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Abstract ,

For a family of self-adjoint Dirac operators —ic(er - V) + 5 subject to generalized
MIT bag boundary conditions on domains in R3, it is shown that the nonrelativistic
limit in the norm resolvent sense is the Dirichlet Laplacian. This allows to transfer
spectral geometry results for Dirichlet Laplacians to Dirac operators for large c.
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1 Introduction

The MIT bag operator and more general types of self-adjoint Dirac operators on
domains  C R have attracted a lot of attention in the last years. The MIT bag model
itself originates from the investigation of quarks in hadrons from the 1970s [22, 26,
28, 34] and has been studied from a more mathematical perspective in [3-5, 16, 40,
42, 44, 47, 48]. The present paper is inspired by the recent contribution [7], where
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spectral properties of the family H,?, k € R, of self-adjoint Dirac operators

Q . ?
H, f=—lC(Ot'V)f+?ﬂf,

dom HE = {f € H'(Q; C* : f = i(sinh(x)Is — cosh(x)B)(« - v) f on I},

(1.1)
in LZ(Q; (C4) were studied. Here o - V = o101 + a9, + a393 with the usual Dirac
matrices a, a2, a3, € CH* (see (1.5) and (1.7) below), ¢ > 0 is the speed of
light, Qis a C2-domain with unit normal vector v, and H! (2; (C4) is the first order
L?-based Sobolev space. The operators HKQ model the propagation of a relativistic
spin % particle with mass m = % subject to the boundary conditions in (1.1), which
are a three-dimensional counterpart of the quantum dot boundary conditions; cf. [19,
20], the introduction in [7] for more references in dimension two, and Sect.2.2 for a
further motivation of these boundary conditions. In particular, for « = 0O the standard
MIT bag boundary conditions are recovered. If 2 is bounded, then the spectrum of
HKQ is purely discrete and consists of eigenvalues

(3]

c C2

<A (HS) < AT (HS) < 5 <5< AMHD <AHDH <., (12

that accumulate at 00. The main objective in [7] is the analysis of the eigenvalue
curves kK > AJ#(HKQ) and their asymptotic behaviour, which then leads to spectral

geometry results for HKQ with « sufficiently large. The most remarkable result therein
is a variant of the Faber—Krahn inequality for « sufficiently large minimizing the first
positive eigenvalue when €2 is a ball. For related spectral geometry results for two-
dimensional Dirac operators with infinite mass boundary conditions we refer to [2,
20, 23, 39, 51].

In this paper we propose a different approach to obtain spectral inequalities and
spectral geometry results for the Dirac operators H,?, which is based on the analysis
of a nonrelativistic limit. This allows us to conclude for all sufficiently large ¢ and
all k € R, e.g., the Faber—Krahn inequality for the first two positive eigenvalues
AT(HKQ), ){ (HKQ), the Hong—Krahn—Szeg6 inequality minimizing the second two
positive eigenvalues )\;(HKQ), )\I(HKQ), or the Payne-P6lya—Weinberger inequality
for the ratios A;T(H,?)/A;L(HKQ), j =1,2,1 =3, 4,of the first two and the second two
positive eigenvalues, relying on classical counterparts for the Dirichlet Laplacian [8,
29, 33, 36, 37, 45]; here the spectral inequalities come for pairs of eigenvalues, as all
eigenvalues of HKQ have even multiplicity, and remain valid in an analogous form also
for the first two pairs of negative eigenvalues, see Remark 3.7. In the same spirit other
results from spectral geometry can be transferred from Laplacians to Dirac operators;
we refer the reader to the monographs [31, 38, 46] for an introduction to and overview
of this topic, but limit ourselves to the above-mentioned three examples.

The nonrelativistic limit provides a connection of the generalized MIT bag models
with their nonrelativistic counterparts, i.e. Schrodinger operators, and is of independent
interest, as it gives a physical interpretation of HKQ. To find it one has to subtract the

. . 2 . 2
energy of the resting particle 5 and compute the limit of the resolvent of H,? -5
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as ¢ — oo. Nonrelativistic limits of Dirac operators have been computed in many
different settings. More information on three dimensional Dirac operators with regular
potentials, for example, can be found in [50, Chapter 6] and the references therein. In
[27] it was shown that the nonrelativistic limit of a family of one-dimensional Dirac
operators with boundary conditions containing the counterpart of HS? is a Dirichlet or
a Neumann Laplacian. Moreover, the nonrelativistic limit of one-dimensional Dirac
operators with singular interactions supported on points, which are closely related to
one-dimensional Dirac operators with boundary conditions, was studied extensively
in [24, 25, 30, 32]. In higher dimensions, the nonrelativistic limit of Dirac operators
with singular potentials supported on curves in R? and surfaces in R? was computed
in various situations in [10, 11, 13, 18]. We also point out the paper [3], where it
is shown that for bounded 2 the discrete eigenvalues of the MIT bag model, i.e. of
HKQ in (1.1) for k = 0, converge in the nonrelativistic limit to the eigenvalues of the
Dirichlet Laplacian. However, in [3] only the convergence of the eigenvalues and not
of the operator itself was studied.

In order to state our main result on the nonrelativistic limit of the operators HS* we
make the following assumption on €2, where we use the definition of a C2-domain as,
e.g.,in [41].

Hypothesis 1.1 Let Q C R3 be a (bounded or unbounded) C*-domain, not necessarily
connected, with a compact boundary and unit normal vector field v pointing outwards
of Q. The bounded element in {Q, R3 \ Q} is denoted by Q, the unbounded element
in {2, R3\ Q} is denoted by Q_, and v is the unit normal vector field pointing
outwards of Q4, sothatv = vy if Q = Qyandv = —vy if Q = Q_. For the
common boundary we write ¥ := 02 = 0Q24 = 0Q2_.

Then, the main result of the present paper reads as follows:

Theorem1.2 Letk € R, Q C R3 be as in Hypothesis 1.1, and z € C \ [0, c0).
Then, there exists a constant K (z) such that for all ¢ sufficiently large z + & €
p(HE) N p(—=AP) and

2 -1
Q 4 Q 1 (0
(- (e+5)) - coi-07 (50)

where —A% denotes the self-adjoint Dirichlet Laplacian in L*(2; C).

S 9
c
L2(Q;CH— L2(Q;C*) Ve

The strategy to prove Theorem 1.2 is to consider the self-adjoint orthogonal sum
H @ HS in L2(Q4; CH @ L2(Q_; C*), which can be identified with a self-adjoint
Dirac operator AK2 in L>(R?; C*) with a §-shell potential supported on %, see [6, 11,
16, 21]. Such types of Dirac operators with singular interactions are well-studied, see
the review article [17] and the references therein. We collect some properties of AZ in
Sect.2.2 and provide a Krein type formula in Proposition 2.2 for its resolvent, which
is the key tool for the analysis of the nonrelativistic limit. Each of the terms appearing
in the resolvent formula will be examined separately and the main technical difficulty

@ Springer



12 Page4of30 J. Behrndt etal.

is the limit behavior of the inverse of
ﬁc + Mccz+52/2MCv (14)

involving a strongly singular boundary integral operator C, 2, on X, a coefficient
matrix ¥, modelling the boundary condition in dom HKQ, and a scaling matrix M, (see
(2.5), (2.9), and (2.10) for details). In fact, it turns out that the operator in (1.4) does
not converge to a boundedly invertible operator in one Sobolev space on X, but instead
it is necessary to study the convergence of the inverse of (1.4) as an operator acting
between different fractional order Sobolev spaces on X. Here we argue via the Schur
complement and rely on an advanced and deep analysis of various boundary integral
operators appearing in this context. Eventually, it turns out that the limit of A¥ in the
norm resolvent sense is an orthogonal sum of Dirichlet Laplacians and compressing
the resolvents onto the original domain leads to (1.3).

