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ABSTRACT. In this paper we prove that the Dirac operator A, with an electro-
static d-shell interaction of critical strength n = £2 supported on a C2-smooth
compact surface 3 is self-adjoint in L2(R3;C*), we describe the domain explic-
itly in terms of traces and jump conditions in H*1/2(E; C*), and we investi-
gate the spectral properties of A;. While the non-critical interaction strengths
n # £2 have received a lot of attention in the recent past, the critical case
n = £2 remained open. Our approach is based on abstract techniques in
extension theory of symmetric operators, in particular, boundary triples and
their Weyl functions.

1. INTRODUCTION

Dirac operators with electrostatic J-shell interactions attracted a lot of attention
in the recent past, see [3, 4, 5, 7, 30, 31, 33] or the related papers [2, 12, 13]. From the
physical point of view they are the relativistic counterpart of Schrodinger operators
with d-potentials, which are used as idealized models for Schrédinger operators with
strongly localized regular potentials, cf. [1, 6, 22, 29] and the references therein.
On the other hand Dirac operators with electrostatic -shell interactions are also
interesting from the mathematical point of view, since it can be expected that their
spectral properties depend on the geometry of the interaction support and/or the
interaction strength; such effects are studied in the monograph [24] and, e.g., in
[14, 21, 22, 23, 25] for Schrodinger operators with §-potentials.

The mathematical study of Dirac operators with singular interactions supported
on a set of measure zero started in the 1980s. In the one-dimensional case several
results as, e.g., a description of the spectrum, an explicit resolvent formula, the
approximation by Dirac operators with squeezed potentials and their convergence
in the nonrelativistic limit were deduced in [1, 17, 27, 34, 35]. Making use of these
results and a decomposition into spherical harmonics J. Dittrich, P. Exner, and
P. Seba studied the Dirac operator in R® with a singular perturbation supported
on a sphere in [20]. The investigation of the Dirac operator in R? with singular
perturbations supported on more general surfaces was initiated only recently in
the pioneering paper [3] by N. Arrizabalaga, A. Mas, and L. Vega, where a new
approach to extension theory of symmetric operators was employed; this research
was continued in [4, 5, 30, 31]. A different approach using the abstract theory
of quasi boundary triples and their Weyl functions from [9, 10] was proposed by
P. Exner, V. Lotoreichik, and the authors of the present paper in [7].

2010 Mathematics Subject Classification. Primary 35Q40; Secondary 81Q10.
Key words and phrases. Dirac operator; shell interaction; critical interaction strength; self-
adjoint extension; boundary triple.
1



2 JUSSI BEHRNDT AND MARKUS HOLZMANN

In what follows we fix some notations and describe several already obtained
results to set up the problem treated in this paper. Let us choose units such that
the Planck constant i and the speed of light are both equal to one. The free Dirac
operator Ay in L?(R3;C*) is given by

3
Aof = =i 0;0;f + mpf,  domAy = H'(R%C*),
j=1

where the Dirac matrices a1, ag, a3 and § are defined by (1.2) below. The operator
1

Ap describes the motion of a free spin-5 particle with mass m > 0 in R3 taking
relativistic effects into account. Furthermore, let ¥ be the boundary of a bounded
C?-smooth domain Q; C R? and let Q_ := R3\ Q. The Dirac operator with an
electrostatic d-shell interaction of strength 1 € R supported on X is formally given
by

Ay, = Ao + nlyds;

here I, stands for the identity matrix in C***. In a mathematically rigorous form
Ay, n # %2, is defined in [3, 7] as a particular self-adjoint extension of the symmetric
operator

S:= Ay | HY(R3\ &;CY).

Observe that S is the restriction of the free Dirac operator to functions that vanish
on ¥. Roughly speaking, a function f € dom S* belongs to dom A, if the traces of
f+ = f | Q4 satisfy the jump condition

(1.1) 5 ile + 7-ls) = —ia - v(fels = f-]5),

where v is the outer unit normal vector field of Q4; cf. Definition 5.1 for more
details. Concerning the basic spectral properties of A, in the non-critical case
1 # %2 the following theorem is known from [3, 7] and Proposition 5.2.

Theorem 1.1. Forn € R\ {£2} the operator A, is self-adjoint in L*(R3;C*) and
the following properties hold:

(i) dom 4, C HY(R3\ =;C*);
(ii) the essential spectrum of A, is given by

Oess(Ay) = (—00, —m] U [m, 00);

iii) the discrete spectrum of A, in the gap (—m,m) is finite.
n

For an interaction strength n € R\{£2} also various other results for the operator
A,, are known, as, e.g., an abstract version of the Birman-Schwinger principle [4, 7],
an isoperimetric inequality [5], the existence and completeness of the wave oper-
ators for the pair {4,, Ao}, the convergence in the nonrelativistic limit [7], and
the approximation by Dirac operators with squeezed potentials including Klein’s
paradox [31].

We emphasize that in all papers [3, 4, 5, 7, 30, 31] the critical interaction
strengths n = £2 were excluded. This situation is more difficult to handle with
extension theoretic techniques and remained open so far. It is the goal of this paper
to fill this gap. Our main result can be summarized as follows; cf. Theorem 5.5,
Theorem 5.7, and Theorem 5.9 for more details.



Theorem 1.2. The Dirac operator with an electrostatic d-shell interaction of crit-
ical strength n = £2 is self-adjoint in L?(R3;C*), its domain is not contained in
HY(R3\ £;C*), the set (—oo, —m] U [m, 00) belongs to the essential spectrum and
essential spectrum may also appear in (—m,m).

In fact, it will turn out in Theorem 5.5 that the operator A4, is essentially self-
adjoint in L2(R3; C*) and hence, its closure is self-adjoint. Here A, is defined with
the help of a suitable quasi boundary triple in a similar way as in [7] on functions
satisfying the jump condition (1.1) in H*/2(X;C*). Our techniques, based on special
transformations of quasi boundary triples to ordinary boundary triples and vice
versa in the spirit of [11], allow us to give an explicit description of the domain of
the self-adjoint operator Aio. More precisely, we show that f € dom S* belongs to
the domain of the self-adjoint Dirac operator Ao with critical interaction strength
if and only if the traces of f satisfy the jump condition in (1.1) in H~'/2(X;C*) and
that dom A, is not contained in H'(R?\ £;C*). Thus the functions in dom A4y
are less regular than those in dom 4,,, n € R\ {£2}, which indicates one of the key
difficulties in the treatment of the critical interaction strengths £2. We would like
to point out that a result of the same type as Theorem 5.5 was obtained recently in
[33] by T. Ourmieres-Bonafos and L. Vega. In the present paper we also investigate
the spectral properties of the self-adjoint operators Ai,. As one may expect the
set (—oo, —m] U [m, 00) belongs to the essential spectrum — the proof of this fact
is based on the usage of suitable singular sequences — but it is less intuitive that
also in the interval (—m,m) essential spectrum may appear. For the case that the
interaction support X contains a flat part we prove in Theorem 5.9 that the point 0

belongs t0 0ess(Ata) and at the same time it turns out that in this situation the

functions in dom A5 do not possess any Sobolev regularity of positive order. We
remark that a similar effect occurs in the study of indefinite Laplacians; cf. [8, 16].

The paper is organized as follows: In Section 2 we provide some statements from
the theory of quasi and ordinary boundary triples that are needed to prove our
main results. Section 3 contains then some preliminary considerations on the free
Dirac operator in R3 and a maximal Dirac operator in R3 \ 3, while in Section 4
boundary triples suitable for Dirac operators with singular interactions are studied.
Section 5 contains our main results: Theorem 5.5, Theorem 5.7, and Theorem 5.9.

Notations. The positive constant m stands for the mass of the particle. The
identity matrix in C"*" is denoted by I,,. Furthermore, a7y, as, a3 and S are the
Dirac matrices

(1.2) o = (UOJ ?) and f:= (IOQ (}2>,

where o; are the Pauli spin matrices

0 1 0 —i 1 0
o1 (= <1 0>, 09 = <Z 0 ), 03 = (O _1) .

The Dirac matrices satisfy the anti-commutation relations
(1.3) ajop + ooy =265, and ;84 Ba; =0, g ke{l,2,3}

— T ; — 33
For vectors « = (x1,22,23)  we employ the notation a -2 := 7, ajz;.
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The open ball of radius R centered at x is denoted by B(z,R). Moreover,
Q. C R3is a C%-smooth bounded domain and we set _ := R3\Q, and ¥ := 9Q,..
For an open set  C R3 we write C2°(2;C*) for the space of all infinitely many
times differentiable vector valued functions with four components and compact
support, and C>®(;C*) = {f | Q : f € C(R?*C*H}. In a similar way, if Q
is an open subset of R? or if Q = ¥, then L?(Q;C*) denotes the space of vector
valued functions, where each of the four components is square integrable, and we
write (-,-)q for the corresponding inner product. If Q = ¥, then these L2-spaces
are equipped with the Hausdorff measure o, otherwise with the standard Lebesgue
measure. Eventually, we use the symbol H*(Q;C*) for Sobolev spaces of order
s > 0 and H{(2;C?) for the closure of C2°(£2;C*) with respect to the H!-norm.
For more details on Sobolev and other function spaces, see, e.g., [32].

The Laplace-Beltrami operator on ¥ acting on C*-vector valued functions will be
denoted by —Ay. The operator (I, — Ax)® : H?$(3%;C*) — L%(X;C*) is bijective
and continuous for any s € [—1,1]. Finally, we are going to use the following
expression for the duality product for the pair H'/?(¥;C*) and its dual space
H=12(3;Ch):

(P t)1y2x—1/2 = ((Is = Ax) 4, (Iy = Ax) "V 4Y) g
for p € HY/2(X;C*) and ¢ € H-Y/2(%;CY).

Acknowledgments. The authors wish to thank the referee for helpful comments
and remarks that led to an improvement of the manuscript. Furthermore, the au-
thors thank T. Ourmieres-Bonafos and L. Vega for fruitful discussions. J. Behrndt
gratefully acknowledges financial support by the Austrian Science Fund (FWF):
Project P 25162-N26.

