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In this paper the spectral properties of Dirac operators A, with electrostatic §-shell
interactions of constant strength 7 supported on compact smooth surfaces in R3 are
studied. Making use of boundary triple techniques a Krein type resolvent formula
and a Birman—Schwinger principle are obtained. With the help of these tools some
spectral, scattering, and asymptotic properties of A, are investigated. In particular,
it turns out that the discrete spectrum of A, inside the gap of the essential spectrum
is finite, the difference of the third powers of the resolvents of A, and the free Dirac
operator Ay is trace class, and in the nonrelativistic limit A, converges in the norm
resolvent sense to a Schrodinger operator with an electric d-potential of strength 7.
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RESUME

Dans cet article, on étudie les propriétés spectrales des opérateurs de Dirac A,, avec
une interaction § électrostatique de force constante n supportée sur des surfaces
compactes régulieres dans R®. En utilisant des techniques de triplets au bord, une
formule de résolvante & la Krein et un principe de Birman—Schwinger sont obtenus.
Grace a ces outils, certaines propriétés spectrales, de diffusion et asymptotiques
de A, sont étudiées. En particulier, il s’avére que le spectre discret de A, dans
le trou du spectre essentiel est fini, les différences entre les puissances troisieémes
des résolvantes de A, et Ap sont de classe trace, et dans la limite non relativiste
A, converge en norme de la résolvante vers un opérateur de Schrédinger avec une
interaction J électrique de force 7.

© 2017 Elsevier Masson SAS. All rights reserved.

* Corresponding author.

E-mail addresses: behrndt@tugraz.at (J. Behrndt), exner@ujf.cas.cz (P. Exner), holzmann@math.tugraz.at (M. Holzmann),

lotoreichik@ujf.cas.cz (V. Lotoreichik).

http://dx.doi.org/10.1016/j.matpur.2017.07.018
0021-7824/© 2017 Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.matpur.2017.07.018
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/matpur
mailto:behrndt@tugraz.at
mailto:exner@ujf.cas.cz
mailto:holzmann@math.tugraz.at
mailto:lotoreichik@ujf.cas.cz
http://dx.doi.org/10.1016/j.matpur.2017.07.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.matpur.2017.07.018&domain=pdf

48 J. Behrndt et al. / J. Math. Pures Appl. 111 (2018) 47-78

1. Introduction

Singular J-interactions are often used as idealized replacements for strongly localized electric potentials;
the spectral data, the scattering properties, and the location of resonances for the original operator can be
deduced then approximately. While Schrédinger operators with d-interactions supported on manifolds of
small co-dimensions were investigated extensively, cf. the monographs [1,11,22] and the review article [21],
much less attention was paid to Dirac operators with d-interactions.

Let us choose units such that & = 1 and denote the speed of light by c. It is well-known that the free
Dirac operator

3
Ap = ficz a;0; + me?B = —ico - V 4+ me?p, dom Ay = H*(R3;CY),
j=1

where m > 0 and a = (a1, a9, a3), B denote the Dirac matrices described in (1.1) below, is self-adjoint in
L?(R?;C*) and that

o(Ag) = (—o0, —mc*] U [mc?, 00).
The free Dirac operator describes the motion of a spin—% particle with mass m in vacuum taking relativistic
aspects into account; cf. [32]. In the following let ¥ be the boundary of a bounded C*°-smooth domain
Q c R3. Then the Dirac operator with an electrostatic d-shell interaction supported on ¥ with a constant
interaction strength 7 € R is formally given by

Ay, = —ico -V + me2 B + nds,

where Jy; stands for the §-distribution supported on the surface ¥ acting as

onf =5 (fele + f-Iz): fo=Fla. f- = flaa

N | =

Note that A, is defined on functions that are weakly differentiable away from ¥, the J-interaction is then
modeled, as usual, by a jump condition for these functions on X. It is the main objective of this paper to
analyze the properties of Dirac operators with electrostatic d-shell interactions by applying the abstract
technique of quasi boundary triples and their Weyl functions from extension theory of symmetric operators.
Our investigations and some of our results are inspired by the very recent contributions [2-4] in this area.

The mathematical study of Dirac operators with J-interactions started in the 1980s. One-dimensional
Dirac operators with singular point interactions were studied in [25]; cf. also [1, Appendix J], [15] and the
references therein, and the first mathematically rigorous treatise on a Dirac operator in R? with a J-shell
interaction supported on a sphere was [19]. Using a decomposition into spherical harmonics and the results
on the one-dimensional Dirac operator with singular interactions the self-adjointness of A, and a number
of spectral properties were shown in [19]. The interest in the topic arose again with the discovery of a
family of artificial materials where the Dirac equation can be approximately deduced from Schrédinger’s
equation [33]. From a mathematical point of view the investigation of Dirac operators with J-interactions
supported on more general surfaces in R was initiated recently in [2-4].

Our motivation is to show how the concept of quasi boundary triples and their Weyl functions can be
used to introduce and study Dirac operators with electrostatic d-shell interactions. Quasi boundary triples
are a slight generalization of the concept of (ordinary) boundary triples, which is a powerful tool in the
analysis of self-adjoint extensions of symmetric operators [13,14,17,27,29]. Quasi boundary triples were
originally introduced in [6] for the study of elliptic partial differential operators, they were applied in the
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investigation of Schrodinger operators with singular interactions in [8], and they are easily applicable also
to Dirac operators since in contrast to form methods no semi-boundedness is required. In this context let
us briefly explain our approach to define the Dirac operator A, with an electrostatic J-shell interaction. Let
S be the restriction of the free Dirac operator Ag to functions that vanish at ¥ and let S* be its adjoint.
We then construct an operator 1" which is dense in S* and define the J-operators A, as restrictions of T" to
functions that satisfy certain jump conditions on 3 cf. Section 4 for details. For n # £2¢ we conclude the
self-adjointness of A, and a Krein type formula relating the resolvent of A, with the resolvent of the free
Dirac operator Ay from the general theory of quasi boundary triples and their Weyl functions. We remark
that the self-adjointness of A, for n # £2c is also proven in [2] using another approach.

Let us describe the main results of this paper. First, we discuss the spectral properties of the Dirac
operator with an electrostatic d-shell interaction. Making use of some special properties of the Weyl function
in the present situation the next result can be viewed as a consequence of the abstract resolvent formula and
the corresponding Birman—Schwinger principle; for more details and additional results see Theorem 4.4.

Theorem 1.1. Let n € R\ {£2c¢} and let A, be the Dirac operator with an electrostatic §-shell interaction of
strength n. Then the essential spectrum is given by

Oess(Ay) = (—00, —mc®] U [me?, 00)
and the discrete spectrum in the gap (—mc?,mc?) is finite, that is,
#{oa(4,) N (=mc*, mc*)} < oco.

The next result on the trace class property of the difference of the third powers of the resolvents of A,
and Ay has important consequences for mathematical scattering theory. In particular, it follows that the
wave operators for the scattering system {A,,, Ap} exist and are complete and that the absolutely continuous
parts of A, and Ay are unitarily equivalent. For more details see Theorem 4.6, where also a trace formula
in terms of the Weyl function and its derivatives is provided.

Theorem 1.2. Let n € R\ {£2c¢}, let A, be the Dirac operator with an electrostatic §-shell interaction and
let A € p(A,) Np(Ag). Then the operator

(A =N = (4= N)"°
belongs to the trace class ideal.

Our third and last main result in Theorem 5.3 concerns the nonrelativistic limit of the Dirac operator
with an electrostatic d-shell interaction. We show that — after subtracting the rest energy of the mass
from the total energy — A, converges in the norm resolvent sense to the Schrédinger operator with an
electric d-potential of strength n supported on 3 times a projection onto the two upper components of the
Dirac wave function, as ¢ — oo. Hence, the Dirac operator with an electrostatic J-shell potential is the
relativistic counterpart of the Schrodinger operator with an electric J-interaction; cf. [32, Chapter 6]. Since
it is known that the Schrodinger operator with a J-potential is a suitable idealized model for Schrédinger
operators with strongly localized regular potentials, cf. [5], the nonrelativistic limit yields a justification for
the usage of A, as an idealized model for the motion of a spin—% particle in the presence of such a potential.
Furthermore, this theorem allows one to deduce spectral properties of A, for large ¢ from the well-known
results on the Schrodinger operator with a J-potential. Similar statements are already obtained for the
one-dimensional Dirac operator with J-interactions; see [1,15,25]. In a slightly simplified form Theorem 5.3
reads as follows.
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Theorem 1.3. Let € R and let A,; be the Dirac operator with an electrostatic 6-shell interaction of strength 1.
Then for any A € C\ R it holds

1 1 (L o
bt () (5 1)

c— 00
where Iy denotes the identity matriz in C?>*2 and the convergence is in the operator norm.

Finally, let us familiarize the reader with the structure of this paper. In Section 2 we provide a brief
introduction to the general theory of quasi boundary triples and their Weyl functions. The abstract results
are formulated in the way they are needed to prove our main results. Then, in Section 3 we introduce
and investigate a quasi boundary triple which is suitable to define and study the Dirac operator A, with
an electrostatic d-shell potential. Using this quasi boundary triple we conclude the self-adjointness of A,
and derive a Krein type resolvent formula, which is an important tool in the proofs of our main results in
Section 4 and Section 5. Finally, we have added the short Appendix A on criteria for the boundedness of
certain integral operators to ensure a self-contained presentation.