Itis well-known that the operator norm convergence in (1.3) implies the convergence
of the corresponding spectra (see, e.g. [35, 49, 52]) and, in particular, if €2 is bounded,
the spectrum of H,f2 is discrete and we conclude convergence of eigenvalues. This
leads to spectral inequalities for the positive eigenvalues of the Dirac operators HKQ,
k € R, for ¢ > O sufficiently large; cf. Remark 3.7 for analogous results for the
negative eigenvalues.

Corollary 1.3 Letk € R, Q C R3 be a bounded C%-domain, B C R3 be a ball such that
|B| = |Q2| and By, By C R3 be identical and disjoint balls such that |Bi|+|B2| = |£2].
Then, the following assertions hold for ¢ > 0 sufficiently large:

(i) Aj(HKB) < )L}F(H,(Q)forj € {1, 2} and equality holds if and only if Q2 is a ball.
(i) )»}L(Hf‘UBZ) < AT(HKQ)forj € {3, 4} and equality holds if and only if Q is the
union of two identical disjoint balls.
(iii) If, in addition, Q2 is connected, then
+.yB +ogQ
A (HC) - A (HS)
N (HE) ~ afHE)

Je{l,2}, 1 €{3,4},

and equality holds if and only if Q is a ball.

The article is organized as follows. In Sect.2 we introduce the free Dirac operator
in R? and some associated integral operators, show the connection of H,? and Dirac
operators AE with singular interactions supported on ¥ = 02, and recall some
properties of the Dirichlet Laplacian. In Sect.3 we compute the nonrelativistic limit
of AX, which allows us to prove Theorem 1.2 and Corollary 1.3.

Notations

The Dirac matrices are denoted by

_ {0 o (I 0O
ak_<(7k 0), k e {1,2,3}, ﬂ-(o _12), (1.5)
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where I, is the n x n identity matrix, n € N, and

a=(l) () 62
10 i 0 0-1
are the Pauli matrices. The Dirac matrices satisfy
ajop +ogo; =28y, a;jfp+Ba; =0, j, kel 2,3} (1.6)
where 6 ji is the Kronecker symbol. Moreover, the notations

3 3
a-V:Zajaj and a-x:Zotjxj, x:(xl,xz,xg)e(C3, (1.7)
j=1 j=1

will often be used.

If M c R3 and k,/ € N, then the set of all continuous and k times continuously
differentiable functions f : M — C'is denoted by C(M; C*) and C*(M; C), respec-
tively. Next, denote by F the Fourier transform on the space S’(R3; C) of tempered
distributions. For the Sobolev spaces H* (]R3; C), s € R, we shall use the definition

H*R3 C) = {f e S'(R* ) : [3(1 + x| F F(x0)Pdx < oo}, (1.8)
R
with Hilbert space norm
1 s sy = /R A+ I FfPdx, fe H®:O). (19

For Q2 as in Hypothesis 1.1 the Sobolev spaces H*(€2; C),s > 0, are defined via restric-
tions of functions from H* (R3; C) onto €2, and the spaces H'(Z; C), r € [—2, 2], on
the boundary X of Q2 are defined by using an open cover of ¥ and a corresponding
partition of unity, reducing it to Sobolev spaces on hypographs; see, e.g., [41, Chap-
ter 3] for more details. We denote by yp : H(Q; C) — H'/2(%; C) the bounded
Dirichlet trace operator and we shall use the same symbol for the trace operator
yp : H'@R3; C) — H'Y2(Z;C). Sobolev spaces of vector valued functions are
defined component-wise and in this context the action of the Dirichlet trace operator
is also understood component-wise.

If A is a linear operator acting between two Hilbert spaces H and G, then its domain,
range, and kernel are denoted by dom A, ran A, and ker A, respectively. Whenever A
is bounded and everywhere defined, then || A[l7_. ¢ is the operator norm of A. If A is
self-adjoint in H, then the symbols p(A), 6 (A), dess(A), and agisc (A) are used for the
resolvent set, spectrum, essential spectrum, and discrete spectrum of A, respectively.
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2 Preliminaries

In this preliminary section we first collect several results about the free Dirac operator
in R? and associated integral operators. Afterwards, we show how the operators HKQ
in (1.1) are related to Dirac operators with §-shell potentials, and we recall some useful
properties of the single layer potential, single layer boundary integral operator, and

the Dirichlet Laplacian that are needed to prove Theorem 1.2. Throughout this section
we assume that 2, Q4, and X are as in Hypothesis 1.1.

2.1 The Free Dirac Operator and Associated Integral Operators
It is well-known that the free Dirac operator
2

Aof =—ic@@ -V)f+5pf, domAg=H R;CH, @2.1)
inRR3 is self-adjoint in L2(R3; C*) andits spectrumis o (Ag) = (—00, —%]U [%, 00).
For z € p(Ag) = C\ ((—00, =5 1U[%, 00)) and f € LA(R3; C*), the resolvent of
Ay is given by

=07 s = [ G =y, xeR

where the function G, : R\ {0} — C*** is defined by

2 2 i - x) eiN/ 22/t =c?/41x]|

z c|
o x
2 4

z 1
Gy = | St+-p+[1-i
(%) 2t 2'8 ' clx|? 477 x|

(2.2)

and the square root is chosen such that Im /z2/c2 — ¢2/4 > 0; cf. [50, Section 1.E].

Next, we introduce several integral operators and summarize some of their proper-
ties that are necessary to prove Theorem 1.2; wereferto[11, 15, 17] for more details. In
the following yp : H'(R3; C*) — H'/2(Z; C*) denotes the Dirichlet trace operator.
For z € p(Ap) the map

= yp(Ag —2) ' L2R% CY — H'A(z; ¢ (2.3)

is well-defined and bounded. It is not difficult to see that ®7 acts on f € L*(R3; C%
as

OF f(x) = fR Gix = ) fO)My, xEE.

The definition of @7 in (2.3) allows to define the bounded anti-dual map
@, = (Y : H 3z ¢ — L*®; CY). (2.4)
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With the help of Fubini’s theorem and (Gz(x))* = G,(—x) one shows that &, acts
ong € L*(Z; C*) as

B (x) = /Z G.(x — VeOdo(y), xR\ T,

where do denotes the surface measure on X. We will also make use of the strongly
singular boundary integral operator C, : L>(Z; C*) — L*(X; C*), z € p(Ay), acting
via

C.p(x) := lim G.(x — e(do(y), x€3, ¢el*Z;Ch,
e=>0% JS\B(x,e)

2.5)

where B(x, ¢) is the ball of radius ¢ centered at x. For s € [0, %] the map C, gives rise
to a bounded operator
C.: H'(Z: CYH - H'(z: CH. (2.6)

The adjoint of the realization of C, in L?(X; C*) satisfies C! = Cz and it follows
from (2.6) that C, admits a bounded extension to H*(X; C*), s € [—%, 0], such that

C.=(C : H'(Z;CYH —» H'(Z;CY, se[-1,0] 2.7)

where (Cz)" denotes the anti-dual of Cz.

2.2 Hf and Dirac Operators with 8-Shell Potentials

In this subsection we show how the operators H,f2 defined in (1.1) are related to
Dirac operators A* with §-shell potentials supported on X; the latter operators are
well-studied, see, e.g., [6, 11, 17] and the references therein. Recall the notation 21
and the unit outward normal vector field vy from Hypothesis 1.1. For a function
f:R3 — C*we write fy := f | Q4. Define the operator

AT = (—ic@-V)+§B)f+ @ (—ica-V)+ 4 B)f-,
domAZ={f=fr®f eH (QuCHeH (Q_;CH:
—i(e-v)(ypf+ —vpf-)
= (sinh(k)I4 + cosh(k) ) (vp f+ + vp f-)}.

