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Abstract

Let Q C R be a bounded open set with Lipschitz boundary I'. It will
be shown that the Jordan chains of m-sectorial second-order elliptic
partial differential operators with measurable coefficients and (local
or non-local) Robin boundary conditions in L(§2) can be character-
ized with the help of Jordan chains of the Dirichlet-to-Neumann map
and the boundary operator from H'/?(T') into H~'/?(T"). This result
extends the Birman—Schwinger principle in the framework of elliptic
operators for the characterization of eigenvalues, eigenfunctions and
geometric eigenspaces to the complete set of all generalized eigenfunc-

tions and algebraic eigenspaces.
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1 Introduction

The Dirichlet-to-Neumann map is an important object in the analysis of elliptic partial
differential equations since it can be used to describe the spectra of the associated elliptic
operators. The principal strategy and advantage is that a spectral problem for a partial
differential operator on a domain 2 is reduced to a spectral problem for an operator
function on the boundary I' of this domain, where, very roughly speaking, the Dirichlet
and Neumann data can be measured. This type of approach to problems in spectral and
scattering theory for elliptic partial differential operators was used in the self-adjoint case
in, e.g. [AM, BMN, BR1, BR2, GM1, GM3, GMZ, MPP, Marl, MPPRY, MPP, Post],
for non-self-adjoint situations in, e.g. [BGHN, BGW, Gru, Mal], and we also refer the
reader to the more abstract contributions [AE2, AE4, AE5, AEKS, AEW, BMN, BHMNW,
BMNWI1, BGP, DHK, DM1, DM2, EO1, EO2, LT, MM, Posi].

In the present paper we are interested in a characterization of Jordan chains of eigen-
values of elliptic operators. To motivate our investigations let us consider here in the
introduction only the special case of a Schrodinger operator A = —A + V' on a bounded
Lipschitz domain Q C R? with d > 2 and with a complex-valued potential V € L. ().
Later in this paper much more general second-order partial differential expressions A with
measurable coefficients will be considered; see Section 3 for details. The Dirichlet-to-
Neumann map D(A) corresponding to —A + V' can be defined as a bounded operator
D()\): HY*(T') — H~Y2(T) by

Tr fx = v S

where fy € H'(Q) is such that Afy = Afy. Here Tr f\ € HY2(I') and ynfr € H-V2(I)
denote the Dirichlet and Neumann trace of fy, respectively, and A € C is not an eigenvalue
of the Dirichlet realization Ap of —A + V. Assume for simplicity that B: Lyo(I') — Lo(T")

is a bounded operator and consider the (non-local) Robin realization of —A + V' defined
by

Apf=—-Af+Vf, domAp={feH(Q):ywf=BTrfand —Af+VfeL(Q)}.

(1.1)
Note that the resolvents of Ap and Ap are both compact operators in Ly(2) due to the
compactness of the embedding H*(2) — L,(Q) and hence the spectra of Ap and Ap are
discrete. It is well-known and easy to see that for all A\g & 0,(Ap) one has Ay € 0,(Ap)
if and only if ker (D(A\g) — B) # {0}. Sometimes this is referred to as a variant of the
Birman-Schwinger principle. In fact, if Ay € 0,(Ap) and fy € dom Ag is a corresponding

eigenfunction, then Tr fy # 0 (as otherwise fy would be an eigenfunction for Ap at A\g) and
(D(Xo) — B)Tr fo = D(Ao)Tr fo — BTr fo = yn fo — BTr fo = 0,

and conversely, if ¢ € ker (D()\g) — B) \ {0}, then the unique solution f, € H'(Q) of the
boundary value problem (—A + V) fo = Ao fo with Tr fo = ¢, satisfies vy fo — BTr fy = 0,

so that fy € dom Ap is an eigenfunction of Ag corresponding to A.



In the situation where the potential V' is not real-valued or the Robin boundary op-
erator B is not symmetric the Schrodinger operator Ag in (1.1) is m-sectorial, but not
self-adjoint in Ly(£2). Therefore, in general, the eigenvalues of Ap are not semisimple
and besides an eigenvector fy also (finitely many) generalized eigenvectors fi, ..., fx are
associated to an eigenvalue Ay, which form a so-called Jordan chain. It is the main ob-
jective of the present paper to analyse the Jordan chains fy, fi,..., fr corresponding to
an eigenvalue \g of Ag with the help of the Dirichlet-to-Neumann operator in a sim-
ilar form as in the above mentioned Birman-Schwinger principle. In fact, using the
notion of Jordan chains for holomorphic operator functions due to M.V. Keldysh [Kel]
(see also [Mark, §11]), it turns out in our main result Theorem 4.1 that {fo, f1,..., fx}
form a Jordan chain of Ag at Ay € 0,(Ap) N p(Ap) if and only if the corresponding
traces ¢o = Tr fo, 01 = Tr f1,..., o = Tr fr form a Jordan chain for the holomorphic
L(H'Y?(T), HY/2(I"))-valued operator function A — M()\) = D()\) — B at Ao, that is,

qu:

l >\0 SOJ 1 =0 (1'2)

=0

for all j € {0,...,k}, where M®()\y) denotes the I-th derivative of the function M at \g.
Note that for j = 0 the characterization of the eigenvector fy in the Birman—Schwinger
principle follows from (1.2); see the above discussion or Corollary 4.2.