2. QUASI AND ORDINARY BOUNDARY TRIPLES

In this section we give a short introduction to ordinary boundary triples, quasi
boundary triples, and some related techniques in extension and spectral theory of
symmetric and self-adjoint operators in Hilbert spaces. We formulate the results in
a way such that they can be applied directly in the main part of the paper in the
analysis of Dirac operators with singular interactions. In order to get a detailed
overview of the concept of ordinary and quasi boundary triples and applications to
partial differential operators we refer the reader to [9, 10, 15, 18, 19, 28].

Throughout this section H is always a complex Hilbert space with inner prod-
uct (-,-)3x and S denotes a densely defined, closed and symmetric operator with
adjoint S*. We start with the definition of quasi and ordinary boundary triples.

Definition 2.1. Assume that T is a linear operator in H such that T = S*. A triple
{G,Ty,T'1} consisting of a Hilbert space G and linear mappings g, Ty : domT — G
is called a quasi boundary triple for S* if the following conditions hold:

(i) For all f,g € domT the abstract Green’s identity

(Tf,9)n— (f,Tg)n = (L'1f,Tog)g — (Tof,T19)g

is satisfied.
(i) I' = (I'o,I'1)" : domT — G x G has dense range.
(iii) Ag:=T | kerTy is a self-adjoint operator in H.
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If (i) and (iii) hold, and the mapping T = (I'o,T'1)" : domT — G x G is surjective
then {G,To,T'1} is called ordinary boundary triple.

We point out that the above (non-standard) definition of ordinary boundary
triples is equivalent to the usual one in, e.g., [15, 18, 28], see [9, Corollary 3.2]. In
particular, if {G,T'y,T'1} is an ordinary boundary triple, then T' coincides with S*.
Note that a quasi boundary triple or ordinary boundary triple for S* exists if and
only if the defect numbers dim ker(S* + i) coincide, i.e. if and only if S admits
self-adjoint extensions in H, and that the operator T" in Definition 2.1 is in general
not unique.

Let T C T = S* and let {G,T'g,T1} be a quasi boundary triple for S*. Then
S=T]7 (kerFO ﬂker]."l)

and the mapping I' = (I'g,T;1)" : domT — G x G is closable; cf. [9]. Next, we
are going to introduce the 7-field and the Weyl function associated to the quasi
boundary triple {G,'g,T"1 }; as we will see one can describe spectral properties of
self-adjoint extensions of S with the help of these operators. In the following let
Ay =T | kerT'y. Then the direct sum decomposition

(2.1) dom T = dom Ag+ ker(T — \) = ker o+ ker(T — \), A € p(Ap),

holds. The definition of the y-field and Weyl function for quasi boundary triples is
in accordance with the one for ordinary boundary triples in [18].

Definition 2.2. Let T be a linear operator in H such that T = S* and let
{G,T0,T1} be a quasi boundary triple for S*. Then the corresponding ~y-field ~
and Weyl function M are defined by

p(Ag) 3 X = 4(N) = (Tg [ ker(T = X))~
and
p(Ag) 3 A M(A) =T (g | ker(T — X)),
respectively.

Because of (2.1) the 7-field is well-defined and one has ran~y(\) = ker(T — A)
for any A € p(Ap). Note that dom~y(A) = ranT'y is dense in G by Definition 2.1.
Making use of the abstract Green’s formula (Definition 2.1 (i)) one can show that

(2.2) YA =Ti(Ao =N A€ p(Ag);

this is a bounded and everywhere defined operator from H to G. Thus vy(\) is a
(in general not everywhere defined) bounded operator; cf. [9, Proposition 2.6] or
[10, Proposition 6.13]. In the special case that {G,To,T'1} is an ordinary boundary

triple y(A) is automatically bounded and everywhere defined. Next, one has for all
A 1€ p(Ap) and all ¢ € ranTy

(2:3) YN = (I + (= 1A = V) ) (e,
see [9, Proposition 2.6]. In particular, the mapping A — (A)p is holomorphic on
p(Ap) for any fixed ¢ € ranTy.

Next, we state some useful properties of the Weyl function M corresponding to
the quasi boundary triple {G, T, T'1 }; the proofs of these statements can be found
in [9, Proposition 2.6]. The definition of M implies that

M()\)Fof)\ = Flf)\, f)\ € ker(T — )\)7 A E p(Ao)
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In particular, for any A € p(Ag) the linear operator M (1)) is densely defined in G
with dom M (X) =ranT'y and ran M (X\) C ranT'y. For A, n € p(Ap) and ¢ € ranT
one has

(2.4) M) — M(p) e = (A=1)y(p) v(Ne.

Therefore, we see that M(\) C M(\)* for any A € p(Ag) and hence M(A) is a
closable, but in general unbounded linear operator in G. In the special case that
{G,T0,T'1} is an ordinary boundary triple M ()) is bounded and everywhere defined.
Equation (2.4) also yields that for any ¢ € ranI'y the G-valued function A — M (X)p
is analytic on p(Ap).

In the main part of the paper we are going to use ordinary boundary triples,
quasi boundary triples, and their Weyl functions to define and study self-adjoint
extensions of the underlying symmetry S. Let T be a linear operator in A such
that T = S*, let {G,T,T1} be a quasi boundary triple for S* and let ¥ be a linear
operator in G. Then, we define the extension Ay of S by

(25) A19 =T F ker(F1 - 19I‘0),

i.e. f € domT belongs to dom Ay if and only if f satisfies I'1 f = ¥ f. If ¥ is a
symmetric operator in G then Green’s identity implies

(2.6) (Ao f,9)n — (f, Avg)n = (IT0f,Tog)g — (Lo f, ITog)g =0

for all f,g € dom Ay and hence the extension Ay is symmetric in H.

In the following theorem we state an abstract version of the Birman-Schwinger
principle and a Krein type resolvent formula for canonical extensions Ay; for the
proof of this result, see [9, Theorem 2.8] or [10, Theorem 6.16].

Theorem 2.3. Let T be a linear operator in H such that T = S*, let {G,To,T1} be
a quasi boundary triple for S* with Ag =T | ker 'y, and denote the corresponding -
field and Weyl function by v and M, respectively. Let Ay be the canonical extension
of S associated to an operator ¥ in G as in (2.5). Then the following assertions
hold for all A € p(Ap):

(1) X € op(Ay) if and only if 0 € o, (9 — M(N)). Moreover, it holds that
ker(Ay — A) = {7(A\)¢ : ¢ € ker(¥ — M(X))}.
(ii) If X ¢ op(Ay) then g € ran(Ay — A) if and only if y(\)*g € ran(d — M (N)).
(il) If A ¢ op(Ay) then
(4 =079 = (Ao = N7 g AN = M) ()
holds for all g € ran(Ay — \).

Assertion (ii) of the previous theorem shows how the self-adjointness of an ex-
tension Ay can be proven. Namely, if 9 is symmetric in G then Ay is symmetric in
H by (2.6), and hence Ay is self-adjoint if, in addition, ran(Ay Fi) = H. According
to Theorem 2.3 (ii) the latter is equivalent to ran~(F:)* C ran(d — M (%1)).

In the special case that {G,Ty,T'1} is an ordinary boundary triple the situation
is simpler as the next well-known proposition states. We note that the converse in
Proposition 2.4 holds if ¥ in (2.5) is allowed to be a linear relation (multivalued
operator).
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Proposition 2.4. Let S be a densely defined closed symmetric operator in H and
assume that {G,To,T'1} is an ordinary boundary triple for S*. Let ¥ be an operator
in G and let Ay be defined by (2.5). If 9 is (essentially) self-adjoint in G then Ay
is (essentially) self-adjoint in H.

In what follows we describe a particular transformation procedure of quasi bound-
ary triples to ordinary boundary triples from [11] which will be useful later in this
paper. Let T be a linear operator such that T = S* and let {G,Tg,T'1} be a quasi
boundary triple for S*. Define the spaces

(2.7 % :=ran(ly [ kerI';) and % :=ran(I'y | kerTy).

We will often assume that ¢ is dense in G. In this case, we denote by ¢/ the dual
space of %) with respect to any norm || - ||lg, such that (¢, | - [l¢,) is a reflexive
Banach space continuously embedded into G; such a norm exists, see [11, Proposi-
tion 2.9], and all norms with this property are equivalent, cf. [11, Proposition 2.10].
Analogous statements hold if 4, is dense in G and T | kerI'; is self-adjoint, and
hence we can employ a similar notation in this case as well.

First, it turns out that the boundary mapping 'y or I'; can be extended to
dom S*, if the set 4 or %, respectively, is dense in G; cf. [11, Proposition 2.10 and
Corollary 2.11]. In the following we write || - ||s+ for the graph norm induced by S*.

Proposition 2.5. Let T be a linear operator such that T = S*, let {G,Ty,T'1} be
a quasi boundary triple for S*, and let %,% be as in (2.7). Then the following
assertions are true:

(i) If 4 is dense in G then T'o admits a unique, surjective and continuous
extension

Lo : (domS*, | - [|s-) — %.
(ii) If % is dense in G and Ay =T | kerI'y is self-adjoint then I'y admits a
unique, surjective and continuous extension

Ty : (domS™, | - [|s+) — ¥

Under the assumptions of the previous proposition also the y-field and the Weyl
function associated to the quasi boundary triple {G, T, I'1 } can be extended; cf. [11,
Definition 2.14] and the corresponding discussion.

Proposition 2.6. Let T be a linear operator such that T = S*, let {G,To,T1} be a
quasi boundary triple for S*, and let Ao =T | ker I'y. Denote the corresponding -y-
field and Weyl function by v and M, respectively. Assume that 9y and 4, defined by
(2.7) are dense in G and that Ao := T | ker 'y is self-adjoint. Then the following
assertions hold for all X € p(Ag):

(i) The values of the y-field admit continuous extensions
FA) = (To [ ker(S* = \) % — H.
(ii) The values of the Weyl function M (\) admit continuous extensions
M\ =T\ : % — 9.