(2.8)

in L2(R3; C*). We note that AE is the rigorously defined operator associated with the
formal differential expression —ic(« - V) + %,3 + 2c¢(sinh(k) 14 4 cosh(k)B)ds.
Our first observation is an immediate consequence from [11, Lemma 3.1 (ii)], which

says that the operator formally given by —ic(« - V) 4 % B+ (nls+ tB)dx decouples
to the orthogonal sum of two Dirac operators with boundary conditions acting on
functions in Q4 if and only if n> — 7> = —4c¢?; in the present setting the strength 1 of
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the electrostatic interaction in [11] is 2¢ sinh(k), the strength t of the Lorentz scalar

interaction is 2¢ cosh(k), and the normal vector in the definition of H,? “in (1.1) is
—v,4. Note that this choice of 1 and 7 is a natural parametrization of the arm of the
hyperbola n> — t2 = —4¢? that contains the MIT bag boundary conditions. We also
refer the reader to [6, Section 5], [16, Section 5.3], or [17, Section 5.2] for similar
Statements.

Lemma 2.1 The equality AT = HKQJr @ H,(Q* holds.

In the next proposition we summarize some properties of the operator AE that will
be particularly useful for our analysis. Recall that A is the free Dirac operator defined
in (2.1) and that ®, and C, are the operators defined in (2.4) and (2.5), respectively.
Moreover, define the two numbers

ay = %(cosh(/() —sinh(k)) >0, a_ := —%(cosh(/c) +sinh(x)) <0, (2.9)

and for ¢ > 0 the coefficient matrix ¥, and the scaling matrix M

1
9, = <Ca612 aolz) eCH4 M= <102 \/212) e Ch 4, (2.10)

Proposition 2.2 Let k € R and ¢ > 0. Then, the operator AE in (2.8) is self-adjoint
in L>(R3: C%), O’(AE) = (—o0, —%] U [%, ), for z € p(AE) the linear operator
¥ + M.C, M, admits a bounded inverse in H'/?>(%; C*), and the formula

(AY =)' = (Ag—2) ' — DM (9 + MCM,) M

holds.

Proof It follows from [11, Lemma 3.3 and Theorems 3.4 & 4.1] or [17, The-
orem 5.6] (in the case ¢ = 1) that AY is self-adjoint in L?(R3; C*), that
Gess(AZ) = (=00, =S 1U[%, 00), that Iy +2¢(sinh (i) Iy + cosh () B)C. is bijective
in H'/2(2; C*) for z € p(AZ) N p(Ap) and that the resolvent formula

(AE — z)_1 =(Ag—2)" 1 = D, (14 +2c¢(sinh(k) 14 + c:osh(lc)ﬂ)Cz)_1
-2¢(sinh (k) I4 4 cosh(x) B) D%

holds. Note that the matrix 2c(sinh(x)I4 + cosh(k)p) is invertible with inverse
_ 1
(2¢(sinh(x) I + cosh(k)B)) b Z(_ sinh(k) Iy 4 cosh(k)f) = M 9. M.

Hence, also ¢, + M.C, M, = MC(% (— sinh(x) 14+ cosh(x)B)+C;) M, is bijective
in H'/2(; C*) and the claimed resolvent formula is true.
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It remains to show that (—% 2 , 2 ) No (AZ) =(-% 2 , 2 ) N UP(AZ) = (. For this,
we use the Birman—Schwinger principle for AZ from [11, Lemma 3.3], which states
that

2 2
z € < Cz C2 )HUP(A ) ifand only if 0 € op(I4+42c(sinh(x)I4+cosh(x)B)C,).
(2.11)

= ((14 + 2¢C,(— sinh(x) I4 + cosh(k)B))
- (I4 + 2c(sinh (k) 14 + cosh(x) B)C,) e, (p)LZ(E;(C“) (2.12)

— ((]4 + 4c2(3Z2 + 2c¢ cosh(k)(C; 8 + BC.))y, ¢>L2(E~(C4) :

With (1.6) and (2.2) one finds that
1 Z
Czﬂ + ,BCZ = 2 514 + C—2ﬁ SZZ/C27C2/4’

where 82,224 is the single layer boundary integral operator defined below in
(2.14). In the present situation we have z%/c?> — ¢*>/4 < 0 and hence it follows that
Sz2/02—62/4 is a non-negative operator in L2(X; C); cf. the text below (2.15) in the
next subsection. Therefore, I + 40263 + 2c cosh(x)(C. B + BC;) is a strictly positive
operator in LZ(Z; (C4) and we obtain ¢ = 0 from (2.12). Therefore, by (2.11) we have
7 ¢ op(AD). o

From the properties of AE one can now easily deduce the properties of HKQ stated
in the following corollary, when €2 coincides either with €2 or 2_. The claims follow
immediately from Lemma 2.1 and Proposition 2.2; for (i) one additionally uses that
dom HKQ Cc H'(Q;CY is compactly embedded in L?(2; C*) if © is bounded, see
also [7, Lemma 1.2], and that H; £ commutes with the anti-linear time reversal operator
Tf= —l( 0L )az f, see the proof of [11, Proposition 4.2 (ii)] for details.

Corollary 2.3 Let k € R and ¢ > 0. Then, the operator HS in (1.1) is self-adjoint in
L2(Q; C*) and the following holds:

(i) If @ is bounded, then 6(H®) = ogisc(H®) C (=00, =51 U [S, 00) and all
eigenvalues of HKQ have even multiplicity.
(ii) If Q is unbounded, then U(HKQ) = (—o0, —%] u [%, Q).

Moreover, for z € C\ ((—o0, —%] U [é, o)) the resolvent formula
(H® — )" = Pa(Ag — )7 PG — Pa® M (9c + MC.M,.) " M D2Pg
holds, where Pq : L*(R*; C*) — L?*(Q; C*) is the projection operator acting as

f = f | Qandits adjoint P& : L*(Q;CY — L*[R3 C*) is the embedding
operator which extends a function g € L*(2; C*) by zero.
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2.3 The Dirichlet Laplacian and Associated Integral Operators

We begin by briefly recalling some properties of the single layer potential and single
layer boundary integral operator associated with —A — ., where — A is the self-adjoint
Laplacian in L>(R3; C) defined on H>(R3; C) and . € p(—A) = C\ [0, 00).

For ¢ € L*(X; C) the single layer potential SL u 18 the formal integral operator
that acts as

RN

SLypx) = / —_(p(y)da(y), xeR? \ X, (2.13)
z 4mlx — yl

and the single layer boundary integral operator S, is the mapping defined by

NS

Sup(x) =f o—edo(y), xeX, (2.14)
x 4mlx —yl

where /it is again the complex square root satisfying Im ./ > 0 for u € C\ [0, 00).
It is well-known that for any s € [—%, %] the map S, gives rise to a bounded and

bijective operator
S, : H(Z;C) — H'I(Z; 0). (2.15)

Moreover, we will use that for u < 0 the realization of S, in L%(Z; C) is self-
adjoint and non-negative. These claims can be shown in the same way as in [12,
Lemma 2.6], where the two-dimensional case and © = —1 is treated. Furthermore,
by [41, Corollary 6.14] the mapping SL,, gives forany s € (—%, 1] rise to a bounded
operator

SL, : HV2(2;0) - HTHQ O @ BT (Q_; ©).

Moreover, the representations
SLy, = (—=A — w7y, : HV2(2;C) - H'(R®; ©)

and
Sy =yp(=A—wyp: H*(2:C) > H'*(2: 0) (2.16)

hold, where yp : H'(R3; C) — H'/2(%; C) is the bounded Dirichlet trace operator
and y, : HY2(2;C) - H Y(R3; C) its anti-dual map. We will also use that the
L?-adjoint of SL, is given by

SLY =yp(-A -~ : L*(R*; C) > HY*(2; 0), (2.17)

which is bounded, as the restriction yp : H2(R3; C) — H3/2(%;C) is bounded.
Next, we state a useful continuity property of the map u — S,.

