Widlund (Euclid) ------- Scaled Hypersingular Preconditione type Klawonn-Widlund (Euclid) -------
Scaled Schur Complement Preconditione type C_diag = 1 (Euclid) -------- Scaled Schur Complement Preconditione type C_diag = 1 (Euclid) --------
1 Y Scaled Hypersingular Preconditione type C_diag = 1 (Euclid) 7] 1 3 Scaled Hypersingular Preconditione type C_diag = 1 (Euclid)
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_  0.0001 B _ 0.0001
< [
> >
o h=]
3 3
by le-06 E ° 1le-06
= 2
8 k&
[3 [
le-08 E 1e-08
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le-12 B le-12
le'l4 1 1 1 1 1 1 1 1 19'14 1 1 1 1 1 1 1 1 1
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iteration iteration
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Cells

u
0.00189
0.00152
—0.00114

_0}00
0.00039

2.49e-05

-0.000349

-0.000722

-0.00109

-0.00147

-0.00184

Numerical Results (Linear)

potential u

Cells

1B
0.00333

0.00317

—0.00282

—0.00247

0.00212

0.00176

0.00141

0.00106

0.000706

0.000353

1]

| B|-field
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Concluding Remarks and Outlook

Family of FEM/BEM Domain Decomposition Techniques
Coupled FETI/BETI with two efficient and robust Preconditioners

Efficient and fast handling of B-H-Curves

Balancing inner and outer iteration (E(CG), ENewton)

Meshrefinement (adaptive)
Use multilevel structure for good initials u® and Multigrid Preconditioning

Exploit various levels of elimination w.r.t. parallel computing
(K;, Si, BETI saddle-point-problem, etc.

Nonlinear Tearing and Interconnecting

BEM Workshop, Sollerhaus 29.09.-2.10.2004
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Nonlinear Tearing and Interconnecting

Solution u of the local nonlinear boundary value problem

—V - [vi(|Vu|)Vu] = f in Q;
u =g onI;, NI
U = v; on FZ\F

defines the Nonlinear Dirichlet-to-Neumann-map

Tilf,g] : HY*(T;\T) — H 2@\ D) : v; = vy(| V)

ou
on;
vi() = const = T;[f, g](v;) = Si;g + Siv; — N, f

Q; floating: T;[f, g](v;) = T;[f](v;), kernel = constant functions
Possible Realization of T [ f, g](v;):

Solve nonlinear Dirichlet problem (g, v;, f) with (damped) Newton

(k)

Last iterate U,

determines Neumann data via Schur Complement.
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Nonlinear Tearing and Interconnecting

Nonlinear Neumann-to-Dirichlet-Map (nonfloating)
Solve Dirichlet problem

~V - [n(|Vu))Vu] = £, in Q)
u =g, on I, NI,
I/Z(|V’LL|)8’U,/aﬁZ = ti, on Fz \ F,

with a (damped) Newton, take Dirichlet data ~ T;[f, g] ' (%;)

Nonlinear Neumann-to-Dirichlet-Map (floating)
Solve a regularized version of the local Neumann problem

—V - lvi(|Vu|)Vu] = f in €2;
vi(|Vu|)Ou/on; = t; on I';

with (damped) Newton, take Dirichlet data ~» T;[f, g] ™' (¢;)
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Nonlinear Tearing and Interconnecting

Global Problem

ti = Ti[f, g](us) on I';
U = Uj on I';;
ti + tj =0 on Fij

Eliminating (¢;) ~> Nonlinear Variational Skeleton Problem

> / T,[f, gl(uw) vds, =0, Vv € HY*(UieTi \ T).

il
T;\I

Discrete approximation of the nonlinear operators:

FEM/BEM ~FEM/BEM
Ti,h / [f7 9]7 Ti’h / [f7 g]
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Nonlinear Tearing and Interconnecting

Nonlinear FETI/BETI System

TP e gl(w,) + BIA=0, Viel,

i,h

Eliminate (u;) via solution of local (nonlinear) problems

FEM/BEM
i = TN ) (= BIXY) dvieg
“4 constant”
Define
F) =Y BT, "™ f 91" (= Bf A),
el

G = (Bi€i)icI, Q; floating>
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Nonlinear Tearing and Interconnecting

Nonlinear Dual Equation

FA) + Gy = 0
GT\

|
o

Linear Projection P :=I — G(G*G)'G*
~> Projected Nonlinear Dual Equation

PF(A) =0

Solution A — v — (u,;) — global field uy,
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Nonlinear Tearing and Interconnecting - To Do

e Existence of a unique solution A (Regularity of F'(-))
e Fixpoint or Newton lteration + Analysis

e Preconditioning
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