WEAK COUPLING FOR SCHRODINGER OPERATORS WITH
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ABSTRACT. We study the discrete eigenvalues emerging from the threshold of
the essential spectrum of one- or two-dimensional Schrédinger operators with
complex-valued LP-potentials in a weak coupling regime. We derive neces-
sary and sufficient conditions on the potential for the existence or absence of
discrete eigenvalues in this regime and also analyze their uniqueness and al-
gebraic multiplicity. Our results can be viewed as natural non-self-adjoint ex-
tensions of the well-known classical weak coupling phenomenon for self-adjoint
Schrédinger operators with real-valued potentials going back half a century to
Simon’s famous paper [64].

1. INTRODUCTION AND MAIN RESULTS
The analysis of Schrodinger operators
H=-A+V in L*RY),

with a complex-valued potential V : R¢ — C is challenging due to a fundamen-
tal lack of variational methods, a spectral theorem, and related self-adjoint tools.
The properties of H are not fully understood in spite of a high research activity
in the last two decades, see, e.g., the monographs [17,141/67] on non-self-adjoint
(differential) operators and a collection of recent papers |1L[6H8}/13}14},/18-20123L[261
29,131133,,35.,/39,/40L/541|68H70] on spectral properties of Schrodinger operators with
LP-potentials; in particular, enclosures of discrete eigenvalues outside the essen-
tial spectrum, their absence, number, and accumulation as well as Lieb-Thirring
inequalities are investigated therein.
It is well-known (see, e.g., [32, Lem. 4.2]) that V € LP(R?) with

[1,00)  ifd=1,
pel(loc0) ifd=2, (1.1)
[d/2,00) ifd>3,

is a relatively form compact perturbation of —A. Hence, for such V', the operator
H with the domain dom H = {f € H'(RY) : (A + V) f € L?(R%)} is m-sectorial,
the essential spectrum of —A remains stable under the perturbation by V| i.e.,

Oess(H) = 0ess(—A) = [0, 00),

and the spectrum of H outside of [0, 00) comprises exclusively isolated eigenvalues
of finite algebraic multiplicities.
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More quantitatively, it is known that every A € o,(H) \ [0, 00) satisfies

1 1
< 5/ V(2)] da ifd—1, (1.2)
R

1
A < Dug [ V()5 da ifd>2, 0<n<g,  (13)
Rd

where D,; 4 > 0 are constants independent of V, see [1,[31]. Moreover, if d > 3 there
exist constants Dy 4 > 0 for which the condition

Do,d/ V@)t do < 1 (1.4)
Rd

yields the absence of all eigenvalues, so 0(H) = o.(H) = [0, 00), cf. |31} Thm. 2], |35,
Thm. 3.2], and H is even similar to —A, cf. [40, Thm. 12] as well as the pioneering
works [21, Thm. XX.2.22] and [46, Thm. 6.1, 6.4]. For further results on the absence
of eigenvalues in any dimension see [12}26}27,/45]/51].

The main objective of this paper is to investigate the existence, uniqueness, and
multiplicity of eigenvalues of non-self-adjoint Schrédinger operators with complex-
valued potentials in the weak coupling regime, i.e., the eigenvalues of

HB = —A—ﬂV,
dom Hg := {f € H'(R?) : (-A — BV)f € L* (R},

with a complez-valued potential V' and a complex coupling 8 — 0. This analysis
complements and extends well-known classical results on the weak coupling phe-
nomenon for self-adjoint Schrodinger operators with real-valued potentials and a
real coupling parameter going back to [64]; we comment on this special case in more
detail at the end of the Introduction. It should be emphasized that weak coupling
is a purely one- and two-dimensional phenomenon, cf. Remark [I.2] and that weakly
coupled eigenvalues emerge from the threshold of the essential spectrum. Moreover,
we stress that variational methods are not available for a non-real-valued poten-
tial V, and hence the existence of eigenvalues of H is a delicate task in general,
see [6,{1460l/70] (for the strong coupling regime, see, e.g., [3,44163]). Further results
on non-self-adjoint weak coupling can be found in [9L[57] in the case of waveguides,
in |16] for one-dimensional Dirac operators, the related one-dimensional damped
wave operators, and two-dimensional armchair graphene waveguides and in [30] for
the Pauli operator with an Aharonov-Bohm potential.

In the following we state our main result Theorem and discuss some interest-
ing special cases in Corollary and Corollary [I.5] below. From now on we assume
that the complex-valued potential V satisfies (cf. (L.1])

LM(R) itd=1,
Ve 1.6
{LI(R2) N LY (R?) for some n >0 if d =2, (1.6)

(1.5)

and, in addition, a Rollnik-type integrability condition

2
LV@InD @ =) PVl ) <. (1.7)
where
L ifd=1,
PO =zt (18)
5= loglx| ifd=2.

We also make use of the complex numbers
U:= / V(z)dz and U, := / Vi) (x—y)V(y)d(z,y), (1.9)
Rd R2d

which are well-defined for a potential V satisfying (1.6 and (1.7)); cf. (3.5)).
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Theorem 1.1. Let Hg = —A— BV be as in (1.5)) with V' satisfying (1.6) and (1.7).
For U and Uy in (1.9) assume U # 0 and define

_Jup-up ifd=1,
up) = {UB — [U1 = (2m) " (log(2) = U?] B> ifd=2,

where v is the Fuler-Mascheroni constant. Then there exist ¢ > 0 and R > 0,
depending on V', such that for all § € C with |B| < € the following assertions hold.

(i) If B is such that U(B) satisfies
Reld(B) > R[ImU(B)|? ifd=1,
Reld(B) > 2[ImU(B)|? (1 + RIReU(B)|) ifd =2,

(1.10)

(1.11)

then Hg has exactly one discrete eigenvalue Ag in C\ [0,00). Moreover, this
etgenvalue is simple and obeys as  — 0

V—As = *5 - 752 +0(8°) ifd=1,
i U (1.12)
log(—Xg) = U5 4 o2 +log(4) —2v+O(B) ifd=2.
(i) If B is such that U(B) satisfies
Rel —R[ImU(B)* ifd=1,
eU(B) < —R[ImU(S)] if (1.13)

Reld(8) < 2/ImU(B)[2 (1 — RReU(B)]) ifd =2,
then Hg has no eigenvalue in C\ [0, 00).

The existence and absence conditions are asymptotically complementary in the
following sense: The boundaries of the regions defined by and have
the same leading asymptotic behavior near the origin, and the region between them
becomes arbitrarily narrow there.

Remark 1.2. (i) Observe that the existence of weakly coupled eigenvalues is a
purely one- and two-dimensional effect. Indeed, for d > 3 and V € L¥?(R?) it
follows from (1.4) that o,(Hg) = 0 for all 8 € C such that

Dy d/ |V dl‘ < —F
|5 ia
Hence, if V € L*(R?) N LP(R?) with p > d/2 (cf. (T.1)), then V € L%?(R?) and no
weak coupling phenomenon in the spirit of Theorem occurs.
(ii) In dimension d = 1,2 it follows from the spectral enclosures and (L.3)
that weakly coupled elgenvalues of Hg (if they exist) obey

Al =0(8]%), B—0, (1.14)

which is consistent with the asymptotic expansion . In fact, in Example
below we consider potentials where becomes sharp in the weak coupling
regime.

(iii) We also note that in dimension d = 1,2 potentials V satisfying do not
induce positive eigenvalues, that is, o,(Hg) N (0,00) = 0 for any 5 € C; cf. 35,
Rem. 3.3] for d = 1 and [45,51] for d = 2.

(iv) The Rollnik-type condition is a convenient sufficient assumption to
establish uniqueness of weakly coupled eigenvalues, as well as complementary con-
ditions for their absence. We expect that condition can be weakened if one is
only interested in existence of weakly coupled eigenvalues. In fact, in the self-adjoint
setting such results were obtained in [5] for d = 1 and [4] for d = 2.
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In the special case of a real-valued potential V' and complex coupling (3, the

conditions ((1.11)) and (|1.13)) simplify.

Corollary 1.3. Let the assumptions be as in Theorem and, in addition, let
V:R?* 5 R and U > 0. Then there exist ' > 0 and R' > 0, depending on 'V, such
that for every B € C with || < &' the following assertions hold.

(i) If B satisfies

Ref > ((él +R’Imﬂ|)(lmﬂ)2 ifd=1,
2
U3z

(1.15)

Ref > ——|Im |2 (1 + R'|Ref|) ifd=2,

then Hg has exactly one discrete eigenvalue Ag in C\ [0,00). Moreover, this
etgenvalue is simple and obeys (|1.12)).

(i1) If B satisfies

Ref < (—UI—R'ImBO(Imﬁ)2 ifd=1,
) v (1.16)
Ref < — m |7 (1 — R'|ReB|) ifd=2,

then Hg has no eigenvalue in C\ [0, 00).

The conditions and claims of Corollary are illustrated in Figure
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Alm

(a) f—0ind=1 (b) Ag > 0ind=1
Alm

(¢) B—=0ind=2 (d)dg—>0ind=2

FIGURE 1. A schematic plot of Corollary forU=U, =R =1.
In (a) and (c) the coupling parameter 8 — 0 (along three different
curves) leads to a simple discrete eigenvalue A\g of Hg in (b) and (d).

Example 1.4. Consider a non-negative potential V., V % 0, as in Corollary
and assume that the coupling is of the form 3(¢) = e?’c with 6 € (—n, 7] fixed and
€ > 0. Then one verifies (cf. Figure |1)) that Hg) has a discrete eigenvalue Ag.)
for all sufficiently small € > 0 if and only if

-2, 2] ifd=1,
S {{0}2 2 dd—o (1.17)

If this eigenvalue exists it is simple, obeys (|1.12)), and is the only discrete eigenvalue
of Hg(.) in the weak coupling limit. Note that in d = 1 the expansion (L.12) yields

0
/o) = %anp L O(E2), -0+, (1.18)

which implies that the spectral enclosure (|1.2)) is sharp in the weak coupling regime;
cf. Section [0l for details.
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In the next corollary we consider the special case where § is real-valued and V'
is a complex-valued potential.