Lemma24 Let M C C\ [0, 00) be compact. Then, for all w1, o € M the operator
Sy — Sy, has a bounded extension from H73/2(2; C) 1o H32(Z; C) and there exists
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a constant K (M) > 0 such that the estimate
||SpL1 - 'S;Lz HH*3/2(Z;(C)—>H3/2(E;(C) < K(M)|pn1 — p2] (2.18)

holds. In particular, for any s € [—%, %] the operator S, : H*(%; C) — H*(X; C)
is uniformly bounded in u € M.

Proof 1t suffices to show that
(A=) = (A =) = (1 = ) (A — )TN (=A = )
gives rise to a bounded operator from H _Z(Rz; COtoH 2 (RQ; C) that satisfies
(A =)™ = A =) o wey s mr@sicy < KDt — pal, (2.19)
as then (2.18) follows from (2.16) and the fact that yp has a continuous restriction yp :
H*(R3; C) — H¥*(=;C) and Y @ continuous extension y, : H3%(2;C) —»

H~2(R3; C). To show (2.19), we compute for f € H*(R3; C), taking (1.9) into
account,

(A =)™ = (=8 = 1) ™) £ |G

= /u@“ + P2 F((=A = u) ™ = (—A = )7 f0) P

=/ (4 1P| =

R3 x> — w1 |x2—p

_/ (I + [xP)*pr — ol |F )

T e 13X 2 = ) (X2 = )2 (1 + |x]?)2
I+ X)) ¥ — pal?

2
|F f(x)*dx
2

< NI s
cers (X2 = ) (X2 — 1) 2 H=2(R%C)

. . o (1+[x[H?
This shows (2.19) with K(M) := sup,cg3 ,;, jem TSI

Eventually, it follows from (2.18) that S, : H~3%(2:C) —» H3%(%;C) is uni-
formly bounded in u© € M. Since H*! (X; C) is continuously embedded in H*2(X; C)
fors; > s2, we conclude that S, : H*(X; C) — H*(X; C) is also uniformly bounded
inueroranyse[—%,%]. O

Let again  be a C?-domain as in Hypothesis 1.1. In the next lemma we express
the resolvent of the self-adjoint Dirichlet Laplacian

— AR f=—=Af, dom(-AP)={feH(QC):ypf =0}, (2.20)

in L?(2; C) as the compression of the resolvent of the self-adjoint Laplacian —A in
L?(R3; C)anda perturbation term. The statement follows from, e.g., [1, Theorem 4.4],
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[9, Theorem 3.2] or [14, Theorem 8.6.3], where instead of the single layer potential
(2.13) and the single layer boundary integral operator (2.14) the terminology of y-
fields, Weyl functions or Q-functions, and Dirichlet-to-Neumann maps is used.

Lemma 2.5 Let Q2 and Q4 be as in Hypothesis 1.1 and —A% and —Agi be the
corresponding Dirichlet Laplacians defined as in (2.20). Then, for the orthogonal
sum —Ap = (—A%r) @ (—A%_) and any z € p(—Ap) = C\ [0, 00) the resolvent
formula

(—Ap—2) ' =(-A -2 —SL.S7ISL!

holds. In particular, one has
(—A% — 27" = Pa(—A — )7 ' P4 — PoSL,S;'SLEPG

with the projection and embedding operators Po and Pg from Corollary 2.3.

3 The Nonrelativistic Limit

In this section we compute the nonrelativistic limit of the operator AE defined in (2.8)
and use this to show Theorem 1.2 and Corollary 1.3. Again, we will always assume
that 4 is as in Hypothesis 1.1 and £ = 9. Furthermore, we will often assume that

z € C\ [0, 00) and ¢ > +/|z], as then z + % € p(Ag) = ,o(AE); cf. Proposition 2.2.
In the following, the Krein type resolvent formula

(- (+3) (o (5)

-1
— cbz—i—cz/ZMC(ﬁC + MCCZJ,-CZ/ZMC) Mcq>>2f+62/2 (31)

-1

from Proposition 2.2 will play an important role. We will compute the limit of each of
the terms on the right hand side separately. The convergence of (Ag — (z + ¢%/2)) ™",
@, 2pMe, and ./\/l(;CIJ’Z,k ey is investigated in Sect. 3.1, the convergence of the map

(Oc + MC,y 2 /ch)_l is treated in Sect. 3.2, and the nonrelativistic limit of AE is
computed in Sect. 3.3.

3.1 Convergence of (Ag — (z + 2/2))7, P, 2/,M,and M‘¢;+c2/z
First, the nonrelativistic limit of the free Dirac operator A defined in (2.1) is discussed.
This result is well-known, it follows, e.g., as a special case of the results in [50,
Section 6]. However, since the result and the topology, in which the convergence takes
place, are of importance in the analysis of ®_, .2, M, and MCCID;E o2y W give a
direct simple proof here to keep the presentation self-contained.
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Proposition 3.1 Let z € C\ [0, 00) and ¢ > +/|z|. Then, there exists a constant K (z)
such that

C2 ! 1 (0

(- (+5)) -a-07(50)

Proof We shall use (1.9) and compute for f € L>(R3; C*) and ¢ > /Jz]

A\ L0

/(LHﬂ%f{Cm—G+—)) —EA—@”(Z)}ﬂm
R3 2

:/ A+ 1P a.x+%,3+(§+§)14_ 1 (120) ff(x)zdx

” cxP—(5+2) kP2 00

Next, we decompose the part of the integrand that does not depend on F f in the last
line of the equation. Using 4 3B+ 1s) = (12 0) we find

- K(Z).
LZ(R3;C4)~>H'(R3;C4) C

X+ 3B+ 1) 1L (no\[
sup (1 + |x[%) ; - —— 1o
e (WP-F—2) KP-Z-z RF-z
B 1+M2ax+”4+ 22 (b%r<K@2
w2 -5 -z (i -5 —)(xP—2) \0 O c?

for some constant K (z) that does not depend on ¢, since the assumptions z € C\[0, co)
and ¢ > 4/|z| ensure that there is no singularity in the last x-dependent expression.
As | F fllrzws.cty = 1 f 12 w3:c4y we conclude

23\ ! 2
/3@ e ] (a0 (4 5)) o (50) o
(z)2

= ||f||L2(Rx (C4)’

which shows the desired result. O

By using the convergence result from Proposition 3.1 and the definition (2.3) of
@7, it is not difficult to obtain the convergence of ¢, 2/, and @: e Recall that
SL,, u € C\ [0, 00), is the single layer potential defined in (2.13) and that M, is
the scaling matrix given by (2.10). Since there is a multiplication by /c involved, the
rate of convergence in the following proposition reduces to O(c~'/?). This is the main
reason why we get this rate of convergence in Theorem 1.2.

Proposition 3.2 Let z € C\ [0, 00) and ¢ > +/|z|. Then, there exists a constant K (z)
such that

0 K(z)

H e “\00 H=1/2(2;CH— L2(R3;C4) Ve

(3.2)
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and

K (z)
=
L2RNCH H2(sch W

I, 0
HMCCDLCZ/Z —SL; (0 0)

. (3.3)

In particular; the operators @, 2, M, : H™Y2(z:CY - L%2R3; C* and the
mappings ./\/lC(D;‘Hz/2 : L2(R3; C* — HY?(2; C*) are uniformly bounded in c.