Making use of the extended boundary mapping fo one can transform the origi-
nally given quasi boundary triple {G, "9, I'1 } to an ordinary boundary triple, see [11,
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Theorem 2.12]. In order to introduce this ordinary boundary triple fix some iso-
morphisms ¢4 : 4 — G and «_ : ¢4 — G which satisfy

(LJE/,L#U)Q = ($/7$)g{x%
for all z € 4 and 2’ € ¥], where (-, )¢/ x«, denotes the duality product of the pair
gll and gl-

Theorem 2.7. Let T be a linear operator such that T = S* and let {G,To,T1}
be a quasi boundary triple for S* with Ag =T | kerI'y. Assume that ¢, defined
by (2.7) is dense in G and that there exists p € p(Ag) NR. Define the mappings
Yo, Y1 :domS* = G by

Yof =u-Tof, Yif =uTifo, f=fo+fu € domAgtker(S™ - p),
where fo is the extension of the boundary mapping 'y from Proposition 2.5 (i).

Then {G, Yo, Y1} is an ordinary boundary triple for S* such that the self-adjoint
operators T | kerI'g and S* | ker Y coincide.

We remark that the «-field 8 and the Weyl function M associated to the bound-
ary triple {G, T, Y1} are given by
(2.8) B =F(A\Zt and  M(X) =y (M(N) — M()) ="
for A € p(Ap) and p € RN p(Ag) chosen as in Theorem 2.7; cf. [11, eq. (2.17)].

Finally, let ¢ be a linear operator in G and let Ay be the canonical extension
of S defined via (2.5) and the quasi boundary triple {G,I'g,I'1 }. Consider the linear
operator

29) OW) = tp (9 — M(p))et,
dom©(W) = {p € G::1Z"p € dom (9 — M(p)) and (9 — M(p)Z'¢ € 4},
inG. If {G, Yo, Y1} is the ordinary boundary triple in Theorem 2.7 then one verifies
ker(I'y — 9T) = ker (Y1 — ©(9)Yo);

cf. [11, Corollary 3.5]. Together with Proposition 2.4 the next corollary follows
immediately; again a converse statement is true if ¢ and ©O(¢¥) are allowed to be
linear relations.

Corollary 2.8. Let ¥, (V) and Ay be as above and assume that the assumptions
in Theorem 2.7 are satisfied. If ©(9) is (essentially) self-adjoint in G then the
operator Ay is (essentially) self-adjoint in H.

In this context we also note that for some self-adjoint operator © acting in G
and its corresponding extension Ag = S* [ ker(T; — ©Y) one has

(2.10) A€ o(Ae)Np(Ap) ifand only if 0 € o(© — M(N)),
(2.11) A€ op(Ade)Np(Ap) ifand only if 0 € op(0 — M(N)),

and

(2.12) A € gdisc(Ao) N p(Ag) if and only if 0 € 0qisc(© — M(N));

cf. [18, 19] and [15, Theorem 1.29 and Theorem 3.3]. Moreover, for A € p(Ag) N
p(Ae) we have

(2.13) (Ao —N)7" = (Ao = N1+ BN (O — M(N) ' BV



see [18, 19] and [11, Section 3] for more details.

3. THE FREE AND THE MAXIMAL DIRAC OPERATOR

In this section we first recall the definition and some standard properties of
the free Dirac operator, which will be of importance in our further considerations.
Then we introduce and discuss the maximal Dirac operator in R \ ¥, where ¥ is
the boundary of a bounded C?-domain.

Let us choose units such that the speed of light and the Planck constant & are
both equal to one. Then, the free Dirac operator is given by

3

(3.1) Aof =—i» a;0;f + mBf =—ia-Vf+mBf, domA,=H'R*C"),

j=1
where the Dirac matrices aq, a9, a3 and S are defined by (1.2) and we require
m > 0. If —A denotes the self-adjoint Laplace operator in L?(R3;C) defined on
H?(R3;C) then
(3.2) A = (-A+mHI;,  dom A2 = H*(R?C*);
cf. [37, Korollar 20.2] for m = 1. In the above formula the symbol (—A +m?)I, is
understood as a 4 x 4 diagonal block operator, where each diagonal entry acts as
—A +m?2. Next, it is well-known that Ay is self-adjoint in L?(R?;C*) and that the
spectrum of Ag is
(3.3) 0(Ag) = (=00, —=m] U [m, 00),

see [36] or [37, Chapter 20]. Furthermore, for A ¢ o(Ao) the resolvent of A is given
by

B4 =N = [ G-y c R, fe PRYCY,

where the integral kernel G is a C***-valued function of the form

o iVAT—m2 |z
(3.5) G)\(m):<)\I4+mﬁ+(1—i\/mu|)l(|0;|25£))6 e

cf. [36, Section 1.E] or [4, Lemma 2.1]. In the above formula the square root is
defined such that Im v/ A2 —m?2 > 0 for A € o(4yp).

Let ¥ be the boundary of the bounded C2-domain Q, and let Q_ := R\ Q..
We will make use of the decomposition L?(R3;C*) = L?(Q2,;C*) @ L?(Q2_;C*) and
split functions f € L?(R3;C*) in the form f = f, @ f_, where fy = f | Q4 €
L?(24; C*). Furthermore, we define the subspaces D of L?(24;C*) by

Dy = {fr € L’(Qx;CY) : (—ia- V + mpB) f+ € L*(Qx;CH},

where all derivatives are understood in the distributional sense, and we endow D4
with the natural norms

(3.6) Ifelld, = Ifellf, + [[(—ia- V+mB) fellg, fe€Da

Now, we define the maximal Dirac operator Ty, in L?(R3?; C*) by
Tmaxf = (7204 -V + mﬂ)f—’- S3) (77;0[ -V + mﬂ)f—v

(3.7) domThax :=Dy & D_.
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The operator Ty,.x turns out to be the adjoint of the symmetric restriction of Ag
on functions vanishing on 3.

Proposition 3.1. Define the linear operator S by
(3.8) S:= Ay | HY(R?\ ¥;CY)

and let Tyax be as above. Then S is a densely defined, closed, symmetric operator
such that S* = Tyax holds.

Proof. Since C°(R? \ £;C*) C dom S and S C Ay it is clear that S is densely
defined and symmetric. Moreover S is closed since Hg(R? \ 3;C*) is a closed
subspace of H'(R3;C?*) and the graph norm of Ay is equivalent to the H!(R3;C*)-
norm, see, e.g., [37, Satz 20.1].

Next we show S* C Tiax. For that, let f € dom S* and g, € C(Q2;C*).
Then g := gy &0 € dom S and

((S*f)+7g+>g+ = (S*f7g)R3 = (f7 SQ)R?’ = (f+7 (_ia -V + mﬂ)g+)§2+
Since this holds for any g, € C2°(Q4;C*), the distribution (—ia-V+mf3)f, exists
in L2(Q4;C*) and is equal to (S*f)y. Similarly, one verifies (—ic - V +mp)f- =
(S*f)— in the distributional sense. This yields f € Dy & D_ = dom Tphax and
Tmaxf = S*f
It remains to prove that Tinax C S*. Let f € dom Tiyay and g € C2°(R3\ 2; C*).
Then we have

(f+’(Sg)+)Q+ = (f+’(_ia'v+m6)g+)£2+
= ((—ZO( : v+m5)f+7g+)g+ = ((Tmaxf)+7g+)g+

and similarly (f_, (Sg)-)a_ = ((Tmaxf), , g,)Q_ . Summing up these two equations
yields

(fv SQ)RS = (Tmaxf7 g)]R3
A density argument shows that this remains valid for any g € H(R? \ %;C?%) =
dom S and hence f € dom S* and S*f = Tyaxf. This completes the proof of this
proposition. [l

The next lemma implies that smooth functions are dense in dom Ty, equipped
with the graph norm. The proof follows the strategy in [12, Lemma 2.1]; a similar
result can also be found in [33, Proposition 2.12].

Lemma 3.2. The space C°°(Q4; C*) is dense in Dy with respect to the norm ||-||p..
in (3.6).

Proof. We show this statement for D_, the assertion for D, follows in almost the
same way. Assume that f € D_ satisfies

(3.9) (f,9)q + ((mia-V+mp)f, (=ia-V +mp)g), =0

for all g € C>°(Q_;C*). Since this is true, in particular, for any g € C°(2_;C*),
it follows that the distribution (—ia -V +mf)? f exists in L?(Q_;C*) and coincides
with — f.

Next, we claim that

(3.10) (—ia-V+mpB)f € Hy(Q_;C*).
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To see this, let Ag be the free Dirac operator in (3.1), let h € C°(R?;C*) and
choose a smooth cutoff function x : R® — [0,1] satisfying x = 1 in B(0,1) and
x =0in R3\ B(0,2). Set x; := x(-/1), I € N. Then (x;A4,'h) [Q_ € C®(Q_;C*)
converges to (Ay'h)_ in H'(Q_;C*) as | — co. Making use of (3.9), we conclude
that

(4500 1)Ky =~ (A5 = — fim (7, (e ™))y
= llir& ((_ia -V + mﬂ)f’ (_iO‘ -V + mﬁ)(XlAalh)*)97

= ((~ia- V+mpB)f, (~ia- V +mpB)(Ag " h)- ),
= (0® (—ia-V+mp)f,h)gs-
Since this is true for any h € C°(R3; C*) it follows that
00 (—ia-V+mpB)f = Ay (0@ —f) € HY(R?;C).

Moreover, the trace of 0@ (—iar- V+mp) f at X is equal to zero. This yields (3.10).

From (3.10) it is clear that there exists a sequence (h,,) C C°(Q_;C*) such that
hyp — (—ia -V +mpB)f in H'(Q_;C*). Integration by parts yields finally that

0< ((—ia-V+mp)f, (—ia-V + mﬂ)f)KL = nhﬁngo (B, (=i~ V + m,B)f)gL
= lim ((—ia-V +mB)h,, f)g = ((—ia-V+mB)2f, )y

n—oo
= (_f7f)Q_ <0.
Thus, f =0 and hence C*°(Q_;C*) is dense in D_. O

4. BOUNDARY TRIPLES FOR DIRAC OPERATORS WITH §-SHELL INTERACTIONS

In this section we first provide a quasi boundary triple which is convenient to
study Dirac operators with singular interactions supported on . In a slightly
different way this quasi boundary triple was already introduced in [7]. Although
only C*°-smooth surfaces 3 were considered in [7] the relevant results below remain
valid for C2?-surfaces. The main purpose is then to extend and transform this quasi
boundary triple to an ordinary boundary triple as explained in Section 2; cf. [11].