Corollary 1.5. Let the assumptions be as in Theorem and, in addition, let
B € R. Then for all sufficiently small B > 0 the following assertions hold.

Q) 1
ReU > 0 or alternatively ReU =0 and ReU; <0 ifd =1,

1.19

ImU =0 and ReU > 2[ImU;|? ifd=2, (1.19)

then Hg has exactly one discrete eigenvalue Ag in C\ [0,00). Moreover, this
etgenvalue is simple and obeys (1.12)).

(i) If
ReU < 0 or alternatively ReU =0 and ReU; >0 ifd=1,

1 1.20

ImU #0 or ReU < 2|Im Uy |2 ifd=2, ( )

then Hg has no eigenvalue in C\ [0, 00).
Example 1.6. For d = 1 the two conditions (1.19) and (1.20) in Corollary

are easy to check and provide a convenient characterization of the weak coupling
phenomenon in one dimension.

Meanwhile, for d = 2 it is not immediately clear if there exist non-real potentials
that satisfy (L.19). To address this issue, consider the family of potentials

V(e)=aReV +iImV, «a€eR,
where V is a fixed potential that satisfies (1.6 and (1.7]). Assume, in addition, that

ImU:/ ImVder=0 and ReU:/ ReVdx > 0.
R2 R2

Then there exists o > 0 (given by (4.48))) such that

(1.19) if a > a*,

(1.20) ifa<a*, a#0.

Hence for f — 0+ the Schrdodinger operator Hg(a) = —A — V() in (L.5)) has

exactly one discrete eigenvalue (which is simple and obeys (1.12)) if & > o*, and
has no discrete eigenvalues if o < a*, a # 0; cf. Section [4.7] for details.

V() satisfies {

Let us now clarify the connection between our results and the classic weak cou-
pling phenomenon for self-adjoint Schrodinger operators, going back to [64]. A
potential V : R? — R, V # 0, satisfying (1.6 and the additional decay condition

[ Pvi)ds <o,
Rd

for s =2 in d = 1 and for some s > 0 in d = 2, leads to a negative eigenvalue
of Hg for every f > 0 if and only if U > 0. Moreover, this eigenvalue is simple,
obeys , and is the only discrete eigenvalue of Hg as 8 — 0+. In turn, for
V : RY — R the conditions of Corollary reduce to

1.19) < U >0 and (1.20) < U <0O.

This means that for U # 0 the results of [64] are contained as a special case in our
main theorem. However, at the same time we emphasize that weak coupling for
complex-valued potentials is a much richer and more diverse phenomenon. Consider
for simplicity a non-negative potential V', V' # 0, with a coupling § € C as in
Corollary Figure (1] illustrates that, in dimension d = 1, there exist arbitrarily
small couplings with Re 8 < 0 that produce a weakly coupled eigenvalue, while
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in dimension d = 2 there are couplings with Re 8 > 0 for which a similar effect
cannot be observed as |3] — 0. Hence, a condition of the type Re(US) > 0, which
may seem like the natural non-self-adjoint extension of Simon’s conditions U > 0
and 8 > 0, is in general neither necessary nor sufficient for the existence of weakly
coupled eigenvalues in the non-self-adjoint case. Finally, our results indicate that,
compared to the self-adjoint case, complex weak coupling is significantly less likely
to occur in dimension d = 2 than in dimension d = 1; cf. Figure

For completeness, let us mention that the results in [64] were further extended
in [47150,61] for the self-adjoint case. For a broader, yet non-exhaustive collection of
related results we refer to [5,[10128)36}431/48.149,[53//55/58.(591/65], |62, Thm. XIIL.11,
p. 336-338] and for more recent developments to [15,24,25,/34142,|521(561[71].

1.1. Strategy of the proof. Our proof originates in the ideas in [64], which do not
rely on variational arguments, but instead exploit the criticality of —A in d = 1,2
and the related singularity of the Green’s function (see ) The strategy of the
proof is also inspired by |16, Thm. 2.2], where a one-dimensional Dirac operator
with non-self-adjoint potentials in a weak coupling setting is studied. In particular,
starting with the Birman-Schwinger principle (see Section, the analysis of weakly
coupled eigenvalues of Hg in a certain subset N of C is reduced to the study
of zeros of an analytic function Ag (including the multiplicities), which can be
asymptotically expanded as 3 — 0, see Proposition [2.4] In this step, only the basic
integrability conditions are used. The additional condition is employed
in Section @to characterize all weakly coupled eigenvalues of Hg as the zeros of Ag
and also to expand Ag further, see Proposition In Section (4] where the main
results are proved, we use Lemmal[A~6] which is based on Rouché’s theorem, to show
the existence of a simple zero and hence a simple eigenvalue of Hg. Moreover, the
complete characterization of all weakly coupled eigenvalues of Hg in Proposition
makes it possible to exclude further eigenvalues and to establish the non-existence
of weakly coupled eigenvalues under a complementary condition .

1.2. Notations and conventions. Throughout this paper, d € {1,2} denotes
the spatial dimension. The scalar product (linear in the first entry) in L2(RY) is
denoted by (-, -); the standard norm on LP(R¢) by | - ||;,. Furthermore, C; = {z €
C : Rez > 0} is the open right half-plane, and D(zp;r) = {z € C : |z — 2| < r}
denotes the open disc of radius r > 0 centered at zg € C. We choose /- as the
branch of the square root with positive real part, and log : C\ (—o0,0] — C is the
principal branch of the complex logarithm, that is, for z = |z]e!®, ¢ € (-7, T), we
set log(z) = log|z| + i¢; some useful properties of the logarithm can be found in
the beginning of Appendix Finally, we agree to use the letter C' for a positive
constant in our estimates, which may change in between the lines.

Acknowledgements. The authors wish to thank the anonymous referees for the
careful reading of the manuscript and the helpful suggestions. This research was
funded by the Austrian Science Fund (FWF) Grant-DOI: 10.55776/P33568. This
publication is also based upon work from COST Action CA24122 mSPACE, sup-
ported by COST (European Cooperation in Science and Technology ), www . cost . eu.

2. THE BIRMAN-SCHWINGER PRINCIPLE AND EIGENVALUES IN THE WEAK
COUPLING REGIME

In this section we consider the operators Hg, 8 € C, given by
Hg=—-A—pV,
dom Hg = {f € H'(R?) : (—A — BV f € L*(RY)},
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from (I.5) in L?(R?) under the assumption that the (complex-valued) potential V'

satisfies

L'(R ifd=1

et ® oo L (2.2)

LY(R?) N L'*(R?) for some n >0 if d = 2;
cf. (1.6). We recall that Hg is m-sectorial and oess(Hg) = [0,00), B € C (for
the various definitions of the essential spectrum we refer to |22, Chap. I.4] and for
further details to |32, App. B]). In the following we are interested in the discrete
eigenvalues of Hg, typically in the situation that g € C is sufficiently small.

2.1. Birman-Schwinger principle. Recall first that for z € C, the resolvent
(—A + 22)71 of the free Laplacian in L?(R?) is an integral operator with the kernel

~le=zlz—yl ifd=1
) LA (22)7te 1 ) c RY 9.3
G (x,y; 2) {(27r)1K0(zx L) itd—o,  DYEES (2.3)

where Ky : C\ (—00,0] — C denotes the modified Bessel function of the second kind
of order zero (for details see Section. The eigenvalues —z% of Hg outside [0, 00)
can be characterized via the Birman-Schwinger operator Q(z), z € C, which is a
compact integral operator in L?(R?) with kernel

Q(z,y;2) = |V(2)| 26V (z,4;2)V (y)*, .y €RY, (2.4)
where we use the convention
vt o {VE@IEVE) V@ #0
0 it V(z) =0.
The Birman-Schwinger principle now reads as follows (for the definition of eigen-

values of operator families and eigenvalues of finite type, see Section . For a
proof we refer to [32, Prop. 4.1].

Lemma 2.1. Let Hg = —A — BV be as in (2.1) for V satisfying (2.2)). Let Q(z),
z € C4, be the compact integral operator in L?(RY) with kernel [2.4). Then, for
any z € C, there holds

dimker(Hg + 2%) = dimker(1 — SQ(2)).

Moreover, any eigenvalue of the family 1 — Q) is an eigenvalue of finite type, and
the algebraic multiplicity of 1 — BQ at z coincides with the algebraic multiplicity of

—22 as an eigenvalue of Hg.

2.2. Reduction to zeros of a holomorphic function. The main idea to char-
acterize the eigenvalues of Hg in the weak coupling limit goes back to [64], where
the Birman-Schwinger operator Q(z) is decomposed in the form

Q(z) = L(2) + M(z2), z€Cy; (2.5)
with integral operators L(z) and M(z) in L?(R?) with respective kernels
L, y:2) = V(@) 21 (=)V ()%,

MD (@, 2) = [V (@)|2 (9D (2,y:2) — 01(2)V ()7, (2.6)
and the function ¢g; : C; — C is given by
(22)~1 ifd=1,
_ 2.7
91(2) {—(277)1 log(z) ifd=2. 27)

Note that g; is injective and holomorphic on C;. Observe that L(z), z € Cy, is
a rank one operator and that ||L(-)|| has a singularity of the same order as g; at
z = 0. The usefulness of the decomposition ([2.5)) is demonstrated in the following
lemma.
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Lemma 2.2. Let Hg = —A — BV be as in (2.1)) for V satisfying (2.2)), let
U= V(z)dz
R4

be as in (1.9), and let g1 : Cy — C be as in (2.7). Then for all sufficiently small
B € C the set

N = {z €Cy:|BM(2)]| < ;} (2.8)

is non-empty and open, the function Ag : Ng — C given by
1
As(2) =1—qu(2)[UB+B([1 - BM(2)] ' BM(2)|[V|2, V)], z€ N, (29)
is holomorphic on N3, and for all z € N one has
—2? €0,(Hp) < Ap(z) =0. (2.10)

Moreover, if Ag(z) = 0, then the algebraic multiplicity of —z* as an eigenvalue of
Hpg coincides with the multiplicity of z as a root of Ag.

