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Abstract

We extend the notion of generalized boundary triples and their Weyl functions from
extension theory of symmetric operators to adjoint pairs of operators, and we pro-
vide criteria on the boundary parameters to induce closed operators with a nonempty
resolvent set. The abstract results are applied to Schrodinger operators with complex
LP-potentials on bounded and unbounded Lipschitz domains with compact bound-
aries.

1 Introduction

Abstract boundary value problems for symmetric and self-adjoint operators in Hilbert
spaces can be efficiently treated within the framework of boundary triples and their
Weyl functions, a technique that is nowadays well developed and applied in various
concrete and abstract settings, see, e.g., the monograph [12] for an introduction into
this field, some typical applications to differential operators, and further references.
Henk’s contributions on boundary triples and their generalizations have inspired many
mathematicians in modern analysis, differential equations, and spectral theory. In
particular, abstract coupling techniques for boundary triples from [30] or the notion
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of boundary relations and their Weyl families from [31-33], developed jointly with
V.A. Derkach, S. Hassi, and M.M. Malamud, have had a substantial impact on the
field.

The aim of this note is to consider a class of non-symmetric abstract boundary value
problems in the context of adjoint pairs of operators. Such problems have their roots
in the works of ML.I. Visik [67], M.S. Birman [20], and G. Grubb [41], and have been
further developed in the framework of (ordinary) boundary triples by L.I. Vainerman
in [66] and V.E. Lyantse and O.G. Storozh in the monograph [53], see also [10, 24-26,
43,44, 55-57, 60] for more recent developments and, e.g., [2-7, 9, 36, 37, 42, 49-51,
54, 58, 62-65, 68, 69] for other closely related approaches and typical applications.
In fact, our main objective is to introduce and to study the notion of generalized
boundary triples and their Weyl functions for adjoint pairs of operators, extending the
definition by V.A. Derkach and M.M. Malamud from [34] (see also [28, 29]) from the
symmetric to the non-symmetric setting. At the same time the present considerations
can be viewed as a special case of the treatment in [8], where the notion of quasi
boundary triples and their Weyl functions for symmetric operators from [13-15, 17]
was extended to the general framework of adjoint pairs under minimal assumptions
on the boundary maps. Although our abstract treatment in Section 2 in this sense is
contained in [8], many of the general results from [8] simplify substantially in their
assumptions and their formulation.

The abstract notion of generalized boundary triples for adjoint pairs turns out to
be useful as it can be applied directly to Schrodinger operators with complex poten-
tials on Lipschitz domains 2. More precisely, in Section 3 we consider a class of
non-self-adjoint relatively bounded perturbations V € L?(S2) of the Laplacian and
provide a generalized boundary triple for the adjoint pair {—A + V, —A + V}, where
the boundary maps are the Dirichlet and Neumann trace operators tp and ty; here we
rely on properties of the trace operators on Lipschitz domains with compact bound-
aries that can be found in, e.g., [11, 40] and are recalled in the appendix. We apply
this generalized boundary triple to obtain sufficient criteria for boundary parameters
in L2(dQ) to induce closed realizations of —A + V and —A + V with nonempty
resolvent set in L?(£2). More precisely, if the complex potential V € L” () satisfies
Assumption 3.1, we conclude in Corollary 3.7 that the Robin realization

Ap=—-A+V,

1.1
domAp = |f € H*(Q) :tvf =Bipf, (~A+V)f e LX)}, (-

is a closed operator in L2(2) with a nonempty resolvent set; here it is assumed that
the boundary parameter B is a bounded everywhere defined operator in L?(9<2).
Furthermore, if Ay denotes the Neumann realization of —A + V, and y, ¥, and M are
the y-fields and Weyl function, respectively, associated with the generalized boundary
triple in Theorem 3.3, then the Krein-type resolvent formula

(Ap =7 = -0 +y W (1 - BMW) T BY()* (1.2)
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is valid for all A € p(Ap) N p(Ap). One of the key ingredients in the proofs is to
ensure a decay of the norm of the Weyl function M along the negative axis, so that the
operator / — BM (X) in (1.2) admits a bounded everywhere defined inverse in L2(3Q).
This technique is inspired by [15], where similar methods were developed for non-
self-adjoint extensions of symmetric operators in the context of quasi boundary triples.
We point out that the functions in the domain of Ap in (1.1) exhibit H3/>-regularity,
which is natural for realizations of the Laplacian on (bounded) Lipschitz domains,
such as Dirichlet and Neumann realizations; cf. [45, 46] and [11] for more references
and details. We also refer the reader to [1, 21-23, 27, 37-39, 48, 61] for related recent
contributions on self-adjoint and non-self-adjoint Robin-type boundary conditions.

Notations

For a linear operator A its domain, kernel, and range are denoted by dom A, ker A,
and ran A, respectively. If A is an operator in some Hilbert space, then o), (A) denotes
the set of eigenvalues. If, in addition, A is closed, then the symbols p(A) and o (A)
are used for the resolvent set and the spectrum, respectively. Next, for an open set
Q c R"and s > 0 the sets H*(2) are the L2-based Sobolev spaces of order s, and for
a bounded or unbounded Lipschitz domain 2 with compact boundary and s € [—1, 1]
the L?-based Sobolev spaces on <2 are H®(9€2); cf. [59] for their definitions. Finally,
for a Banach space X its dual space is X*.

2 Generalized Boundary Triples for Adjoint Pairs

Let H be a separable Hilbert space and assume that S and Sare densely defined closed
operators in H which satisfy the identity

(Sf.g)=(f.Sg), fedomS, gedomS. 2.1)
It is clear that (2.1) is equivalent to S C S*and S C S*.In the following a pair {S, §}

with the property (2.1) will be called an adjoint pair. Furthermore, we will make use
of another pair of operators {T', T'} such that

T=5 and T =25 2.2)
holds. Note that (2.2) implies T C S* and T C S*, and that (2.2) is equivalent to

T* = S and T* =S A pair of operators {7, T} with the property (2.2) will be called
a core of {S*, S*}.