Proof Recall from (2.3) and (2.17) that

2 -1
_ ., C -
q):_'_CZ/QZJ/D <AO_<Z+?)) and SL?:)/D(—A—Z) l_

Hence, (3.3) follows from Proposition 3.1 and the mapping properties of the trace
operator; the stated rates of convergence are obtained by accounting for the matrix
terms in equation (3.3). The claim in (3.2) follows from (3.3) by duality. The uniform

boundedness of ®_ .2, M, and /\/lCCID’Zk Y is clear as these operators converge. O

3.2 Convergence of (0 + MC,, 2 /2Mc)‘1

The more difficult part in the analysis of (3.1) is (¥, + M.C, 2 /ZMC)_l. To handle
it in the computation of the nonrelativistic limit, first a more detailed consideration of

C.4¢2 1s provided. Define for z € p(Ao) the auxiliary operator 7; that formally acts

on a sufficiently smooth function ¢ : ¥ — C? via

T.¢(x) := lim t.(x —y)e(ydo(y), xeX,
e=>0T JS\B(x,e)

2 2 1 . .
Lx)y:=1[1-i Z——C—|x| —l(a x)e'sz/Cz_Cz/‘”xl, x #0.
2 4 4 |x|3

Next, the definition of G, in (2.2) implies

G e2p(x) = : Iy + L0 + |1 —-iz+ —Zzl | i(a-x)) e a+2? /x|
X) = J— i N '
whet/2 c? 4 00 ¢ 2 clx|? 47 |x|

This and the definitions of C, and S; in Egs. (2.5) and (2.14) lead to

1
C..o ) = (L% +1 I)SZ+Z2/C2 L 2724'"2/2 . (3.4)
e/ E,z;+cz/2 C%Sz+z2/c2 16)

with
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It follows from the latter representation and (2.6)—(2.7) that 7__ /2 gives rise to a
bounded operator

Topcp H (€Y — HY(%;C), se[-11] 3.5)

Z

and that the anti-dual of 7_ . , satisfies T 2 = Tz; 2. In the next proposition

we show that these operators are even umformly bounded in c.

Proposition3.3 Let z € C\ [0, 00) and ¢ > +/|z|. Then, for any s € [—%, %] the
operators TZ+C2/2 CHS(Z; C?) > H(Z:; C?) are uniformly bounded in c.

Proof The proof of this proposition is split into three steps. In Step I the integral kernel
to4c22 OF Ty 25 is decomposed into a singular part d, which is independent of c,
and a remainder term f; . which is easier to analyze. In Step 2 it is shown that the
integral operator with kernel 7, . gives rise to a bounded operator from L*(Z; C?) to
H'(2,; C?) that is uniformly bounded in ¢. By combining the results from Step 1 &
2, the proof of the proposition is completed in Step 3.

Step 1 Rewriting the exponential in the kernel

/ 2
. z i(0-x) ; 3
Ly2p(x)= 11— z+c—2|x| ppe |3 eVl £0,

as a power series shows that the terms with |x|~2 cancel out. After combining and
rearranging the coefficients of the remaining terms we obtain

e (X) = d(x) + T, o (x), (3.6)
where
Aoy =70 Ly, (3.7)
4r|xP
and

° k+3

il k+2
~ l l + Zz k IU - X
7o(x) = Ji+ s -2 = 0.
2e(x) ,;<(k+2)! ST 1)!> 2+ e

Step 2 Now we consider f..c(x —y) forx € Q4 and y € ¥ and define the integral
operator T, . for sufficiently smooth functions ¢ : ¥ — C? as

T.cp(x) = /Eﬁ,c(x —Ve()do(y), x € Q. (3.8)

We will show that

T..:L*(2:;C?) — H'(Q,;C? is uniformly bounded in c. (3.9)
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For this, we first establish some simple bounds on tNZ,C and its first order derivatives
that are independent of c¢. Observe that for a constant K1 = K(z) one has for all
xeQiandye X

k
< K, (3.10)

) ¢_2|z|)k+2| —l
REES] 52—
= k!

as the latter series is absolutely converging and defines a continuous function on the
compact set 24 x 2. Likewise, there exists a constant K» = K»>(z) such that for the
partial derivatives of 7, . and all x € Q, and y € X one has

00 k+2
- 2 (V2R _
|0y Tzc(x — )| < kgo k—%m((a S =)l =y
_i( V2D = D& =y - (= ) T
- 2k / Ix — y? Y
K>
< .
T x =yl

(3.1D)
Since 2 is bounded, (3.10) and (3.11) imply

(x,y) > Te(x —y) € LA(Qy x T; C),
(x, ) > 05, Tc(x — y) € L2(Qy x T; C2)

and there exists a constant K3 = K3(z) such that

~ 2 ~ 2
f f 7 x — y)Pdo (3)dx < K, / / 19,7 e (x — y)*do (3)dx < K.
Q. Js o, Jz

(3.12)
Furthermore, using that for any y € X one has x > 7, .(x — y) € C®(Q,; C>*?),
(3.11), and the dominateg convergence theorem, it is not difficult to see that for any
@ € L*(2;C*) onehas T, .¢ € C'(Qy; C?) and

o, Tocp(x) = /E 0, Toc(x — Me(Ndo (y), x € Q. (3.13)

Combining (3.8) and (3.13) with (3.12) shows that 7., 8y, 7= : L*(Z;C?) —
L%(Q4; C?) are Hilbert—Schmidt operators that are uniformly bounded in ¢, and
hence (3.9) is true.

Step 3 We Verify that Tz+c2/2 s HS(Z; C?) — HS(Z; C?) is uniformly bounded
in ¢ for any s € [— 2] First, we do this for s = 5. For that purpose, consider the
operator ypT: c : L (2:C* - H'2(z; C?, Wthh is uniformly bounded in ¢ by
the results in Step 2, and hence also the restriction
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yoTee: H2(2:C?) - H'?(3; C?) (3.14)

is uniformly bounded in c. Furthermore, we shall use that
yo Tz cp(x) = / Le(x —ye(ydo(y), xe€X, (3.15)
=

holds for all ¢ € L*(Z; (Cz) (and, in particular, for all ¢ € H'/?2(%; Cz)) In fact, the
estimate (3.10) extends to . x X and this implies that the function TZ @y — C?
admits a continuous extension onto §2+, which shows (3.15).

Next, recall that the function d is defined by (3.7). For ¢ € H 1/2(2; C?) consider
the integral operator

Dg(x) := lim dx —y)e(y)do(y), xe€X,
e=>0% JS\B(x,e)

which is bounded in H'/2(X; C?) by [43, Theorem 4.3.1] as d is a homogeneous
kernel of order 0 in the sense of [43, Section 4.3.2], see also [43, Example 4.2] (the
boundedness of D would also follow from (3.16) and the reasoning below, as 7_, 2 2

is bounded in H'/2(2; C?) by (3.5)). From (3.6) and (3.15) we obtain
Ti2pe=Do+yplcp. ¢eH(Z;CH, (3.16)

and now it follows from the uniform boundedness of the operator yp T‘Z ¢ 1in (3.14) that
also T+02/2 HY2(2;C% > HY2(2;: C?) is uniformly bounded in c.