The structure of this paper is as follows. In Section 2 we briefly recall the notion of
Jordan chains for operators and holomorphic operator functions. In Section 3 we introduce
the elliptic differential operators and the corresponding Dirichlet-to-Neumann map that is
used for the analysis of the algebraic eigenspaces. Here we treat second-order divergence

form elliptic operators with (complex) L -coefficients of the form

Z OrCr10; + Z RO — Z Obr + co

k=1

on bounded Lipschitz domains with non-local Robin boundary conditions. In this general
situation it is necessary to pay special attention to the definition and properties of the
co-normal and adjoint co-normal derivative, and to the properties of the corresponding
sesquilinear forms and operators. Furthermore, the unique solvability of the homogeneous
and inhomogeneous Dirichlet boundary value problems is discussed. For the convenience of
the reader we provide proofs of these preparatory results in Section 3. Our main result on
the characterization of Jordan chains of second-order elliptic partial differential operators
with local or non-local Robin boundary conditions via Jordan chains of the Dirichlet-
to-Neumann map A — D()) and the boundary operator B is formulated and proved in
Section 4. The proof is technical and requires the preparatory Lemma 4.5. Finally, in
Subsection 5.1 we discuss a more regular situation in which the bounded domain € is
assumed to have a C?-smooth boundary and the coefficients of the elliptic operator are
slightly more regular. In this setting one then obtains a Dirichlet-to-Neumann operator
acting from H*?(I') into H'/?(I') and a variant of Theorem 4.1 for H?(Q)-smooth Jordan
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chains. In Subsection 5.2 we reconsider the Dirichlet-to-Neumann operator on a Lipschitz
domain, but now we treat the Dirichlet-to-Neumann operator acting from H'(T") into Lo (T).

For this we require a smoothness and symmetry condition on the principal coefficients.

Acknowledgements. J. Behrndt is most grateful for the stimulating research stay and
the hospitality at the University of Auckland, where parts of this paper were written.
This work is supported by the Austrian Science Fund (FWF), project P 25162-N26 and
part of this work is supported by the Marsden Fund Council from Government funding,

administered by the Royal Society of New Zealand.

2 Jordan chains of operators and holomorphic oper-

ator functions

Throughout this paper the field is the complex numbers. Let A be a linear operator in a
Banach space H. Further, let k € Ny, fo,..., fr € H and Ay € C. Then we say that the
vectors {fo,..., fr} form a Jordan chain for A at X\, if f; € dom A for all j € {0,...,k}
satisfy

(A= X)fj = fim
for all j € {0,...,k} with fy # 0 and we set f_; = 0. The vector f; is called an eigen-

vector of A at the eigenvalue )\q and the vectors fi,..., fi are said to be generalized
eigenvectors of A at \g. Note that the generalized eigenvectors are all nonzero.

The notion of Jordan chains exists also for holomorphic operator functions and goes
back to the work of M.V. Keldysh [Kel], for more details we also refer the reader to the
monograph [Mark, §11]. Let H; and H, be Banach spaces, O C C an open set and for all
A€ O let M(N\) € L(FH;,Hs). Assume, in addition, that the operator function A — M ()
is holomorphic on O and denote the [-th derivative of M(-) at A € O by M®W(\). Let
k € Ny and ¢, ..., o, € H;. Then we say that the vectors {¢y,...,¢r} form a Jordan
chain for the function M(-) at \g € O if

j
Z_ AOSDJZ_O

=0

.“‘r—t

for all j € {0,...,k} and ¢y # 0. The vector ¢y is called an eigenvector of the operator
function M (-) at the eigenvalue Ay and the vectors ¢1, . .., ) are said to be generalized
eigenvectors of M (-) at Ap.

Observe that in the special case H; = Hy and C' € L(H;) the notion of Jordan chain
for the operator C' at Ay € C and the notion of Jordan chain for the function A — C' — A
at \g € C coincide.



3 Elliptic differential operators and Dirichlet-to-Neu-

mann maps

Let © C R? be a bounded Lipschitz domain with boundary T'. By H'(£2) we denote the
Ly-based Sobolev space of order 1 on Q and Hj () denotes the closure of the compactly
supported C2°(Q)-functions in H'(2). On the Lipschitz boundary T' the Sobolev space
H'Y2(T) of order 1/2 will play an important role. Its dual is denoted by H~'/2(T") and (-, -)
stands for the extension of the Ly(T) inner product onto the pair H/2(I') x H~'/2(T'). Recall
from [McL] Theorem 3.37 that there is a continuous trace map Tr: H'(Q) — HY%(T)
such that Tr f = f|p for all f € H' () N C'(Q) and it admits a bounded right inverse.
Forall k,l € {1,...,d} fix ¢, bg, Ck, Co € Loo(§2). We recall that the field is the complex
numbers, so we emphasise that all coefficients are complex valued. Assume that there exists

a i > 0 such that
d

Re Z () fkg > |§|2

k=1

for all z € Q and & € C%. Define the sesquilinear form a: H'(Q) x HY(Q) — C by
d o d o
a(f,g) = Z/Ckl(@lf)3k9+2/ Ck(akf)§+2/ bkf3k9+/cof§~
k=1 k=1 Y8 _1 Y0 Q

The form a is continuous in the sense that there exists an M > 0 such that |a(f,g)| <
M\ fllzr |9/l for all f,g € H'(Q2). One verifies in the same way as in the proof of
[AE1] Lemma 3.7 that the form is elliptic and hence [AE3] Lemma 3.1 implies that a is a
closed sectorial form.

Introduce A: H'(Q) — (H}(Q))* by

(A, 9>(H3(Q))*xﬂg(m =a(f,9).

In order to introduce the co-normal derivative we need a lemma. Note that the ellipticity

condition on the principal coefficients is not needed in the next lemma.