2.1 Generalized Boundary Triples

The next definition is a special case of [8, Definition 2.1] and should be viewed as the
natural generalization of the concept of generalized boundary triples for symmetric
operators from [34], see also [16, 31, 33].
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Definition 2.1 Let {S, S} be an adjoint pair of operators and let {T’, T}Nbe a core of
{(S*, S*}. A generalized boundary triple {G, (To, '), (To, T'1)} for {S, S} consists of
a Hilbert space G and linear mappings

I'p,I'y :domT — G and Fo,Fl :domf—>g

such that the following holds:

(i) the abstract Green identity

(Tf, ) — (f, T = T1f. Tog)g — (Tof, Tig)g

is valid for all f € dom 7" and g € dom T, ~
(i) the mappings I'g : dom 7T — G and I : dom 7" — G are surjective,
(iii) the operators Ag := T [ ker['g and Ag := T | ker [ satisfy

Af = Ay and A = Ao. (2.3)

Let{G, (I'y, Fll’ (Fo, Fl)} be a generalized boundary triple for {5, §} andlet{T, f}
be a core of {S*, $*}. We briefly recall some immediate properties that follow from
the more general treatment in [8] and are known for the symmetric case from [34].
We remark first that (iii) implies

ScTcS* and SCcT c S~
According to [8, Lemma 2.4] we have
dom § = kerfo ﬂkerFl and dom § = kerI'oNkerI'y,

and ran (o, ') and ran (g, T';) T are both dense in G x G by [8, Lemma 2.3].
Furthermore, the mappings I'g, 'y : dom7 — G and Fo, Fl s domT — g are
closable with respect to the graph norm of 7" and T, respectively. It is also important
to note that the pair {7, T} is not unique and may even coincide with {S*, 3"*}, which
is the case if, e.g.,

dim(dom $*/dom §) = dim(dom S* /dom S) < oo. (2.4)

In the special situation that {7, ?} = {S*, §*} it follows from [8, Proposition 2.6] that
ran (I, Fl)T = G x G andran (Fo, Fl)T = G x G, which implies that the restrictions
Ao =T | kerT'y and Avo =T [ ker Fo automatically satisfy (2.3); cf. [57]. Thus, in
this situation the notion of generalized boundary triples from Definition 2.1 reduces
to the special case treated in [26, 53, 57, 66]. In the following we will be interested in
the case

dim(dom $*/dom §) = dim(dom S*/dom S) = oo,

although our abstract discussion remains valid (in a simplified form) also in the finite
dimensional case (2.4).
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The next result is a variant of [8, Theorem 2.7] and can be used to verify that a pair
{T, T} is a core of the adjoints of suitable operators S and S, respectively.

Theorem 2.2 Let 'H and G be Hilbert spaces, let T and T be operators in 'H, and
assume that there are linear mappings

I'g, 'y :domT — G and Fo, Fl : domT — g

such that the following holds:

(i) the abstract Green identity

(Tf, &)1 — (f, Te)n = T1f.Tog)g — (Tof, T18)g

is valid for all f € domT and g € dgmf, N
(ii) the mappings I'y : domT — G and ['g :dom7 — gare surjective,
(iii) the operators Ag := T | ker'g and Ag := T | ker ['g satisfy

AS = Z() and ANS = Ao,

(iv) ker I'g Nker I'y and ker Fo N ker Fl are dense in 'H.
Then

Sf = Tf, f € domS = ker g Nker Ty,
§g =Tg, gc¢€ domS = ker I'o Nker I'y,

are closed operators in H and form an adjoint pair {S, §} such that {T, T} is a core
of {S*, §*}, and {G, (T'y, I'1), (To, T'1)} is a generalized boundary triple for {S, S}.

2.2 y-Fields and Weyl Functions

In the following let {G, (g, I'1), (Fo, Fl)} be a generalized boundary triple for {S, §}.
It follows from (2.3) that the operators Ag = T | ker g and Zo =T [ ker Fo are
both closed and that the resolvent set of Ag = T [ ker I is nonempty if and only if
the resolvent set of AVO =T | ker Lo is s nonempty. More precisely, one has A € p(Ao)
if and only if A € p(Ao) and u € p(Ao) if and only if Iz € p(Ao).

Now assume that p(Ag) # @ or, equivalently, p (Ao) # (J, and recall the direct sum
decompositions

dom T =dom Ag+ ker(T — A) =kerg+ ker(T — 1), A € p(Ap),
dom T = dom Ay + ker(T — p) = ker o+ ker(T — ), € p(Ao).

We introduce the y-fields and Weyl functions following the ideas in [8, 13, 31, 34,
55-57].
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Definition 2.3 Let{G, (I'g, I'1), (FOLFI)}beageneralized boundary triple and assume
that p(Ag) # @ or, equivalently, p(Ag) # @.

(i) The y-fields y and ¥ are defined by

y () = (To [ ker(T — 1), &€ p(Ao).

~ ~ o~ -1 ~
() == (Fo [ ker(T — ). p € p(Ap).
(i) The Weyl functions M and M are defined by

-1
M@) :=T(To [ ker(T —1) =Tiy(), 1€ p(Ao).
~ ~ i~ ~ —1 ~ ~
M(u) =T (Fo [ ker(T — ) =T1¥(w),  u € p(Ao).
In the next proposition we collect some properties of the y -fields and Weyl functions

corresponding to a generalized boundary triple, see [8, Proposition 3.3 and Proposi-
tion 3.4] for proofs.