Proof. Since M is an analytic family of bounded operators on C,, the set N is
open and it is also non-empty for all sufficiently small 5 € C. Moreover, Ag is well-
defined for all z € Ng as 1 — BM(z) is boundedly invertible; the holomorphicity of
Ag follows from the analyticity of M and the holomorphicity of g; on C,.

Let us continue by proving the equivalence . By the Birman-Schwinger
principle from Lemma @, it suffices to show that for all z € Nz the equivalence

0€0,(l—pQ(2) < Ag(2) =0 (2.11)

is valid. Since 1 — M (z) is boundedly invertible for z € N, the decomposition
(2.5) can be rewritten as

1—8Q(2) =1—B(L(2) + M(z))

—-pME)- M)
and this yields the equivalence
0€o,(1-BQ(2) < 0€a,(1—[1—BM(2)] 'BL(2)). (2.13)

Next, let us set
:{LQ(Rd) ~e, Ap(a) {C—>L2(Rd), )
fr Ja V)2 f(y) dy, ¢ [1—BM(2)] V]2 6.
A short computation shows the operator identity
[1 - BM(2)] 7' BL(2) = 91(2)BAs(2)B; (2.14)
indeed, for any f € L%(R?) one clearly has g (z)|V|2 Bf = L(z)f and hence
91(2)BAs(2)Bf = g1(2)B[1 = BM (2)] M |V|2 Bf = [1 — BM(2)] ' BL(2) f.
By combining with , it is clear that

0€a,(1-PBQ(2) <= 0<€a,(1—[1—pBM(2)] 'BL(2))
<~ 0€o0,(1—g1(2)8As(z)B) (2.15)
< 0€0p(1—g1(2)BBAs(2)),
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where we used for the last equivalence that 0 € o,(1 — CD) <= 0 € 0,(1 — DC)
for everywhere defined and bounded operators C' and D between Hilbert spaces.
Finally, using the definition of Ag(z), B, and U we obtain

BBAy(z) = B([1 — BM(2)| |V}, V?)
= B([1 — BM ()] (1~ BM(z) + BM()|V|,V
= U8+ B(1L - BME) T BMEIVIE V).

Nl

)

Hence
1 1(2)8BAs(2) = 1~ qu(2)[UB + B(11 ~ BM(2)] ' BM ()| V]2, V)] = As(2),
which together with shows and thus .

It remains to prove the claim about the algebraic multiplicities. By the Birman-
Schwinger principle from Lemma the algebraic multiplicity of —2% € o,(Hp)
with z € N coincides with the algebraic multiplicity of the family 1 — 8Q at z, so
the claim follows if we verify

ma(z;1 = BQ) = ma(z; Ag). (2.16)

To justify recall that 1 — SM(z) is boundedly invertible for all z € Nj.
Using the factorization and the fact that eigenvalues of operator families are
invariant under multiplications by boundedly invertible operators (see Lemmal[A.3)),
we conclude

Ma(2;1 = BQ) = ma(z;1 —[L — BM]'BL).
Finally, (2.14) implies
ma(2;1 = [1— BM]"'BL) = m4(2;1 — g1BAsB)
=mgu(2;1 - g18BAp)
=mq(2; Ag)
where we used Lemma to obtain the second equality. The last quantity is the
multiplicity of z as a root of Ag, see Remark O

2.3. Transformation of Ag. We will now transform the argument of the function
Ag in (2.9)), which is useful in our further analysis. For this consider a restriction
of the function g; in (2.7)) given by

g1 : D(O; %) NCL — g (D(O; %) ﬂC+)7 Z = {@f;;)lllog(z) iji;:

and observe that g; is holomorphic on D(0; %) N C4 and bijective in the present
context. The corresponding inverse has the form
1 1 o= ifd=1
—1 ’
: D(O; f)ﬂ(C)—>D<O; f)ﬂ(C , w2
9 91( 2 + 2 * exp(—2mw) ifd=2.

Next, we define the set
1 1
a={wee.: L en(p(o5)nc)}. (217)

and we note that  is non-empty since g;(D(0; 3) N C4) C C,. Furthermore, we
make use of the mapping

¢:Q—>91<D(O; %) ﬂ(C+), w l,

w
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and we define

w ifd =1,

@;:g;lo¢;9—>D(0; %)mc+7 wH{2 (2.18)

exp(—2) ifd=2.
From the construction it is clear that the function ® : @ — D(0; 1) N C. is well-
defined, holomorphic, bijective, and one has ¢ (®(w)) = i for w € Q. In the next
lemma we determine the set € explicitly.

Lemma 2.3. The set Q2 in (2.17) is given by

Q=D0;1)NnC; ifd=1 (2.19)
and
1 log(2 1 1
g={wec,: re(L) 5152 | (LY <2V oo, (2.20)
w 21 w 4
and, in particular, Q is bounded.
Imw Imw
A_ A
\\\ </ \\\\
\\\ /’1 \‘
1 7’ \
:1 > Rew : } : > Rew
1 S s
' \ log(2) i
] \ ,I
y i y
,/ <\ /,/
(a) Qin d = 1; cf. (2.19). (b) Qin d = 2; cf. (2.20) and (2.21]).

FIGURE 2. An illustration of the set §2 defined in (2.17]).

Proof. For d =1, a direct computation shows

1
g (D(0; 5)NCy) ={zeCyilsl > 1}
and hence we conclude (2.19)). For d = 2, we obtain

9 (D(O; %) mc+) = {z €Ci:Rez> log(2) 1}’

, Imz| < -
which leads to (2.20). To see that Q is bounded in the case d = 2 note that the

21 4

condition
R 1 log(2
ew:Re— >0g(), w € ),
|w]|? w 27
implies |w|? < lozﬁRew < bi}%|w| and hence |w| < loZﬁ for w € Q. O

We also remark that for w €  in the case d = 2 one has

(2) 5 e ) < 5)'

thus leading to the alternative form (see Figure [2))

Y B Y P
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Now the map ¢ will be used to transform the function Ag in (2.9)) to the form
(2.22) below, where the last summand can be viewed as a perturbation term that
will be further expanded later.

Proposition 2.4. Let Hzg = —A — BV be as in (2.1)) for V satisfying (2.2). Let
Ag: Nz — Cand ®: Q — D(0; 1) N Cy. be given by (2.9) and [218), respectively.
Then for all sufficiently small B € C, the following items hold.

(i) For all w € Q such that ®(w) € N we have
—®(w)? € 0p(Hp) <= Ag(®(w)) =0.
If wis a zero of Ag o ®, then its multiplicity as a oot of Ag o & coincides
with the algebraic multiplicity of the eigenvalue —®(w)? € o, (Hg).
(i) For all w € Q such that ®(w) € Ng we have

As(®(w)) =1 - U;ﬁ - g([l — BM (@ (w))] 7 BM (@ (w))|V|*,V

Nl

). (2.22)

Proof. (i) Lemma [2.2 implies for z € N
-2 O'p(Hg) — AB(Z) =0

and the algebraic multiplicity of the eigenvalue —z? of H g coincides with the multi-
plicity of z as a root of Ag. Thus, if z = ®(w) for some w €  such that ®(w) € Np,
then we obtain

~d(w)’ € 0p(Hy) <= Ag(®(w)) =0,

in which case the algebraic multiplicity of —®(w)? € o,(Hg) coincides with the
multiplicity of ®(w) as a root of Ag. Finally, since ® is bijective and holomorphic
it follows from Lemma that the latter quantity is equal to the multiplicity of

w as a root of Ago ®.
(ii) The form of Ago ® in (2.22)) follows directly from (2.9) and the fact that, by

construction, g;(®(w)) = 1/w; cf. (2.18). O
3. CHARACTERIZATION OF ALL EIGENVALUES FOR ROLLNIK-TYPE POTENTIALS

In this section we continue investigating the discrete eigenvalues of the operators
Hg, 3 €C,in . From now on, for the rest of this paper, we assume, in addition
to the condition , that the potential V : RY — C satisfies the Rollnik-type
integrability condition

L V@I @ =) PVl i) < o (3.1

cf. . For such potentials, it turns out in the next lemma that the operators M (z)
(which are integral operators with kernels given by ) is uniformly bounded,
which then leads to a characterization of all discrete eigenvalues of Hg as zeros of
the function Ag o @ (for all sufficiently small j3), see Proposition

Lemma 3.1. Let M(z), z € C, be the integral operator with kernel (2.6). Suppose
that V' satisfies (2.2) and (3.1). Then there exists a constant Cpy > 0 such that

1M (2)[| < Cm (3.2)
holds for all z € D(0;3) N Cy. In particular,
1
D(o; 5) NCy C N (3.3)

for all sufficiently small g € C.
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Proof. By the definition of M (z) we have

1M (2)|* < /de V(@G (2. y;2) = 91 () IV ()] d(=, y)-

Using Lemma [A-Tfi)(a) and Lemma ii)(a) we obtain (recall that we use the
convention that C' is a positive constant that may change in between estimates)

G0 (@, y:2) = g1 (2)* < o=y = |uD (@ — )P,

6P (@,5:2) — g1(2)[ < C(+ [logla — yl[*) < C1+ [u® (@ = y)]?),

for d =1 and d = 2, respectively. Hence, in both cases

1M (2 )||2<C||V||L1+C/ 2)|[1'P (x — )PV (y)] d(2, y) < oo;
cf. . Finally, (3.3) is an immediate consequence of , see . O
Recall the definitions of the complex numbers
U:= y V(z)dz and U;:= » V(z) D (z —y)V(y)d(z,y) (3.4)

from (1.9). Note that (3.1)) ensures that U; is well-defined since the inequality
)] < 1+ [pD()]? implies

L V@l =)Vl

(3.5)
SWVIE + [ V@I @ = PVl ) < oo
Next, for U and U; as above let
_JUB=Up if d=1,
“e= {UB [0 - Cn og@ -0 d=2, O

where 7 denotes the Euler-Mascheroni constant; cf. (1.10)). It is helpful to notice
that in the case U # 0 there exists a constant my; > 1 such that

miu|u<ﬂ>| < 18] < mul(B) (3.7)

for all sufficiently small 5 € C.
The main result of this section is the following proposition.
Proposition 3.2. Let Hg = —A — BV be as in (2.1)) for V satisfying (2.2) and

BI). Let Ag: Ng — C and ®: Q — D(0;3) NCy be given by [(2.9) and (2.13),
respectively, and let U(B) be as in (3.6). Then for all sufficiently small 8 € C, the
following items are true.