First, we define the operator T := Tay | HY(R?\ ¥;C*), that is,
i1 Tf:=(—ia-V+mpB)fsr & (—ia-V+mp)f_,
(4.1) domT := H'(R?*\ %;C*) = HY(Q,;CYH @ H'(Q_;CY),

and the linear mappings I'g,I'; : dom T — L?(%;C*) by

(42) Tof =ia-v(fi]ls — f-]z) and I‘lf:%(fﬂz—kf,b), fedomT.

Since ¥ is C%-smooth, it follows that the normal vector field v is differentiable and
hence, Tof,T'1 f € HY/?(2;C*) for f € domT by the trace theorem.

It can be deduced from [7] that {L?(%;C*),To,T1} is a quasi boundary triple
for T (see [7, Remark 3.3]). For the convenience of the reader we give a direct and
simple proof here.
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Theorem 4.1. Let S be given by (3.8) and let the mappings T, Ty and T'y be as in
(4.1) and (4.2), respectively. Then {L%(3;C*), Ty, 1} is a quasi boundary triple
for Tax = S* =T with

(4.3) ran(Do, 1) T = HY2(3;CY) x HY?(%;CY),

and T | ker Ty is the free Dirac operator Ag in (3.1).

Proof. Observe first that T = Tiax since C®(Q; C*) @& C°(Q,;C*) is dense in
dom Ty, with respect to the graph norm by Lemma 3.2. Hence also the space
HY(Q;C* @ H'(Q4;C*) is dense in dom T., with respect to the graph norm
and thus T = T}ax. Moreover, S is closed and S* = T, by Proposition 3.1.

Next it will be shown that Green’s identity holds. For thislet f=f, ® f_, g =
g+ ®g- €domT = H'(Q24;CY @ H(Q_; C*). Using (—ia;)* = iay, j € {1,2,3},
we get by integration by parts

((_ZOCV‘i'mB)fi,gi)Qi - (fia (_lav_‘_mﬁ)gi)ﬂi = :l:(—Z'Oé'Vfi|Z,gi|2)2;

note that the normal vector field v always points inside €2_, hence there is a different
sign on the right hand side. By adding these two formulae for Q; and Q_, we obtain

(Tf.g)rs — ([, Tg)rs = (I'1f,Tog)s — (Lo f,T19)s,
i.e. Green’s identity in Definition 2.1 (i) is valid.

To prove the range property (4.3) consider ¢, € H'Y?(X;C*). By the trace
theorem and (« - v)? = I, there exists gy € H'(Q4;C*) and h € H'(R3;C*) such
that

. 1
io-vgils =¢ and hlg =1 — §g+|2~

Then f := (g4 @ 0) + h belongs to domT = H!(R3\ ;C*) and satisfies

. . 1
Lof =ia-vgyls tia-v(ihi|s —h_|g) =¢ and Tif= §g+|z + hlz = .

This implies (4.3) and hence item (ii) in Definition 2.1. Finally, since kerI'g =
H(R3;C*) the restriction T' | ker Ty coincides with the free Dirac operator Ag
which is self-adjoint. Therefore, {L?(3;C*),Ty,T'1} is a quasi boundary triple
for S*. O

Next we provide the y-field and Weyl function associated to the quasi boundary
triple in Theorem 4.1.

Proposition 4.2. Let {L?(3%;C*),T,I'1} be the quasi boundary triple in Theo-
rem 4.1, let X € p(Ag) = C\ ((—o0, —m]U[m, 00)) and let G be the integral kernel
of the resolvent of the free Dirac operator in (3.5). Then the following statements
hold.

(i) The values y()\) : L%(2;C*) — L2(R3;C*) of the y-field are defined on
H'2(%;C*) and given by

Y N)p(x) = /EG/\(x —y)e(y)do(y), = e€R?, pe H/?(%;CH).

Each v(\) is a densely defined and bounded operator from L?(%;C*) to
L?(R3;C*) and an everywhere defined bounded operator from H'Y?(3;C*)
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to HY(R3\ ¥;C*). The adjoint yv(\)* : L2(R3;C*) — L?(X%;C*) s
Y F@) = [ Gxlo =iy, @ e X, ] e IECY.

(ii) The values M(X) : L*(3; C*) — L2(X;C*) of the Weyl function are defined
on HY2(%;C*) and given by

M(Np(z) := lim Gr(z - y)p(y)do(y), =X, p € H/(S;CH),
0|z —y|>e
Each M()) is a densely defined bounded operator in L?(3;C*) and an ev-
erywhere defined bounded operator in H'/?(X;C*).

Proof. Since the triple {L%(3;C*),Ty,T'1} in Theorem 4.1 is a restriction of the
quasi boundary triple considered in [7], the y-field, the Weyl function and the ad-
joint y-field are restrictions of the corresponding operators there; their explicit com-
putation can be found in [7, Proposition 3.4]. By definition and from [7, Proposi-
tion 3.4] it is also clear that v()\) and M ()\) are defined on ranT'y = H'/?(%;C*) and
are bounded operators in the respective L2-spaces. Moreover, by Definition 2.2 we
have rany(\) = ker(T—\) € H'(R3\¥;C*) and ran M (\) C ranT'y € HY/?(%;C4).

To see that y(\) : H'/2(Z;C*) — HY(R?\ X;C*) is bounded it suffices to show
that v()\) is closed. Assume that (p,) C HY/?(3;C*) is a sequence such that

on — @ in HY/2(2;CY)  and y(Ng, — f in HY(R?\ 2;CH).

Clearly, ¢ € HY?(%;C*) = dom~y()\) and ¢, — ¢ in L*(X;C*). Since v(\) is
bounded in the respective L2-spaces, we have v(\)¢, — v(A)¢ in L?(R3; C*). This
implies v(A\)¢ = f and therefore y(\) : H'/2(%;C*) — H'(R?\ X; C*) is closed and
everywhere defined, and hence bounded.

Finally, since y(\) : HY/?(%;C*) — H'(R3\ £;C*) is bounded, the continuity
of the operator M()\) = I'1y()\) in HY/?(3;C*) follows from the continuity of the
trace map. O

Recall that M () is injective for any A € C\ ((—oo, —m] U [m,o0)) and that its
inverse is given by
(4.4) M\ = ~d4a-vM(Na-v.
In particular, M(\) is bijective in HY/?(X;C*). For A\ € (—m,m) equation (4.4)
follows from the known identity —4(M(\)a - v)? = I, which is stated, e.g., in
[4, Lemma 2.2 (ii)] (note that M(A) = C2 in the notation of [4, Lemma 2.2]).

For A € C\ R the above formula (4.4) follows then by an analytic continuation
argument.

Next we extend and transform the quasi boundary triple from Theorem 4.1 to
an ordinary boundary triple for S* using Proposition 2.5 and Theorem 2.7. Recall
from (2.7) that % and % are defined by

(4.5) % :=ran(ly [ kerI';) and % :=ran(I'y | kerT).

Lemma 4.3. Let {L*(3;C*),To,T'1} be the quasi boundary triple in Theorem 4.1.
Then the operator As :=T | ker 'y is self-adjoint, the spaces % and 4 in (4.5)
are

(4.6) Gy =4 = HY/?(3;CY),
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and Ty and 'y have surjective extensions
Lo : dom Toax — H*1/2(E; CY  and I : dom Tonax — Hﬁl/Z(E; c),

which are continuous with respect to the graph norm of Tax-

Proof. First, it will be shown that A, is self-adjoint. Because of Green’s formula
(Definition 2.1 (i)) we see immediately that A, is symmetric. To prove that A
is self-adjoint it suffices to check ran A, = L?(R?;C*), which by Theorem 2.3 (ii)
is the case if and only if ran~y(0)* C ran M (0). The latter inclusion holds since
rany(0)* = ranT1 Ay ' = H'Y/2(%;C*) by (2.2) and (4.4) yields that M (0) is bijec-
tive in H'/2(2;C*). Therefore A, is self-adjoint.

In order to show (4.6) let ¢ € H'/?(%;C*) and choose functions fi € H'(Q4;C?)
with fi|y = :F%ia -vp. Then f = fi & f- € kerI'; and I'gf = ¢, and hence
4y = H'/2(%;C*). To show the claim on %, consider ¢ € H'/?(%;C*) and choose
f € HY(R3;C*) with f|s = ¢. Then f € kerT'g and I'; f = f|s = ¢. Hence (4.6) is
shown.

The last assertion on the surjective extensions of I'y and I'y is now an immediate
consequence of Proposition 2.5. O

Next we discuss the extensions of the y-field and the Weyl function of the quasi
boundary triple {L?(3; C*), Ty, T }.

Proposition 4.4. Let {L?(%;C*),Ty,T'1} be the quasi boundary triple from The-
orem 4.1 with corresponding y-field v and Weyl function M. Then the following
assertions hold for all X € p(Ap):

(i) The values of the vy-field admit continuous extensions
FA) = (To I ker(Tmax — N)) : H-Y2(3;C*) — L2(R?;CY).
(ii) The values of the Weyl function admit continuous extensions
M(A) =Ty (Do | ker(Tmax — )™« H-Y2(5;,CY — H-Y2(3;¢h).
Moreover, it holds for any p € HY/?(X;C*) and ¢ € H~/?(%;CY)
(4.7) (‘p’ﬁ()‘)w)uzx—uz = (M(X)‘va)uzx—yz'
(iii) The operators

—~ 1
M) = J1s s HY2(5;¢%) — HY?(3;¢%)

are well-defined and bounded. In particular, M(\)? — %[4 s compact in
HY/2(5;CY).

Proof. Proposition 2.6 implies the existence and continuity of 7(A) and M (A\) in (i)
and (ii). In order to show (4.7) let ¢, € H'/?(X;C*). Making use of (2.4) we find

(907 M()\)d])l/QX—l/Q = ((I4 - AZ)1/4907 (I4 - AZ)_1/4M(>\)/¢))Z

((14 - AZ 1/4M(X)<P7 (I — Ag) V49
(M )1/2>< 1/2°
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A density argument yields (4.7).