To show the claim for s = —3, recall that 7, /2 has a bounded extension in

2 b
H~'Y2(%;C?) givenby T, » /2 = (Tz42 ). Hence, by the already shown uniform

boundedness in ¢ of Tz+c2/2 in H'/2(%; C?) also
(Ter2p) =To2p HVA(E:C —» HV2(2; C)

is uniformly bounded in c. Finally, as 7_ 2 , is uniformly bounded in H —12(%; C?)
and H'/2(Z; C?) in c, it follows with an interpolation argument using [41, Theorems
B.2 and B.11] that T+Cz/2 HY(Z; C?) — H*(Z; C?)is also uniformly bounded in

cforany s € (—5, 2). This finishes the proof. O

Next, the convergence of (¥ + M.C,, 2 /2./\/15)_1 is analyzed. Recall that a4 is
defined by (2.9). By (3.4) one has the block structure

1 4 1
~ay + (— + l) S.i2 2)]2 —=T 2
P +M0Cz+c2/2MC = (c 2 422 /c Je “ate?/

1
N z+cz/2 a-+ S+zz/c2>12

To proceed, note that for z € C \ [0, c0) and ¢ > O sufficiently large the operator

+:85,.2 Jc2 1s boundedly invertible in H S(2;0),5 € [—%, %], with inverse given
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by
z o z "
a— + ZSZ-FZZ/CZ = a—_ Z _ESZ-FZZ/CZ , (317)

as a- < 0 and by Lemma 2.4 the operator S_, 2/ is (uniformly) bounded in
H*(X; C) in c. Thus, one can write

1 -1
l?c + Mccq-f—cz/ZMc = <12 $7—1+(2/2 (a_ + §SZ+Z2/C2) >
: 0 L

(5 e85 (e 20 :
0 ( + ¢Setz2e2 )12 f (a +5S +zz/r2) 1Tz+62/2 L’
(3.18)

where the Schur complement gz,c is given by

~ 1 z 1 -1
SZ,C = Ea_,_lz + (C_2 + 1) SZ+ZZ/C212 - ;7;+02/2 (a + S +22/C2) 7;+02/2.
(3.19)

The first and the third factor in (3.18) are bijective in H 1/2(2; C*). Since the map
Ve + McC 2o M, has this property as well by Proposition 2.2, we conclude that
also SZ . is bijective in H'/2(; C?). In the following proposition, the convergence
of S 1is analyzed.

Proposition 3.4 Let z < 0 and ¢ > /|z|. Then, there exists a constant K (z) such that
for all c sufficiently large

K(z)

||H3/2(E;(C2)—>H*1/2(2;(C2) =

|52 -8k ;

(3.20)

Moreover, S"Z_Ll cHYX(Z;CYH - H V2T CY is uniformly bounded in c.

Proof The proof of this proposition is split into four steps. In Step 1 we show that for
s € [—%, %] there exists a constant K; = K (z, s) such that

K

<— (321

”‘§Z,C - SZIZ ” H.&'(E;(Cz)_)HS(E;(CZ) = ¢

forc > 0 sufficiently large. In Step 2 we verify that the realization of S. . in L2(3; C2)
is bijective and there exists a constant K> such that for ¢ > 0 sufficiently large

|| ”LZ(Z {02y L2(3;C2) = < Kzc. (3.22)

Using this, we show in Step 3 our claim that S} : H'/2(%; C?) — H~'/2(z; C?)
is uniformly bounded in ¢, while in Step 4 we prove (3.20).
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Step 1 For s € [—%, %] fixed and ¢ > O sufficiently large we obtain the estimate

”gz,c - SZIZ H HS(2:;C2)— HS (2:C2)

1
= H(SZJFZZ/C2 B SZ)IZHH»?(E;(CZHHS(E;CZ) te

b4
atlp + ESZ+Z2/6212

—1
Z
—T . 2p (a_ + ESz+22/L'2) TZ+¢'2/2‘ (3.23)

HY(2;C2)— H (5:C?)

from (3.19). For the first term on the right-hand side of (3.23) one has by Lemma 2.4

” (SZ+22/6‘2 - SZ)IZ ”HS(Z;(CZ)_)HS(E;(CZ)
2
Z
< [Serizjer = S9b| ygion - mnien < Kig

with some constant K { =K { (z). Note also that S, » /2 is uniformly bounded in
H*(%; C) for ¢ > 0 sufficiently large by Lemma 2.4. Therefore, since a— < 0 we
conclude from (3.17) and the estimate

-1
Z
‘ (a_ + ESz+z2/cz)

=

H!(%;C)—H3(%;0)

_1
z
1— —|S SOy S(3-
- ( a_c” 22/ s (5,00 H ():,(C))

that (a— + £S5, 2 /C2)_1 is also uniformly bounded in H*(X; C) for ¢ > 0 sufficiently
large. Combining this with Proposition 3.3 it follows that the second term on the right-

hand side of (3.23) is bounded by KTY with some constant K| = K{(z, 5); thus we
conclude (3.21).
Step 2 For z < 0 and ¢ > O sufficiently large we shall now consider the operator

-
~ 1 Z 1 Z
Sie= ;a+12 + <C_2 + l)Sz+zz/c212 - ;7;+02/2 (a— + ESz—&-zz/cZ) 7;+02/2

in L?(2; C?). Note that for ¢ > 0 sufficiently large 8,472/c2 is bounded, self-adjoint
and nonnegative in LZ(Z; (Cz) (see the discussion after (2.15)) and hence the same
holds for the operator (% + 1S, 2/.2. Furthermore, for ¢ > 0 sufficiently large
7;+c2/2 is bounded and SElf-adjoint in LZ(Z; (CZ) (see (3.5)), and together with (3.17)
we conclude that also S . is bounded and self-adjoint. As a— < 0 and S, 2,2

is uniformly bounded in c it is clear that a_ + £S5, 22 is a negative operator in
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LZ(E; (CZ) for ¢ > O sufficiently large, and the same is true for its inverse. Therefore,

-1
1 Z
_Z z+62/2 (Cl_ + ZSZ+ZZ/CZ> 7;+62/2

is a nonnegative operator in L?(X; C?) for ¢ > 0 sufficiently large. This implies
gz,c > aTJr for ¢ > O sufficiently large, which in turn yields (3.22) with K, = all.

Step 3 We claim that 5‘;‘01 : H'/2(2; C?) — H™'2(2; C?) is uniformly bounded
in c. For this it suffices to prove that for ¢ > 0 sufficiently large there exists a constant
K3 = K3(z) such that

“gz_cl ||H1(Z;(C2)—>L2(Z;<C2) < K3, (3.24)

as then by duality and formal symmetry one also has
|52,

1
\C HLZ(E;(CZ)—>H*1(E;(C2) = K,

and an interpolation argument (see [41, Theorems B.2 and B.11]) leads to the assertion.
To show (3.24), we use

St=8"h-8(S.-Sn)S ' (3.25)

and the fact that SZ_1 : H'(2; C) - L*(Z; C) is bounded; cf. (2.15). Using (3.21)

for s = 0 with K1 = K(z, 0) and (3.22) we obtain
-1
”82,0 “H](E;(C2)%L2(Z;(C2)
-1
< IS Muis:0»12z:0)
~ 1 ~
+ ”Sz,c ||L2(2;(C2)—>L2(2;(C2) ”‘9212 - SZsC||L2(2;C2)—>L2(2;C2)

-1
1S, a1 (3:0)> L2(3:0)

-1 K|
=< ”Sz ”HI(E§C)—>L2(E;(C) 1+Ky-c- T ,

and hence (3.24) holds.
Step 4 Finally, we show (3.20). Using again (3.25), the fact that S, : H'/?(Z; C) —
H?3/2(%; C) is boundedly invertible, and the results from Step I and Step 3 we obtain

1S -s7'n

= ng_cl HH'/Z(E;@HH—IH():;CZ)

liicnneeier

3 -1
“3Z12 - SZ’C”Hl/z(Z;(Cz)»Hl/z(Z;(Cz)”SZ 322500 H12(2:0)
K(z)

<

c

This completes the proof of Proposition 3.4. O
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Now we are ready to study the convergence of the inverse of ¥c + M:C, 2, M.