(i) There holds
op(Hg) \ [0,00) = {—®(w)* : w € Q and Ag(® =0}. (3.8)

If w is a root of Ag o @, then its multiplicity as a root of Ag o @ coincides
with the algebraic multiplicity of the eigenvalue —®(w)? € o, (Hg).

(ii) The function Ag o ® admits the expansion
1
Ag(@(w)) =1 — —U(B) +rp(w)), weQ, (3.9)
where g : 2 — C is a holomorphic function that satisfies
[ra(w)] < Cr | max{|f], lw]}, weQ, (3.10)

for some constant C, > 0.
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(iil) Suppose that U # 0. Then there exists a constant Cy > 0 such that any root
w € Q of Ag o ® satisfies
w € DU(B); Culd(B)]?).

Proof. (i) From Proposition we already know that for all w € € such that
®(w) € N3 one has

~0(w)? € op(Hp) <= Aa(®(w)) = 0,

in which case the multiplicity of w as a root of Ag o ® coincides with the algebraic
multiplicity of the eigenvalue —®(w)? € o,(Hg). Thus, by Lemmathe inclusion
(D) in is clear. For the remaining inclusion (C) in it suffices to show
that for every eigenvalue —z2 of Hg, z € C, there exists

w € Q with ®(w) € N3,

such that ®(w) = 2. So let z € C such that —2% € o,(Hjp), then implies
z € D(0;3) N Cy for all sufficiently small 3 € C. Since ® :  — D(0;3) N Cy is
bijective, there exists w € § such that ®(w) = z. Finally, we have for all
sufficiently small 3, and hence z = ®(w) € Nj.

(ii) Fix €9 > 0 such that for all 3 € D(0;£0) we have D(0; ) N C, C N3; note
that the latter also implies ®(w) € N3 for w € Q. From Proposition ii) we have
[2.22) where we further expand [1 — M (®(w))]~! in order to show that

UB+ B([1 — BM(®(w))] " BM (@(w))[V[}, V) =U(B) + ra(w),

where U(3) is as in (3.6]) and 75 has the claimed properties. To simplify the notation,
we set z = ®(w); then

UB+ B(11 ~ BM (=)~ BM(2)|V|F,V?)
= UB+ B~ BM(2)] ML~ BM(2) + BM()BM(2)[VIE V) (3.11)
= UB+ 5 (M(=)|VI2.V?) + 5Z5(2),
where
Tp(z) = ([1 - BM ()] (BM(=)2IV ]2, TH). (3.12)

In order to expand (3.11)) further, recall that M (z) is an integral operator in L?(R9)
with integral kernel

MD (g 2) = |V (@)]2 (D (2,55 2) — g1(2)) V(1) .
Thus, we find

FMEVETH =5 [ V@@ D) - a2V )

=7 [ V@ner) - aE@)V@dey O
+ 32T (2),
where

IV [ V@@~ e )V ey (314)

for the function
22)7 1 — 2|z — ifd=1,
92(557%'2) - {( ) ( | y|)

—(2m)(log(z]z — y[) —log(2) +~) ifd=2.
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Next, we see that the definition (2.7)) of g1 implies

- B —27Hz — g ifd=1,
Gl {_(ZW)_l(log j —y| —log(2) +7) ifd=2,
B —uD(z —y) iftd=1,
- {— (1) ) - (2m) " log(2) = )] ifd=2,

which together with the definition (3.4) of Uy and (3.6) of U(3) shows
U+ [ V@) laa(e.siz) = 0(2)V() o) = U(S)
The last identity, combined with (3.13]), yields

1

UB + B (M)IVI2 V) =U(p) + 2TV (2),
so together with we finally arrive at
UB -+ B([1— AM(2)] " BM(2)|VIE.VF) = U(B) + 2TV (2) + BTs(2)
which means that the claimed expansion holds with
rp(w) = BT D(@(w)) + BT5(@(w)), (3.15)

where Zg and J (@) are given by and , respectively, and we resubstituted
z = ®(w) with w € Q.

We now show that the function rg in (3.15) has the claimed properties. First, it
is clear that rg is holomorphic on §? as an be rearranged to

ro(w) = w(l — Ag(®(w))) —U(B)

and both Ag : Nz — C and ® : Q@ — D(0; 1) N C;. C N are holomorphic on their
respective domains of definition for all sufficiently small S.
Thus, it remains to show the claimed upper bound (3.10f). To this end, let w € €,

then implies
[ra(w)| < 18717 D (@(w))] + |B||Zs(®(w))]- (3.16)

We start by deriving an upper bound for the second term above. Recall that
®(w) € D(0;1)NCy C Nj for all B3 € D(0;e0), thus ||BM(®(w))|| < 1/2. The
definition (3.12) of Zg(z), the Cauchy-Schwarz inequality and (3.2) imply

18I Zs(@(w)] < |81V 2|22 [ = BM (@ (w))] M |BM (@) |* V|2 2

(3.17)
< 2|Vl C3f 18P
Next, we find an upper bound for J(®(®(w)). In fact, we show below
1
7D < Clar(2) ™, e D(0; 5) NCy, (3.18)

and since g1 (P(w)) = 1/w, w € Q, the latter inequality implies
T D(@(w))| < Clw|, we
Hence, together with and the estimate we find
ra(w)| < CIAPw| + C|B° < 2C|8|* max{|B], lw|},

which leads to claim (3.10).
We establish the remaining estimate (3.18). For d = 1, Lemma [A1{i)(b) yields

1 _
Sl @ —y) Pl ()]

1
16 (2,5 2) — ga(z, 95 2)| < ZIZIIx —y)? = 5
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h d = (22)7! and the definition (L.8) of ); it follows th
where we used ¢1(z) = (22) " and the definition (1.8) of p'Y; it follows that

|7 (2)] < %Igl(Z)\‘l/ V(@) ln™ (@ = )PV (»)ld(z,) < Clg ()|
R2

which is the claimed estimate (3.18)) for d = 1.
Suppose next that d = 2. By introducing the regions
n(z) = (&) ER : o~y < |2 73}, Qa(2) = (2)"
it is clear that
TP < 72 @) + 57 ()

where

T () = /Q ()|V<x>||g<2><x,y;z>—g2<x,y;z>\|V<y>|d<:c,y>, ke {1,2}.

We start by estimating jl(z)(z). First, note that for (z,y) € Q1(z) we can apply
Lemma [A.1](ii)(c) and obtain the inequality

C|z||10g(,z)|2
g<2> T,Y;2) — z,y; 2)| < Clz||log(2)| = ———————

where we used in the last estimate that g;(z) = —(27)~!log(z) and that the func-
tion D(0; ) NCy > z — |z]|log(z)|? is bounded. In particular,

2 _
I (=) < OV I gaylgn ()7
Next, since z € D(0; %), we obtain for all (z,y) € Qa(2) that

S C|gl(z)|717

1 1
V2 < |z|_% <l|z—y| = §log(2) < §|10g|z|’ <log |z — yl, (3.19)
and hence
1 < 2 < C
’log|x - yH ’10g|z” [log(z)

where we used the inequality (A.4]) in the second estimate. The last inequality,
together with Lemma ii)(b) implies

16 (@, y:2) = g2(z, 93 2)| < C(1+1logla —y|) < Clogla —y|

< Clor(=)| ™", (2,y) € Qa2(2),

2
Cloglx — y| 5 _
_ Cllogle — vl < Clloglz — y|["[g1(2)| 7"
|log| — y|
for all (x,y) € Qa2(2), where we also used (3.19) for the second inequality. Thus
2 C 2 _
T () < —— |V ()| [logle — yl| |V ()| d(=,) < Clgr(2)]7%

" 91(2)] Ja, )

cf. (3.1). By summing up the respective estimates for .71(2)(2) and j2(2)(z), (13.18)
follows.
(iii) Note that Ag(®(w)) = 0 and item (ii) together imply

w=U(B) + rg(w). (3.20)
The inequality (3.10) and the fact that €2 is bounded (see Lemma imply
jw| < UB)| + [rp(w)| < [U(B)| + Cr| 81> max{|B], [w]} < [UB)| + CrlB* (3.21)

for all sufficiently small 8 € C. Next, since U # 0 by assumption, by (3.7) and
(3.21) we obtain that for all sufficiently small 8 € C

jw| < UB)|(1+ Comz[U(B)]) < 21U(B)!.
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The last inequality, reinserted into the estimate (3.10) for rg and ([3.20)) shows that
lw —UB)| = |rp(w)| < Cp|B* max{|B], |wl} < Cul(B)°,
where we again used (3.7)) to estimate |3| against |U(5)]. O

4. PROOFS OF THE MAIN RESULTS

In the upcoming proofs, many of the estimates below are only true if g is suf-
ficiently small and confined to some particular area in the complex plane. Thus,
when we write

B =0,

we actually mean that |8| < e for some £ > 0 that might change from line to line,

and that 3 is confined to a particular region, such as (.11)) or (I.13), with the
relevant region being clear from the context. We also recall from (|1.10)) that

_[UB-U ifd=1,
= {Uﬁ — [0 = (2m) 71 (log(2) — 7)U?|B?  ifd =2, (4.1)

where U and U; are the numbers (|1.9).