Lemma 3.1. Let f € H(Q) and suppose that Af € Lo(Q). Then there exists a unique
Y € H-Y2(T) such that

a(f,g) — (Af, Q)LQ(Q) = (1, Trg)H—l/Q(F)le/Q(F)

for all g € HY(QY). Moreover, there exists a constant ¢ > 0, independent of f, such that
[l =120y < el f @) + 1A La()-

Proof. Define F: H'(Q) — C by F(g9) = a(f,9) — (Af, 9)1.(0). Then F is anti-linear and
bounded. Explicitly, there exists an M > 0, independent of f, such that

I F Ny < M| flla@) + ASf || za0)-



Moreover, F(g) = 0 for all g € H2(). Hence there exists a unique anti-linear F: HY/2(T') —
C such that F(Trg) = F(g) for all g € H'(2). The map F is bounded and HﬁHH/?(F)* <
| F - |1 Z]], where Z: HY*(I') — H'(Q) is a bounded right inverse of Tr. Write
Yp=F¢ Hl/Q(D* = H71/2(F)~ Then F(p) = <77Z)>SO>H*1/2(F)><H1/2(F) for all ¢ € Hl/z(r)

and the lemma follows. O

If f € H(Q) with Af € Ly(2), then we denote by vy f € H~Y2(T") the function such
that
a(f,9) — (Af, D) = O f Tr g) g2 @ywmrem
for all g € H'(Q). We call vy f the co-normal derivative of f.
Denote by ap the restriction of a to Hj (2) x Hy(€). Then ap is a continous elliptic form
and hence a closed sectorial form (cf. [AE3] Lemma 3.1.) Denote by Ap the m-sectorial
operator associated with the form ap. It follows that Ap is the Dirichlet realization of A

in Ly(92) given by
Apf=Af, domAp={fe€HyQ): Af € Ly(Q)}.
Lemma 3.2. Let A € p(Ap). Then the following assertions hold.

(a)  For all ¢ € HY?(T) there exists a unique solution f € H'(Q) of the homogeneous

boundary value problem
A-Nf=0 and Trf=e. (3.1)

Moreover, the map ¢ v f is continuous from HY?(I') into H'(Q).
(b)  For all p € HY*(T') and all h € Ly(Q) there exists a unique solution f € H'(Q) of

the inhomogeneous boundary value problem
A—=-Nf=h and Trf=¢p. (3.2)

Proof. ‘(a)’. The existence follows as in the proof of [AE6] Lemma 2.1. For completeness
we give the details. There exists a T' € L(Hj(€2)) such that

(va g)Hé(Q) = uD(fv g) - )‘(fv g)LQ(Q)

for all f,g € Hj(2). Further there exists an w > 0 such that the sesquilinear form
b: Hi(Q) x Hj(Q) — C given by b(f,g) = ap(f, 9) — A(f, 9) 1) + w ([, 9) 1,0 is coercive.
Let j: H}(Q) — Lo(€) be the (compact) inclusion map. Then b(f,g) = (T +K)f, 9 i)
for all f,g € Hy(Q), where K = wj*j. So T+ K is invertible by the Lax-Milgram theorem.
Consequently T is a Fredholm operator because K is compact. Now 7' is injective since
A € p(Ap). Hence T is surjective.

There exists an fy € H'(Q) such that Tr fy = . Hence there exists an h € H} () such
that (T'h, 9) g1 (o) = a(fo, 9) — A(fo, 9)Lo(0) for all g € Hg(Q). Then f = fo — h satisfies

(Af = A 9) @) <z = (fo: 9) = A fo: 9)12(2) — an(h, 9) + AR 9)ra2) = 0
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and hence (A — \)f = 0. The uniqueness is easy. The continuity of the map follows from
the closed graph theorem.

‘(b)’. By Statement (a) there exists an fo € H'(Q) such that (A — \)fy = 0 and
Tr fo = ¢. Then fo+ (Ap —A)"'h is a solution to the problem (3.2). Again the uniqueness

is easy. ]

Let A € p(Ap). Now we are able to define the Dirichlet-to-Neumann operator
D()\): HY2(I') — H™Y2(T). Let ¢ € HY?(T'). By Lemma 3.2(a) there exists a unique
solution f € H*(Q) of the homogeneous boundary value problem (3.1). Then Af = \f €

Ly(2). Hence one can define
DNy = f.

Then D()) is bounded operator from H'/?(T") into H~/2(T") by the last parts of Lemmas 3.1
and 3.2(a).

We need two holomorphy results.
Lemma 3.3.

(a) Let p € HY2(T'). For all A € p(Ap) let g» € H'(Q) be the unique element such that
(A—=XNgx =0 and Trgy, = ¢. Then the map X\ — gy is holomorphic from p(Ap)
into H'().

(b)  The map X — D(X) is holomorphic from p(Ap) into L(H?(T), H='/*(I")).

Proof. ‘(a)’. Fix \g € p(Ap). By Lemma 3.2(a) there exists a unique g), € H'(2) such
that (A — Xg)gr, = 0 and Tr gy, = . Let A € p(Ap) and consider

g=(1+A=X)(Ap =N ")gr, € H'(Q). (3.3)

Then (A —X)g=(A—XN)gr, + (A —Xo)gr, = 0 and Trg = Trg,, = . Since the solution
of the homogeneous boundary value problem (A — X\)f = 0 with Tr f = ¢, is unique by
Lemma 3.2(a) it follows that g = g5. Now the holomorphy of the resolvent A — (Ap —\)~*
in (3.3) implies that the map A — g, is holomorphic from p(Ap) into H'(Q).