Notations. The identity matrix in C™"*™ is denoted by I,,. The Dirac matrices a1, as, a3 and 3 are

o = (JOJ %J) and f:= <102 _01-2), (1.1)

where o, j € {1,2,3}, are the Pauli spin matrices

0 1 0 —: 1 0
g1 1= (1 0)7 09 = (Z O), g3 i— (0 _1)

Note that the Dirac matrices satisfy the anti-commutation relation
ajop + aga; = 20,51y, J,k€{0,1,2,3}, (1.2)

with the convention g := (.
For vectors x = (a:l, Ta, .’L‘3)T we sometimes use the notation

3
QT = E ajxj.
j=1

Furthermore, m and ¢ denote positive constants that stand for the mass of the particle and the speed of
light, respectively. The square root +/~ is fixed by v/A > 0 for A > 0 and by Imv/X > 0 for A € C\ [0, 00).

Throughout the text ¥ is the boundary of a bounded C*°-smooth domain in R?® and o denotes the
Hausdorff measure on . We shall mostly work with the L2-spaces L?(R3;C") and L?(3;C") of C"-valued
square integrable functions, and more generally with L?(X;u; C"), where (X, ;1) is a measure space. We
denote by C°(€; C™) the space of C™-valued infinitely smooth functions with compact support in an open
set Q C R3, H*(R?;C") stands for the usual Sobolev space of k-times weakly differentiable functions and
H}(R3\ 3; C") is the closure of C2°(R3\ ;C") with respect to the H!'-norm. In a similar manner, Sobolev
spaces on ¥ are denoted by H*(X%;C"), s > 0.

For Hilbert spaces X and Y we denote by B(X,Y") the space of all everywhere defined and bounded
linear operators from X to Y, in the case X =Y we shall simply write B(X). We use &, - (X,Y) for the
weak Schatten—von Neumann ideal of order p > 0. Recall that a compact operator K: X — Y belongs to
G,.00(X,Y), if there exists a constant « such that the singular values si(K) of K satisfy s;,(K) < kk~1/?
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for all k € N; cf. [26] or [9, Section 2.2]. When no confusion can arise we will suppress the spaces X, Y and
simply write &, . For a linear operator 7' : X — Y we denote the domain, range, and kernel by dom T,
ranT, and ker T, respectively. If T is a closed operator in X then its resolvent set, spectrum, essential
spectrum, discrete and point spectrum are denoted by p(T"), 0(T), 0ess(T), 04(T), and o, (T), respectively.
Finally, fo4(T) denotes the number of discrete eigenvalues of T' counted with multiplicities.

2. Quasi boundary triples and associated Weyl functions

In this section we provide a brief introduction to boundary triple techniques in extension and spectral
theory of symmetric and self-adjoint operators in Hilbert spaces. Here we present the necessary abstract
material that is used in the formulation and proofs of our main results on Dirac operators with electrostatic
0-shell interactions; we refer the reader to [6,7,14,16-18,27] for more details, complete proofs and typical
applications of boundary triples and their Weyl functions in the theory of ordinary and partial differential
operators.

In the following let $) be a Hilbert space with inner product (-,-)g, let S be a densely defined closed
symmetric operator in §, and let S* be the adjoint of S.

Definition 2.1. Let T be a linear operator in §) such that T = S*. A triple {G,T'o,I'1} is called a quasi
boundary triple for S* if (G, (+,-)g) is a Hilbert space and T'g,T'; : dom T — G are linear mappings such that
the following conditions (i)—(iii) hold.

(i) The abstract Green’s identity

(Tf,9)s — (f,T9)s = (L1f,Tog)g — (Tof,T19)g

is valid for all f,g € domT.
(i) The range of the mapping I' = (I',I';)" : domT — G x G is dense.
(iii) The operator Ag := T | ker T is self-adjoint in $.

A quasi boundary triple is said to be a generalized boundary triple if ranT'y = G and it is called an ordinary
boundary triple if ranI' = G x G.

The notion of quasi boundary triples was introduced in [6] and further studied in [7] and, e.g., [8-10]. It
slightly extends the concepts of generalized boundary triples from [18] and ordinary boundary triples from
[13,29]. We note that the above definition of ordinary boundary triples is equivalent to the usual definition
in [14,17,27]; cf. [6, Corollary 3.2]. We also mention that a quasi boundary triple for S* exists if and only
if S admits self-adjoint extensions in ), that is, if and only if the defect numbers dim ker(S* 4 i) coincide,
and that the operator T arising in Definition 2.1 is in general not unique (namely, when the defect numbers
of S are both infinite). Assume that T C T = S* and let {G,T,T1} be a quasi boundary triple for S*.
Then according to [6] one has

S=T r (kerFO ﬂkerI‘l)

and the mapping I' = (I'g,T';) T : domT — G x G is closable.

Next we recall a variant of [6, Theorem 2.3] which in many situations is an efficient tool to verify that a
certain boundary space G and boundary mappings I'g,I'; form a quasi boundary triple. We will make use
of Theorem 2.2 in the proof of Theorem 3.2.

Theorem 2.2. Let T be a linear operator in ), let G be a Hilbert space and assume that T'g,I'1 : domT — G
are linear mappings which satisfy the following conditions (i)—(iii).
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(i) The abstract Green’s identity

(vag)ﬁ - (fv Tg)fJ = (Flfv FOg)g - (FOfvrlg)g

holds for all f,g € domT.
(ii) The kernel and range of T = (I'9,T'1)" : domT — G x G are dense in $ and G x G, respectively.
(iii) The restriction T | ker Ty contains a self-adjoint operator Ag.

Then
S:=T7 (kerFo N kerI‘l)

is a densely defined closed symmetric operator in § and {G,To,T1} is a quasi boundary triple for T = S*
such that Ay =T | ker T'g.

In the following we assume that {G,T,T';} is a quasi boundary triple for T' = S* with Ay = T | ker I'g.
The definition of the -field and Weyl function associated with the quasi boundary triple {G,T'g,I'1} below
is based on the direct sum decomposition

domT = dom Ag + ker(T' — \) = ker Ty + ker(T' — ), X € p(Ao). (2.1)

For ordinary and generalized boundary triples the y-field and Weyl function were introduced in [17] and [18].
The definition for quasi boundary triples is formally the same.

Definition 2.3. The 7-field v and Weyl function M corresponding to a quasi boundary triple {G,T'o,I";} for
T = S* are defined by

p(A0) 3 A= 9(N) = (To [ ker(T — \)) ™'
and
p(Ag) 3 A M(X) =T (To [ ker(T — )™,
respectively.

It is immediate from Definition 2.3 and (2.1) that v(\), A € p(Ap), is a linear operator defined on ranT'g
which maps onto ker(7"— A). Since ranT'y = dom () is dense in G by Definition 2.1 (ii) it is clear that
Y(A), A € p(Ap), is a densely defined operator from G into . It can be shown with the help of the abstract
Green’s identity in Definition 2.1 (i) that

(A =T1(4o = N) 7" € B(H,G), A€ p(A), (2.2)

and this yields y(A\) = v(A)** € B(G,H) for A € p(Ap); cf. [6, Proposition 2.6] or [7, Proposition 6.13].
Furthermore, for A, 1 € p(A4p) and ¢ € ranTy one has

YA = (I+ (A= p)(Ao = )" )v(w)e. (2.3)

In particular, for all ¢ € ranTy the $-valued function A — v(\)p is holomorphic on p(Ag). For A € p(Ap)
we shall later also make use of the relations



J. Behrndt et al. / J. Math. Pures Appl. 111 (2018) 47-78 53

d* _
TN = (Ao = NTE (N, k=0,1,., (24)
for p € ranT'y and
L
Wv(x)* =kl (Ao — N1 k=0,1,..., (2.5)

which were proved in [10, Lemma 2.4]. In the context of the 7-field we finally note that in the case of an
ordinary or generalized boundary triple {G, 'y, T'1 } the property ran Ty = G implies v(\) = W This leads
to some obvious simplifications in the above considerations, that is, (2.3) and (2.4) hold for all ¢ € G and
they can be viewed as equalities in B(G, ).

Next we collect some useful properties of the Weyl function M associated with the quasi boundary triple
{G,To,I'1}. Observe first that the values M (), A € p(Ap), are densely defined linear operators in G with
dom M (\) =ranTy and ran M(A) C ranT';, and that

M\ )Tofx =T1fn, fa€ker(T — ). (2.6)
For A\, i € p(Ap) the Weyl function and ~-field are connected via the identity

M) — M) o = (A =m)v()*v(N)p, @ cranly. (2.7)

This leads to M (X\) € M(A)*, X € p(Ayg), and hence M () is a closable, but in general unbounded operator
in G. Furthermore, together with (2.3) one obtains from (2.7) that

M) = M(m)e+ A —my(w)* (I+ O —p)(Ao—A)"")v(we, ¢ €ranTy, (2.8)

and hence for each ¢ € ranT'y the G-valued function A — M ()¢ is holomorphic on p(Ap). Moreover, due
to (2.8) the operator-valued function A — M (A) can be viewed as the sum of a possibly unbounded operator
M (@) and the function

A= (A= )y () (1 + (A= p) (Ao — N) ™)y (w),

whose values are densely defined bounded operators. Thus it is clear that for A € p(Ap) the derivatives of M
are bounded operators and from [10, Lemma 2.4] and (2.2) one obtains for ¢ € ranT

dk

T M (Ve = KT (Ao — NN, k=1,2,.... (2.9)

For k=1 and X € p(4p) NR it follows directly from (2.7) that

d

o MWNe,9)g = (1N@,7(Ne), >0, @ € ranTo \ {0} (2.10)

Similarly, as for the ~-field, some of the above considerations simplify in the special case when M is the Weyl
function corresponding to an ordinary or generalized boundary triple {G,T'5,T'1}. Since in both situations
ranTg = G it follows that the operators M (A) are defined on the whole space G and hence (2.7) yields
M(\) = M(N\)*, so that M(X\) € B(G) for all A € p(Ag). Therefore (2.9) holds for all ¢ € G and hence
as an equality in B(G). Furthermore, by (2.10) the 2B(G)-valued operator function M is monotonously
non-decreasing on intervals in p(A4p) N R.