4.1. Proof of Theorem The next lemma is a useful technical ingredient in
the proof of Theorem [}

Lemma 4.1. Let U(B), B € C, be defined as in (4.1) and let Q be given by (2.17)).
Then for every K > 0 there exist R > 0 and € > 0 such that for all || < € the

following assertions hold.

(i) If B satisfies (1.11)), that is

Rel(B) > RImU(B)[? ifd=1, -
Reld(8) > 2[tmU(B)|? (1 + RReU(B)]) ifd =2, 2
then D(U(B); KU (B)]?) C Q.
(i) If B satisfies (1.13), that is
Rel(B) < —R[ImU(B)|? ifd =1,
(4.3)

Reld(8) < 2[ImU(B)|> (1 — RIReU(B)]) ifd =2,
then D(U(B); KIU(B)|?) N Q = 0.

Proof. We start with the case d = 1, where Q = D(0;1) N C; according to (2.19)).
If w e DU(B); KIU(B)|?) it is clear that |w| < 1 as 8 — 0. Hence, (i) and (ii
follow if we show that and with a sufficiently large R > 0 imply Rew >
and Rew < 0 as B — 0, respectively. To this end note that w € D(U(B); K|U(B)|?)
and the elementary inequality

la]®> < 4|Real® + 4[Imal|®, a€C,

imply
Rew = Rel(B) + Re(w — U(B))

(
= Rel(B) + O(U(B)*)
= Reld(8) + O([RelU(B)]?) + O([TmU(B)]?)

. (4.4)
— Reld(B) (1 +O([ReU(B)) + 0(%))

=mﬂw(uwmmumm+;om) 50,
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where the last asymptotic estimate follows after noticing that (4.2 and can
be rearranged to obtain |[ImU(8)|3/|Rel(B3)| < 1/R. Thus, mplies that for
R > 0 sufficiently large the numbers Re w and Re/(3) have the same sign as 8 — 0.
Hence, as 5 — 0 we have Rew > 0 if holds, i.e., w € €2, whereas implies
Rew < 0 and thus w ¢ €; this proves (i) and (ii) for d = 1.

Let us continue with d = 2, where
1 1
Im{ — )| <~ 4.5
O IEE B

1 log(2
Q:{UIE(C+ZRB(> > Og( ),
w 27
by (2.20). We start with some preliminary observations and inequalities. Note first
that w € D(U(B); K|U(B)|?) implies

C1 1 Co
Tl ) 0,
(s = |w] = U3 B—
for some c1,co > 0, and hence also
1 1] U(ﬂ)—w’ aKUB)P
’w u(ﬂ)‘ _‘ wid (B) = U2 =o(u@)), p—o0.

In particular, for w € D(U(B); K|U(B)|?) one verifies for 3 — 0
R(;) - Re(l) ; R(i} ] ) _RUD) o, @)

Ups) ue)) up?
and in a similar fashion for § — 0
1 [Im U(3))|
Im(—)|=—==+0(U . 4.7
(D) - cwon
As another preparatory step, we claim the following: Whenever
mU(B)| < (Reld(B))*, B —0, (4.8)

then we also have

UB)| = [Reld(B)|(1+ O([RelU(B)]*)), B — 0,

1 1 ,
TOE = mengyE L T ORUB). 50,

Indeed, note that implies
U(B)]? = (ReUd(B))* + (ImU(B))* = (ReUU(5))* (1 + O([ReU(B)])), B — 0,

so the claim follows after taking both sides above to the power of % and —1, re-
spectively, and then applying the expansion

(1+2)°=1+0bx+0(?), beER, (4.10)

with b = % and b= —1.
To conclude our preliminary observations, it is useful to notice that whenever

(4.8) (and hence (4.9) hold, the latter can be inserted into (4.6 and (4.7)) to obtain

the expansions

1 1 2
Re(w) Rel(p) (1 OURUE) + OReU()

!
~ Rel(B)

(4.11)

+ORel(B)), B—0,
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and
‘m(i}) ‘ B m(l + O([ReUd(B)]?)) + O(RelUd(B))
- W +O(ImU(B)) + O(Rel(8)) (412)
— Rt +OREUB). 5o

Let us continue by proving (i) for d = 2, i.e., w € Q as § — 0 if holds for
some sufficiently large R > 0. Rearranging yields
1 Rel(B)
2 1+ R|RelU(B)]
so we have (4.8]), and thus can use and (£.12). Since Re!(B8) > 0 by (£.2),

the expansion (4.11)) implies Re(1/w) — +oo0 as § — 0, i.e., w satisfies the first
condition in (4.5

Applying our assumption (4.2)) to (4.12)) and using (4.10) with b = —2 in the

next step leads to the estimate (recall that Rel/(8) > 0)

Im@)‘ T Ry ORH(s)

mU(B)|? < < Rel(B),

N

— 1(1— 2RReU() + O([ReU(B)])) + O(ReU(S))

411 X (4.13)
=1 iRReL{(ﬁ) + O(RelU(B))
_ i - %ReM(ﬂ)(R—F o(1), B0

So for R > 0 sufficiently large w also satisfies the second condition in (4.5), i.e., w €
Q; the proof of (i) is complete for d = 2.

It remains to prove (ii) in the case d = 2, i.e., we show w ¢ Q as § — 0 if is
satisfied for a sufficiently large R > 0. For this it suffices to consider the situation
where holds, as the converse inequality implies

UB)? = ReUd(8))? + (ImU(B))* < [TmU(B)| + (ImU(B))?,
and hence with

1 1
m(=)|>— 1+ O(u 1, 0,
()| > Ty oW -1 8-
ie., Im(1/w)| > 1 and hence w ¢ Q.
So suppose that (4.3)) and (4.8) hold, in which case we may use (4.11)) and (4.12).
Note that (4.8)) also ensures that Relt/(3) # 0. If Reld(8) < 0, then (4.11) implies
Re(l/w) — —o0 as 8 — 0, that is w ¢ Q. If Reld(8) > 0, then (4.12) and the

assumption (4.3]) imply

1 1
Im(w)‘ > T et OB (d)
= 2 (L 2RReU(B) + O(ReU(H)])) + OReU(5))
1

1
=Z+§R6U(ﬁ)(R+O(1)), g —0,
where the second line follows from (4.10) with b = —2; cf. (4.13). Therefore
Im(1/w)| > § as B — 0 if R > 0 is chosen sufficiently large, i.e., w ¢ €, and
the proof of (ii) for d = 2 is complete. O

We can now use Lemma [£.1] and Lemma to give a proof of Theorem
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4.1.1. Proof of (i). According to Proposition[3.2](i) it suffices to prove the existence
of R > 0 such that Ag o ® has exactly one simple zero for 5§ — 0 satisfying (1.11)).
To this end, we use the expansion (3.9) and Lemma with

a=UPB), bw)=rsw), §=KUB)? Ou=DUB)AKUPB),

where the constant K > 0 is sufficiently large and will be specified below. Notice
that 6 — 0 as  — 0 and so Lemma [A.6] will be applied for all sufficiently small .

Choose R > 0 such that DU(B); 4K |U(B)[?) C Q for B — 0 satisfying (L.11)),
which is possible by Lemma [1.1fi). Assumption (i) in Lemma is obviously
satisfied and Assumption (ii) in Lemma holds since rg is holomorphic on €2,
and hence on D(U(B); 4K |U(B)|?) C Q for B — 0. Next, to verify assumption (iii)
in Lemma [A.6] consider w € D(U(B);4K[U(B)[*) and use and (note

that my, > 1) to estimate

Irg(w)| < Cr|B|* max{|B], |w|}
< Com[U(B)[? max{my [U(B)|, [U(B)] + 4K [U(B)|* } (4.14)
< ComUB)PP (1 + 4K U(B)).

Thus, by selecting K > 2C,m}, and noting that 1+ 4K|U(B)|* < 2 for 8 — 0 we
conclude from (4.14)) that

ra(w)| < 2C,mU(B)1> < KUPB)P, B 0.

Hence, assumption (iii) in Lemma is satisfied and therefore Ag o @ has exactly
one simple root wg in the disc D(U(B); K|U(B)|*). Using Proposition (1) it
follows that A\g = —®(wg)? is a simple eigenvalue of Hg for  — 0.

Next we show that Mg is the only discrete eigenvalue of Hg as 8 — 0. For
this it suffices to check that wg is the only zero of Ago ® as 8 — 0, according
to Proposition i). In fact, if w € Q is a root of Ag o ®, then necessarily
w € DU(B); Culd(B)]?) as B — 0 by Proposition (iii). However, selecting
K > max{2C,m3,, Cy} above, we conclude that there exists exactly one root in the
disc D(U(B); K|U(B)|?), that is, w = wg.