To prove item (iii) we first consider the case A = 0. Note that equation (4.4)
and (a-v)? = I imply

1

(4.8) M(0)* — 114 =M(0)a-v(a-vM(0)+ M(0)a - v).
According to [33, Proposition 2.8] the operator
(4.9) A:=a-vM(0)+ M(0)a-v: HY/?(2;CY — HY?(%;CY)
admits a bounded extension A : H~1/2(;C*) — H/2(%;C*). This and (4.8) show
assertion (iii) for A = 0.

Let now X\ € p(Ag) be arbitrary. The identity (2.4) yields for ¢ € H/2(%;C*)
(4.10)

From (2.2) we get
ranv(0)* = ran (I'1 Ay ") = HY2(x;Ch).

Hence, the closed graph theorem implies that v(0)* : L?(R3;C*) — H'/?(%;C*)
is continuous. Using item (i) of this proposition we see that ~(0)*y(\) admits the
continuous extension

Y(O0)'F(A) : HV2(5:CY) — HY2(55CY).
Moreover, since M(0) has the continuous extension M(O) in H-1/2(2;C*) and
M(0)? — 1, has a continuous extension from H~1/2(3;C*) to H'/?(X;C*) by the

previous considerations, equation (4.10) yields finally the statement of assertion (iii)
for all A € p(Ap).

Finally, since ¥ is compact, the embedding ¢« : H/?(%;C*) — H~Y/2(%;C4) is
compact. Therefore, the mapping

is compact in H/?(%;C*). O

Eventually, we provide a transformation of the quasi boundary triple from The-
orem 4.1 to an ordinary boundary triple. This is an immediate consequence of
Theorem 2.7 for the special choice 1+ = (Iy — Ax)*'/* and u = 0 € p(4y), but for
the convenience of the reader we provide also a short direct proof. In order to define
the transformed boundary mappings recall that the direct sum decomposition

(4.11) dom Tax = dom Ag+ ker Thax
holds, as 0 € p(Ao).
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Theorem 4.5. Let S be the symmetric operator in (3.8) with adjoint S* = Tiax
in (3.7). Moreover, let {L?(%;C*),T,I'1} be the quasi boundary triple from The-
orem 4.1, let T'g be the extension of I'g from Lemma 4.3, and define the mappings
Yo, Y1 : dom Tinax — L2(R3;C*) by

Yof = (Is — As) Y Tof and Yif := (I — Ax)'T1fo,

where f = fo + f1 € dom Ag+ ker Thax = dom Tipax. Then {L?(3;C*), Yo, Y1} is
an ordinary boundary triple for S* = Thax with S* [ ker Yo =T [ ker Ty = Ag.

Proof. First we verify that Green’s identity is true. Assume that f,g € domT C
dom Ti,ax and decompose these functions with respect to (4.11) as f = fo + f1 and
g = go + g1 with fy, g0 € dom Ay and f1,¢91 € kerT. Using the self-adjointness of
the free Dirac operator Ay and T'f; = T'g1 = 0 we deduce then
(Tf.9)rs — (f, Tg)rs = (Ao fo, go)rs + (T fo, 91)rs — (fo, Aogo)rs — (f1.T'go)rs
= (T fo, g1)rs — (fo, T'g1)rs + (T'f1,90)rs — (f1,Tgo)rs-
Employing now Theorem 4.1 and T'gfy = I'ogo = 0, as fo,g90 € dom Ay = ker Ty,
we get
(Tf,9)rs — (f, Tg)rs

= (T'1f0,Tog1)s — Tofo,T'1g1)s + (T'1f1,Togo)s — (Tof1,T'1g0)s

= (I'1fo,Tog)s — (Tof,T1g0)s-
The self-adjointness of (I; — Ayx)*/* implies eventually

(T, 9)rs — (f. Tg)rs = ((Is — Ax)*T1fo, (I — As) "/ *Tog),
— ((Is = Ag) Y*Tof, (I — Ax)/*T1g0)
= (Tlfv TOQ)E - (Tof7 Tlg)z'

Since C*>®(Q;C*) @ C>®(Q,;C*) C dom T is dense in dom T},ax by Lemma 3.2 and
fo, I'y are continuous with respect to the graph norm by Lemma 4.3 we conclude
that Green’s identity holds for all f, g € dom Ty, ax.

To see that (Yo, Y1) is surjective let p, 1 € L?(3;C*) arbitrary, but fixed. Since
ran fo = H_1/2(Z;(C4) by Lemma 4.3 there exists ¢ € dom fo = dom Tynax such
that

Yog = (I — Ax)V4Tog = ¢.
Next, choose some h € dom Ag which satisfies
Tlh = (I4 — A2)1/4F1h = ’(/J — Tlg

Since h € dom Ay = kerI'y we have, in particular, Toh = 0. Thus, the function
f=g+h € dom Ty fulfills Tof = ¢ and T f = 1, which shows that (Yo, ) is
surjective.

It remains to show that Ti,ax | ker T is self-adjoint. With the help of Green’s
identity, which is already proved, it is easy to see that T ax [ ker T is symmetric.
Moreover, the self-adjoint free Dirac operator is contained in Ty« [ ker To. Thus,
these operators must coincide. Therefore, the triple {L?(3;C*), Yo, Y1} fulfills
all conditions to be an ordinary boundary triple for S* = T},.x in the sense of
Definition 2.1 and the proof of this theorem is finished. O
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5. DIRAC OPERATORS WITH ELECTROSTATIC §-SHELL INTERACTIONS

In this section we define and investigate Dirac operators A, with J-shell inter-
actions supported on the closed and bounded C?-surface ¥ C R? with interaction
strength € R. In particular, we treat the case of the critical interaction strength
n = £2, for which self-adjointness and other spectral properties of Ao were not
obtained so far. The strategy is as follows: Using the quasi boundary triple from
Theorem 4.1 and the transformed ordinary boundary triple from Theorem 4.5 with
the corresponding transformed parameter ©1(=£2), cf. (2.9), we identify the closure
of A4y with the closure of ©1(42), which turns out to be self-adjoint in L?(3; C*).
Making use of the corresponding Weyl functions and by constructing suitable sin-
gular sequences we prove some spectral results for A4, in Theorem 5.7.

We start with the definition of Dirac operators with an electrostatic d-shell in-
teraction of constant strength.

Definition 5.1. Let {L?(X%;C*),To,T'1} be the quasi boundary triple from Theo-
rem 4.1 for S* = Tyax = T with T in (4.1) and let n € R. Then the Dirac operator
A, with an electrostatic d-shell interaction of strength n is defined by
(5.1) Ay =T [ ker(T'g + nI'y),
that is,
Apf = (—ia -V +mB)fy & (=ia -V +mB)f-,
dom A, ={f=fy ® f-edomT: §(fr[s + f-[n) = —ia-v(fr]s — f-[2)}.

It follows immediately from (5.1) and Green’s identity that A, is symmetric for
any 1 € R. In the following proposition we prove that A, is self-adjoint for n # £2;
similar results have been obtained in [3, 7], but the approach used here also yields
an additional regularity result for the functions in dom A4,,.

Proposition 5.2. Let n € R\ {£2} and let A, be defined as in Definition 5.1.
Then A, is self-adjoint and dom A, C H'(R3\ X; C*).

Proof. Let n € R\ {£2} be fixed and assume 1 # 0 (note that Ay is the self-
adjoint free Dirac operator). In order to show that the symmetric operator A, is
self-adjoint we verify ran(A, — \) = L*(R3;C*) for all A € C\R. For A € C\ R we
have X & op(A,) since A, is symmetric. Hence, by Theorem 2.3 (ii) the operator
A, — X is surjective if rany(X)* C ran (— %14 — M(X)). Observe first that

rany(A)* = ran (I (Ag — \) 1) = HY2(2;CY)
by (2.2). To show that H'/?(2;C*) C ran ( - %14 — M(/\)) we note that

(5.2) (—71]]4 — M()\)) (—717[4 + M(/\)) = (7712 — i) Ii+ K(\)

with K (X) := 114 — M(X)?. By Proposition 4.4 (iii) the operator K () is compact
in H'/2(%;C*). Moreover (5.2) is an injective operator as otherwise one of the
symmetric operators A4, would have the non-real eigenvalue A; cf. Theorem 2.3 (i).
Thus, Fredholm’s alternative and (5.2) yield

HY2(2;C*) = ran <(nl2 - D I+ K()\)) C ran <71714 - M(A)) .
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From this and the above considerations it follows that A, is self-adjoint for n €
R\ {£2}. The inclusion dom A, ¢ H*(R3\ ¥;C*) is clear from (5.1). O

Now we turn our attention to the critical case n = £2 in Definition 5.1.

Proposition 5.3. The operators
(53) A:EZ =T F ker(Fo + 2F1) =T r ker(]_—‘l + %1—‘0)

are symmetric in L?(R3;C*) but not self-adjoint.

Proof. First, it follows from Green’s identity (Definition 2.1 (i)) that A1y are both
symmetric. Now assume that A, is self-adjoint; the same argument applies to A_5.
Then ran(A; — \) = L2(R3; C*) for any A € C\ R and hence Theorem 2.3 (ii) yields

(5.4) rany(A)* = HY2(2;C*) C ran (—;LL - M(A)) .

Since A & o,(A») it follows that — 1, — M()) is bijective in H'/2(3;C*).

We claim that (5.4) also implies ran (31, — M(X)) = H'/?(3;C*). In fact, for
o € HY2(Z;C*) we have —2M(\) o~ v € HY/?(3;C*) since ¥ is C2-smooth and
M()\) maps H'/2(%;C*) into HY/?(3;C*); cf. Proposition 4.2 (ii). By (5.4) there
exists 1) € H'/2(%;C*) such that

1

oM\ - vy = (2 - M(A)) b

Applying on both sides M (A)av- v and using (a-v)? = I and (M(N)a-v)? = —114
(see (4.4)) we find

—p=-"2(M\)a-v)*p= (—M(x\)a v—MNa - vM(\)(a- 1/)2> ¥,

which is equivalent to ¢ = (3 — M(X)) o~ v, ie. ¢ € ran (31, — M(N)). We
have shown ran (31, — M (X)) = HY?(X,C*), and as A € o,(A_,) it follows that
11, — M()) is bijective in H'/2(Z;C4).