We shall use quasi boundary triples and their Weyl functions to describe self-adjoint extensions of S and
their spectral properties in Section 4. For a linear operator B in G we consider the extension
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A[B] =T] kel"(FQ + BFl), (2.11)

that is, f € dom T belongs to dom A(gy if and only if f satisfies the boundary condition I'gf = —BT'; f. We
emphasize that the abstract boundary condition in (2.11) is different to the usual choice ker(I'y — ©T), but
is formally related to it via © = —B~!. Note that for a symmetric operator B in G the abstract Green’s
identity yields

(Aigif,9)s — (f; Aig19)s = —(T'1f, BT1g)g + (BT1f,T1g)g = 0, (2.12)

and hence the extension A[g) is symmetric in §). However, it is important to note that a self-adjoint op-
erator B does not automatically lead to a self-adjoint extension Ajp). In fact, in contrast to the theory of
ordinary boundary triples, in the more general situation of quasi boundary triples and generalized bound-
ary triples there is in general no one-to-one correspondence between self-adjoint parameters B (or ©) and
self-adjoint extensions A(p) of the symmetric operator S in $).

The next theorem contains a variant of Krein’s resolvent formula for canonical extensions which is useful
to prove their self-adjointness; cf. [6, Theorem 2.8], [7, Theorem 6.16], and [10, Theorem 2.6].

Theorem 2.4. Let S be a densely defined closed symmetric operator in $) and let {G,To,T'1} be a quasi
boundary triple for T = S* with Ag = T | ker [y, y-field v and Weyl function M. Let B be a linear operator
in G and let Aip) be the extension of S in (2.11). Then for all A € p(Ag) one has

ker(Aig — A) = {7(A\)¢ : ¢ € ker(I + BM()))}

and, in particular, X € op(Ajg)) if and only if —1 € op(BM(X)). Furthermore, if A € p(Ag) is not an
eigenvalue of A|p) then the following assertions (i) and (ii) hold.

(i) g € ran(A(p) — A) if and only if By(X)*g € dom (I + BM(\))™!;
(ii) For all g € ran(A(p) — \) we have

(A = N 7g = (49 = N)7lg = v(N) (I + BM(N) " By()g. (2.13)

If B € B(G) is self-adjoint and (I + BM(A1))™' € B(G) for some Ay € C* then Ayp is a self-adjoint
operator in § and (2.13) holds for all X € p(Ag) N p(Arp)) and all g € 5.

3. Quasi boundary triples and Weyl functions for Dirac operators with singular interactions supported
on X

In this section we construct a quasi boundary triple which turns out to be suitable for the definition
of Dirac operators with electrostatic d-shell interactions supported on a compact C*°-surface ¥. We pay
special attention to the properties of the associated Weyl function; these in turn will lead to a better
understanding of the spectral properties of Dirac operators with electrostatic d-shell interactions in Section 4.
For A € (—mc?, mc?) the values M()\) of the Weyl function are closely related with the operators C2 in
[2-4]; in this view the results on M (-) in Proposition 3.5 (ii) and Proposition 3.6 for A € (—mc?, mc?) are
known from [2-4].

Recall first that the free Dirac operator

3
Aof = —ic> a;0;f +mc®Bf,  dom Ay = H'(R%CY), (3.1)

Jj=1
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where the Dirac matrices a1, g, a3 and 3 are given by (1.1), is self-adjoint in L?(R?;C*) and that
o(Ag) = (—o0, —mc*] U [mc?, 00) (3.2)

holds; cf. [32] or [35, Chapter 20]. Next, for A € p(Ap) the resolvent of Ay acts as

(Ag — /G,\ r—y)f(y)dy, =e€R® fecL*R?CY), (3.3)

where the C***-valued integral kernel G is given by

; (3.4)

clx)? 47 ||

2 iy/A?/c?—(mc)?|z|
Gi(z) = (C);I4+m[3+ <1 —1 2\—2 — (mc)? x|> i(a- x)) e

see [32, Section 1.E] or [3, Lemma 2.1]. The explicit form of this integral kernel will be particularly important
in our further considerations. Moreover, if we denote by —A the self-adjoint Laplacian in L?(R?;C) defined
on H?(R?;C) then using (1.2) we get

A2 = (—A +mPcM) Iy, dom A2 = H*(R?;C*); (3.5)

cf. [35, Korollar 20.2] (here, the case m = ¢ =1 is considered, which is up to a scaling transform equivalent
to our case). The operator (—c?A +m?2c*) I, is understood as a 4 x 4 block operator with diagonal structure,
where each diagonal entry acts as —c?A + m?c?.

In the following let 3 be the boundary of a bounded C'*°-domain €2 C R3. For the definition of the quasi
boundary triple in Theorem 3.2 below we first introduce two integral operators associated with the function

efmc\z\

Gol@) = =

(mﬁ + (14 mc|z|) %) .

Note that there exist constants x, R > 0 such that

|72, 2| < R,
Go(z)| <k 3.6
Gola)| < {emdm’ n (3.6)

Now define the strongly singular integral operator M : L?(%;C*) — L%(%;C*) by

Mo(z) = lim / Golz —y)p(y)do(y), =€, pc L*(T;Ch). (3.7)

It was shown in [2, Lemma 3.3 and Lemma 3.7] that M is a bounded self-adjoint operator in L%(3;C*)
(to see this, note that ¢cM = C, in the notation of [2, Lemma 3.3], where m in [2, Lemma 3.1] is replaced
by mc). Furthermore, we define the mapping v : L?(X; C*) — L?(R?; C*) by

v) = / Golz — y)e(y)do(y), =R, pe L}(S;CY), (3.8)

and observe that (3.6) and Proposition A.4 imply that + is bounded and everywhere defined.
The following auxiliary result ensures that the operator 7' in (3.9) below is well-defined.
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Lemma 3.1. Let f,g € HY(R?C*) and ¢, € L*(Z;C*) such that f +~vp = g+ . Then f = g and
=1,

Proof. From f +y¢ = g+~ it follows v(¢p — ) = f — g € HY(R3;C*) = dom Ay. Let h € H}(R3\ 3; C*).
Then the self-adjointness of Ay and [2, Lemma 2.10] together yield

(AO’Y(w - 90)’ h)L2(R3;C4) = (’YW - (p)a AOh)LQ(R:‘;C‘l)
= (¢ - ¥, (Aaleh)|z)L2(E;C4) =0
and, since H}(R3 \ X;C*) is dense in L*(R3;C*), we conclude Agy(y) — ) = 0. Now 0 € p(Ap) yields

f=g9=7W—-9p)=0.
It remains to show ¢ = 1. Using [2, Lemma 2.10] we obtain for k € L?(R?;C*)

0= (’7("/} - 90)7 k)LQ(R3;C4) = (7/1 - ¥ (Aalk)|E)L2(Z;C4)7
and since the range of the mapping L?(R3;C*) 2 k v (Ay'k)|x is H'/2(X;C*) we conclude p =¢. O
Now we define the operator 7' in L?(R3;C*) via

T(f +vp) = Aof,

3.9
domT := {f +p: f € H(R*C"),p € L*(E;CH}. .

In the following the elements in dom 7" will always be written in the form f + v with f € H'(R3;C*) and
¢ € L%(%;C*); this decomposition is unique because of Lemma 3.1 and hence T is well defined.

Theorem 3.2. Let T' be given by (3.9). Then the operator
S = Ay | HL(R?\ &;C*) (3.10)
is densely defined, closed and symmetric in L?(R3;C*) and {L*(3;C*),To,T'1}, where
Lo(f+yp)=¢ and Ti(f+v¢)=fls+Me,  f+vyp€domT, (3.11)
is a quasi boundary triple for T = S* such that T | ker Ty coincides with the free Dirac operator Ag in (3.1).
Proof. We shall use Theorem 2.2 to prove the claim. Note that the mappings I'g and I'; are well-defined

by Lemma 3.1. First, we check Green’s identity in Theorem 2.2 (i). For f 4+ v, g + v% € dom T it follows
from (3.9) and the self-adjointness of Ay that

(T(f +79):9 +79) ooy — (F + 70 T(9+ 7)) 2 gy
= (A0f>g + “W) L2(R3;C4) (f + e, AOQ) L2(R3;C4)

= (AOfa '7'(/)) L2(R3;C4) (’Y(,O, Aog) L2(R3;C4)"

Since

(A0f7 7¢) L2(R3;C4) — (f|27 ¢) L2(3;C4) and (’74107 Aog) L2(R3;C4) — (4107 g|Z)L2(Z;(C4)
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by [2, Lemma 2.10] and M is self-adjoint, we obtain

(T(f +99):9 +7) sy = (F + 70 T(g+ 7)) 12 sy
= (fl2:%) L2 mcny = (:915) L2 meny
= (fls + M%w)p(z;@) — (¢, 95 + Mw)p(z;@)
= (T1(f +79):Tolg + 7)) L2 (mcsy — Colf +79). T1(g + 7)) L2 (scas

that is, assumption (i) in Theorem 2.2 holds.