Proposition 2.4 Let {G, (I'g, I'y), (Fo, Fl)} lLe a generalized boundary triple and
assume that p(Aog) # ¥ or, equivalently, p(Ag) # . Then the following holds for
A € p(Ag) and p € p(Ao):

(i) y(X) and Y () are everywhere defined bounded operators from G to H; _
(ii) the functions ) — y (A) and u — Y (1) are holomorphic on p(Ag) and p(Ayp),
respectively, and one has

yA) = (I + Q=14 — 1 y®), i, vep(Ag,
() = (I+ @ —o)A)—w NP, u oecp(A;

(iii) y (\)* and Y (u)* are everywhere defined bounded operators from H to G and
one has

yW* =T1(Ag— 07" and J(w)* =Ti(Ag -0~

(iv) M (L) and M () are everywhere dejzned bounded operators in the space G, and
for f,. € ker(T — A) and g, € ker(T — ) one has

MMTofy =T1fi and M(w)Togu = T1gu;
(v) M(L) = M(X)* and M(u) = M(w)* and one has

MO — M@)* = (0. — Yy (),
MG = M(p) = (k — )y W) Y (w);
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(vi) the functions A — M (L) and . +— A?(u) are holomorphic on p(Ao) andp(go),
respectively, and for some fixed ,g, Lo € p(Ag) N p(Ag) one has

M) = Mo)* + 7 (20)* (t — 20) (I + (A — 20) (Ao — )™y (R0,
M) = M(10)* + ¥ (120)* (w — To) (I + (1t — o) (Ag — 1)~ ") P (o).

2.3 Closed Extensions and Their Resolvents

Next we introduce two families of operators in 7 as restrictions of 7" and T via abstract
boundary conditions in G. Let >t again {g, (Tg, I'1), (Fo, r 1)} be a generalized boundary
triple for the adjoint pair {S, S }, where {T, T} isacore of {S”, * S *} For linear operators
B and B in G we define the restrictions A p of T and A of T via abstract boundary
conditions in G by

Agf:=Tf, domAp:={fedomT:BTf=Tof}

~ ~ ~ ~ o~ ~ (2.5)
Apg:=Tg, dom Ay = {gedomT:BFlg:Fog}.

It follows from Green’s identity that for a densely defined operator B one has
Ap C (Ag)* and Ap« C (Ap)™.

In the nextlemma, we formulate an abstract version of the Birman-Schwinger principle
to characterize eigenvalues of the extensions Ag and A via the Weyl functions; cf.
[8, Corollary 4.3] for a proof.

Lemma 2.5 Let {G, (I'g, 1), (FQ: Fl)} be a generalized bOLLndary triple, assume that
p(Ag) # O on, equivalently, p(Ag) # O, and let M and M be the assogiated Weyl
Junctions. Then the following assertions hold for the operators Ap and Ag in (2.5),
and all A € p(Ag) and u € p(Ag):

(i) » € 0,(Ap) if and only ifker(I — BM (1)) # {0}, and in this case
ker(Ap — ) = y (&) ker(I — BM())).

(ii) w € 0,(Ap) if and only ifker(I — BM (i) # {0}, and in this case
ker(Ag — ) = 7 (u) ker(I — BM ().

In the next theorem we impose abstract conditions on f, g € H, the y-fields, Weyl
functions, and parameters B and B such that a Krein-type formula for the inverses of
Ap — A and A 5 — m applied to f and g, respectively, becomes meaningful; cf. [8,
Theorem 4.4]. These conditions will be made more explicit in Theorem 2.8.

Theorem 2.6 Ler {G, (I'g, I'1), (I‘o, Fl)} bea genemlzzed boundary triple and assume
that p(Ao) # O or, equivalently, p(Ao) # (. Let y,y and M, M be the associated
yfields and Weyl functions, respectively. Then the following assertions hold for the
operators Ag and Ag in (2.5), and all . € p(Ag) and v € p(Ag):
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(i) If » ¢ 0,(Ag) and f € 'H is such that Y(\)*f € dom B and By (\)*f €
ran (I — BM (X)), then f € ran (Ap — A) and

(Ag =)' f =A=' f+y)(I — BMOW) ' BY()*£.

(ii) If u ¢ oﬁ(gg) and g € 'H is such that y(i)*g € dom B and Ey(ﬁ)*g €
ran (I — BM (), then g € ran (Aj — ) and
~ _ ~ _ ~ ~ ~ 15
Ag—w'g= A —w 'g+7w (I — BMw) By@m*s.
As a corollary of Theorem 2.6 we formulate the following result; cf. [8, Theo-
rem 4.6].

Corollary 2.7 Let the assumptions be as in Theorem 2.6 and let B be a densely defined
operator in G such that for some . € p(Ag) one has

Y)*f edomB and BY(W)*f eran(I — BM(X)) forall f eH,
and for some |1 € ,o(go) one has
y(@)*g € dom B* and B*y(m)*g € ran (I — B*M(n)) forall g € H.
Then Ap in (2.5) is a closed operator with a nonempty resolvent set and one has
Ap = (Aps)*.

Now we recall a more direct and explicit criterion in terms of the Weyl function and
the boundary operator B such that Ap becomes a closed operator with a nonempty
resolvent set; cf. [8, Corollary 4.9].

Theorem 2.8 Let {G, (I'g, I'1), (Fo, F] )} bea generallzed boundary triple and assume
that p(Ao) # 0 or, equivalently, (Ao) #@. Let y,y and M, M be the associated
y -fields and Weyl functions, respectively.

(i) Assume that B is a closable operator in G such that 1 € p(BM (Ag)) for some
Ao € p(Ag) andran(I'y | ker I'g) C domB. Then A in (2.5) is a closed operator,
Ao € p(Ap), and the Krein-type resolvent formula

_ _ R
(Ag =27 = (A0 =N+ ¥y (I - BMM) BY (D)
holds for all € p(Ao) N p(Ap).
(ii) Assume that Bisa closable operator in g such that 1 € p(BM(uo)) for some

Ho € ,O(A()) andran(l"l [ ker Fo) C domB. Then AB in(2.5)is a closed operator,
o € p(A %), and the Krein-type resolvent formula

Az —w ' = A —w " + 7w - BMw) ' By*

holds for all u € p(xo) N p(gg).
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Sketch of the proof of (i) First, the assumption ran (I'y [ kerI'g) C dom B and
Proposition 2.4 (iii) imply that By (Ao)* is an everywhere defined operator from H
into G. Moreover, as B is closable and (h0)* is bounded, B v (h0)* is closed and hence
bounded by the closed graph theorem. Next, using the assumption 1 € p(BM (X))
we conclude Ao ¢ 0,(Ap) from Lemma 2.5 (i) and, moreover, we also have that
ran (I — BM (Lp)) = G. Now it follows from Theorem 2.6 (i) thatran (Ag — Ag) = H
and
(Ap —20) "' = (A0 — 1) +y (o) (I — BM(M)))_IBV(XO)*~