‘(b)’. Let ¢ € HY?(T') and h € H'(Q). For all A € p(Ap) let gy € H'(Q) be as in
Statement (a). Then

(DA, Tr h)H—1/2(F)><H1/2(F) = (ynvgx, Tr h)H—1/2(I‘)><H1/2(F)
= a(gr, h) — (Agx, h) L)
= a(gx, h) = A(gx, 1)Ly

for all A € p(Ap). Since X — g, is holomorphic from p(Ap) into H'(Q2) by Statement (a),
it follows that A — D()) is holomorphic with respect to the weak operator topology on
L(HY(T), H~Y2(I")), and therefore it is also holomorphic with respect to the uniform
operator topology. O



For all I € N we denote the I-th derivative of A — D()\) at A € p(Ap) by DY (). Then

according to Lemma 3.3(b) one has
DO(\) € L(H'*(T), H~/2(I))

for all A € p(Ap).
The dual form a* of a is defined by dom (a*) = H'(Q) and a*(f,g) = a(g, f) for all
fig€ H(Q). So

d d d
(9= [aonmg+ Y [weng+ Y [ amg+ [ wfo

k=17 =170 1 Y Q Q
Obviously a* is of the same type as a, with ¢;; replaced by G, etc. Similar to the definition
of A with respect to a, we can define the operator A: H'(Q) — (H}(Q))* by

<ﬁf, g)(H&(Q))*xH&(Q) =a*(f,9)
As in Lemma 3.1 it follows that for all f € H'(Q) with Af € Ly (£2), there exists a unique
Anf € H7Y2(T) such that
a’(f,g9) — (ﬁﬂ g)Lz(Q) =W/, Trg>H*1/2(F)><H1/2(F)

for all g € H'(Q). Using all definitions it is easy to prove the following version of Green’s

second identity.

Lemma 3.4. Let f,g € HY(Q)) and suppose that Af, ﬁg € Ly(Q2). Then

(Afs D ra@) — (f, A o) = (Tr £,A89) 2@y -2y — N T @) 2oy - (344)

Denote by a}, the restriction of the dual form a* to Hg(Q2) x Hj(€2). Then a}, is a closed
sectorial form and the m-sectorial operator associated with aj, is equal to the adjoint Aj,
of Ap, see [Kat] Theorem VI.2.5. It follows that A% is the Dirichlet realization of A in
Ly(€2) given by

Apf =Af, dom A} = {f € H)(Q): Af € Ly()}.

Similarly to the Dirichlet-to-Neumann map D()\) € L(H'Y?(T"), H-'/?(I')) one asso-
ciates the Dirichlet-to-Neumann map D(\) € L(HY2(T"), H=*/2(I)) to the adjoint form a*
for all A € p(A}). A simple computation based on Greens second identity (3.4) shows

(D()\)%¢>H71/2(r)le/2(r) = (¢, D( >w>H1/2(F)><H*1/2(F) (3.5)

for all ¢, € HY?(T') and A € p(Ap).
Finally we introduce the Robin operator. Let B € L(HY*(I"), H-'/?(I")). We assume
that there is an 1 > 0 such that

Re(Be, 0) g-1/2yxmrzry < nllellzam (3.6)
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for all o € HY?(T'). Note that the restriction to the space HY?(T") of every bounded
operator B in L?(T") can be viewed as an operator in £L(H'Y?(T"), H~/2(I")) that satisfies
(3.6). We also note that the above assumption on B € L(HY?(I'), H~Y/?(T')) can be

generalized further as in for example [GM2] Hypothesis 4.1. Next we define the sesquilinear
form ag: H'(Q) x H(2) — C by

ap(f,9) = a(f,g9) — (BTr f, Tr g) g—1/2(0yxmr1/2(r)-

Proposition 3.5. The form ap is densely defined, closed and sectorial in Lo(S2). The

associated m-sectorial operator
Apf = Af, domAp = {f € H'(Q) : Af € Ly(Q) and vy f = BTx f},
is the Robin realisation of A in Ly(€2).

Proof. We will show first that ag is elliptic, that is, there are ¥ € R and p > 0 such that

Reap(f) + v [, = ullfllin @ (3.7)

for all f € H'(Q). Clearly there are pj,w; > 0 such that Rea(f) > 2,ul||f|]fql(m -
w1||f||i2(g) for all f € H'(Q) (cf. [AE1] Lemma 3.7.) Choose € < £+, where > 0 is as
in (3.6). By Ehrling’s lemma and the compactness of Tr : H'(Q) — Lo(T) there exists a
¢ > 0 such that ||Tr fH%Q(F) < EHfH%I(Q) + CHfH%Z(Q) for all f € H'(2). Then

Re(BTr f, Tr f)H*1/2(F)><H1/2(F) < n[/Tr f||%2(r) < :u1||fH§{1(Q) + 770”f||2L2(Q)

and hence

Reag(f) = Rea(f) — Re(BTr f,Tr f) y-romyemsomy = pallflling) — (@ + 10l f17,@

for all f € H'(Q2). So (3.7) holds with y = u; and v = w; + nc, therefore agp is elliptic.
Hence ap is a densely defined, closed, sectorial form (see [AE3] Lemma 3.1).