Next, we prove that I' has dense range. To show this, consider (1, ¢) € (ranT)*. Then we have

(¢, FO(f + fy(p))L2(E;(C4) + (57 Fl(f + ’YL‘D>)L2(E;(C4) =0 (3'12>

for all f 4+ v¢ € domT'. The special choice ¢ = 0 leads to

0= (gvrlf)Lz(E;((y) = (gvflE)LQ(E;C4), f € HI(RS;C4)'

Since the trace operator has dense range we conclude £ = 0 and therefore (3.12) reduces to
0= (¢7F0(f + 7@))[/2(2;@4) = (1% @)LQ(E;C‘l)

for all ¢ € L?(X;C*). Thus ¢ = 0 and it follows that ranT is dense. It is clear that kerI' = H}(R?\ 3; C*)
is dense in L2(R3;C*). We have shown that assumption (ii) in Theorem 2.2 is satisfied. Finally, assumption
(iii) in Theorem 2.2 holds, since T' | ker I’y is the free Dirac operator.

Now it follows from Theorem 2.2 that {L?(3;C*),T'g,I'1} is a quasi boundary triple for 7 = S*, where
S is the restriction of T onto kerI' = H} (R?\ ¥;C*) in (3.10). O

Remark 3.3. Note that ranTy = L?(X;C*) in Theorem 3.2 and hence the triple {L?(3;C*),Ty,I'1} is
even a generalized boundary triple in the sense of [18]; cf. Definition 2.1. In particular, it follows that the
values of the corresponding ~-field and Weyl function (see Proposition 3.4 below) are everywhere defined
and bounded operators. In the case that v in (3.8) and the strongly singular integral operator M in (3.7)
are only considered on a dense subspace of L?(3;C*) the corresponding triple in Theorem 3.2 is still a
quasi boundary triple. A natural choice in this context is to consider v and M defined on the Sobolev
space H'/2(¥;C*). In this situation 7' is the orthogonal sum of Dirac operators defined on H'(€2;C*) and
HY(R3\ Q;CY).

Next we compute the y-field and the Weyl function associated with the quasi (or generalized) boundary
triple { L?(X; C*), T, T'1 }. It turns out that the operators v and M introduced in (3.8) and (3.7), respectively,
coincide with the values of the y-field and the Weyl function at the point A = 0.

Proposition 3.4. Let {L*(X;C*),To,T'1} be as in Theorem 3.2 and let G be the integral kernel of the
resolvent of the free Dirac operator Ay in (3.4). Then the following holds.

(i) The ~y-field of {L*(3;C*),To,T'1} is holomorphic on p(Ag) = C\ ((—o0, —mc?]U[me?, 00)), the operators
y(A) @ L3(2;C*) — L2(R3;C*) are everywhere defined and bounded, and given by

Y(\)p(z) = / Ga( — w)p(y)do(y), =€ R?, o L3(S:;CY).
>
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Their adjoints y(A)* : L?(R3; C*) — L?(X; C*) are

YA F () = / Gxle— ) f)dy, €, fe PR%CH.

R3

The operators y(\) and v(A)* are compact for all A € p(Ap).
(ii) The Weyl function M(-) of {L*(X;C*),To,T'1} is holomorphic on p(Ag) = C\ ((—o0, —mc?]U[me?, 0)),
the operators M()\) : L?(X; C*Y) — L2(%;C*) are everywhere defined and bounded, and given by

M(N)p(z) = lim Gr(z —y)p(y)da(y), z€X, pe L*(T;CH).
lz—y|>e

Proof. (i) By (2.2) we have v(\)* = I'1(4g — A\) ™!, X\ € p(Ap), and this operator has the explicit represen-
tation

V(A f () = / sl —y)f(y)dy, €%, fe PR%CY. (3.13)
R3

From the properties of the trace map we conclude ran~y(A\)* = H'/2(Z;C*), which together with the closed
graph theorem implies that v()\)* is bounded and everywhere defined as an operator from L?(R?;C*) onto
H'/2(%;C*). Since the embedding H'/?(%; C*) — L?(X;C*) is compact it follows that v(\)*, A € p(4y), is
compact.

Next, we analyze v(A), A € p(Ag). As Ty is surjective it follows that v(\) is everywhere defined and
bounded (see Section 2) and since y(\)* is compact also y(A) = v(A)** is compact. Moreover, using (3.13)

and Gy(z —y) = Gia(y — x) we obtain

(OO0 aqaoieny = (91N D) pagseny = [ 960) [ Gl = 1) waudo(a)

b)) R3

/ / Gy — 2)()do (z) Fy)dy

R3 X

for all ¢ € L?(3;C*) and f € L?(R3;C*), which yields the integral representation of v(\).
(i) In order to compute M(\), A € p(Ag), we use Y(A) = (I3 + A(Ag — A)~H)7(0) and v(0) = v; cf. (2.3)
and (3.8). It follows from the definition of I'; in (3.11) that

M(A)g =T17(A)p =T1(Is + MAg = A) "y = Mo + (A(Ao — N M9) |z (3.14)

We shall derive an integral formula for (A(4g — \)"1y¢)|s next. First note that for all g € C2°(R3; C*) and
almost all z € R3 we have

/ [Ga(z — y) — Golz — 9)]g(w)dy = (Ao — N)"g(z) — A7g(x)

R3
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= [ 9) [ Galer = )Gty — 2)dyaz

R3 R3
_ / o(v) / Gz — 2)Golz — y)dzdy,
R3 R3

where Fubini’s theorem and a permutation of the variables y and z were used in the last two steps. Hence,

Gl — y) — Golz —y) = A/Gm: — 2)Go(z - y)dz

R3

is true for almost all z,y € R3. This can be extended by the continuity of G for all  # y. Employing again
Fubini’s theorem, we deduce for x € X

MAo =N Myp(z) = A [ Gz —y) [ Goly — 2)p(2)do(2)dy
Jore]

= /\/cp(Z)R[ Ga(z —y)Go(y — 2)dydo(2) (3.15)

P

. /go(z) [Ga(@ — 2) — Go(z — 2)]do(2).

b

Since A(Ag — A)"1yp|s € L%(Z;C*) the last term is finite for almost all z € Y. Therefore, we have that
¢[Gr(z — ) — Go(x — )] € L*(2;C*) for almost all z € ¥. Hence, for these = we obtain from (3.14), (3.7),
(3.15), and dominated convergence that

M(N)p(x) = Mp(x) + A(Ao — A) ™ ye(@)

—tm [ Gole - 0o+l [ [Gre 1) - Golo — )] u)day)

|lz—y|>e |lz—y|>e

this shows the representation of M (A) in (ii). Note that the operators M(X), A € p(A4p), are everywhere
defined and bounded since ran Ty = L%(3; C*) (see Section 2). O

In order to show self-adjointness and to discuss the spectral properties of Dirac operators with §-shell
interactions in the next section some more information on the Weyl function M(-) is necessary. Most of the
results in the next two propositions are already contained in [3,4] in a similar form; for the convenience of
the reader we collect and trace them back to those in [3,4]. First, we show that the Weyl function M(-)
admits an extension to the points A = +mc?; this extension is in agreement with the integral representation
of M(-) in Proposition 3.4 (ii) in the sense that the functions Gi,,.2 in Proposition 3.5 (i) below coincide
with the integral kernel G, of the resolvent of the free Dirac operator Ag in (3.4) at A = £mc?. The assertion
in Proposition 3.5 (ii) is a variant of [3, Lemma 3.2].

Proposition 3.5. Let {L?(3;C*),Ty,T'1} be the quasi boundary triple in Theorem 3.2 with the corresponding
Weyl function M(-). Then the following assertions hold.
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(i) The limits

M(mc?) = )\}i&lcz M()\) and M(—mc?):= )\\}i_rr}nc2 M(X)

exist in the operator norm on B(L*(X;C*)). The limit operators M(+mc?) : L*(%;C*) — L?(X;C*)
are given by
MEm)p@) =l [ Ganelo - pe)ol), @ e X, g e LEC)

N0
lz—y|>e

where the functions G4,,.2 are defined by
i(a-x) 1
G itme = + I - —.
+ Q(x) (m(ﬂ 4)+ C|.’17|2 > 47T|35|

(ii) The Weyl function X\ — M () is uniformly bounded on [—mc?, mc?], i.e.

My := sup ([M(N)] < oo.

AE[—mc?,mc?]

Proof. (i) We discuss only the case A  mc?, the statement for A \, —mc? can be proved in exactly the

same way. We define the singular integral operator

Co(z) = lim / Gmez(z — y)p(y)do(y), =€, p € L*(X;CY),
lo—y|>e

and show that M ()) converges to C in the operator norm as A ,* mc?. Note that for A € (—=mc?, mc?) we
have
C= M) =Ti(A) + T2(A) + T5(N),

where for j € {1,2,3} the operator T;(\) : L?(3; C*) — L%(X;C*) is of the form

T,V (e) = lim / Ao - gey)doly), zeS, pe L(5:CH,
|lz—y|>e

with

Iy

A ) e~/ me)? =32/ al

-2

2w = (-2

. —y/(mec)2—=22/c2|z
t’\(x) o /(mc)2 - )\_2 i(a-x) e v (me) /c?| \.
2 2 47| z| ’

1 — o~ V(me2—32/c2a|

47 |x|

47 ||

z) == <i(00|‘$'|f) +m(ly+ ﬂ))

We will see that the operators T1(\), To(\) and T5(A\) are bounded and everywhere defined, which then

yields that also C' has this property.
First, since [t} (z)| < (m — A/c?) (4x|z|)~! for & € R®, Proposition A.5 yields that there is a constant ry

(independent of \) such that
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A 2
TN <k |{m——] =0, X me. (3.16)
C

Similarly, as [t3(x)| < K2y/(me)2 — A2/c2 |27t for all # € R? and a constant g, we obtain from Proposi-
tion A.5 a constant k3 (independent of \) such that

2

ITo(MN)|| < K34/ (mc)? — ;\—2 =0, X/ mc. (3.17)

Eventually, to get a suitable estimate for t3 we note first that

0

_ / A a3/l g,
) At

-1

0
</
1

1 _ o= Vmo—2%/cal

2

etV (me)2 =22/ |z| (me)? — )\—2 ||| dt
c

)\2
(me)?2 = =5 Jal.