Our assumptions ensure that the right hand side is a bounded operator in 7 and hence
(Ap — Ao)~ ! is also bounded, which implies that Ap is closed and g € p(Ap).
Finally, the same arguments as in [8, Proof of Theorem 4.7] show that the Krein-type
resolvent formula

(Ap =)= (Ao -1 +y)(I - BMO) B (W)

holds for all A € p(Ag) N p(Ap). O

3 Schrodinger Operators with Unbounded Complex Potentials on
Lipschitz Domains with Compact Boundaries

In this section we apply the abstract notion of generalized boundary triples and their
Weyl functions for adjoint pairs to Schrodinger operators with complex potentials
V on Lipschitz domains. Here we treat the case of bounded Lipschitz domains €2
and exterior Lipschitz domains €2 (that is, complements of the closures of bounded
Lipschitz domains) at the same time; cf. Assumption 3.1 (i) below and Appendix A.
Using the Dirichlet and Neumann trace operators tp and Ty on the space Hz/ 2(Q)
(see (3.1) below) we provide a generalized boundary triple for {—A + V, —A + V}
in Theorem 3.3 and conclude sufficient criteria for Robin-type boundary conditions
Btp f = ty f in Corollary 3.7 to induce closed realizations with nonempty resolvent
setin L2().
The following assumption is crucial in this section.

Assumption 3.1 Letn € Nwithn > 2.

(1) Let 2 C R" be a bounded Lipschitz domain or an unbounded Lipschitz domain
with compact boundary 9 (i.e. @ = R"\ Qq with Qg being a bounded Lipschitz
domain) and denote the unit normal pointing outward of 2 by v.

(ii) Let V : Q — C be a measurable function such that V € L?(2) with p > 2n/3
ifn>3and p >2ifn=2,3.

The L2-based Sobolev spaces on 2 will be denoted by H*(2), s > 0, and we shall
also make use of the Hilbert spaces

HX(Q) :={f e H(Q) : Af e L* ()}, s>0, 3.1
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equipped with the norms induced by

(f.nmy@ = (. us@ + (Af, A2y, .8 € HA(Q). (3.2)

It is clear that for s > 2 the spaces H3 (2) coincide with H*(£2).

In the next lemma we show that the Sobolev spaces H*®(£2) are contained in the
domain of the maximal multiplication operator in L?(2) induced by some function
W e LP(£2) under suitable assumptions on s and p. In particular, if V = W satisfies
Assumption 3.1, then H 3/2() is contained in the domain of the maximal multipli-
cation operator induced by V in L%(Q). The proof is similar to the proof of [18,
Proposition 3.8].

Lemma 3.2 Let Assumption 3.1 (i) be satisfied, let s > 0, let W € L?(Q) such that
p>n/sifn>2sandp > 2ifn <2s,andlet f € H*(Q). Then Wf, W f € L*(Q)
and for every ¢ > 0 there exists C. > 0 such that

IWfl2@ = IW fllizg < el fllas@ + Cell fll2)y f € HY(Q).  (3.3)

In particular, if V- € LP(2) is as in Assumption 3.1 (ii), then the above statements are
true for s = 3/2 and W = V, moreover,

HY*(Q) ={f e H*(Q): —=Af + V[ € LX)}

= 3.4
={fe Q) : -Af +Vfe L)} GH
Proof Let W € LP(R2) and let

W(x), if [Wx)[ <m,
0, if [W(x)| >m,

Wn(x) = { m € N.

Then we have W,, € LP(R2), m € N, and |W — WyllLr(@) — 0asm — oo. For
f € H*(2) we will make use of the estimate

[2,2n/(n —2s)], if n > 2s,

< C s s c
lfllza) < Cqsll fllas q {[27 o), if 1< 2s:

cf. [19, Theorem 8.12.6.1]. If n > 2s we use the generalized Holder inequality with
I/p+1/g=1/2and2 < g <2n/(n — 2s) (and hence p > n/s) and obtain

W = Wn) fllp2) = IW = WillLr@ Il f | a2
< CysllW = WullLrl f 1 as )

the same estimate holds also for n < 2s with 2 < ¢ < oo (and hence p > 2).
Therefore, in both cases we conclude

IWFllL2) < MW = Wi) fll2) + 1 Wi fll L2
< CyslW = WillLr@ I f s @) +ml fllL2 )
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which implies (3.3).

Finally, if V satisfies Assumption 3.1 (ii), then the assumptions of this lemma are
fulfilled for s = 3/2. Since V.f, V f € L*(Q) for any f € H*(Q) it is clear from
(3.1) with s = 3/2 that (3.4) holds. O

We recall that the Dirichlet Laplacian is defined by
Hp=—A, domHp={feH/*(Q):1pf=0), (3.5)

and the Neumann Laplacian is defined by

Hy=—A, domHy={feH! Q) :wf=0} (3.6)
where the Dirichlet trace
wp: Hy 2 (Q) - H'(3Q) C L2 (0Q) (3.7)
and the Neumann trace
oy Hy2(Q) — L2(0Q) (3.8)

are as in (A.2) and (A.8), respectively, with s = 3/2. Both operators Hp and Hy
in (3.5)—(3.6) are self-adjoint and nonnegative in L2(); they coincide with the self-
adjoint operators associated to the densely defined closed nonnegative forms

ol f1= IV fl}2q,, dombp = Hy (<), (3.9)

and
OV = IV flI2qy domby = H'(), (3.10)

via the first representation theorem [47, Theorem VI.2.1], see, e.g., [11, Theorem 6.9
and Theorem 6.10] for more details and [45, 46] for the H 3/?-regularity of the operator
domains. In the following let V e LP(£2) be as in Assumption 3.1 and consider the
differential expressions

~A+V and —A+V.