The graph of the m-sectorial operator associated to ap is given by

G = {(f.h) € H'() x Lo(Q) : ap(f.9) = (h,g) oo for all g € H'(2)}

and it remains to show that G coincides with the Robin realisation Ag. Now let f € dom G
and write h = Gf € Ly(Q). Then f € H'(Q) and

(Af, g)(H&(Q))*xH&(Q) =a(f,g9) =ap(f,9) = (hag)LQ(Q)
for all g € H}(Q). So Af =h=Gf € Ly(Q). If g € H(Q), then
a(f,9) — (Af, 9.0 = ap(f,g9) + (BTr f, Trg>H*1/2(F)><H1/2(F) — (P, 9) o)
= (BTr f, TYQ)H—I/z(r)le/z(r)-

So vy f = BTr f and hence f € dom Ag. The converse inclusion follows similarly. m



4 Jordan chains of Robin realizations

Adopt the assumptions and notation as in Section 3. In this section we formulate and
prove our main result on the characterization of Jordan chains of the m-sectorial Robin
realization Ap of A via the operator function A — D(A) — B. Our goal is to show the

following theorem.

Theorem 4.1. Let Ap be the Robin realisation of A in Ly(Q2) as in Proposition 3.5, let
Xo € p(Ap) and consider the holomorphic function
A— D(A\) —B (4.1)
from p(Ap) into L(HY?(T), H-Y*(T")). Then the following holds.
(a)  Let {fo,..., fr} be a Jordan chain for Ag at Ng. For all m € {0,...,k} define
Om = Tr fon. Then {po, ..., pr} is a Jordan chain for the function (4.1) at Ag.
(b)  Let{go,...,pr} be a Jordan chain for the function (4.1) at A\g. Set f_y = 0. For all
m € {0,...,k} let f,, € HY(Q) be the unique solution of the boundary value problem
(‘A_)\O)fm:fm—la Trfm:@m-
Then { fo, ..., fx} is a Jordan chain for Ag at Ao.

For the special case k£ = 0 one obtains the following well-known result.

Corollary 4.2. Adopt the notation and assumptions as in Theorem 4.1. Then the following
holds.

(a)  If fo is an eigenvector of Ap at N, then D(X\o)Tr fo = BTr fo and Tr fo # 0.
(b)  If D(M\o)wo = By and @y # 0, then the unique solution fo € H* () of the boundary

value problem
(A= Ao)fo =0, Tr fo = o,

is an eigenvector of Ag at \.
Corollary 4.3. Adopt the notation and assumptions as in Theorem 4.1. Then
Tr (ker (A — \)) = ker (D(X\g) — B)
and Tr is a bijection from ker (Ap — X\g) onto ker (D(\g) — B).

Remark 4.4. We can mention here that the assumption A\g € p(Ap) in Theorem 4.1 and
Corollary 4.2 is really needed. In fact, one may define the Dirichlet-to-Neumann graph as a
linear relation consisting of the Cauchy data for all Ay € 0,(Ap). By [Fil] Theorem 1 there
exist u > 0, A € R, u € C*(R3) \ {0} and a Holder continuous function g: R® — [u, o0)
such that —divgVu = Au. Let € be a Lipschitz domain with suppu C 2. Choose
el = gla g, by = cx = o = 0 for all k,l € {1,...,d} and fy = ulg. Let B € L(Ly(T)).
Then fj is an eigenfunction of Ag at A\. But Tr fy = 0. So one cannot drop the assumption
Ao € p(Ap) in Corollary 4.2(a).
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Observe that the homogenenous and inhomogeneous boundary value problems in The-
orem 4.1(b) and Corollary 4.2(b) admit unique solutions by Lemma 3.2. The proof of
Theorem 4.1 requires quite some preparation. The next lemma is particularly useful; its
proof is partly based on an argument that was given by V.A. Derkach for symmetric and

selfadjoint linear relations in Krein spaces; see also [DM3] Section 7.4.4.

Lemma 4.5. Let Ap be the Robin realisation of A in Ls(S2) as in Proposition 3.5 and
let {fo,..., fx} be a Jordan chain of Ap at Ay € p(Ap). For all m € {0,...,k} define
Om = Tr fr, € HY2(T). Let ¢ € HY*(T') and let g € H'(Q) be the unique solution of the
adjoint problem (fI — Xo)g = 0 such that Tr g = . Then the following holds.

(a) Ifje{l,...,k}, then
(fjflag)Lz(Q) <D<)‘0) BQOJ>30>H*1/2(F)><H1/2(F)' (4.2)

(b) Ifje{l,....,k+1}, then

(f] 15 g La(Q) = Zl' 0 Pi— laSO>H—1/2(F)xH1/2(F)~ (4-3>

Proof. For all A\ € p(Ap) let gy € H'(2) be the unique solution of the adjoint problem
(ﬁ — A)gx = 0 such that Tr g5 = ¢; see Lemma 3.2(a). Then I5g =9 Weset f =0.

‘“(a). If j € {0,...,k} and A € p(Ap), then f; € domAg, so Apf; = Af; and
yn f; = BTr f; by Proposition 3.5. Therefore

(Apf5 95) Lo — (f7: Agx) Lot
= (A5, 99 1a@) — (i, A% a0
= (TrfjﬁNg;>H1/2( D)xH-1/2(T) — (v £, Trgx) - 1/2(M)x HY/2(T)
= (Tr f;, DOX )T g5) 12y -1720y — (BT f3, Tr g5) 120y vz

- <D()‘>90j — By, 90>H*1/2(I‘)><H1/2(F)’ (4.4)

where we used (3.5) in the last step. Choosing A = A\ gives
(fi-1, 9o = ((AB = 20)f5, 9%) Lo
= (Apfj, 95 La(9) — (fi, Mogxg) 12i2) = (Do) BSOj,<P>H71/z(F)XH1/2(F),
which proves (4.2). Note that j = 0 gives (D(\o)®o— Bwo, ©) g-1/2ryx /2y = 0 and hence
D(Xo)po = Bepo. (4.5)