IN

Thus there exists a constant x4 such that

[t3(2)] < ka/(me)? = A2/ (1 + || ™)
for all 2 € R3. Therefore, we can apply Proposition A.5 and obtain some x5 (independent of \) such that

2
IT5(N)]| < K54/ (me)? — 2 0, X\ mc (3.18)

Combining (3.16)—(3.18) we conclude
IC = MW < TN+ 1T + [T =0, A7 me?,

which shows the claim of statement (i).
(ii) In the same way as in [3, Lemma 3.2] (where the case ¢ = 1 is treated) one verifies

sup [[M(A)]| < oo

AE(—mc?,mc?)
Finally, since M (mc?) = limy s,z M(A) and M (—mc?) = limy\, ez M (X) by definition it follows that

My = sup |1 M) < oo. O

A€[—mc?,mc?]

In the following proposition we collect some spectral properties of the Weyl function M(+). In particular,
we give a detailed description of the spectrum of M(\) for A € [—=mc?, mc?], which is needed to prove that
the discrete spectrum of the Dirac operator with an electrostatic d-shell interaction is finite. The results are

mostly contained in [4, Lemma 3.2], but for the convenience of the reader we add their proofs here.

Proposition 3.6. Let {L?(X;C*),To,T1} be the quasi boundary triple in Theorem 5.2 with the corresponding
Weyl function M(-). Then the following assertions hold.
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(i) For all X € p(Ay) there exists a compact operator K()\) in L?(X; C*) such that

1

M(\)? = 1l K(\).
(i) Let Mo := Supye(_me2,me2) [M(N)||. Then there exists an at most countable family of continuous and
non-decreasing functions ji, : [—mc?, mc?] — [4@—1MO7 Mo] such that

S(M(N)) = {12%} U{pn(\) :n € N} U {—m ‘ne N}.

Moreover, for any fized X € [—mc?, mc?| the number % is the only possible accumulation point of the

sequence (pn(N)).

Proof. (i) First, it follows from [2, equation (22) and Lemma 3.5] that

M(0)? =

T 42 L+ K,

where K is a compact operator in L?(3; C*) (note that ¢M(0) = C, in the notation of [2, Lemma 3.1 and
Lemma 3.3], where m in [2, Lemma 3.1] has to be replaced by mc). For A € p(Ap) we have

M(A) = M(0) + My (0)"y(})
by (2.7), and as all the operators on the right hand side are bounded and everywhere defined we get

M(A)? = M(0)? + AM(0)7(0) () + Ay(0)* v (A M(0) + (M(0)*y(N))” = 514 + KN,

where
K(A) = K + AM(0)7(0)*7(A) + My (0)*y(A\)M(0) + (Av(0)*v(\))”

is compact, as v(0)* and v(\) are compact by Proposition 3.4 (i). Hence, assertion (i) of this proposition is
true.
In order to show (ii) assume first that A € (—mc?,mc?). By (i) there exist at most countable sequences

of eigenvalues p,b () C [0,00) and p,, (A) C (—o00,0) such that

S(M(V)) {izic} ULt in e NYU{uz (V) :n e N}

and the only possible accumulation point of yiF()) is £4-. Since A — M () is analytic and monotonously
increasing on the interval (—mc?, mc?) according to (2.10) the functions pr : (—mc?,mc?) — R can be
chosen to be continuous and non-decreasing. In the proof of 3, Theorem 3.3] (observe that the operator C2

in [3, Theorem 3.3] coincides with ¢M (A), when m in [3] is replaced by mc) it is shown that
. . 1
€ op(cM(N)) if and only if — m € ap(eM(N)),
and hence

. . 1
w€ op(M(N) if and only if — e € op(M(N).
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Thus it follows that

1

pin(A) = oy (A) € {m»MO} and 1, (A) =

b
4c2pun (A) .

In particular, both points £ belong to o(M (X)) (they are accumulation points of uf () or eigenvalues).
Finally, since the operators M (£mc?) are the continuous extensions of M()\), A € (—mc?,mc?), in the
operator norm (see Proposition 3.5 (i)) it follows that the spectral properties of M (\) extend by continuity
to the endpoints £mc?; cf. [34, Satz 9.24]. O

4. Dirac operators with d-shell interactions and their spectra

In this section we define Dirac operators with electrostatic d-shell interactions supported on surfaces in
R? and study their spectral properties. The definition of the operator A, for constant interaction strength
1 # £2c is via the quasi boundary triple in Theorem 3.2.

Definition 4.1. Let 7" be given by (3.9) and let {L?(3;C*),To,T'1} be the quasi boundary triple in Theo-
rem 3.2. The Dirac operator A, with an electrostatic d-shell interaction of strength 7 € R\ {#-2c} supported
on X is defined by
Ay =T | ker(I'g +nI'y),
or, equivalently, it admits the following more explicit representation:
Ap(f +v9) = Aof, domA, = {f+~ypedomT:n(fls+Mp)=—¢}.

The boundary condition for f + vy¢ € dom A,, corresponds to a certain jump condition:

Remark 4.2. Let Q C R? be the bounded C'*°-domain with 92 = ¥, denote the outer unit normal vector
field of © by v and let h := f + vy € dom A,,. It is known that for z € ¥ the nontangential limits

ha(e) = Jimh(y) = f(x) + Mo(e) — 5 v o(x)

Qoy—z 2
and
ho(e):=_ lim  A(y) = f(z) + M) + 5-a v o(z)
R3\Qoy—z 2¢c

exist and define functions in L?(3; C*); cf. [2, Lemma 3.3] (note that ¢y = ®(-) and ¢M = C, with ®(-)
and C, in the notation of 2, Lemma 3.3]). Making use of (« - v)? = I (this follows from (1.2)) one verifies
that the boundary condition 7(f|s + My) = —¢ is equivalent to the jump condition

(hy +h_)=—ica-v(hy —h_).

N3

Note that Green’s identity for the quasi boundary triple {L?(3;C*), T, 1} shows that A, is symmetric;
cf. (2.12). In the following we shall employ some abstract results on quasi boundary triples and their Weyl
functions from Section 2, which together with the properties of the ~-field and Weyl function M(-) in
Propositions 3.4-3.6 are the main ingredients in the proofs of Theorem 4.4 and Theorem 4.6 below. We first
verify that I, + nM()) is boundedly invertible.
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Lemma 4.3. Let n € R\ {£2¢} and let A € C\ R. Then Iy + nM(\) has a bounded and everywhere defined
tnverse.

Proof. First, we note that Iy +nM()) is injective for A € C\R, as otherwise A would be a non-real eigenvalue
of the symmetric operator A,; cf. Theorem 2.4. It remains to prove that Iy +nM(\) is surjective. Observe
that by Proposition 3.6 (i)

(L pMOE = M) = L= MOY = (1= L) 1= KO,

where K ()\) is a compact operator. Hence,

2

,'7 2
(I + nMO)) (L — M) = (1 - —) (I, + dK(V), d= -

4c?n
4¢? 4¢2 — n?’

and therefore ran(ly +dK(\)) C ran(Iy +nM())). Since the left hand side in the above equation is injective
(otherwise A would be a non-real eigenvalue of one of the symmetric operators Ay, by Theorem 2.4) the
same is true for the right hand side. Thus the Fredholm alternative implies that ran(I;+dK (X)) = L?(3; C*).
Hence, Iy + nM () is also surjective, which yields the assertion. O

In the next theorem we verify the self-adjointness of A,, provide a Krein type resolvent formula, and

we investigate the discrete spectrum of A, in the gap (—mc?, mc?) of the essential spectrum. It turns out

in (iii) that the discrete spectrum in (—mc?, mc?) is finite (and non-trivial for certain n by Proposition 5.5).
Moreover, for sufficiently small or sufficiently large |7| the discrete spectrum of A, is empty by assertion (iv).
While this behavior for small interaction strengths is similar as for Schrédinger operators with d-interactions,
such an effect does not occur for large 7. This result and also assertion (ii) are known from [3]; here they

follow immediately from Theorem 2.4 and Proposition 3.6.

Theorem 4.4. Let {L?(3;C*),Tg,T1} be the quasi boundary triple in Theorem 3.2 with corresponding
~-field v(-) and Weyl function M(-). As in Proposition 3.5 (ii) set

My = sup | M(N)]].

AE[—mc?,mc?)

Then the Dirac operator A, in Definition J.1 is self-adjoint in L*(R*;C*) for alln € R\ {£2c} and

- - —1 s
(Ay =07 = (Ao = V)" =y (Za+ 1M Q) v(N) (4.1)
for all X € p(Ao) N p(A,). Furthermore, the following assertions are true.

(i) Oess(Ay) = (—00, —mc?] U [mc?, o0).
(ii) dimker(4, — ) = dimker(Iy +nM(N)) for all X € (—mc?, mc?).
(iii) o(Ay) N (—mc?, mc?) is finite for all n € R\ {+2c}.
(iv) a(A,) N (=mc*,me?) =0 for |n| < ﬁo or |n| > 4c2 M.
Proof. The fact that A, is self-adjoint in L?(R3;C*) and that the resolvent of A, is given by (4.1) are
immediate consequences of Theorem 2.4 and Lemma 4.3.