Since —1I, — M(\) and I, — M(\) are both bijective on H/2(3;C*) also
M(X\)? — 114 is bijective on H/2(Z;C*). On the other hand, M(X\)? — 114 is
compact in H'/2(3;C*) by Proposition 4.4 (iii). Hence, this operator can not be
surjective; a contradiction. Therefore As is not self-adjoint in L?(R3; C*). O

In the following we complement Proposition 5.3, show that Ao in (5.3) is es-
sentially self-adjoint and determine the closure A1s. For this we shall also consider
the ordinary boundary triple {L?(3;C*), T, Y1} in Theorem 4.5 with v-field

(5.5) B =FN Ly — Ax)V4, X e p(A),
and Weyl function
(5:6) M) = (I = Ax)/H(M(A) = M(0))(Is — As)' ", X € p(Ao).
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The corresponding parameter (here = F3 by (5.3)) in Corollary 2.8 is then given
by

O1(£2) := —(I; — Ag)M/4 <i; + M(O)) (I, — A4,
dom ©,(£2) := H'(X; C*),
that is,
(5.7) Ao = Thax | ker (Y1 — 01(£2)Yy).

Clearly, ©1(£2) is symmetric in L?(3;C*). Our next goal is to prove that ©1(£2)
is essentially self-adjoint and that ©1(£2) coincides with the maximal operator

(5.8)
Omax(£2)p 1= —(I — Ax)'/4 (i; + 1\7(0)) (Iy — Ax) Y4,

dom O ax (£2) := {(p e L}(%;CY: (ﬁ:; + 1\7(0)> (I, — As)Y4p € HY?(3; c4)}.

Lemma 5.4. The operator ©1(42) is essentially self-adjoint in L*(X;C*) and

O1(£2) = Onax(£2). In particular, Omax(£2) is self-adjoint.

Proof. We prove the statement for n = 2, the case n = —2 is analogous. For the
convenience of the reader we divide the proof in three steps.

Step 1. We check first that ©,,x(2) is closed. For this let (¢,) C dom Oax(2)
such that ¢, — ¢ € L?(2;C*) and Opax(2)pn — ¥ € L?(2;C*) as n — oco. Since
(I, — Ax)~ Y4 L2(%;C*) — HY?(Z;CY) is an isomorphism we find

(5.9) - (; - M(o)) (I, — Ax)Y4p, — (I4 — Ag) Y4, n — oo,

with respect to the H'/2-norm, and hence also with respect to the Hil/z—vnorm.
On the other hand, since (I, — Ax)Y/* : L?(3;C*) — H~'/2(%;C*) and M(0) is
continuous in H~'/2(X;C*) by Proposition 4.4 (ii) we obtain

- (; + M(0)> (I — Ax) Y4, — — (; + M(m) (Is — As) 4o, n— o,

with respect to the H~'/?-norm. Combining this with (5.9) the last observation
leads to

- <; + M(0)> (I — Ax) o = (I — Ax) V4 € HY2(%;C).

Therefore, ¢ € dom Onax(2) and Opax(2)p = ¥. Thus, Onax(2) is closed.

Step 2. Let us now show the inclusion
(5.10) ®max(2) C 91(2);
together with ©1(2) C Onax(2) and Onax(2) closed from Step I this yields

(5.11) Omax(2) = ©1(2).
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To prove (5.10) let ¢ € dom O,,.,(2) and choose a sequence (10,,) C H'(X; C*) such
that 1, — ¢ in L?(2;C*) as n — co. We define

~ 1
on = oot (1= )7 (N0) - 5 ) (1 = A5) V(e = 02).
It follows from

oo = (1= B3) 1 (4 3(0)) (1 - B

= 8) 7 (= MO) ) (1 - As)

(3 + M(O))(LL — As)V4p € HY2(Z;CY) for ¢ € dom O,,,(2), Proposition 4.2
and the mapping properties of (14 — Ax)~ /4 that ¢, € HY(X;C*) = dom©,(2).
Moreover, since M (0) is continuous in H~1/2(;C*) we obtain

o= 9= (I= 25) /1 (310 - ) (1= A5) V(e =) 0, v,

in L2(2;C*). Finally, since M (0)2 — 1140 H-Y2(%;C%) — HY?(3;C*) is contin-
uous by Proposition 4.4 (iii) we have

—~ 1
Omax(2)(p—pn) = (I1—Ax)"/* (M(0)2 - 4) (Li—=As)*(p—thn) = 0, 1 — o0,
in L2(X;C*). In particular, as ©1(2) C Onax(2) we have ©1(2)¢, — Omax(2)p as

n — 0o, and hence ¢ € dom ©1(2) and 01(2)p = Omax(2)yp, i.e. (5.10) holds.

Step 3. Since O1(2) is symmetric it follows from (5.11) that ©1(2) = Opax(2) is a
symmetric operator. It is also clear from (5.11) that ©1(2)* = Opax(2)*. In order
to conclude that © ., (2) is self-adjoint it suffices to show the inclusion

(5.12) 01(2)" C Opax(2).

For this let ¢ € dom ©1(2)* and ¢ € H(X;C*) = dom ©4(2). Making use of (4.7)
we compute

(01(2)*¢, )y, = (¥,01(2)0),
= (1= 897 (3 MO) (s = ) )
= ({1 85) 0= (54 MO) (s - 85)7%) |
= (- (4+VO) =80 /t0 =2 Vg) |

= (* (Is — Ag)~ 14 (% + M@)) (Is = As) 4, (I — Az)l/zw)2~
Since this is true for any ¢ € H*(3;C*) = dom (I — Ax)/? we conclude
(I — Ag) M4 (5 n 1\7(0)) (I — Ax) 49 € dom (I — Ax)Y/?)" = HY(D;CY)
and using the self-adjointness of (I; — Ax)/? we find
(1= 8) 2 (I = An) ™4 (5 4 M(0)) (T = A)4w) = ©:1(2)" .

This implies ¥ € dom ©pax(2) and ©1(2)*1) = Ouax(2)¥), and hence (5.12) holds.
(]
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In the following theorem we conclude that the symmetric operator Ays is es-
sentially self-adjoint and provide the domain of its closure, which is the proper
self-adjoint realization of the Dirac operator with an electrostatic d-shell interac-
tion of strength +2. For that recall the definitions of the maximal Dirac operator
Tinax from (3.7), the extended boundary mappings I'g, 'y in Lemma 4.3, and of the
ordinary boundary triple {L?(%;C*), T, Y1} in Theorem 4.5.

Theorem 5.5. The operator ALy in (5.1) is essentially self-adjoint in L?(R3; C*)
and the self-adjoint closure is given by

(5.13) Ats = Tinax [ ker (T1 — Opax (£2)T0) = Thnax | ker (To + 2T4).
Furthermore, Ayo C Ay and dom Ao ¢ HY(R3\ X;C4).

Proof. 1t follows from Lemma 5.4 and (5.7) that Ais is essentially self-adjoint;
cf. Corollary 2.8. Furthermore, since {L?(3;C*), Yo, T1} is an ordinary boundary
triple the closure A1o corresponds to the closure of the parameter ©1(£2), that is,

Tﬂ = Tmax F ker (Tl - @max(i2)T0)’

and A, is self-adjoint in L2(R3; C*); cf. Lemma 5.4 and Corollary 2.8. The second
equality in (5.13) can be checked directly and also follows from [11, Corollary 3.8].
The last assertions are consequences of Proposition 5.3. g

Remark 5.6. The boundary condition i2f1f = —fof for f € dom Tyax in Theo-
rem 5.5 is understood in H~1/2(3; C*) and with traces interpreted in H~/2(3; C*)
(cf. [33, Proposition 2.1]) it has the more explicit form

+(fyle + fo|n) = —ia-v(fils — f-]n), [ € dom Ty,

which is in accordance with Definition 5.1.

In the next theorem we discuss some spectral properties of the self-adjoint op-
erator A4o; the results complement those for Ay, n # £2, from Theorem 1.1. We
point out that, in contrast to the non-critical case n # +2, in the critical case
1 = £2 the interval (—m,m) may contain essential spectrum, see also Theorem 5.9
below.

Theorem 5.7. The following assertions hold for the self-adjoint operators Ayo:

<i> (_OO’ _m] U [m’ OO) C UeSS(Tﬂ); _
(i) A € (—=m,m) Nop(Asz) if and only if 0 € o, (1 £ 2M(N));
(111) Udisc(A2) = Udisc(A—Q) and Uess(A2) = O—ess(A—Q);
(iv) For X € p(Ais) it holds that

(Azz =N = (Ao =N F 30 (12 (V) 290

Proof. (i) We verify the inclusion (—oo, —m] U [m, 00) C 0ess(A2); the inclusion for
the strength —2 can be verified in the same way. For A € (—oo0, —m] U [m, 00) fixed
we construct a singular sequence as follows. First of all, since ¥ is compact we can
choose R > 0 such that ¥ C B(0,R). Next, let x € C(R) be a cutoff function
satisfying x(r) = 1 for [r| < £ and x(r) = 0 for |r| > 1 and set z,, := (R + n?)ey,
where e; = (1,0,0)". We define

1 1 1 2 _m2z-e
B10) ) = g (o =l ) VI (VAT iy s+ A)



22 JUSSI BEHRNDT AND MARKUS HOLZMANN

where ¢ € C* is chosen such that (VA> — m2a; +mS + \) ( # 0. By construction
we have supp ¥} N = () and thus ;) € dom S C dom Ay; cf. (3.8). Moreover, it
holds

lexll = | (VA2 =m2ar + mB+A) ¢ (/B

and since the supports of the ¢} are pairwise disjoint, the sequence (¢;\) converges
weakly to zero. A straightforward computation shows

(A2 = Ny () = (S — N ()
— _Lei\/)@—mzm-elxl (Tllx —33n|) a- ) (, /A2 — m2ay _|_m5_|_)\)<

nb/2 |z — ]
41 <1x B xnl) VAT ey
n

MR
. (\/)\2 —m2ay +mpB — /\> (\//\2 —m2Zay +mpB + )\) C.
Note that (VA2 —m2a; +mB — A) (VA2 —m2a; + mB+ A) = 0 by (1.3). Hence,

we have
— C
(& — N < = (/
n B(0,1)

1/2
Ix(yl)zdy> = const.,
(0,1)

)

1/2
Ix’(ly)lzdy>

and therefore, (A3 — \)} — 0. Thus (3 is a singular sequence for Ay and A and
hence \ € gegs(Az).