We define the corresponding minimal operator realizations in L?($2) by

—~A+4V, domS = H;(),

-0 3.11)
—~A+V, domS=H}(Q),

S =
S =

where Hg(Q) denotes the closure of C§°(2) in the H 2 _norm, and we shall also make
use of the operators

=—-A+V, domT = H)*(Q),

_ - 32 (3.12)
=—A+YV, domT = H, " ().

T
T
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It is not difficult to check that {S, §} form an adjoint pair and that {7, T} are well-
defined; cf. (3.4). In the proof of Theorem 3.3 below it will turn out en passant that
{T, T} is acore of {S*, S*}.

In the following we will make use of Theorem 2.2 to construct a generalized bound-
ary triple for the adjoint pair {S, S} in (3.11). To this end, we again consider the
Dirichlet and Neumann trace operators tp and 7y from (3.7)—(3.8), and choose the
linear mappings

F():F():‘L’N and Ty =F1 =1p (3.13)
with domain dom T = dom T = HZ/Z(Q).

Theorem 3.3 Let Assumption 3.1 be satisfied. Consider the linear mappings

Iy, T : domT — L2(8§2) and Fo, Fl : domT — L2(8§2)
given by (3.13). Then {QZ(BQ), (To, T'p), (FO, Fl)} is a generalized boundary triple
for the adjoint pair {S, S} such that

Aog=T [kerTg=—A+V, domAg={feHY Q) :tnf =0},

- - - _ - 32 (3.14)
Ag=T [kerToy=—-A+V, domAg={ge H/(Q) :1tng =0},

coincide with the Neumann realizations of —A +V and —A + V, respectively. More-

over, Ao and Ag are closed operators in L>(2) and there exists &, < 0 such that

(—00, 1) C p(Ag) N p(Ap).

Proof We will verify that the operators 7 and T in (3.12) and the boundary mappings
in (3.13) satisfy the conditions (i)-(iv) in Theorem 2.2. In fact, for two functions

f,gedomT = domT = Hi/z(Q) we have Vf, Vg € L*(Q2) and hence

(Tf, 2@ — (f ?g)LZ(Q) = CASH VI Q12 — (f —As + Vo)1)
= (—Af, g)LZ(Q) —(f, _Ag)LZ(Q)

= f. N r2ee) — (N f. 81200
=T/ To®) 2y — Tof s T18) 200,  (3-15)

where we have used (A.14). Thus, (i) in Theorem 2.2 holds. It is clear from Theo-
rem A.2 that ran 'y = ran Fo = L2(32) and hence (ii) is also satisfied. In order to
check (iii) we use the fact that the Neumann Laplacian Hy in (3.6) is self-adjoint and
nonnegative in L?(€2). From Lemma 3.2 and (A.10) we conclude that for every ¢ > 0
there exists C; > 0 such that

IVilz) < ell N flli2) + Cell fll2q).  f € dom Hy.

In other words, V and V are both relatively bounded with respect to Hy with bound
smaller than 1 (in fact, with bound 0) and hencg it follgws frorrl [35, § 3, Theorem 8.9]
that the restrictions Ag = T [ kerI'g and Ag = T | kerT'g in (3.14) are closed
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operators with nonempty resolvent sets and there exists §; < 0 such that (—oc0, §1) C
p(Ag) N p(A()) Green’s identity (3.15) yields that Ay C A* and Ao C A{ and hence
also
Ag— A C A5 —2 and Ag— A C A5 —A, A€ (=00, &).

As Ag — X and Zo — A are bijective we conclude Ag = X* and Xo = Aj), that is, (iii)
in Theorem 2.2 holds. Finally, condition (iv) is satisfied as C (2) C kerI'gNkerI'y
and C§°(R2) C ker Ty Nker ;.

Now it follows from Theorem 2.2 that the operators

T [ kerI'oNker'y and T [kerfoﬂker Fl (3.16)

form an adjoint pair and {L2(3RQ), (Ty, T), (Fo, r 1)}is a generalized boundary triple.
One finds with Lemma A.3 that the domains of the operators in (3.16) are H, 2(Q) and
hence these restrictions _coincide with the minimal operators in (3.11). Therefore,
{T, T} is a core of {§*, S*} and {L2(32), (Ty, 1), (Fo, Fl)} is a generalized bound-
ary triple for {S, S}, g

In the next proposition we identify the operators Ag and Xo in (3.14) as repre-
senting operators of the closed sectorial forms (3.17)—(3.18) below, and thus Ap and
Xo are automatically both m-sectorial. In addition, we provide, as a variant of [47,
Lemma VI1.3.1], a useful representation of their resolvents in terms of (the square root
of) the resolvent of the Neumann Laplacian Hy in (3.6).

Proposition 3.4 Let Assumption 3.1 be satisfied. Let the operators Ay, ZO, and Hy be
as in (3.14) and (3.6), respectively. Then Ao and Aq are both m-sectorial operators
associated with the closed sectorial forms

aolf1:= IV 22 + /QV|f|2dx, domag = H'(Q),  (3.17)

and

Q1= 19 g + [ VIFPdx, domio= '@, G.19
Q
respectively. Moreover, there exists & < 0 such that for all A € (—00, &) one has
X € p(Ao) N p(Ag) and there is a bounded operator C1(A) with ||C1(A)|| < 1/2 such
that
(Ao =0~ = Hy = 0PU+ 10N (Hy =072 (3.19)
and

(Ao =M= (Hy =07 V2U + (0 (Hy — 072 (3.20)

Proof Recall the definition of the form b in (3.10) and that the Neumann Laplacian in
(3.6) is the self-adjoint operator associated to h via the first representation theorem.
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Next, we consider the form
o[ f] :=f V|f)?dx, domv :=domhy,
Q

and employ Lemma 3.2 for W = |[V|'/?2 € L?P () and s = 1. It follows that for any
& > 0, there exists Cs > 0 such that

A1 < V12 f120q) < 8ONLF1+ Coll Iy, f €domby.  (321)

This shows that the form v is a relatively bounded perturbation of h with bound 0.
By [47, Theorem VI1.3.4] the form ap = hy + v is closed and sectorial, and hence it
defines an m-sectorial operator ;4\0- Via the first Green’s identity (A.15), one verifies
that Ag C Ko. Since there exists Ag < 0 such that Lo € p(Ag) N p(Xo), it follows that
Ag = :4\0. This justifies the first claim.