(i) The resolvent formula (4.1) implies that (A4, —A)~' — (49— A)~* is compact for all X € p(Ap) N p(A,)
since y(\) and y(\)* are compact by Proposition 3.4 and (I +nM (X))~ 'n is bounded by Lemma 4.3. This
yields
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Uess(An) = Uess(AO) = O'(Ao) = (—OO, —mCQ] U [’ITLC2, OO)

(ii) This claim follows from Theorem 2.4.

Assertion (iii) will be shown by an indirect proof. Assume that for some interaction strength n € R\ {£2c}

there are infinitely many discrete eigenvalues of A, in the gap (—mc?, mc?) of the essential spectrum. Then

mc? or —mc? is an accumulation point of these eigenvalues in (—mc?, mc?) and in the following we discuss

the case n < 0 and that there is a sequence (\,) C o(A,) N (—mc?, mc?) which tends to mc?; the cases with

n > 0 or eigenvalues accumulating to —mc?

that

can be treated analogously. Recall from Proposition 3.6 (ii)

o(M(N)) = {iQic} U{pn(\) i n € N}U {—m ‘ne N},

where p,, : [-mc?, mc?] — [m, M| are continuous and non-decreasing functions for all n € N. Since
0< —% € op(M(My)) by (ii) and —% # o for each n € N there exists k(n) such that pg(n)(An) = —%. By
monotonicity we have

1200, < fig(ny (—mc?) < *% and *% < gy (me?) < My
for all n € N and hence the infinite sequences (1) (—mc?)) C o(M(—mc?)) and (g, (mc?)) C o(M(mc?))
both have an accumulation point in [m, —%] and [ — %, MO], respectively. Since % is the only possible
accumulation point of o(M(—mc?)) and o(M (mc?)) in [m, Mp] this is a contradiction to n # —2c. It
follows that o(A,) N (—mc?, mc?) is finite.

(iv) For n ¢ {0, £2¢} it follows from (ii) that A € (—mc®,mc?) is an eigenvalue of A, if and only if — is an
eigenvalue of M (). Hence the assertion follows from the fact that o (M (N\)) C [—Mo, —m] U [m, Moy,
see Proposition 3.6 (ii). O

Besides the qualitative properties of the spectrum of A, in Theorem 4.4 we establish a trace class result
important for mathematical scattering theory in Theorem 4.6 below. We keep the notations simple and skip
the respective spaces in the symbols of (weak) Schatten-von Neumann ideals &, o,. We also note the useful
property

61/35,00 . 61/y,oo = 61/(x+y),oov z,y >0, (42)

see, e.g. [9, Lemma 2.3 (iii)]. In the next preparatory lemma we first provide some auxiliary Schatten—
von Neumann estimates for the derivatives of the y-field and Weyl function in Proposition 3.4.

Lemma 4.5. Let A € p(Ag) and let the operators v(\) and M(X) be given as in Proposition 3.4. Then for all
k € Ny one has

dk dk N
W’Y(/\) 664/(2k+1),om and W’Y(/\) 664/(2k+1),oo~

Moreover, it holds for all k € N

k

WM()\) € G2k 00

Proof. We shall use that for all A € p(A4p) the relations
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s L
DY) = K01 (Ao — NTRL k=01, (4.3)
and

hold; see (2.5) and (2.9). It follows from (3.5) and dom A! = H?(R3;C) that dom AET! = H*¥+1(R3; C*)
and hence ran(4y — A\)~F~1 = HFFL(R3;C*). Therefore, ran(I'y (4 — \)~F~1) = HFY/2(%;C*) and
[9, Lemma 4.7] yields

Fl(AO - )\)_k_l S 64/(2k+1),oo7 k=0,1,.... (45)

Now the second assertion of the lemma follows from (4.3) and by taking adjoint we get the first statement.
The assertion on %M(A) follows from (4.4), (4.5), ¥(A) € G400 and (4.2). O

In the next theorem we prove that the difference of the third powers of the resolvents of A, and A is
a trace class operator, and we provide a formula for the trace in terms of the Weyl function M(-). Note
that the trace on the left hand side in (4.6) is taken in the space L?(R?;C*), whereas the trace on the right
hand side is in the boundary space L?(3;C*). We refer the reader to [10,23,24] and the references therein
for related results on elliptic differential operators, Fredholm perturbation determinants and other types of
trace formulae for Schrodinger operators.

Theorem 4.6. Let n € R\ {£2¢} and let M(-) be as in Proposition 5.4. Then for all X € p(Ag) N p(A,) the
operator

(Ay =N = (Ao = N7

belongs to the trace class ideal and

tr[(Ay — A) 73 = (Ao — N3] = —%tr {dd—; ((14 + nM(A))‘ln%M()\)ﬂ (4.6)

holds. In particular, the wave operators for the pair {A,, Ao} exist and are complete, and the absolutely
continuous parts of A, and Ay are unitarily equivalent.

Proof. For n € R\ {£2¢} and XA € p(Ag) N p(A,) it follows from Lemma 4.3 and Theorem 4.4 that
(I4+nM (X))~ 1n is a bounded and everywhere defined operator. We shall use the symbol 9B for the class of
bounded and everywhere defined operators in the following. The resolvent formula from Theorem 4.4 and
[10, equation (2.7)] yield

(Ag =07 = (A =07 = 20, - 371 (g - )
- O+ M () O] wn
1 dp d¢ » ar .
=2 (570 (et o) (5007

Before we verify that each summand on the right-hand side in (4.7) is a trace class operator we first mention
that
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&Ly 4 M)y = (L + g M) (iMu)) (I + M) € Gane

dA dA
and
St a0 = 200+ ) (M) (ka0 )

2

WM()\)) (I +nMX) 'y € 6100

(L M) ( d

hold by Lemma 4.5 and (4.2). It then follows from Lemma 4.5 that

d? _ —
(5270 (a4 ) ()" € S B S

(7)) (S50 + 1)) 1" € S G2 S
(570 (et 0 (500" ) € Sujaoe B g
90 (5 + a0 70 (570" ) € S G2 S
ST+ M) (70 ) € S B S,
d2 -1 ) *
1) ( gy + 2O 0 10" € S S S

and using (4.2) we observe that each term is in the weak Schatten-von Neumann ideal &y /3 . Since Gy /3
is contained in the trace class ideal we then conclude from (4.7) the first claim of this theorem. Moreover,
using the cyclicity of the trace it follows in the same way as in the proof of [10, Theorem 3.7 (ii)] from (4.7)
that

tr((A; —A) 7% — (49— \)7?)

p+atr=
B _P-‘rq;—g p'(;llr' Kd/\q (I +77M(>\))177) (ddiTV(X)*) (%7( )ﬂ
_ _%tr [dd_; (L + M)ty (V) 70\))}

This shows the trace formula in Theorem 4.6. The assertion on the wave operators and the absolutely
continuous spectrum are well-known consequences of the trace class property, see, e.g. [36, Chapter 0, Theo-
rem 8.2], [31, Problem 25|, and the standard definition of existence and completeness of wave operators. O

Remark 4.7. We have actually proven a slightly stronger claim in Theorem 4.6, namely, that the resolvent
power difference (A4, —\)~*—(Ag—A)~? belongs to the weak Schatten-von Neumann class G5 . A similar
analysis can be performed for other integer powers of the resolvents of A, and Ay in the spirit of [8,10]. In
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the present text we restricted our attention to the third powers, because it is the smallest power for which
the resolvent power difference of A, and Ay is in the trace class. This implies, in particular, the existence
and completeness of the wave operators for the pair {A,,, Ao}

5. The nonrelativistic limit

In this section we show that the Dirac operator A, with an electrostatic d-shell interaction of strength

2 is subtracted from

1 € R converges in the nonrelativistic limit, i.e. when the energy of the rest mass mc
the total energy and the speed of light ¢ tends to oo, to a Schrédinger operator with an electric §-potential
of strength 7. This shows that A, is indeed the relativistic counterpart of the Schrédinger operator with a
d-interaction. Because of the convergence in the nonrelativistic limit one can also deduce spectral properties
of A,, for large ¢ from those of the Schrédinger operator with a d-interaction. As an illustration we show in
Proposition 5.5 that for sufficiently large —n > 0 the number of eigenvalues of A, in the gap (—mc?, mc?)
of 0ess(Ay) becomes arbitrarily large remaining finite.