‘(b)’. We shall show that

—(fi-1, 9%) 120

I
/\
—~
>~
Pl =
>
N
/N
>
—~
=
|
T
—
w | =

(>\ Ao)*D 8)()\0)> SOj—l,90>
s=0 H-Y2(T)xHY2(T)

(4.6)



forall j € {1,...,k+1} and A € p(Ap)\{Ao}. Once we have shown this, then the equality
(4.3) easily follows by taking the limit A — Ag. In fact, the left hand side of (4.6) tends to
—(fj-1, 9%, ) 1220 = —(fj-1, 9)Lo() by Lemma 3.3(a), and using the Taylor expansion

o0

2 =3 S =AY ()

s=0

it is easy to see that for A — Ay the right hand side in (4.6) tends to

J

1
E l_ DY (Ao)wj— 1790>H*1/2(F)><H1/2(F)'
=1

We prove formula (4.6) by induction. If j =1 and A € p(Ap) \ { o}, then (4.4) gives

—(A = 20) o) (fo, 9%) 122 = (Rofo, 93) La(e) — (fo, Ag%) 120

= (A fo, 95) La(2) — (Jo, A3 La@)

= (D( %—B%WM»mxmm)
= ((D(N) = D(X))$0, ) 1120y /21y
(4.

(4.

6) is valid if j = 1.
6) is valid for 7 = m. Then by taking the limit

where we used (4.5) in the last step. So
Let m € {1,...,k} and suppose that
A — Ao one deduces that

|
~(fm-1,9) Lo () ZZ_ )\0 )Om— l7§0>H*1/2(F)><H1/2(F)7
and together with (4.2) we conclude
- 1
<D()‘0)§0m — Bom, ¢>H*1/2 x H1/2(D Z l_ )‘0 Spm b @)H*1/2(F)><H1/2(F)' (47)

Now let us prove the formula (4.6) for j = m + 1. Let A € p(Ap) \ {\o}. Then a simple

computation shows

t‘i; . _1>\0)l (D(/\) . lz:; é(/\ — \o)°D (A0)> P11
= tﬁ; o _1A0)l (D()\) - l_: %()\ Xo)* D(S)(A0)> 11
= N D(A;fo(ko)@m
- i P (D(A) - Z =Dt <Ao>> o
_ N D(Ai - fO(AO)“’m _



and using (4.6) for j = m for the first term on the right hand side, and (4.7) for the second
term on the right hand side gives

-1

m+1 1 1
Z <()\—)\ ( Z ; (A= o)D" (/\0>> <Pm+1—l;90>
0) H-/2(T)xHY/2(T)

=1 s=0

1 1
= _/\_—)\O(fm—l’gX>L2(Q) + N\ — )\0<D(/\0)80m — Bom, S0>H_1/2(1“)><Hl/2(r)

1
A—Xo

<D()‘)(pm - D()‘(])QDmv S0>H—1/2(1")><H1/2(1")

1
= <D()\)90m - Bsoma 90>H—1/2(F)><H1/2(F) - )\——)\O(fmil, gX)LQ(Q)

= N )\0 ((ABfm7 )LQ(Q (fma)\T)Lz (fm 1, gA))LQ( Q)

1 _
T ((finm1 + Ao fons 93 L2@) — (fins AGX) L) — (fm—1,gX))L2(Q)

= _(fm’ gi)Lz(Q)

where (4.4) was used for j = m in third equality and (Ag — o) fru = fm—1 was used in the
fourth equality. We have shown (4.6) for j = m + 1. The proof of (b) is complete. O

Now we are able to prove the main theorem.

Proof of Theorem 4.1. ‘(a)’. Let {fo,..., fx} form a Jordan chain for Ag at Ay € p(Ap)
and let ¢; = Tr f; € HY?(T) for all j € {1,...,k} be the corresponding traces. We have
to prove that

J
1
> ﬁD(l)()\o)SDjfz = By, (4.8)
=0

for all j € {0,...,k} and that ¢g # 0.
Using Proposition 3.5 it is easy to see that

D(Xo)po — Bypo = D(Ao)Tr fo — BTr fo = ywfo—wfo=0
and hence (4.8) is valid if 7 = 0. Furthermore, ¢y = Tr fy # 0 as otherwise fy € dom Ap

and therefore (Ap — Xo)fo = (A — Xo)fo = 0, which together with Ay € p(Ap) would
imply fo = 0.
Let j € {1,...,k} and let » € H'/?(T"). Then Lemma 4.5 gives
71
<D<)\0)90j - B@ja S0>H—1/2(F)><H1/2(I‘) = — Z ﬁ<D(l)()\0)(pj,l, 90>H*1/2(F)><H1/2(F)~
=1
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This implies that

B >\090]+Zl| >\090]l le >\090]l

as required.

‘(b)’. Assume that {®y,...,@r} form a Jordan chain of the function A — D(X\) — B at
Ao, that is, (4.8) is valid for all j € {0,1,...k} and ¢y # 0. In the following we construct a
Jordan chain {fo,..., fi} of Ap at A\ such that the corresponding traces are given by the
set of vectors {¢o,...,pr}. We proceed by induction. According to Lemma 3.2(a) there
exists a unique fo € H'(Q) such that (A — \g)fo = 0 and Tr fy = ¢o. Making use of (4.8)
for j = 0 we obtain

'7Nf0 = D(/\Q)TI' f() = D()\())QD() = BQOQ = BTr fo

and hence fy € dom Ap with (Ag — A\o) fo = 0 by Proposition 3.5. Since pg # 0 it is clear
that also fy # 0.