To show (3.19), we slightly adjust the proof of [47, Theorem VI.3.2]. To this end,
recall first that by the second representation theorem, see [47, Theorem VI.2.23 and
Problem VI.2.25], we have for all A < O that

dom hy = dom H[://z =dom (Hy — )\)1/2
and
(n = WIf> gl = ((Hy =02 f, (Hy = 2)'28) 12y, frg € domby. (3.22)

Next, it follows from (3.21) with § = 1/4 thatforall A < A := —451/4,

1 1 ~ 1
OLANl < 5oy =D+ (Zk + c1/4) 1£1320) = 708 =MLFl. £ € domby.

Hence [47, Lemma VI1.3.1] yields that for all A < A there exists a bounded operator
C1 (1) with ||C; (M) || < 1/2 such that

ol f, gl = (C1O)(Hy =)' f, (Hy = 2)'%g) 12g)s frg € domby.  (3.23)
Combining (3.22) and (3.23), we obtain for all A < A1 and all f, g € dom by that

(a0 = WIS, g1 = (hy — VLS, gl + ol f, ¢l
= (I +C10NHy =02 [ (Hy =1'g) 5 -

Let further f € dom Agp C dom hy. Then for all g € dom by,

(Ao =W [, &) = (U + C1ONHy = W2 f, (Hy = 1)%g) 11 g
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and hence, since (Hy — A)l/ 2is self-adjoint,
(Ao =) f = (Hy =021 + C10))(Hy =0 f,  f € dom Ag.
Therefore, we have shown that
Ao =2 C (Hy =021+ C10))(Hy — 1'% (3.24)

Recall that ||C;(A)|| < 1/2 for all A < Aq, thus I 4+ C{()), and therefore also the
operator on the right hand side of (3.24), is boundedly invertible for such A. On the
other hand, since Ag — A is boundedly invertible for all . < Ag (see above), we arrive
at

Ao — A= (Hy = M"2I + ) (Hy —0)'/? (3.25)

for all A < & := min {Ao, A1}. Finally, (3.19) follows by inverting (3.25), and the
assertions for dy and Ag follow in the same way by replacing V with V and taking
adjoints. ]

In the rest of this section we use the triple {L2(89), (To, T'y), (Fo, f‘l)} to show
that restrictions of 7 that satisfy Robin-type boundary conditions ty f = Btp f for
a bounded operator B in L?(9<2) are closed and have nonempty resolvent set, and we
provide an explicit Krein-type resolvent formula for these operators; cf. Corollary 3.7.
For that purpose we use decay properties of the associated Weyl function; for this we
need the following preparatory lemma.

Lemma 3.5 Let Assumption 3.1 be satisfied. Then there exists &3 < —1 such that for
all A € (—o0, &) and all § > 0 the densely defined operator

Ci(Hy — 07470 =TiHy -0~
admits an everywhere defined bounded extension
Cy(M) 1 LH(Q) — L*(09),

which is uniformly bounded in ). € (—00, &3).

Proof Throughout the proof, we assume that A < & — 1, where & < 0 is as in
Theorem 3.3. First, we claim for any a > 0 that

(Hy —2)~%: L2(Q) — H™n{l.2a} () (3.26)

is well-defined and uniformly bounded in A < & — 1. For @ = O this is clearly
true. Next, we consider the case a = 1/2. Let f € LZ(SZ) and let hy be the form
in (3.10). Then one gets with the help of the second representation theorem [47,
Theorem VI.2.23] applied to the nonnegative operator Hy — A, & < & — 1 that

ICHN =72 31 ) < (v = DIHN =07 21+ 1Hy =072 ],
<20 £l q):
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which yields the claim in (3.26) for a = 1/2. Thus, the statement for a € (0, 1/2)
follows from an interpolation argument, see, e.g., [52]. Eventually, the claim in (3.26)
is also true for @ > 1/2, as then (Hy — A)~**1/2 is uniformly bounded in L2() in
A <& — 1, and thus

I(Hy — )N 2@ - a9

< IHN = D72l p2@ym g1l Hy =272 200 2) < C.

To proceed, denote by tp the Dirichlet trace defined on H min {1/2+28,1}. of, (A.1).
Clearly, tp is anextensionof '} = Fl, and taking (3.26) fora = 1/44-§ into account,
we find that

Cr(\) :=tp(Hy — 1) "V478 . L2(Q) > L*(09)

is well-defined and uniformly bounded with respect to A € (—o0, &3), if &3 is chosen
smaller than &; — 1. O

In the next proposition we collect some properties of the Weyl functions correspond-
ing to the generalized boundary triple (L% 2), (Lo, '), (To, I'1)}. In particular, in
item (iv) we prove decay estimates for M and M.

Proposition 3.6 Ler Assumption 3.1 be satisfied. Let M and M be the Weyl func-
tions corresponding to the generalized boundary triple {L2(8 Q), (T, FL)’ (To, 1)}
in Theorem 3.3. Then the following holds for all . € p(Ag) and n € p(Ap):

(i) MOYTN fo = T fifor fr € HY () such that (=A + V) f = A fi;
(ii) M(u)tNgu = ngufor 8u € Hy 3/2 () such that (—A + V)gu = Ugus
(iii) ranM () C | H'(Q) andranM(pL) C HY(dR), and, in particular, the operators
M (L) and M(M) are compact in L2(0Q);
(iv) Forall ¢ > O there exists a constant C = C(¢) such that

IMQ)I < CIAI™Y2e and 1Ml < Clul~V?T, A p— —oc.