First we recall the definition of the Schrédinger operator with a d-potential supported on ¥ of strength

n € R and some of its properties. For this we consider the sesquilinear form

b»,][f,g] = (Vfa Vg)Lz R3;C3) n(f|zvg|Z)L2(Z;C)v dom b'r] = Hl(Rg;C)a (51)

which is symmetric, bounded from below and closed, see [12, Section 4] or [8]. The corresponding self-adjoint
operator —A,, is the Schrodinger operator with a d-potential supported on X of strength 7. In what follows,
we want to state a suitable resolvent formula for —A,. For this purpose, we introduce for A € C\ R the
function

6i\/2mA|x|

K)\(Jf) . Qme,

z e R*\ {0}. (5.2)

Then K is the integral kernel of the resolvent of fﬁA, ie.
1
<2mA - A) /KA r—y)fly)dy, zeR3 feL?R3C). (5.3)

Furthermore, we define the operators ¥()\) : L?(X;C) — L*(R?; C),

/K,\ r—y)p(y)do(y), zeR3 pe L*(%;0), (5.4)
and M(\) : L2(X;C) — L2(2;C),
NM(Ne(e) = [ Kale = )ew)otw), €3, o€ LA(S0). (5.5)
>

According to [8, Proposition 3.2 and Remark 3.3] the operators 7(A) and M()) are bounded and everywhere
defined. It is not difficult to check that the adjoint of 7()) is given by ¥(\)* : L?(R3;C) — L%(%; C),

/KA z—y)f(y)dy, z€X, fecL*R3C). (5.6)

With these notations we recall a resolvent formula for —A,; cf. [8, Theorem 3.5] or [12, Lemma 2.3].
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Theorem 5.1. Let n € R and let A € C\ R. Then the operator I + UM(/\) has a bounded and everywhere
defined inverse and

(80 =07 = (~gA=A) =AM+ G

It will be shown that the resolvents of the Dirac operators A, with n € R fixed converge in the nonrel-
ativistic limit to the resolvent of the Schréodinger operator with a d-potential times a projection to the two
upper components of the Dirac wave function, i.e. that for any A € C\ R

lim (4, — (A+m®) " = (=A, =N Py,

c—00
I, 0
P+Z:(02 0)

Note that the Dirac operator A, is self-adjoint for all sufficiently large ¢ by Theorem 4.4. The resolvent

where

formula in Theorem 4.4 indicates that it is sufficient to compute the limits of the operators (Ag—(A+mc?)) 71,
y(A+mc?), M(A+mc?) and v(A+mc?)*. This is done next in a preparatory proposition. The nonrelativistic
limit of the free Dirac operator in (5.7a) is known from [32, Theorem 6.1].

Proposition 5.2. Let A € C\ R and let v(\ + mc?), M (A +mc?) and (A + mc?)* be as in Proposition 3./.

Moreover, let ¥(\), M(\) and ¥(A\)* be as in (5.4)—(5.6). Then there exists a constant k = k(m, \) such
that the following statements are true:

(Ag— (A + 77102))71 - (—ﬁA - )\) P < g; (5.7a)
[+ me?) =N Pe| < = (5.7b)

[+ me?) =3P | < = (5.7¢)
M3+ me?) = MO)P | < =. (5.7d)

Proof. Since all differences that shall be estimated in the operator norm are integral operators with the
integral kernel G2 — K) P4 we consider first this function. Let K, be as in (5.2) and note that

by A2 ’L(OZ . {17) ei\/)\z/02+2mx\\w\
G)\+mc2 (l‘) = (C—2I4 + 2mP+ + <1 — 1 0_2 —+ Qm)\|x> Cl(];|2 > 47T|x| .

We use the decomposition

Gaime2 () — Kx(2) Py = t1(x) + t2(z), (5.8)

where the functions t; and ¢y are defined by

iV A2/c2+2m |z A )\2 ( ) )
(& I\« -
t =—| =1L 1—i\/—= +2mA — |
1(x) ppp <02 4+ iy =2 + 2mA|z| o )

tg(.ﬁ) _ (ei\/)\Z/c2+2mA\m\ _ ei\/2mA|m\) 2m P

- Amlz|”

(5.9)
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It is easy to see that there exist positive constants x1(m, \) and k2(m, A) independent of ¢ and an R > 0
such that

K‘l(m7)‘) |£E|72’ |I“ < Ra
t < — 17 5.10
| 1(1')| - c {e—m(rrt,>\)fb|7 |x‘ > R. ( )
In order to estimate t5 note that
1
ei«/)\z/02+2m)\|x\ _ ei\/2m)\|x| _ /iei«/t/\z/cz—iﬂmk\x\dt
dt
T (5.11)
< M/ VA2 /2 +2mA || 28 ’dt.
T J 2¢4/tA%/c? 4+ 2mA
Since A € C \ R there exist constants kz(m, A), k4(m, A) > 0 such that for all sufficiently large c
ir2 .
< k3(m,A\) and Re (z\/t)\Q/c2 + 2m>\) < —kq(m, N)
2¢4/tA%/c? 4 2mA
hold for all ¢ € [0, 1]. This implies
|t2<l‘)| _ ‘ 2m (ei\/)\2/c2+2m)\|x\ _ ei\/2m)\|9c|> P“F‘
4] (5.12)
2
< HS(m’)\)TZe—m(m,A)IxI.

Eventually, because of the estimates (5.8), (5.10) and (5.12) there exist constants xs(m, ), kg(m, A) > 0
such that

|G>\+m62 (x) - K)\(x)PJr‘

IN

[t1(2)] + [t2(2)]
< rs(m, ) [ |z 72, |z| < R, (5.13)
- C ef’ﬂﬁ(m)‘)‘ml, |:[;| Z R.

Now we are prepared to prove (5.7a)—(5.7¢). By (3.3) and (5.3) we have

1
2m

((Ao ~(me) - ( AA)1P+)f(x)

— [ (@rimerto = 9) = Ka(a = p)P2) )y
R3
for x € R? and f € L%(R3;C*). Employing (5.13) and Proposition A.3 we find that

1
2m

< 57(m7 )‘)
C

—1
A)\) P,

(Ag— (A + ch))f1 - (

for some constant x7(m, \) and hence (5.7a) holds. In order to prove (5.7b) recall from Proposition 3.4 (i)
and (5.4) that
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(YA +me?) = FA)Py)p(x) = / (Grime2 (& —y) — Ka(z — y)Py)e(y)do(y)
z

for z € R3 and ¢ € L?(%;C*). Here the asymptotics in (5.13) and Proposition A.4 yield

hh+ me?) ~ 5Py | < B AE)

which is already the claimed estimate. Moreover, the relation (5.7c) follows by taking adjoints. Finally, we
prove M (X + mc?) — M(X\)Py. For that purpose we use the decomposition

(M +me?) = M) Py )p(x) = lim (Grsmez (& —y) — Kx(z — y) Py )p(y)do(y)
lz—y|>e

= (U + U+ Us +Uy)p(z), z€X, pc L*X;Ch,

where for j € {1,2,3,4} the operators U, : L*(X; C*) — L?(%;C*) are integral operators of the form

Ujp(z) := lim uj(z —y)e(y)do(y), =€, pe L*(X;Ch,
|z—y|>e

and the functions u; are given by

i/ A2 /c24+2m|z| A . 22
€ -

=— | L+ —1\/— +2mA =t
u1(z) pra <02 4+ ol \ = +2mA |, uz () 2(2),

ug (@) i= i(a-x) (6i¢m|x| _ 1>7 wa(z) - i(o- )

" den|x3 = der|z|?’

Ko (m,\)

with t as in (5.9). Note that uy +us +ug = t1 with ¢; given by (5.9). It is easy to see that |ui(z)| < T
for some constant kg(m, \) and all z € R3\ {0}, and |uz(z)| < k3(m, A\) 22 for all x € R? by (5.12). Next,

4me
we observe that

1

ei\/k2/02+2m>\|;v| _ 1’ — /ieit\/)\2/02+2m)\\w|dt
0

dt
1 2
|ar|/ eithfl.j\/ﬁ’dt,
c
0

and hence there exists k19(m, A) such that |ug(z)| < % for all x € R?\ {0}. Therefore, we can apply

IN

Proposition A.5 and obtain

A
ol < D e n.3),

for some constant k11(m, ). Eventually, we note that Uy = %C, where C' is the integral operator with
integral kernel cuy(z —y) = %; this operator is independent of ¢, everywhere defined and bounded,
see the proof of [2, Lemma 3.3]. Therefore, ||Us| < #2. This yields finally that

—~ K1z(m, A
[a2x + me?) — TP < ol + 102+ sl + 0 < 222

and completes the proof of (5.7d). O
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The next theorem is the main result in this section and basically a consequence of the resolvent formulae
for A, and —A,, from Theorem 4.4 and Theorem 5.1, respectively, and the estimates in Proposition 5.2.

Theorem 5.3. Let n € R and let A, be the Dirac operator with an electrostatic §-shell interaction in Defi-
nition 4.1. Furthermore, denote by —A,, the Schrodinger operator with a é-interaction of strength n. Then
for any A € C\ R there exists a constant k = k(m, \,n) such that for all sufficiently large c

[(ay = me) T = (=8, =0 TRy < 2

Remark 5.4. For the special case 7 = 0 the convergence of the free Dirac operator to the free Laplace
operator in the nonrelativistic limit is well known, see, e.g., [32, Theorem 6.1], where it is shown that the
order of convergence is % Hence, the order of convergence in Theorem 5.3 is optimal for general interaction
strengths n € R.

Proof of Theorem 5.3. First, recall that by Theorem 4.4 the resolvent of A, is given by
(A, — (A + ch))*1 = (4o — (A + ch))fl — YA+ mc®) (1 + M\ + mc2))71n'y(x + mc?)*.
From Proposition 5.2 we know that there exists a constant k1 = k1(m, ) such that

_ 1 -1
(Ao — (A +mc?) ™" - (—%A—/\) Pl < B

O+ me?) = AN PL| < =
(34 me?)* =5)* P < =
1M+ me?) = M) Py|| < =

Since the operators Iy + nM (X + mc?) and I + nM(\) Py are boundedly invertible, see Lemma 4.3 and
Theorem 5.1, it follows from [30, Theorem IV 1.16] that

[ 12+ mda 3 me) ™ = (14 b)) < 2

holds for some constant kg = k2(m, A, n). Therefore, by using the resolvent formula for —A,, from Theo-

rem 5.1 we obtain

lim (A, — (A + ch))_1 = lim [(AO - (A + mcg))_1

c—00 c— 00

—y(A+me®) (Ls + nM (X + ch))_lnv(X + mc2)*}

<—%A - A) _ Py = (NP (Is + UM()\)PJr)_l?ﬁ(X)*PJr

— (-2, =N "'Py
and the order of convergence in the operator norm can be estimated by % This completes the proof of
Theorem 5.3. O

Finally, we show that for large ¢ and —n > 0 sufficiently large the number of eigenvalues of A, in the

gap (—mc?, mc?) of oess(Ay) becomes large. The proof is based on Theorem 5.3 and a result from [20] on
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the spectrum of —A,,. In a similar way, one can derive also other results on the spectrum of A, from the
well-known properties of —A,,.