Assertions (ii) and (iv) follow from (2.11), (2.13), and the special form of the
~-field, Weyl function and Opax(2) in (5.5), (5.6), and (5.8); cf. also [11, Corol-
lary 3.14].

It remains to prove item (iii). Since (—oo, —m] U [m, 00) C 0ess(Ax2) by (i), it

suffices to consider the case A € (—m,m). Assume that A € ogisc(A2). Note first
that the Birman Schwinger principle (2.12) implies

(515) 0e€ Udisc(emax(Q) - M()‘))

A simple calculation using (4.4) shows

—OM(Na-v (;14 + M()\)) _ (—;14 4 M(A)) -,

where the operators M(\) and a - v are both bijective in H'/?(Z;C*). Hence we
have

(5.16) - (;14 + ]\N/[()\)> 2M(Na-v) = —(a-v) (—314 + M(A))

with bijective operators (2M (X« -v) and (a-v)" in H~'/2(2;C*). From (5.16) we
conclude
(5.17) dim ker(©pax(—2) — M(X)) = dim ker(Opnax(2) — M(X))

and since ran(Omax(2) —M (X)) is closed it follows from (5.16) that ran(©mpax(—2) —
M(X)) is closed; thus we have

(518) O S O—disc(@max(72) - M()‘))
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and hence A € ogisc(A_2). In the same way one can show that A € ogisc(A_2)
implies A € ogisc(A2).

Finally, we prove p(A3) N (—=m,m) = p(A_3) N (=m,m). By exclusion and the
previous considerations this implies then cess(A2) = 0ess(A_2). Again, we only
verify that p(Az) N (—m,m) C p(A_2) N (—m, m), the other inclusion follows by
symmetry.

Let A € p(A3)N(—m,m). Then, by (2.10) we have that 0 € p(Opax(2) — M(N)).
This implies that 1 + M()) is injective and that H'/2(X;C%) C ran (3 + M()\))
Using equation (5.16) we deduce that —%—i—]T/f()\) is injective and that H'/2(%;C*) C
ran (— 1 + M()\))7 ie. 0 € p(Omax(—2) — M(X)). Using again (2.10) we find

AE p(A_Q) O

Remark 5.8. The functions 1) in (5.14) are constructed as a solution of the equation
(—ia- v+ mpB)f = 0 times a cutoff function such that supp ;) N = (). Because
of the last property 1), is contained in the domain of the symmetric operator S in
(3.8), and hence (¢;}) is a singular sequence for any self-adjoint extension of S at .
This implies that the set (—oo, —m]U[m, 00) is contained in the essential spectrum
of any self-adjoint extension of S; cf. [7, Theorem 4.4 (i)].

Note that Theorem 5.7 does not state that the spectrum of Ay in (—m,m)
is purely discrete; in fact essential spectrum may appear in the gap as well. In
the special case when the interaction support contains a flat part it turns out in
the next theorem that 0 € gess(As2). Moreover, the functions in dom Ao do not
possess any Sobolev regularity (of positive order); cf. Theorem 5.5.

Theorem 5.9. Let ¥ C R3 be the boundary of a bounded C?-smooth domain such
that there exists an open set g C X which is contained in a plane. Then the
following assertions hold for the self-adjoint operators Ays:

(i) 0 € Uess(Tﬂ)J
(i) dom Ay ¢ H*(R3\ 3;C*Y) for all s > 0.

Proof. (i) The proof of this item is shown in an indirect way and is split into four
steps. Again we restrict ourselves to the case n = 2. Let us assume that

(5.19) 0 € p(Az) U oaisc(A2)
and consider the operator Z : L(3; C*) — L?(%;C*) defined by

(5.20)  EBp:= (I — Axg)Y/? (1\7(0)2 — D (I — As)Y4, ¢ e L2(Z;Ch).

Step 1. Observe first that the operator = is bounded and self-adjoint in L2(X;C*).
In fact, M(0)? — 11, : H-Y/%(5;C*) — H'Y2(%;C?%) is bounded by Proposi-
tion 4.4 (iii) and hence = is well defined and bounded in L?(X;C*). Moreover,
since M (0) is symmetric by (2.4) we have
1
(Ep, ) = ((M(0)2 - 4> (Is — As) e, (I — Az)1/4§0> eER

for ¢ € H'(X;C*). By a density argument this extends to all ¢ € L?(%;C*), so
that = is self-adjoint in L?(3; C*).
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Step 2. We claim that the direct sum decomposition
(5.21) ker = = ker O pax (2)+ ker O 0y (—2)

holds. In particular, together with (5.17) for A = 0, M(0) = 0 and assumption
(5.19) this implies that dimker Z < co. Note first that the sum in (5.21) is direct

since ker(3 + M(O)) Nker(3 — M(O)) = {0}. Next, the inclusion
(5.22) ker O pax (2)+ ker O oy (—2) C ker =

follows easily from

(5.23) o ae (; j Mﬁ))) <% ) AE<0>> (Is — Ax)Y/*
= (I4— Ax)'/* (_2 + M(O)) (2 + M(o)) (I — As) V4.

Furthermore, (5.23) also yields

<J\7(0) - ;) (It — As)"/*(ker £ © ker Opax(—2)) C ker (; + M(0)> :

where ker Z0ker Oyax(—2) denotes the orthogonal complement of ker ©,,x(—2) in
the closed subspace ker = of L?(3;C*). Since the operator

(M(0) = 2)(Is — Ax)* | (ker Z © ker O pax (—2))

1

2
is injective and (I — Ax)/* is an isomorphism we find

1 - 1 -
dim ker 2 < dim ker (2 + M(O)) + dim ker (2 - M(O))
= dim ker © .5 (2) 4+ dim ker O ,ax(—2),

which together with (5.22) implies (5.21).
Step 8. Now we consider the restriction of the self-adjoint operator Z onto the
invariant subspace 2 := (ker Z)1. From the above considerations it is clear that

= [ is a bounded, self-adjoint and injective operator in J#. We claim that the
operator (2] )~ ! is bounded and everywhere defined in 7.

In the following let Py be the orthogonal projectors onto ker O, (+2) and
observe that the self-adjoint operators
Omax(£2) [(1-pPy)L2(zi01)
are boundedly invertible in (1 — Py)L?(3;C%); this follows from (5.19), Theo-
rem 5.7 (iii) and (2.12). We shall denote these restrictions by ©Z  (£2). Let

max

@ €EranZ C S and choose 1 € J such that ¢ = Z1. It is easy to see that
1 ~
Yi = —(I; — Ag) V4 (;2 + M(O)> (Iy — Ax) % € dom O e (£2)

satisfy ¢ = Ztp = Opax(£2)th+. Then we have ¢y = 0L, (+2)"1p + Prepy and
hence

(5:24) (Elor) o= =11~ = 011 (2) 1o —Onan(=2) T+ Prtpy —P_tp_.
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Since P_v¢_ — Pyt € ker Z = -+ by (5.21) we find
IETe) " el <N ETwe) ol + 1Py = Prop |
= _ 2
=|[Elw) o+ (Ptp- = Pripy )|

= H@max (p_@r;ax(_Z)_lsoH?
and as O

£ x(£2)71 are bounded it follows that (2 [ )~! is bounded in 5. As
(E1) " is self-adjoint in 7 it is clear that it is defined on 7.

Step 4. Now we show that the assumption on ¥y C X implies that there are
infinitely many linearly independent functions which do not belong to the range of
the operator Z in (5.20). This is a contradiction to the fact that dimker Z is finite
and that Z [ 4 is boundedly invertible with an inverse defined on all of #; thus
(5.19) can not be true.

As in the proof of Proposition 4.4 (iii) consider
A=M0)a-v+a- vM(0)

in HY/2(3;C*) and recall that this operator admits a bounded extension A :
H=Y2(%;C*Y) — HY?(%;C*); cf. [33, Proposition 2.8] or (4.9) and the discussion
afterwards. Since M(0)2 — 11, = M(0)a - vA (see the proof of Proposition 4.4 (iii))
a density argument leads to

M(0)? — 314 — M(0)a - vA.

Since M (0) and v are bijective in H/2(3; C*) and (I;—Ax)/* is an isomorphism,
we see by comparing with (5.20) that infinitely many linearly independent functions
do not belong to ran Z if and only if infinitely many linearly independent functions
do not belong to ran A. This statement will be shown now.

Making use of (1.3) we see that A is an integral operator of the form

(5.25) Ago(w):/EK(x,z)ga(z)dU(z)

with integral kernel

ie—m|;ﬂ—z|

e —ap Lt mlz— 2@ (@~ 2),

K(z,2) = Go(z — z)a - (v(z) —v(z)) + 27| —

where Gy is the Green’s function for the resolvent of Ay given by (3.5). Note that
|K(x,2)] < Clx—z|~! and hence the integral operator in (5.25) is not singular (see
also [3, equation (22) and Lemma 3.5] and [26, Proposition 3.11]). Let ¥; C X
such that ¥; C ¥y. Note that K(z,2) = 0, if ,2 € %y. Let U; C R? and
¢ : U — R3 be a linear affine function which parametrizes ¥, i.e. ran¢ = %1, and
let ¢ € H1/2(E; C*) be fixed. Since v is constant on ¥ and X1 C X, we see that
the mapping Uy > u — K(¢(u), z) is C*°-smooth for any z € 3 and the mapping
¥ 3z K(¢(u),2) is Ct-smooth for any u € U;. From this, it is easy to deduce
that (Ayp) o ¢ is differentiable on U; and

B, (Ap) (& / O, K (6(u), 2)p(2)do(z),  je{1,2}.