It remains to verify the asymptotic expansion of Ag = —®(ws)? claimed in .
Recall that we have shown above that the root wgs of Ago® lies in D(U(B); K|[U(B)]?)
as 8 — 0, hence by we obtain

wg =U(B) +OUB)®) =U(B) +0(B%), B— 0. (4.15)
Therefore, if d = 1, then we have U(8) = UB — U18? (see (.1))) and thus by
e )
Vs = Bwg) = qws = S DE O, B0

Similarly, if d = 2, then U(ﬁ) Uﬁ DﬁQ where D =U; — (27) 1 (log(2) — v)U?
(see (4.1)), and again using and we find

A7 4
log(—Ag) = log(®(ws)?) = Twg T T UB_Dp%t (9(,83)
T Ut oE o | UAL T A
4 D am Uy
=55 i o) = —ﬁ—4 gz +los(4) =27+ 0(8)

as 3 — 0. The proof of Theorem (1) is complete.
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4.1.2. Proof of (ii). By Proposition (1) it suffices to show that there exists R > 0
such that Ag o ® does not possess any zeros in €} for 5 — 0 satisfying .

The latter assertion is an easy consequence of Proposition (iii)7 which shows
that any zero w € Q of Ag o ® necessarily satisfies w € D(U(B); Cy|[U(B)|?) and
Lemma ii), which allows us to choose R > 0 such that for § — 0 satisfying
there holds D(U(B); Cu|U(B)]?) N = 0.

4.2. Proof of Corollary for d = 1. In the situation of Corollary [I.3] it is
assumed that the coupling £ is complex and V is real-valued. The assertions essen-
tially follow from Theorem We use the same notation 8 — 0 as in the proof of
Theorem [l

Recall first that for d = 1 we have U(B) = UB — U132, where now U > 0 and

Uy € R (see (1.9), (3-4)), and hence
RelU(B) = UReB — U (Re B)? + Uy (Im B)?,
ImU(B) = Ulm B — 2U1(Re B)(Im B);

cf. ([1.10)), (4.1). Moreover, it follows from that
ImU(B)| = UlImB|(1 + O(Re B)), B — 0. (4.17)

4.2.1. Proof of (i) for d = 1. It suffices to show that there exists R’ > 0 such that

(4.16)

Re 3 > <—ll__]]1 + R'|Im6|> (Im B)? (4.18)
implies
Rel(B) > R[ImU(B)?, B — 0, (4.19)

with the constant R > 0 in Theorem [L.1]i); then Theorem [L.1}i) leads to the
assertion.

If ImB = 0 we see that for every R’ > 0 one has Res > 0 by , and
Im#U(B) =0 by as well as

Rel(B) =ReB(U —UiRep) >0, B—0, (4.20)
by (4.16). This leads to Ret/(3) > 0 = R|ImU(B)|® as 8 — 0, which is exactly
(19,

We assume further that Im 5 # 0. For § — 0 we then conclude from that
E(3)F = T AT+ O3 ~ T L+ ORe): (420
Case 1: Uy <0 or Re8 < 0. Note first that is equivalent to the inequality
URe B+ Uy(Im B)? > R'U|Im 3%
the latter, when combined with directly implies
Reld(B) > R'U|Im B|® — U (Re )% (4.22)
Now on the one hand, if U; < 0, then and together show
Rel(B) R'U|Im B2 — Uy (Re B)?
mUEF ~ Ul

(1+ O(Rep))

> %(1+O(Reﬁ)), B8 — 0.

Thus we can choose some sufficiently large R’ > 0 so that (4.19) holds.
On the other hand, if Re 8 < 0, then (4.18]) gives us

Resl < (- Rimg ) @mp2 50
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and hence (Re )% = O([Im §]*). Therefore, with and we obtain
Rel () S R'U|Im B> — Uy (Re B)?

[Im U (B)[? U2 [Im §[?
_ R'U|ImBJ* + O([Im g]*)

- U Tm B

(1+ O(Rep))

(1+O(Rep))
= (14 Oe ) +OmH)(1 + O(Re )
:%u+owm,ﬂaa

that is, (4.19) holds if R" > 0 is chosen sufficiently large in (4.18]).

Case 2: Uy > 0 and Re3 > 0. Using UReB > U;(ReB)? for B — 0 it follows
from (4.16) that

Rel(B) > Uy (ImB)?, B —0,

so together with (4.21))
RelU(B) S Ur
[T/ (B)° = U?[Im 5|

which yields (4.19)) for any choice of R’ > 0 in (4.18).

4.2.2. Proof of (ii) for d = 1. By the same reasoning as in the proof of (i), it suffices
to prove that there exists R’ > 0 such that

(1+ORepB)) = o0, B—0,

Ref3 < (—% - R’|Im5|> (Im j3)? (4.23)
implies
Rel(B) < —R[ImU(B)]?, B — 0, (4.24)

with the constant R > 0 in Theorem [L.1f(ii).
If Im 8 = 0 one clearly has for any R’ > 0 that Re 8 < 0 by (4.23)), ImU(8) =0

by (4.16)), and moreover
RelU(B) =ReB(U —U1ReB) <0, B — 0;

cf. (4.20)). Hence, (4.24]) is satisfied.
We assume further that Im 8 # 0. For 8 — 0 we again have (4.21)), that is,

Reld Reld
|ImU((§))|3 - U3|Im(g73 (1+O(Rep)). (4.25)

Case 1: Uy > 0 or Re 8 > 0. Observe that can be rewritten in the form
URefB + U (ImB)? < —R'U|Im |3,
and combined with we find
Reld(B) < —R'U|Im B> — U, (Re B)?; (4.26)
cf. . If U; > 0, then and yield
Reld(B) - —R'U|Im B> — U (Re B)?

(T4 (53)]? U?|Im g[?

<51+ 0®e), 50,

(1 + O(Re 6))
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and (4.24]) follows if R’ > 0 is chosen sufficiently large. If Re S > 0, then (4.23)
gives us

|Re 3| < ‘—%} — R’|Im6|’(1mﬂ)2, B —0,

and hence (Re )2 = O([Im 8]*). Using and we conclude
Reld(8)  —R'UTm B* — Uy(Re B)2

Im U (8)[? U3[Im BJ?
_ —RUmBP + O([Im g]*)

B U3|Im 3|3

(1+O(Rep))

(1+ O(Rep))

R/
—7
R/
= —m(l +0(18))), B—0,

that is, (4.24) holds if R’ > 0 is chosen sufficiently large in (4.23]).

1+ O(ReB)) + O(Im B) (1 + O(Re B))

Case 2: U < 0 and Re < 0. Using URef < U;(ReB)? for B — 0 it follows
from (4.16)) that
Reld(B) < —|U1|(Im B)*, B — 0,

and with (4.25) we conclude

Ret(B) _ |0

Mmu(B)[* ~ U?[Imp|
which yields (4.24)) for any choice of R’ > 0 in (4.23]).
4.3. Proof of Corollary for d = 2. In this case we have U(8) = UB — Dj3?,

where D = [U; — (27) " !(log(2) — )U?] and now U > 0 and U; € R (see (1.9),
(3.4)). Hence

(1+O(Ref)) = —c0, B0,

Rel(8) = URe 8 — D(Re 8)% + D(Im B)2,

(4.27)
ImU(B) =UIm B — 2D(Re 8)(Im p);
cf. , . Hence, for 8 — 0 one has
Rel(B) = URe B(1 + O(Re B)) + O([Im B]?), (4.28)

Im/(B)|7 = U2 [Im B|7 (1 + O(Re B)).
It is also helpful to notice that whenever Im 3 # 0 as § — 0, then and the
expansion for b = —1 imply
ReUd(8)  URepB(1+4 O(Ref)) + O([Img]?)
AmuU(B)[z 203 Bz (1+ O(Ref))
Uz Re 8
T

(4.29)
(1+ O(Rep)) + O(ImB|2), B 0.

4.3.1. Proof of (i) for d = 2. It suffices to prove that there exists R’ > 0 such that
2

Refg >
ep e

Im 8|2 (1 + R'[Re 3]) (4.30)
implies

Rel(B) > 2[ImU(B)|? (1 + RIReU(B)[), B — 0, (4.31)
where R > 0 is the constant in Theorem n(l)
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If Im 8 = 0, then for any R’ > 0 one has Re 8 > 0 by (4.30)), Im¢/(8) = 0 and
ReU(B) =ReB(U —DRep) >0, [ —0, (4.32)

by (4.27), i.e., (4.31]) holds.
We assume further that Im 5 # 0. From (4.30) we find

Uz Ref3
2(1+ R'[Re B3]

and hence |[Im 8|2 = O([Re f]*) and [Im 8|2 = O([Re 8]3) as 8 — 0. With (£.28) it
follows that

ImB|% < < U? Re§,

Rel(8) = UReB(1+ O(Ref)), B—0.

In particular, with and
Reld(B) U%Reﬂ ;
Amu(BF ~ ziimpps L+ OReA) + OmAlE)
> (1+ R'[Re ) (1 + O(Re §)) + O([Re 5]°)

=1+ |Rep|(R +O(1))

/

R
=1+ ReU(6)|(U + (9(1))7 8 —0,
which for some sufficiently large R’ > 0 yields (4.31]).

4.3.2. Proof of (ii) for d = 2. We prove that
2

Ref < — Ilm 3% (1 — R'|Re 3)) (4.33)
for some sufficiently large R’ > 0 implies
Reld(8) < 2|lmU(B)|? (1 — R[ReU(B)]), B — 0, (4.34)

where R > 0 is as in Theorem ii).
If Im 5 = 0, then for any R’ > 0 we see that Re 5 < 0 by (4.33)), ImU(5) =0 by
(4.27), and Rel(B) < 0 for 8 — 0; cf. (4.32). From this we conclude (4.34)).

From here on we assume Im 3 # 0, and hence are allowed to use the expansion
(4.29). If Im 5| > |Re 8] as f — 0, then Re § = O(Im S3) so (4.29) yields
Rel(B)  UzRef
1

2ImU(B)[F  2[Imp|?
i.e., (4.34) holds for any choice of R’ > 0 in (4.33).