Proposition 3.5 Ler z < 0 and ¢ > +/|z|. Then, there exists a constant K (z) such that
for all ¢ sufficiently large

K(2)
=<
H3/2(S;CH— H-1/2(5:C4 Ve

1 S7'n 0
H (l?c + Mccz+cz/2MC) - ( ZO a_lIZ)

Moreover, (ﬁc + MCCZ+C2/2MC)_1 c HY2(2; C* — H™V2(2; CY is uniformly
bounded in c.

Proof 1t follows from (3.18) that
(9 + McC.y 2o M)~ = Fi(©) Pa(0) F3 (o), (3.26)

where

( ) 12
Fi(c) = ! g, '
! _% (a, %Sz+cz/2) /2 h

Fae)i= (% °
' 0 (a_+§5z+zz/cz)_ L)’

-1
F3(c) := (i)z _\/LE,];‘FCZ/2 (a—l + %Sz-&-zz/cz) ) )
2

For ¢ > O sufficiently large we use the uniform boundedness of S_ 22 in H*(%; C),
s € [—%, %], from Lemma 2.4 to estimate

-1
z _
‘ (a + ;$Z+Z2/Cz) —a”!
H(2;0)— H* (£;0)

) z n
__*s
Z ( ac z+zz/c2>

n=1

HS(5;C)— H5 (2;C)
1 lSey 2 e s (250)— B3 (5:0)
1= 20812/ | s (2:0)— B3 (3:0)

IA
|

where K1 = K(z, s) is a constant; for the restriction onto H3/2(Z; C) viewed as a
mapping into H~1/2(Z; C) this estimate yields

—1
Z 1 Kl
a_ + -§ —a_ —
’ ( c z+z2/c2)

=
H3/2(%;C)— H~1/2(%;C)

, (3.27)
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and also shows that (a_ + %Szﬂz/cz)’l is uniformly bounded in H*(Z; C?,s €
[—%, %], for ¢ > O sufficiently large; cf. Step I in the proof of Proposition 3.4.
Together with Proposition 3.3 this implies with a constant K» = K»(z) that

K>
| Fi(c) — 14||1-171/2(2;@4)_>H71/2(2;c4) =< %,
K>
| F3(c) — 14”Hl/Z(Z;C4)~>H1/2(E;C4) < % (3.28)

In particular, Fi(c) is uniformly bounded in H —1/2(2; C*) and F3(c) is uniformly
bounded in H'/2(Z; C*) in ¢, and the restrictions onto H'/2(X; C*) and H3/2(%; C*)
satisfy the same bounds

K>
IFi(c) — lall gr2cs.cty— m-1/2(s:0%) < 7
K>

||F3(C) - 14||H3/2(E;(C4)—>H1/2(E;C4) = % (329)

Moreover, Proposition 3.4 and (3.27) imply

S7'nLo0
‘F2(C)—( 0 a_1[2>

with some constant K3 = K3(z). Eventually, it follows from Proposition 3.4 and
the uniform boundedness of (a— + £S5, 2 /02)_1 as a mapping from H'/2(2; C) to
HY2($; C) that Fo(c) : HY2(Z;CY — HV2(Z;CY is uniformly bounded.
Combining this with (3.28) and (3.29) gives

K3
< -

H32(5:CH—-H-12(zchy

—1 S o
“(ﬂC+MCCZ+CZ/2MC) —( 6 a_llz)‘

H3/2(Z;C4H— H-1/2(3;C4)
< [Fi@F2()(F3(0) = 1) | oo sty 12500

'n0
Fi(e) <F2<c> - (SZO ’ a*uz))

S'n 0
+ H(ﬂ(c)—m( o azllz)

"

H3/2(2;CH—H-1/2(z;C4

H3/2(2;CH—H-1/2(%;C%
< [ R Fa(0) “HI/Z(E;C“)—)H*I/Z(E;(C“) | F3(e) = I4HH3/2(2;C4)—>H1/2(Z;C4)

S7'n 0o
Fao) = ( ZO ’ a_112>

S;llz 0
0 a” 'L

+ I F1O g-172(5:04)— H-1/2(5:C%

H3/2(Z;CH— H-12(3;C4

+I1F1(c) — il gias.ch—a-12(:04

H3/2(2;CH— HY/2(%;CY
K 2
< @)

=7
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which is exactly the claimed convergence result.
Finally, the claim about the uniform boundedness of the operator

Ve + McCoy2 oMo~ HY2 (2 CY — HV2(3; €%
follows from (3.26) and the above observations on the uniform boundedness of

Fi(c) in H™V2(Z; C*), Fa(c) from H'/2(Z;C* to H~'/2(Z; C*), and F3(c) in
H'/2(x; C%. o

3.3 Nonrelativistic Limit ofAi

With the preparations from the previous sections we are now ready to discuss the
nonrelativistic limit of the Dirac operators AE

Prop05|t|on36 LetA , k € R, be asin (2.8) and —Ap = (— AQ*) ® (— AD ),

where —AD is the Dirichlet Laplacian in Q4 from (2.20). Let z < 0 and ¢ > +/|z|.
Then, there exists a constant K (z) such that for all ¢ sufficiently large

253\ !
(o (4 5)) "m0 (59

Proof Let M, andﬂ be defined by (2.10). As —c2 <z <0,onehasz € p(—Ap)and

74 ¢ 2 € (— 2 , 2 ) C p(AE) cf Proposition 2.2. Furthermore, from Proposition 2.2
and Lemma 2.5 we obtain

2
b c ~1(20
(AK - (z + ?)> —(=Ap—2) (0 0>

C2 !
= (AO - <Z + ?)) - CDZ+CZ/2MC(7.9C + MCCz+c2/2M ) M CD* 62/2

_ _ Lo
—((=a-27" = sL.s7'sLy) <02 0)

= D1(c) + Dz(c) + D3(c) + D4(c)
with

2
Di(c) = <A0—<z+%)) C(A—1g)" 1(102 )

Lo
Da(e) i= =y pMe(Pe + McCoyerpMe) <Mc e = SL: (02 0)) ’

S0 (O
D3(C) = —CI>Z+CZ/2MC <(19 + M CZ+L‘2/2M ) ! < 0 _112)) SLZ <02 O> s

J230) 8_1 0 I, 0
Dy(c) == — (q’z+c2/2M'f — 5L (02 O)) < 0 a_112> SL: (02 0) .

_K@
NG

L2(R3;C*H— L2(R3;C*)

-1

(3.30)

-1
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First, it follows from Proposition 3.1 that || D1 ()|l 2R304y L2®R3:c4) =< % for a
constant K1 = K (z). To discuss Dy (c) recall that @, 2, M, : H '2(z;CYH —»
L?(R3; C*) is uniformly bounded in ¢ by Proposition 3.2 and (190+MCCZ+62/2M0)_1 :
H'2(2; C* — H~'2(2; C*)is uniformly bounded in ¢ by Proposition 3.5. Hence,
we find with Proposition 3.2 that there exists a constant Ko = K»(z) such that

D20l L2R3;c4)— L2R3;C4)
= H P2 pMe ”H—1/2(z;<c4)—>L2<R3;<C4)

—1
. H (Ve + McCoy 2 pMe) HHUZ(ZM_)HA/Z(E;O‘)

K
: HMccb* — SL? (12 0)

< —=
L2(R3;CH— H/2(:C4) Ve

2+c?/2 00

Next, as SL¥ : L>(R% C) — H3/?(Z; C) is bounded (see (2.17)), Proposition 3.5
implies that there exists a constant K3 = K3(z) such that

D3l 2 @30y L2®3:CH < | ¢z+c2/2Mc”H—1/2(z;c4>—>L2<R3;<C4)

—1 St oo
. H (ﬁc + Mccz+cz/2Mc) o < 6 (1:1[2)
« (120

In a similar way, as S : H'/2(X; C) — H~!/2(Z; C) is bounded (see (2.15)), we
find with Proposition 3.2 that there exists a constant K4 = K4(z) such that