Proof Items (i) and (ii) are immediate consequences from Proposition 2.4 (iv). It is
also clear from the mapping properties of the Dirichlet trace 7p in Theorem A.1 that
ran M(A) C H'(3€2) and ran M (u) € H'(3K). Furthermore, it is easy to check that
M ()\) and M () are closed as operators from L2(3€2) to H' (3€2) and hence bounded.
Since 92 is compact the embedding H'(9Q) < L?(dR) is a compact operator and
this implies (iii). In order to verify the claim on M in (iv) (the assertion on M can be
shown in a similar way) we employ the resolvent formula (3.20) and Lemma 3.5. In
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detail, with ¢ > 0 small and A < O sufficiently negative,

M@) =T1y(W)*™
=T (T1(Ag— 07"
= (Ti(Hy — 072U+ 0" (Hy — »713)"
=1y (Ty (Hy — 27V (Hy — )74 4 ¢y ) !
X (HN _ }\.)_1/4+8/2(HN _ A)_l/4_8/2)*
— Ty (Hy — 2)~ A2y — 0~ VA4+2(1 4 0, 00)!
x (Hy — X)_1/4+8/2(F1(HN _ ) lAe/2yx

By Lemma 3.5 the operator I'y (Hy — 1)~ 1/47¢/2 = T (Hy — 2)~Y4=4/2 admits a
uniformly bounded extension C;(1), thus for all A < 0 sufficiently negative (recall
that ||C1(A)|| < 1/2 from Proposition 3.4)

IM)I < IC20) A TYATE22 0 TV Co (0% | = 211C2 () 1214~

as claimed. O

Finally, we formulate a corollary of Theorem 2.8 in the context of Schrodinger oper-
ators with complex potentials satisfying Assumption 3.1. For simplicity we assume
that the parameter B in the boundary condition is a bounded everywhere defined oper-
ator in L2(9%2), so that the condition 1 € p(BM (o)) in Theorem 2.8 is satisfied for
all A9 < 0O sufficiently negative by Proposition 3.6 (iv).

Corollary 3.7 Let Assumption 3.1 be satisfied and let B be a bounded everywhere
defined operator in L*>(3K2). Then

Ag=—A+V, domAg={fe H)* Q) :tyf=Btpf),

is a closed operator with a nonempty resolvent set, there exists &4 < 0 such that
(=00, &) C p(Ap) N p(Ap), and the Krein-type resolvent formula

Ap-M"'=UAo-N"+y0(I - BM(A))_IBV(X)* (3.27)

is valid for all .. € p(Ao) N p(Ap), where y andj are the y-fields associated to the
generalized boundary triple {L2(8 Q), (To, I'1), (To, I'1)} and M is the Weyl function.

For completeness we note that the operator ) )* = T1(Ag — A)~ ! is closed
and hence bounded as an operator from L*(2) to H'(3<2). Since it is assumed that
the boundary of the Lipschitz domain €2 is compact it follows that the embedding
H'(3Q) — L%2(3Q) is compact, and hence 7 (1)* is a compact operator from L3(Q)
to L?(9%2). Therefore, under the assumptions in Corollary 3.7 the perturbation term in
the resolvent formula (3.27) is compact in L2($2) and it follows that Ap is a compact
perturbation of Ag in resolvent sense.
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Remark 3.8 An alternative approach to define Robin-type operators is via quadratic
forms. Notice first that by the perturbation arguments in the proof of Proposition 3.4
and the boundedness of B and of tp : H () — L2(3), it follows that the form

aplf]i= IV 122, + /Q VIFI2 = Bof, o ) zas,

domag := H'(Q), (3.28)

is closed and sectorial. Thus ap defines an m-sectorial operator Ajp via the first rep-
resentation theorem [47, Theorem VI1.2.1], in detail

XBf =(-A+V)f,
domAp ={fe H'(Q) : (—A+V)f € L*(Q) and
aglf. ¢l = ((—A+V)f.¢) 2 forall g € H'(Q)}. (3.29)

Using the definition of the Neumann trace, it is straightforward to verify that Az C Ag
and since p(Ag) N ,o(XB) # ), we arrive at Ap = ZB. One advantage of the
generalized boundary triple approach lies in the explicit description of the operator
domain, including the H3/?>-regularity and the boundary condition, as well as the
immediate availability of the resolvent formula (3.27).

Appendix A: Dirichlet and Neumann Trace Maps on Lipschitz Domains
with Compact Boundary

In this appendix we briefly collect some properties of the Dirichlet and Neumann trace
maps on Lipschitz domains; for bounded Lipschitz domains the results are known from
[11, 40]. Recall first that for a bounded Lipschitz domain 2 C R", n > 2, it is well
known that for s € (1/2,3/2) the Dirichlet trace map f > f|aq for f € C®(Q)
admits a unique continuous extension

p HY(Q) — HV209Q), f tpf, se(1/2,3/2), (A.1)

and this extension has a continuous right inverse; cf. [59, Theorem 3.38]. Similarly, if
2 is an unbounded Lipschitz domain with compact boundary and x : 2 — [0, 1]isa
smooth function equal to 1 near 02 and equal to O sufficiently far away from 92, then
one considers tp f := tp(x f), so that (A.1) extends naturally also to such domains.

Now it will be explained that the Dirichlet trace operator can be extended to the
endpoints s = 1/2 and s = 3/2 if one assumes some additional slight regularity in
the H® spaces, that is, one considers the spaces Hi/z(Q) and HZ/Z(Q) from (3.1).
For bounded Lipschitz domains the next theorem is a variant of [11, Theorem 3.6 and

Corollary 3.7], see also [40, Lemma 3.1].
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Theorem A.1 Let Assumption 3.1 (i) be satisfied. Then for all s € [1/2,3/2] the
Dirichlet trace map (A.1) gives rise to a bounded, surjective operator

wp Hi(Q) — H V2 0Q) (A2)

(where H3 (S2) is equipped with the norm induced by (3.2)), with bounded right-
inverse. In addition, for each s € [1/2,3/2], we have

ker tp C HY?(Q) (A.3)

and there exists C > 0 such that if f € Hi/z(Q) and tpf =0, then f € H3/?(Q)

and
I ez < C(LF N2 + 1A fllL2g))- (A4)