Now let m € {1,...,k} and assume that there are fo,..., frn-1 € H'(Q2) such that
; = Tr f; for all j € {0,...,m — 1} and the vectors {fo, ..., frm—1} form a Jordan chain
for Ap at A\g. By Lemma 3.2(b) there exists a unique vector f,, € H'(Q) such that

(-A - )\O)fm = fmfl and Tr fm = Pm- (49>

We shall prove that vy f,, = BTr f,,,. Once we proved that, it follows that f,, € dom Ag
and (AB - /\o)fm = fm-1-
By assumption and (4.9) one deduces that

Do) Tt fr = D(No)¢m = Bom — Z DY O0)pmt = BTx fr, — Z DY (0)em .

Let ¢ € HY/2(T). By Lemma 3.2(a) there exists a unique g € H*(€2) such that (A—Xg)g = 0
and Trg = . Then

(A= X0) s D) 12 = (Afims 9 a@) — (fns M) 2@
= (Afms 9 1a() = (Frns A9) 1)
= (Tr fon, YN G) mrr2(oyxcar-172(0y = N s X 9) =120y b2 )

= (Tr fm, D (AO)TT9>H1/2( =12y = (N fins TYG) 120y )

(Ao)Tr frr — 7mea%0>H 1/2(T)x H1/2(T)

= (D(
= <BTrfm YN S — Z llD(l )\O)wm 1790>

On the other hand, as {fy,..., fm—1} is a Jordan chain of Ag at Ay we have

H-1/2(I')xH/2(T")

m

1
(A = X0) frns D) La@) = (frn-1,9) L) = — Z ﬂ<D(l)()\o)<mez7 ©)H-1/2(1)x H/2(T)

=1
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by Lemma 4.5(b). Therefore (BTY fu — Yn fin: 0) g-1/2(0)xai/ey = 0 for all ¢ € HY2(D).
Thus vy fn = BTr f,, as required. So {fo,..., fm} is a Jordan chain for Ag at Ay with
traces {@o, .-, Om}- O

Remark 4.6. In the abstract setting of boundary triplets and their Weyl functions for
adjoint pairs [LS, MM, Vai] it is known under a natural unique continuation hypothesis that
the poles of the Weyl function correspond to the isolated eigenvalues of the fixed extension,
see [BMNW1, Theorem 4.4]. See also [BMNW2, BHMNW, BL]| for related results in the

context of indefinite inner product spaces.

5 Variations

In the previous section we considered the Dirichlet-to-Neumann operator D(\): HY2(T') —
HY 2(T") and the Jordan chain with respect to the holomorphic operator function \
D(A\)— B from p(Ap) into L(HY*(T'), H=Y*(I")), where B € L(H'Y?(T), H~/?(T")) satisfies
(3.6).

Except from the obvious ellipticity condition and to have a Lipschitz domain, there
were no conditions on the coefficients: merely bounded measurable and complex valued.

There are two other Dirichlet-to-Neumann operators that we consider in this section.

5.1 (C?*-domains

Throughout this subsection we suppose that  is a C>-domain, ¢ € C'(Q) and by, = 0 for

all k,1 € {1,...,d}. We summarise some regularity results that we need in this subsection.
Lemma 5.1.

(a) If f € HX(Q), then Tr f € H*(T), Af € Ly(Q) and

W= ZVkTr cu O f) € HYA(D).

k=1

Moreover, the map f + ynf is continuous from H?*(Q) into HY/?(T).

(b)  Let A € p(Ap). For all p € H3?(T) there exists a unique f € H?*(Q) such that
(A—=XN)f =0 and Tr f = ¢. Moreover, the map ¢ + f is continuous from H3/*(T)
into H()).

(c) Let A€ p(Ap). For all h € Ly(Q) and ¢ € H3?(T) there exists a unique f € H*()
such that (A —X)f = h and Tr f = .

Proof. ‘(a)’. This follows from [Gri] Theorem 1.5.1.2 and the divergence theorem.

‘(b)’. By [Gri] Theorem 1.5.1.2 there exists an f, € H*(Q) such that Tr fy = .
Then it follows [Eva] Theorem 6.3.4 that there exists a unique h € H?*(Q2) such that
(A—=XNh = (A —=XN)foand Trh = 0. Therefore f = fy — h satisfies the requirements.
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The uniqueness is easy. The continuity follows from Lemma 3.2(a) and the closed graph
theorem.

‘(¢)’. This can be proved similarly. O

For all A € p(Ap) define the Dirichlet-to-Neumann operator D(\): H¥2(T') — HY/2(T')
as follows. Let ¢ € H3/?(T"). By Lemma 5.1(b) there exists a unique f € H?({2) such that
(A=A f =0and Tr f = ¢. Define D(A\)¢ = yvf € HY3(') by Lemma 5.1(a). Then

~

D()) is a bounded operator.