Proposition 5.5. For any fized j € N there exists n < 0 such that foq(Ay) > j for all sufficiently large c.

Proof. Note first that oess(—A,Py) = Oess(—A;) U {0} = [0,00) and recall from [8, Theorem 3.14] that
od(—A,Py) = 04(—A,) is finite. For j € N fixed [20, Theorem 2.1] yields foq(—A,Py) > j for some
n < 0. Next, choose a < b < 0 with 6q4(—A,) C (a,b) and denote by E_a, p, ((a,b)) and E4, _me2((a,b))
the spectral projections of —A, P, and A, — mc?, respectively, corresponding to (a,b). For ¢ — oo and
A € C\R Theorem 5.3 yields that the operators (A4, — (A+mc?))~! converge to (—A, —A) "' P;. The latter
operator is the resolvent of a self-adjoint relation (multivalued operator) and hence it follows in the same
way as in [34, Satz 9.24b)] together with [34, Satz 2.58 a)] that for all sufficiently large ¢ the dimensions of
the ranges of £_a, p, ((a,b)) and E4, _m2((a,b)) coincide, i.e.

dimran E4, _me2((a,b)) = dimran £_x, p, ((a,b)) > j.

Hence, the operator A, has at least j discrete eigenvalues (counted with multiplicities) in the interval
(a+mc?, b+ mc?) C (—=mc?, mc?) for sufficiently large c. O

Acknowledgements

Jussi Behrndt and Markus Holzmann gratefully acknowledge financial support by the Austrian Science
Fund (FWF): Project P 25162-N26. Pavel Exner and Vladimir Lotoreichik gratefully acknowledge financial
support by the Czech Science Foundation (GACR): Project 14-06818S. Finally, the authors thank Thomas
Ourmiéres-Bonafos for the French translation of the abstract.

Appendix A. Criteria for the boundedness of integral operators

In this appendix we discuss the boundedness of integral operators for some special integral kernels. The
results are presented in the form that can be applied directly in the main part of the paper. First we recall
the Schur test, which is the abstract tool to prove these results; cf. [30, Example IIT 2.4] or [34, Satz 6.9
for the case of scalar integral kernels.

Proposition A.1. Let (X, u) and (Y,v) be o-finite measure spaces and let t : X x Y — C™ "™ be u X v-
measurable. Assume that there exist measurable functions t1,ty : X x Y — [0,00) satisfying [t|* < tita
almost everywhere and constants k1, ks > 0 such that

/ f(ey)dpa) < s, yeY, and / ta(e, 9)du(y) < oy T € X.
X Y
Then the operator T : L*(Y;v;C") — L*(X; u; C™),
Tf(@) = [Han)f@a), we X, e Line),
Y

is everywhere defined and bounded with | T||? < k1kz2. In particular, if (X, u) = (Y,v) and t1(x,y) = t2(y, x)
for all almost x,y € X, then ||T|| < k1.
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In the following the Schur test will be applied in the cases that X and Y are either R3 equipped with
the Lebesgue measure or ¥ (the boundary of a C*°-smooth bounded domain in R3) equipped with the
associated Hausdorff measure o and where the integral kernels satisfy O(|z —y|~*) for small z —y and some
suitable s > 0. For further purposes, we need the following integral estimates.

Lemma A.2. The following assertions (i)—(ii) hold.

(i) Let k,R >0 and s € (0,3) and define the function
787 < R7
I
el Jal 2 R,
for x € R®\ {0}. Then there is a constant K > 0 such that for all x € R3
/T(:L' —y)dy < K.
R3
(i) Let s € (0,2). Then there is a constant K such that for all x € R3

[ @sle=yl)dot) < k.

P

Proof. (i) In the following we denote by B(x, R) the open ball of radius R > 0 centered at € R3. For
x € R? fixed the translation invariance of the Lebesgue measure shows

/T(x*y)dy:/T(*y)dy: / ly|~*dy + / e "y,
R3 R3 B(0,R) R3\ B(0,R)

where the integrals on the right-hand side are independent of z and finite for s € (0, 3).

In order to prove (i) fix again some x € R3. It is clear that [, 1do(y) = o(X) is finite and independent
of z. Furthermore, since ¥ is compact there exists Ry > 0 such that ¥ € B(0,R; — 1). If |x| > R; then
|z —y| > 1 for all y € ¥ and therefore

/|x—y| *do(y /da =o(

P

If |z| < Ry we need a slightly more sophisticated estimate which follows the ideas of [5, Proposition A.4].
Define

={yes: 27" < |z —y|/Ry <27""'}, n=0,1,2,...,
so that ¥ = U o Arn. Moreover, for y € A,, we have
o~ I~ < Ry
and hence

/\x— y|~*do(y Z/|a:— y|~*do(y 23825"/ o(y).

nlA A,



J. Behrndt et al. / J. Math. Pures Appl. 111 (2018) 47-78 75

Since ¥ is a smooth and bounded surface there is a constant k = k() > 0 such that
o(B(z,p) NT) < kp”

independent of x € R? and p > 0, cf. [28, Chapter II, Example 3]. Using the fact that 4,, C B(x, Ry -27""1)
it follows that

oo o0

/‘.’E _ | SdU Z s2sn 27n+1)2 _ 4k‘R%75 22(372)71.

n=1 n=1

Since s € (0,2) the last sum is finite. Therefore, the claim is also true in the case |x| < R;. The proof of
Lemma A.2 (ii) is complete. O

Finally, by applying the Schur test and the estimates from the previous lemma, we can show that integral
operators with suitable integral kernels are bounded and everywhere defined and we get estimates for their
operator norms. The results are formulated such that they can be applied directly in the main part of the

paper.

Proposition A.3. Let t : R? — C™*™ be measurable and assume that there exist positive constants ki, ko
and R such that

=2, <R,
()] < .1 {|x| ||

e—ﬂ2‘$‘7 |.Z'| Z R’
for x € R®\ {0}. Then the operator T : L*(R3;C") — L%(R3;C"),
Tf(a) = [ ta - D))y, @B, f e PR,
R3

is everywhere defined and bounded with |T|| < k1 K for some K > 0.

Proof. We define for x € R3\ {0}

et ja| > R,

{W, x| < R,
7(x) := Ky

and t1(x,y) = ta(z,y) := 7(x — y) for z,y € R3. Then it follows from Lemma A.2 (i) that there exists a
constant K such that

/tl(ar,y)dx = /T(a: —y)dr < k1 K
R3 R3

for almost every y € R3. Hence, the Schur test (Proposition A.1) implies that T is bounded and everywhere
defined and that ||| < x1 K holds. O

Proposition A.4. Let t : R3 — C™*™ be measurable and assume that there exist positive constants ki, ko
and R such that

er2lel |zl > R,

-2 <R,
)] < o {|x| ||
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for x € R3\ {0}. Then the operators Ty : L?(R3;C") — L?(%;C"),

T\f(z) == / He—9)f(y)dy, zeS, fe LXRSCY),
R3
and Ty : L*(3; C") — L?(R3;C"),
Top(z) = / He — )p(y)doly), =€ RS, e L3(S;C),
>

are everywhere defined and bounded with ||T1]|, ||T2|| < k1K for some K > 0.

Proof. We prove the statement for the operator 77, the claim for T5 follows then by taking adjoints. Let us
define for an s € (0,1) and z € R3\ {0}

71(z) = Kll€3|$|_2+s

and
22, el <R,
To(z) := K1
e=rlel g > R,
where the constant k3 is chosen such that e=#21*l < g3|z|=2+ for |z| > R. Set t;(xz,y) := 7;(x — y) for

j €{1,2} and z € X, y € R?, and note that the estimate |t(x — y)|> < t1(x,y)ta(x,y) holds for almost all
x,y. By applying Lemma A.2 (ii) we see that there is a constant K7 such that

/tl(x,y)da(x) = /7’1(3? —y)do(x) < k1 K

z )

for almost all y € R3. Similarly, Lemma A.2 (i) implies that

/t2(fc7y)dy = /Tg(x —y)dy < k1 K>

R3 R3

is true for almost all x € ¥ and a constant K5. Therefore, Proposition A.1 yields the assertions for 77. O
Proposition A.5. Let t : R® — C™*" be measurable and assume that there exists a constant k > 0 such that
Ha)] < w(1+ Jo| )

for x € R®\ {0}. Then the operator T : L*(X;C") — L?*(%;C"),

To(z) = / He - y)e(y)doly), =€, pe I3(S:C,
>

is everywhere defined and bounded with ||T| < kK for some K > 0.

Proof. We define the functions
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T(x) == /<a(1 + |a:|_1), r € R*\ {0},

and t1(z,y) = ta(z,y) := 7(x — y) for z,y € ¥. Lemma A.2 (ii) shows that there is a constant K > 0 such
that

[ @ ot) = [ @ y)do@) < waxc

b by

for almost every y € . Hence, Proposition A.1 implies the statement. O
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