H3/2(2;CH— H-V2(Z;C%
K
<.
L2@CH- B2 (Ech | VE

||D4(C) ||L2(R3;(C4)—>L2(]R3;(C4)

X0
=< <Dz+c2/2MC - SLZ <02 O)
stoo
0 a”'h
« (120
sL? ( : O)

Now the statement of the proposition follows by combining the above estimates for
the operators D1 (c), Dz(c), D3(c), and D4(c) with (3.30). O

H=12(2;CH— L2(R3;CY)

H/2(2;CH— H-V2(Z;C%
K
< _4

L2R3:CH— HI2(S:CY Je

3.4 Proof of Theorem 1.2 and Corollary 1.3
In this section we complete the proof of our main result by combining Lemma 2.1 and

Proposition 3.6. For thisletk € R, 2, Q24 be asin Hypothesis 1.1,and ¥ = 9. Letthe
Dirac operator AZ be defined asin (2.8) and denote by Pg : L*(R3; C*) — L?(Q; C*)
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the operator Pq f = f | Q; cf. Corollary 2.3. Then, the self-adjoint Dirac operator
HS in L2(Q; C*) satisfies
HS = PQAT P

by Lemma 2.1 and since U(HKQ) C (—o0, —%] U [ﬁ, o0) by Corollary 2.3 it is clear
that z + ¢2/2 with z € C \ [0, 00) and ¢ > /[7] belongs to ,o(HKQ) N ,o(AE), so that

(m2-(+5)) =r(az-(+5))

Therefore, if z < 0, then (1.3) follows from Proposition 3.6. In the general case
z € C\ [0, oo) we obtain (1.3) by assuming that ¢ > 1 and using the identity

1

yon —
Q ¢ Q 1 (10
(- (+5)) -c23-07(50)

1(Dh 0
= (14+(z+1)(—A%—z) 1(020»

1

1oy oo 33
~(14+(z+1><H3—<z+§)) )

This completes the proof of Theorem 1.2 and now we turn our attention to Corol-
lary 1.3, which can be viewed as an immediate consequence of classical results on
eigenvalues of Dirichlet Laplacians and convergence of spectra under operator norm
convergence of resolvents. For the convenience of the reader and to keep the presen-
tation self-contained we briefly provide the details of the arguments. In the present
situation, it is convenient to apply [52, Satz 3.17 d)] or [31, Theorem 2.3.1] about the
convergence of eigenvalues of nonnegative compact operators. More precisely, let B,
¢ € (cp, oo] for a suitable cp € R, be a family of compact, self-adjoint, and nonneg-
ative operators with eigenvalues ©1(B.) > u2(B.) > --- > 0 taking multiplicities
into account. If B, converges to By, in the operator norm, as ¢ — o0, then by [52,
Satz 3.17 d)] for all j € N also u(B;) converges to it ;(Bx), as ¢ — 00. We apply
this result to

2 -1
B. :=f<<H§—(—1+%)) ) and B ::f<(—A%+1)1 <102 8)),

where f € C(R) is a nonnegative function such that f(x) = 0 for x € (—o0, 0] U
[2,00), and f(x) = x for x € (0, 1]. It is clear that B, and By, are nonnegative
bounded self-adjoint operators, and from the compactness of the resolvents of H,?
and —A$}, which holds as dom HKQ and dom(—A%) are compactly embedded in
L2(; (C?) and L2(Q2; C), respectively, it follows that B, and B, are both compact.
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In the following let ¢ > 1. For the eigenvalues )»f(HKQ) of HKQ ordered as in (1.2)
we have

2\ —1 2\ —1
0 c Q ¢ : .
(Aj(HK)—i-l—?) <0 and (xj(HK)Jrl—E) <1, jeN;

cf. Corollary 2.3. From the choice of f it is clear that the positive eigenvalues of B,
are given by u;(B.) = (Aj'(HKQ) +1-— %)_1. Similarly, o(—A%) C [0, o0) and the
fact that two copies of (—A% + 1)~ ! appear in the definition of B, leads to

12j-1(Boo) = 112j(Boo) = L j(—AR) + 17!

for j € N, where 0 < Aj(— A ) < (= AS ) =< ... denote the discrete eigenvalues
of — AQ taking multiplicities into account. Now it follows from Theorem 1.2 and [49,
Theorem VIII.20] that B, converges to B, in the operator norm, as ¢ — oo. Using
that all eigenvalues of H,f2 have even multiplicity, see Corollary 2.3 (i), we conclude
with [52, Satz 3.17 d)] from the above considerations that for any j € N

2 -1 2 =1
p2j—1(Be) = pu2;(Bc) = ( 2im [(H) — 7 + 1> = (A;j(ﬂ’?) - % + 1)

tends to
—1
112j-1(Bso) = 112 (Boo) = (A (=AP) +1)7, as ¢ — oo,

which is equivalent to

2 2
c c
P (HS — — = A;j(HKQ) -5 Aj(—AP), asc— oo. (3.31)
Eventually, to conclude Corollary 1.3 we note that (3.31) remains true if € is
replaced by a ball B or the disjoint union of two balls B{ U B;. Thus, the claims follow
immediately from the classical results for the Dirichlet Laplacian, which under the
assumptions of Corollary 1.3 read as follows:

(i) Faber—Krahn inequality: A1 (— AB p) < A=A D) and equality holds if and only if
Q is a ball, see [29, 36] and also [31 Theorem 3.2.1 and Remark 3.2.2].

(il) Hong—Krahn—Szeg6 inequality: Ao (— AB]UB2) < A (—A% ;) and equality holds if
and only if €2 is the union of two identical disjoint balls, see [33, 37] and also [31,
Theorem 4.1.1 and Remark 4.1.2].

(iii) Payne-Pdlya—Weinberger inequality: If €2 is connected, then

M(=AB) M(—A%)
M(—AB) ~ Az(—A%)

and equality holds if and only if €2 is a ball, see [8, 45].
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Remark 3.7 Finally, let us remark that from Theorem 1.2 and Corollary 1.3 one gets
information about the positive part of the spectrum of H,fz. Similar statements are
also true for the negative part of the spectrum of HKQ. Indeed, consider the self-
adjoint unitary matrix U = (l.(l)2 _612). Then, as Uaj + ;U = 0, j € {1,2, 3}, and
UB + BU = 0, it is not difficult to see that H$ = ~UHS® U, i.e. H? and —HS,
are unitarily equivalent. Hence, it follows from Theorem 1.2 that for z € C\ (—o0, 0]

3 4
— <—UHQKU - (z - ;)) =—U (HQK - (—z - ;)) U

(R0 ~1(00
— ~U(=A +72) ‘(020>U=(—(—A%)—z) ‘(012)

-1

in the operator norm, as ¢ — oo. This convergence is of interest by its own, but
similarly as in the proof of Corollary 1.3 one can conclude spectral inequalities for
the negative eigenvalues )\]7 (HKQ) of HKQ; alternatively one can argue via the unitary

equivalence HKQ =-U HEZK U. More precisely, for a bounded C?-domain Q C R?, a
ball B  R3 with |B| = ||, and two identical and disjoint balls By, B, C R3 with
|B1] + | B2| = |€2| the following assertions follow for sufficiently large ¢ > 0:

@) A; (HKB) > )L;(HKQ) for j € {1, 2} and equality holds if and only if €2 is a ball.

(i) A7 (HYP) = a7 (HD) for j € {3, 4} and equality holds if and only if €2 is the
union of two identical disjoint balls.
(ii1) If, in addition, €2 is connected, then

Mj(HEY 3G (HP)
<
A (HBY = A (H®)'

Jje{l,2}, 1 €{3,4},

and equality holds if and only if 2 is a ball.
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