Next we consider holomorphy.
Lemma 5.2. The map A — D()\) from p(Ap) into L(H3*(T), HY2(T)) is holomorphic.
Proof. For all ¢ € H¥*(T') and v € HY*(T') define o, : L(H¥*(T'), HY?(T)) — C by
Ao (F) = (F@, ¥) Lyr)-
Then ay, € L(H??(T), HY2(T))*. Let W = span{a,, : ¢ € H**(T') and ¢ € HY?(T)}.
Since HY2(I') is dense in Lo(I'), it follows that the space W is separating, that is, if
F € L(H¥(), HY*(T')) with a(F) = 0 for all @ € W, then it follows that F = 0. If
¢ € H*?(T") and ¢ € HY?(T'), then
%,w(D()\)) = (D(A)%w)Lz(F) = <D()‘)9071/J>H—1/2(F)><H1/2(F)

for all A € p(Ap). Hence the map A — a%w(f)()\)) is holomorphic for all ¢ € H3?(T)
and 1 € HY(T') by Lemma 3.3(b). Consequently the map A —> D()) from p(Ap) into
L(H3?(T), HY/(T)) is holomorphic by [ABHN] Theorem A.7. O

The alluded variation of Theorem 4.1 is as follows.

Theorem 5.3. Let B € L(H?(T), H/*(')) and suppose there exists an n > 0 such that

Re(Be, 0) ) < nllellz,m

for all p € H3?(T). Let Ap be the Robin realisation of A in Ly(S) as in Proposition 3.5,
let \o € p(Ap) and consider the holomorphic function

A D(\) — B (5.1)
from p(Ap) into L(H??(T), HY2(T')). Then the following holds.

(a)  Let fo,...,fr € H*(Q). Suppose that {fo,..., fx} is a Jordan chain for Ag at .
For allm € {0,...,k} define p,, = Tr f,. Then {o,...,¢r} is a Jordan chain for
the function (5.1) at Ao.

(b)  Let {¢o,...,pr} be a Jordan chain for the function (5.1) at A\g. Set f_y = 0. For all
m € {0,...,k} let fo, € H*(Q) be the unique solution of the boundary value problem

(.A — >\O)fm = fm,1 and Tr fm = Om-
Then { fo, ..., fr} is a Jordan chain for Ag at Ag.

The proof is similar to the proof of Theorem 4.1, with obvious changes.
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5.2 m-Sectorial operators

Throughout this subsection we merely assume again that €2 is a Lipschitz domain, but
we put conditions on the coefficients of the elliptic operator. We assume that ¢ = ¢ €
Whoo(Q,R) is real valued and b, = ¢, = 0 for all k € {1,...,d}. We emphasise that cg
can be complex valued and merely measurable. An example is the Schrodinger operator
with complex potential. The Dirichlet-to-Neumann operator D()\): HY/?(T') — H~Y/2(T)
has been studied intensively in [BE1, BGHN, GM1, GM3]. Let D(\) be the part of D())
in Ly(T). So D(A) € D(A) and if ¢ € Ly(T'), then ¢ € dom D(\) if and only if ¢ € H'/2(T')
and D(A)p € Lo(I'). The operator D(A) can be represented by a form.

Lemma 5.4. Let A\ € p(Ap). Let p,1) € Ly(I"). Then the following are equivalent.

(i) @ €domD(N) and D(N)p = 1.
(i)  There exists an f € H'(Q) such that Tr f = ¢ and

a(fa g) - )‘(fv g)LQ(Q) - (@b,TI‘ g)LQ(F)
for all g € H(R).

The easy proof is left to the reader.
It seems that the domain of D(\) depends on A. This is not the case because of the
restriction on the principal part of the elliptic operator. We collect the main properties of

the operator D(A) in the next proposition.

Proposition 5.5. (a) If A € p(Ap), then the operator D(N) is m-sectorial.
(b) If X € p(Ap), then dom D(N\) = H'(Q).

(c)  The map X — D(X) from p(Ap) into L(H(T), Ly(T")) is holomorphic.
Proof. ‘(a)’. See [Ouh] Corollary 2.3.

‘(b). ‘C’. Let » € domD()). Then there exists an f € H'(Q) such that ¢ = Tr f
and (A —N)f =0. So Af = Af € Ly(2) and ynf = D(A\)¢ € Lyo(I'). Therefore [McL]
Theorem 4.24(ii) implies that ¢ = Tr f € H'(T).

‘D’ Let ¢ € HY(T'). By Lemma 3.2(a) there exists a unique f € H'(Q) such that
(A—=X)f=0and Tr f = ¢. Then Af = \f € Ly(£2). Hence [McL] Theorem 4.24(i) gives

N f € Lyo(T'). So p € domD(A).
“(c). For all ¢ € HY(T') and ¢ € HY?(T) define v, ,,: L(H'(T), Lo(T")) — C by

oy (F) = (Fo,¥)y(r)-

Then argue as in the proof of Lemma 5.2. O

Now we are able to formulate another version of Theorem 4.1.
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Theorem 5.6. Let B € L(H'(T), Ly(T")) and suppose that there exists an n > 0 such that

Re(Be, 0)r,m) < nllellz,m

for all p € HY(T'). Let Ap be the Robin realisation of A in Ly(S)) as in Proposition 3.5,
let Ao € p(Ap) and consider the holomorphic function

A D(\) — B
from p(Ap) into L(H'(Q), Lo(T")). Then the following holds.

(a)  Let {fo,..., fx} be a Jordan chain for Ag at \g. For all m € {0,...,k} define
Om = Tr fin. Then {vo,...,pr} is a Jordan chain for the function (5.1) at Ay.

(b)  Let {po,...,0r} be a Jordan chain for the function (5.1) at A\g. Set f—1 = 0. For all
m € {0,...,k} let f, € HY(Q) be the unique solution of the boundary value problem

(‘A_/\O)fm:fm—l and Trfmchm
Then { fo, ..., fx} is a Jordan chain for Ag at Ao.

The proof is similar to the proof of Theorem 4.1, with obvious changes.
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