Thus we further assume that Im 8 # 0 and
Im @] < |RefB|, B —0. (4.35)
By we have |Im 3| = O(Re ) and from we then obtain
ReU(B) =URepB(1+ O(Rep)), B —0,
which together with , and implies
Rel()  UzRef
2AImuU(B)[z  2/Im |2
< (1= RRe ) (1+O(Re B) + O(|Re B|¥)
=1—|Rep|(R + O(1))

=1 - [RelUd(B)| (R(; + 0(1)>, 3 0.

(1+O(ReB)) + O(lIm B|%) = O(IIm B|%), B — 0,

(1+ O(ReB)) + O(|Im |?)
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For some sufficiently large R’ > 0 this implies ((4.34]).

4.4. Proof of Corollary for d = 1. In Corollary [[.5] it is assumed that the
coupling constant 3 is positive and V' is complex-valued. The assertions are conse-
quences of Theorem

For d = 1 we have U(B3) = UB — U 3%, where now 3 > 0 (see , ), and

hence

Rel(B) = BReU — % Re Uy,

, (4.36)
mU(B)| = [BImU - f2ImUi| = O(B), B — 0+.

4.4.1. Proof of (i) for d = 1. Tt follows from (4.36)) that for 5 — 0+ we have
I U(B) = O(3) and

1 if
Reld(5) ﬁQReU( +0(pB)) 1 ReU > 0,
B?|Re Uy | if ReU =0and ReU; <0.
Thus for R > 0 from Theorem [L.1[i) (in fact, for any R > 0)
RelU(B) > R|ImU(B)[>, B — 0+,

so the claim follows from Theorem [L.1i).

4.4.2. Proof of (ii) for d = 1. Similar to the proof of (i) it follows from (4.36) that
for 8 — 0+ we have |[ImU(B)]> = O(3?) and

—BReU|(14+O(B)) if ReU <0,

Rel(B) = 9 .
—pB*ReUs if ReU =0 and ReU; > 0.
Hence, for R > 0 from Theorem [I.1](ii) we obtain
Rel(B) < —R[ImU(B)|*, B — 0+,

and the claim follows from Theorem ii).

4 5. Proof of Corollary - 5| for d = 2. Now we have U(S) = UB — DB?, where
= [U; — (2m) " (log(2) — 7)U?] and B > 0 (see (1.10), (4.1)), and hence
Rel(f) = BReU — f2Re D = fReU + O(5?),

N (4.37)
ImU(B)|? = |BImU — 8*Im D|* = B2 [ImU — BIm D|>.
For later purposes, we also note that
1
Im D = Im Uy — —(log(2) — 7)(Re U)(Im V), (4.38)
Y

and, in particular, Im D =ImU; if ImU = 0.

4.5.1. Proof of (i) for d = 2. Using the assumption ImU = 0 in we obtain
M t(8)|* = 5|5 Im D|* = BlIm Uy, (4.39)

where also was used in the last equality.

If Im Uy ;é 0 then and (4.39) imply

ReZ/I(ﬂ)1 :ReUJrO(lﬂ)_> ReU 1 g0 (4.40)
2|ImU(B)|2 2|Im Un |2 2|lm Uy |2

Nl

where the assumption ReU > 2|Im U1|% was used in the last inequality. With
R > 0 from Theorem i) we conclude from (4.40) that

Reld(B) > 2[ImU(B)|? (1 + RReU(B)|), B — O+, (4.41)



26 JUSSI BEHRNDT, MARKUS HOLZMANN, PETR SIEGL, AND NICOLAS WEBER

and hence the claim follows from Theorem [L.1[i). If Im Uy = 0, then Im#(3) = 0
by [@.39) and since Re U > 2[Im U, |2 = 0, we obtain with (4.37)

RelU(B) = BReU + O(B*) >0, B — 0+. (4.42)
Hence, (4.41)) holds and again the claim follows from Theorem [T.1i).

4.5.2. Proof of (ii) for d = 2. Assume first that Im U # 0. Then we conclude from
[E37) that
2
Reld(B) __ BReUFOW) _ hghy 40 g0+,
2(ImU(B)|z  282|ImU — SIm D]z
Therefore, if R > 0 is as in Theorem ii), we find
Reld(B) < 2[ImU(B)|? (1 — RReU(B)|), B — O+, (4.43)

so the claim follows from Theorem ii).
It remains to treat the case ReU < 2|Im Uy |2. By the first part of this proof we
can assume that InU = 0, so that again (4.39) holds. If ImU; # 0, then (4.37)

and imply
Rel(B) ReU + O(p) ReU
dmUB)E | 2Amin|d im0y
and this leads to (£.43), and hence the claim follows from Theorem i). If
ImU; = 0, then implies ImU(3) = 0 and from ReU < 2[ImU;|2 = 0 we

have RelU(B) < 0 as f — 0+ by (4.37); cf. (4.42)). This again implies (4.43) and
together with Theorem ii) the claim follows.

<1, B—0+,

4.6. Details on Example Here it is assumed that V' is a non-negative poten-
tial, V # 0, that satisfies (1.6)) and (1.7), and the coupling is of the form 3(¢) = e'%¢
with 6 € (—m, 7] and € > 0. Then one has

Ref(e) = cos(f)e and ImB(e) =sin(h)e, (4.44)

and U = [|V|z1 > 0. Hence, we may fix R’ > 0 as in Corollary and check the

conditions (T.15) and (T.16) to prove (1.17).
For d =1 it is clear from (4.44)) that (1.15) becomes

cos(0) > (—Ul + R’sin(9)|s> sin?(0)e
VI
and (1.16) becomes
cos(f) < (— 0 _ R’|Sin(0)|5> sin?(0)e.
VIl

The non-negativity of V' yields U; > 0, and hence —U;/||V||z1 < 0. Therefore, for

e — 0+ we see that S(e) satisfies it 0 € [-7/2,7/2] and (1.16]) otherwise,
ie., in the case d = 1 holds. If d = 2, then it follows that is satisfied
if # = 0, whereas 0 # 0 implies , ie., in the case d = 2 holds.

It remains to prove that the spectral enclosure is sharp in the weak coupling
regime. In fact, for V and §(g) as above on the one hand implies

2
1>
xe D(o; Z||V||2Ll), (4.45)

and on the other hand, by squaring both sides of the expansion (|1.18)), we see that
the weakly coupled eigenvalue Ag(.) of Hp.) satisfies

€2i982 9 3
)\/3(5) = — 1 ||V||L1 + O(E ), e — 0+.
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By varying 6 € [—n/2,7/2] it is now clear that for every point A on the boundary
of the disc (4.45) there exists a Schrodinger operator, namely Hg(.), that has a
weakly coupled eigenvalue Ag(.) such that

|)\—)\ﬁ(5)| 20(53), € — 0+,
i.e., the sharpness of the enclosure (4.45)) in the weak coupling regime follows.

4.7. Details on Example Let V' be some potential that satisfies (1.6)) and
(1.7), and, in addition, assume that

ImU:/ ImV(z)de =0 and ReU:/ ReV(z)dz > 0. (4.46)
R2 R2

In this example for d = 2 we consider the family
V(a) :=aReV +iImV, «acR,

and the corresponding Schrédinger operators Hg(a) = —A — gV (a) in (L.5) for
B — 0+. Note that each V(«a), a € R, also satisfies the conditions (1.6)) and (1.7)).
We claim that

1.1 if *
V(«) satisfies (1.1% 1 @z (4.47)
(1.20) ifa<a*, a#0,
where
N 4

In fact, to verify this define for a € R

U(a) = /R2 V(a)(z)de,

Vi) = 5= [ Vie)a)lozle =4V (0)0) d(a.),

and notice that U(a) and U; () are as in (1.9). Using (4.46|) it is clear that
Ula) = / a(ReV(z)) +i(ImV(x))dz = aReU,
R2

and hence ImU(a) = 0 for € R and ReU(«a) # 0 for o # 0. Next, set

f(a) :=ReU(a) — 2[ImU;(a)|2 = aReU — 2[ImU; (a)|2, a€R. (4.49)
Observe that f(a) > 0 implies (1.19) and that f(«) < 0 implies (1.20) for the
potential V(). A short computation yields

() = = [ (ReV(a)(@) loglo = yl(m V() (1) d(z.)

s

=2 [ ReV@) ozl 3l V(o) dan),

s

and hence

f(a):ozReU—2|$|; ’

It is now easily seen that the (at most) two zeros of f are given by a = 0 and

(4.48) as well as that f(a) < 0if o < o*, @ # 0, and f(a) > 0 if @ > a*. By the
definition (4.49) of f this implies (4.47).

[ (ReVi) log o — ylm V() da)
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APPENDIX A.

A.1. Inequalities related to the Green’s function. Recall that for z € C; the
integral kernel of the resolvent (—A +22)~1 of the free Laplacian in L?(RY) is given
by

@ o J(2z)teFlel ifd=1, d
g (x7y7z)_ {(27T)_1K0(Z|(E—y) lfd:2, x,yeR ) (Al)
where Ky : C\ (—00,0] — C denotes the modified Bessel function of the second
kind of order zero.