Let us denote the elements of the 4 x4-matrix K (z, z) by K, (z, z) and the elements
of p(x) € C* by ¢m(x), I,m € {1,2,3,4}. Then the last observation implies, in
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particular, that

2
||3ujv4s0||2Lz<zl;<c4):Cl/U |00, Ap(¢(w))|” du

Ui

4 2
201/U Z ‘(aqulm((b(u)v')a@'rn)l/2><—1/2‘ du

m,l=1

2
<Oy /U HauJK((b(u)a ')||H1/2(E;(C4)”‘PHH—U?(Z;C“)du
1

2
du

[ 2K 0t0). 2)p()do(:)

= Callellg-172 2500y
By continuity we obtain from this observation that Agp|y, € H!(Xy;C*) for any
¢ € H~Y2(%;CY). Thus, any ¢ € HY?(X;C*) with ¥|s, ¢ H'(Z1;C*) is not
contained in ran.A. Hence, there are infinitely many linearly independent functions
in H'/2(%;C*) that are not contained in ran A. The proof of item (i) is complete.

(ii) We show that dom Ay C H*(R3 \ £;C*) for some s > 0 implies that the
resolvent difference (A — A\)~! — (Ag — A\)~! is compact for A € C \ R. Since
Oess(Ag) = (=00, —m] U [m, 00) # 0ess(A2) this is a contradiction.

For s € [0,1] consider the Hilbert spaces

H® = H*(R?\ B;C*) N dom Thpax
equipped with the norms
£ = I @ovsics) + 1 Tmax Fl 2oy, f € H
Then, the trace mappings I'j := T; : H'(R® \ 3;C*) = H' — H'Y2(%;C*) and
F? = fj :dom Thax = H® — H~'/2(;C*) are continuous for j € {0,1}. By
interpolation we get that also
IS =Ty [ 11— H Y2 (3¢

is continuous for any s € [0, 1].

Let us assume now that dom As = ker (Tl — @max(Z)To) C H? for some s > 0.
Then we have dom O, (2) C H*(X;C*) as Yo = (I — AE)_1/4FO. Let 8 and M
be the y-field and Weyl function corresponding to {L?(X;C*), Yo, Y1}; cf. (5.5)
and (5.6). For A € C\ R we have

ran (Omax(2) — M(A)) ™" = dom (Opax(2) — M(X)) C H*(5;CY)
and (Omax(2) — ./\/l()\))_1 is continuous in L?(¥;C%). It follows that the operator
(Omax(2) = M(A) ™" 1 L2(5;CY) — H(3;CY)

is closed and hence continuous. As the embedding ¢, : H*(X;C*) — L?(%;C*) is
compact we conclude that (Opax(2) —M(X)) ! is a compact operator in L?(3; C*).
Eventually (2.13) yields that

(A2 =)' = (Ao = A" = BN (Omax(2) = M(X)) "B(V)*, AeC\R,
is a compact operator in L?(R3;C*). This completes the proof. ([l

—1



(1]

2]
(3]

8

9

(10]

(11]
(12]
(13]
(14]
(15]
(16]

(17)

(18]
(19]
20]
21]
22]
23]
24]

[25]

27

REFERENCES

S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, and H. Holden. Solvable models in quantum
mechanics. AMS Chelsea Publishing, Providence, RI, second edition, 2005. With an appendix
by Pavel Exner.

N. Arrizabalaga, L. Le Treust, and N. Raymond. On the MIT bag model: self-adjointness
and non-relativistic limit. Comm. Math. Phys., 354(2):641-669, 2017.

N. Arrizabalaga, A. Mas, and L. Vega. Shell interactions for Dirac operators. J. Math. Pures
Appl. (9), 102(4):617-639, 2014.

N. Arrizabalaga, A. Mas, and L. Vega. Shell interactions for Dirac operators: on the point
spectrum and the confinement. STAM J. Math. Anal., 47(2):1044-1069, 2015.

N. Arrizabalaga, A. Mas, and L. Vega. An Isoperimetric-Type Inequality for Electrostatic
Shell Interactions for Dirac Operators. Comm. Math. Phys., 344(2):483-505, 2016.

J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik. Approximation of Schrédinger op-
erators with d-interactions supported on hypersurfaces. Math. Nachr., 290(8-9):1215-1248,
2017.

J. Behrndt, P. Exner, M. Holzmann, and V. Lotoreichik. On the spectral properties of Dirac
operators with electrostatic §-shell interactions. to appear in J. Math. Pures Appl. (9), 2017.
Math.

J. Behrndt and M. Langer. Boundary value problems for elliptic partial differential operators
on bounded domains. J. Funct. Anal., 243(2):536-565, 2007.

J. Behrndt and M. Langer. Elliptic operators, Dirichlet-to-Neumann maps and quasi bound-
ary triples. In Operator methods for boundary value problems, volume 404 of London Math.
Soc. Lecture Note Ser., pages 121-160. Cambridge Univ. Press, Cambridge, 2012.

J. Behrndt and T. Micheler. Elliptic differential operators on Lipschitz domains and abstract
boundary value problems. J. Funct. Anal., 267(10):3657—-3709, 2014.

R. D. Benguria, S. Fournais, E. Stockmeyer, and H. Van Den Bosch. Self-adjointness of
two-dimensional Dirac operators on domains. Ann. Henri Poincaré, 18(4):1371-1383, 2017.
R. D. Benguria, S. Fournais, E. Stockmeyer, and H. Van Den Bosch. Spectral gaps of Dirac
operators describing graphene quantum dots. Math. Phys. Anal. Geom., 20(2), 2017.

J. Brasche, P. Exner, Y. Kuperin, and P. Seba. Schrédinger operators with singular interac-
tions. J. Math. Anal. Appl., 184:112-139, 1994.

J. Briining, V. Geyler, and K. Pankrashkin. Spectra of self-adjoint extensions and applications
to solvable Schrodinger operators. Rev. Math. Phys., 20(1):1-70, 2008.

C. Cacciapuoti, K. Pankrashkin, and A. Posilicano. Self-adjoint indefinite Laplacians. to
appear in J. Anal. Math.

R. Carlone, M. Malamud, and A. Posilicano. On the spectral theory of Gesztesy-Seba re-
alizations of 1-D Dirac operators with point interactions on a discrete set. J. Differential
Equations, 254(9):3835-3902, 2013.

V. Derkach and M. Malamud. Generalized resolvents and the boundary value problems for
Hermitian operators with gaps. J. Funct. Anal., 95(1):1-95, 1991.

V. Derkach and M. Malamud. The extension theory of Hermitian operators and the moment
problem. J. Math. Sci., 73(2):141-242, 1995.

J. Dittrich, P. Exner, and P. Seba. Dirac operators with a spherically symmetric d-shell
interaction. J. Math. Phys., 30(12):2875-2882, 1989.

P. Exner. An isoperimetric problem for leaky loops and related mean-chord inequalities. J.
Math. Phys., 46:062105, 2005.

P. Exner. Leaky quantum graphs: a review. In Analysis on graphs and its applications,
volume 77 of Proc. Sympos. Pure Math.: 523-564. Amer. Math. Soc., Providence, RI, 2008.
P. Exner, E. M. Harrell, and M. Loss. Inequalities for means of chords, with application to
isoperimetric problems. Lett. Math. Phys., 75:225-233, 2006.

P. Exner and H. Kovaiik. Quantum waveguides. Theoretical and Mathematical Physics.
Springer, Cham, 2015.

P. Exner and K. Pankrashkin. Strong coupling asymptotics for a singular Schrédinger operator
with an interaction supported by an open arc. Commun. Partial Differ. Equations, 39:193—
212, 2014.



28

[26]
27)

(28]

29]
(30]
(31]
(32]

(33]

34]

JUSSI BEHRNDT AND MARKUS HOLZMANN

G. B. Folland. Introduction to partial differential equations. Princeton University Press,
Princeton, NJ, second edition, 1995.

F. Gesztesy and P. Seba. New analytically solvable models of relativistic point interactions.
Lett. Math. Phys., 13(4):345-358, 1987.

V. Gorbachuk and M. Gorbachuk. Boundary value problems for operator differential equa-
tions, volume 48 of Mathematics and its Applications (Soviet Series). Kluwer Academic
Publishers Group, Dordrecht, 1991. Translated and revised from the 1984 Russian original.
R. Kronig and W. Penney. Quantum mechanics of electrons in crystal lattices. Proc. Roy.
Soc. Lond. 130, 499-513, 1931.

A. Mas. Dirac operators, shell interactions and discontinuous gauge functions across the
boundary. J. Math. Phys., 58(2):022301, 14, 2017.

A. Mas and F. Pizzichillo. Klein’s Paradox and the Relativistic d-shell Interaction in R3.
arXiw:1611.09271, 2016.

W. McLean. Strongly Elliptic Systems and Boundary Integral Equations. Cambridge Univer-
sity Press, Cambridge, 2000.

T. Ourmieres-Bonafos and L. Vega. A strategy for self-adjointness of Dirac operators: applica-
tion to the MIT bag model and J§-shell interactions. to appear in Publicacions Matematiques,
2017.

K. Pankrashkin and S. Richard. One-dimensional Dirac operators with zero-range interac-
tions: spectral, scattering, and topological results. J. Math. Phys., 55(6), 2014.

[35] P. Seba. Klein’s paradox and the relativistic point interaction. Lett. Math. Phys., 18(1):77-86,

1989.

[36] B. Thaller. The Dirac equation. Texts and Monographs in Physics. Springer-Verlag, Berlin,

1992.

[37] J. Weidmann. Lineare Operatoren in Hilbertraumen. Teil II. Mathematische Leitfdden. B.

G. Teubner, Stuttgart, 2003. Anwendungen.

INSTITUT FUR NUMERISCHE MATHEMATIK, TECHNISCHE UNIVERSITAT GRAZ, STEYRERGASSE 30,

8010 GRAZ, AUSTRIA, E-MAIL: behrndt@tugraz.at

INSTITUT FUR NUMERISCHE MATHEMATIK, TECHNISCHE UNIVERSITAT GRAZ, STEYRERGASSE 30,

8010 GRAZ, AUSTRIA, E-MAIL: holzmann@math.tugraz.at



	1. Introduction
	Notations

	2. Quasi and ordinary boundary triples
	3. The free and the maximal Dirac operator
	4. Boundary triples for Dirac operators with -shell interactions
	5. Dirac operators with electrostatic -shell interactions
	References