Proof If 2 is a bounded Lipschitz domain, then the assertions are contained in [11,
Corollary 3.7]. In the case that €2 is unbounded with compact boundary the assertions
follow with standard localization methods. We briefly sketch the main arguments: First
of all choose a C*°(Q)-function x : 2 — [0, 1] such that x (x) = 1 forall x €  with
dist(x, 9Q2) < l and x(x) = 0 for all x € Q with dist(x, 3Q2) > 2. For f € H}(Q)
we obtain from A f € L%(2) and standard elliptic regularity that f € HI%C(SZ) and
hence, as V x is compactly supported in Q, Vx - Vf € H'(Q). Therefore,

AXS)=(AX)f +2Vx -V +x(Af) e LX), (A.5)

and as x f € H*(2), see [59, Theorem 3.20], it follows that x f € Hy (£2), and thus
also (1 — x) f € H) (). In particular, as (1 — x) f vanishes near 92 one considers
the Dirichlet trace

wpf=twxf), f=xf+UA-x)fecHN(Q).

Then the assertions of the theorem follow when taking into account that y f vanishes
sufficiently far away from 9€2, so that the properties for the Dirichlet trace on a bounded
Lipschitz domain can be used. For the estimate (A.4) one uses that

lxgllz2+ 1A 2 < CIgl2@ +1A8l2). 8 € LA(R) := HR().
(A.6)

Indeed, asin (A.5) one finds for g € LzA () that x g € L2A (£2). Moreover, as L2A (R)is
continuously embedded in L?(2) and the multiplication by x gives rise to a bounded
operator in L?(£2), one can verify that the multiplication by x is a closed operator in
L2A (£2). Hence, by the closed graph theorem, one gets that (A.6) is true. Therefore,
using (A.4) on bounded Lipschitz domains for x f and (A.6) we conclude

Ix f sz < CUx fllzzgy + 1AG)IL2)

(A7)
< C(If 2@ + 1A fl12(q))-
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To get a similar estimate for (1 — x) f, note first that, as 1 — x is zero in a neighborhood
of 3L2, one has for the zero extension g of (1 — x) f by standard elliptic regularity
arguments that g € H>(R"). As the graph norm associated with — A in R” is equivalent
with the norm in H2(R"), the estimate

1 =50l < 181 m2@ny < CUIAZN 2@ + 121 22Rn)
= C(IIAW =) Ol 2 + 1= ) fllL2()

holds. Next, one finds as in (A.6) that the multiplication by 1 — x gives rise to a
bounded operator in L2A (£2). By combining this with the last displayed formula one
verifies [|(1 = 0 fllgs2@ < CUILSf 2@ + 1Af12@), which finally implies
with (A.7) the estimate in (A.4) for unbounded domains. O

Now we turn to the Neumann trace operator, which acts as f — v - V f|jq for
felC®)n L2(2). For the case of a bounded Lipschitz domain €2 the next result is
contained in [11, Theorem 5.4 and Corollary 5.7] (see also [40, Lemma 3.2]) and for
the case that €2 is unbounded with compact boundary the same localization arguments
as in the proof of Theorem A.l can be applied to verify the statement; we leave the
details to the reader. We recall that (H!(0Q2))* = H~ () fort € [—1, 1].

Theorem A.2 Let Assumption 3.1 (i) be satisfied. Then for all s € [1/2,3/2] the
Neumann trace map induces a bounded, surjective operator

v Hy(Q) — H 2 (0Q) (A.8)

(where H3 (S2) is equipped with the norm induced by (3.2)), with bounded right-
inverse. In addition, for each s € [1/2,3/2], we have

kerty C H?(Q) (A.9)

and there exists C > 0 such that if f € Hi/Z(Q) and ty f = 0, then f € H3/*(Q)

and
1 f 32y < CUILF N2 + 1A fllL2q))- (A.10)
Furthermore, if f € Hy'>(Q), then ty f = v - tp(V f).

Next, we recall a version of the second Green identity for the trace operators in
Theorem A.1 and Theorem A.2. Observe first that for s € [1/2,3/2] and f € H} ()
we have

tf € HV23Q) and v f e HP?0Q) = (H20Q)", (Al
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and in the same way for g € Hﬁ‘s (2) we have

g € H¥*5(Q) and twyge H/*S0Q) = (HT209Q)".  (A12)

Then for s € [1/2,3/2]and f € H{(R2), g € Hi_s(Q) one has

(=Af. 82 — (fs —A12 ) = (tn f, ING) Hs-12(0Q) x (H-12(92))* (A13)

— (TN S TDE) (H3/2-5 (902))* x HY25 (92) >

cf. [11, Corollary 5.7] for bounded €2; the case of unbounded Lipschitz domains with
compact boundary can again be handled with a localization argument as in the proof
of Theorem A.1. In particular, for f, g € HZ/ 2(Q) the traces in (A.11) and (A.12) are

contained in L2(3€2) and (A.13) takes the form

(=Af. &2~ (f, =A@ = (tnf, g 2090 — (N, &) 12030)- (A.14)

Furthermore, for f € H i (Q) and g € H'(Q) the first Green identity

(=Af. &)@ =V Ve = (N D8 n-11209)x H12(09)

holds; cf. [59, Theorem 4.4 (i)]. If, in addition, f € H,/>

in L2(32) and one has

(R2), then Ty f is contained

(A &2 = V.V qry — (v f. &) 12000)- (A.15)

In the next lemma we collect an additional regularity property for the functions
f € H) () thatsatisfy Tp f = 7y f = 0. The assertion follows from (A.3), (A.9), and
[11, Theorem 6.12 and Remark 5.8] for bounded Lipschitz domains and extends with
the help of localization arguments as in the proof of Theorem A.1 also to unbounded
Lipschitz domains with compact boundary.

Lemma A.3 Let Assumption 3.1 (i) be satisfied and let s € [1/2, 3/2]. Then the Dirich-
let and Neumann trace operators

tp: HY(Q) — H7V2(0Q) and vy : HY(RQ) — H 3> (0Q)

satisfy ker tp Nker iy = Hg(Q).
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