For the convenience of the reader, let us briefly recall some properties of Ky (for
an extensive treatment, we refer to [2, Chap. 9.6]). First, Ky : C\ (—00,0] — C is
a holomorphic function that, by |2, Eq. (9.6.13)], admits the expansion

Ko(w) = —log(w) +log(2) — v + O(w?log(w)), w —0,w e Cy, (A.2)

where log : C\ (—o0,0] — C is the principal branch of the complex logarithm, and
v is the Euler-Mascheroni constant. In particular, Ky has a logarithmic singularity
at w = 0. For large w with non-negative real part, it follows from |2, Eq. (9.7.2)]
that Ky has the asymptotic behavior

1
Ko(w) = (21) 2e*“’(l +0(w™)), w— oo, Rew >0, (A.3)
w
so Ko(w) tends to zero uniformly if w — oo with Rew > 0.
Since we have to deal with the complex logarithm, let us briefly summarize some
properties of its principal branch. First, there holds
llog|w|| < flog(w)| < [loglu]| + 7, w € C\ (~o0,0],

and as a consequence (using m < C|log(1/2)| < C|log |w|| for |w| < 1/2)

WWMSH%mngcmyﬂ,wepcxa\pmmy (A4)

Furthermore, it is not difficult to verify the identity
log(wiws) = log(wy) + log(wg) if |arg(wy) + arg(ws)| < 7 (A.5)

for all wy,wy € C\ (—00,0], where arg(w) € (—m,m) denotes the argument of a
complex number w € C\ (—o0, 0].
In the following, recall that for z € C, we have

(22)71 ifd=1,
= A6
9(2) {—(277)_1 log(z) ifd=2, (A4.6)
and, in addition, define for z,y € R? (with x # y if d = 2),
22)7 1 — 2]z — ifd=1,
g2(w,y;2) = (22) ,(1 b=~ 9) .
—(2m) " (log(zlx — y|) —log(2) +~) ifd=2.

In the next lemma, we collect useful inequalities for certain integral kernels that
appear in the analysis of the Schrodinger operator Hg.

Lemma A.1. For z € C, and x,y € R, let G (x,y;2) be as in (A1). Let

91(2) and ga2(z,y; z) be given by (A.6) and (A.7)), respectively. Then, the following
inequalities hold.

(i) If d =1, then
(a) 16W(,52) — g1(2)] < 3lz —yl,
(b) 16M) (33 2) = g2 3 2)| < Sl — ul*.
(ii) If d =2, then for |z| < 1/2 there exists a constant C > 0 such that

(A7)
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(a) 19 (x,y;2) — q1(2)]? < C(1 + |loglz — y]["),

(b) 6P (x,y;2) — ga(w,y; 2)| < C(1 + |logla — y]|),

() 1GP (@, y; 2) — ga(w,y; 2)| < Clz|llog(2)| if |z — y| < |2|7%.
Proof. (i) For d = 1, there holds

e—zle—yl _q

2z ’

e~ #lr=yl — 1 4 2]z — 9
2z '

In order to see (a), notice that for any z € C one has

1 rl==vl g lz—y]
—/ —e *tdt / e *tadt
2z Jo dt 0

i.e., the claimed inequality. Estimate (b) follows from integration by parts,

2=yl ] 4 alx — g 1 fle=yl a2
e zle —y —zt
= —y|—t)=seFdt
2z 22/0 (Il =] )dth

GV (z,y;2) — g1(2) =

GV (x,y;2) — ga(w,y52) =

1

<
B =

Je ]
AP
5le =yl

e—#lz—yl _ 1
2z

5 [le=yl
=3[ el nea
2 Jo
and hence

e ATyl 1 4 2|z — y)
2z

lz—y|

z 1

'S'/ (|2 =yl =) dt = Jlzllz -yl
0

(ii) Consider z,y € R? with x # y and set
w = z|z — y (A.8)

for z € C4 with |z| < 1/2; it follows that w # 0 and w € C,. With w in (A.§)), the
kernels we have to estimate read as
Ko(w) + log(z

g(Z)(xa Y; Z) - gl(z) = wv
Ko(w) +log(w) —log(2) +~

2w ’

For the inequalities below recall that we use the convention that C denotes a

positive constant that may change in between the estimates. Let us start by proving
the claim (a). If |w| < 1, then (A.2) implies

| Ko(w) + log(w)]> < C(1 + |w]?[log(w)])* < C.
The last inequality together with (see (A.5]))
log(2) = log(w) — log |z — y| (A.9)

G (2, y;2) — go(,y52) =

and the elementary inequality (|a| + [b])? < 2|a|? + 2[b|? yield
[Ko(w) +log(2)[* = | Ko(w) + log(w) ~log |z — y||* < C(1 + [logle — y||").
If jw| > 1, then and yield (recall that |z| < 1/2)
| Ko(w) +1log(2)] < [Ko(w)| + [log(2)] < C + [log(2)| < C(1 +log (|z[ 7).
Since |2| < 1/2 and 2 < |2|7! < |z —y| if |w| > 1 by (A-§), we arrive at
| Ko(w) +log(2)|* < C(L + [loga - y|I?).

In summary, the inequality (a) holds.



30 JUSSI BEHRNDT, MARKUS HOLZMANN, PETR SIEGL, AND NICOLAS WEBER

It is not difficult to see that (b) follows from (a); indeed, taking the square root
in (a) and applying the elementary inequality (|a|? + [b]2)2 < |a| 4 |b| gives us

|Ko(w) +log(2)| < C(1 + [log |z — y]]),
so with (A.9) and the triangle inequality
[Ko(w) + log(w) —log(2) + 7| < [Ko(w) +log(2)| + [log |z — y[| + C
< C(1 +[log|z —yl|) + [log |z —y|| + C
= C(1 + [log|z —yll),

which is the claim of (b).
Finally, to show (c), suppose that |z —y| < |z|_%7 which is equivalent to

w| < 2|5 (A.10)
By rearranging (A.2) and using (A.5]) (we have |argw| < 7/2) one verifies

2
| Ko(w) +log(w) — log(2) + 9| < Clw?log(w)| = C’u; log(w?)| < Clw|?*[log(w?)|

and hence with (A.4) (note that |w|?> < |z| < 1/2 by (A.10))
| Ko(w) + log(w) —log(2) + 7| < Clw|?[log [w[?].
Finally, a combination of (A.10) and the fact that (0,1) 3 z — 2?(|log(z?)| + 1) is

monotonically increasing yields
| Ko(w) + log(w) — log(2) + 7| < Clw|*(|log [w|*| + 1)
< Clz|(logz]| +1)

< Clz|[log |||
< Clz|[log(z)],
where we again used (A.4) for the last inequality; (c¢) is shown. O

A.2. Eigenvalues of operator functions. This section follows the presentation
of [38, Chap. XI.9]. We assume that H and G are Hilbert spaces and that Q@ C C is
a non-empty, open, and connected set.

For an analytic operator function W : Q — L(H) we call zg € Q an eigenvalue
of W if ker W(z9) # {0}. For an eigenvalue zy € Q the quantity dim ker W (z)
is called the geometric multiplicity of W at zy. If zp € Q is an eigenvalue of
W and, in addition, W(zo) is Fredholm (that is, ran W (zg) is closed and both
dim ker W(zp) and codimran W (zy) are finite) and W (z) is boundedly invertible
for all 0 < |z — zp| < € for some € > 0, then z( is said to be an eigenvalue of finite
type of W. If 2 is an eigenvalue of finite type of W, then by [38, Thm. XI.8.1]
W (z) admits a factorization

W(z) = E(z)(Po+ (2 — 20)" Pr+ ... + (2 — 20)"" Pr)F(2) (A.11)

in a small neighborhood D of zg, where E : D — L(H) and F : D — L(H) are
analytic operator functions, boundedly invertible on D,

1<k <ko <o < Ky
are positive integers, P, ..., P, are mutually disjoint projections of rank one, and
POZIH—Pl—...—PT;

here I3; denotes the identity operator in H. The sum k; + ... + &, is called the
algebraic multiplicity of W at zp, and will be denoted by m(zo; W).
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Remark A.2. Observe that in the scalar case, that is, W : Q — C is a complex-
valued holomorphic function, the notions above simplify accordingly. More pre-
cisely, eigenvalues are zeros of W and each eigenvalue is an eigenvalue of finite
type, its geometric multiplicity is one, and its algebraic multiplicity coincides with
the multiplicity of the zero of W.

It follows from the factorization (A.11]) that the eigenvalues of finite type of an
operator function and their respective algebraic multiplicities are invariant under
multiplications by boundedly invertible operator functions.

Lemma A.3. Let W : Q — L(H) and R : Q — L(H) be analytic operator func-
tions, and suppose that R(z) is boundedly invertible for all z € Q. Then zg € Q is
an eigenvalue of finite type of W if and only if it is an eigenvalue of finite type of
RW and W R, in which case

ma(z0; W) = mq(20; RW) = mq(z0; WR).

In the following lemma I3 and Ig denote the identity operators in the Hilbert
spaces H and G, respectively. It turns out that operator functions of the special
form Ig + AB and Iy + BA have the same eigenvalues of finite type. For the proof
we make use of Fredholm determinants; for a definition and basic properties of the
latter we refer to [66] and for further details to [37, App. C].

Lemma A.4. Let A: Q — L(H,G) and B : Q — L(G,H) be analytic families of
Hilbert-Schmidt operators. Then zg € § is an eigenvalue of finite type of Ig + AB
if and only if it is an eigenvalue of finite type of Iy + BA, in which case

ma (205 Ig + AB) = ma(20; I3 + BA).

Proof. Recall that for an analytic family W : Q — L(H) of trace class operators
the Fredholm determinant

03z det(Iy + W(2)) (A.12)

is an analytic function. Moreover, the zeros of are exactly the eigenvalues
of finite type of Iy + W and their respective algebraic multiplicities coincide with
their respective multiplicities as roots of det(I; + W). Hence, the claim follows
from the well-known identity (see, e.g., [37, Thm. C.4.4(iv)])

det(Ig + A(2)B(z)) = det(Iy + B(2)A(2)), z€Q,

which is satisfied since by assumption A(z)B(z) and B(z)A(z) are trace class for
every z € ; cf. |72 Satz 3.23]. O

A.3. Useful tools from complex analysis. We collect useful results from com-
plex analysis. The first lemma concerns the multiplicity of roots under substitu-
tions.

Lemma A.5. Let Q1,Q9 C C be open, let h : Q1 — C be holomorphic, let
U : Qg — Oy be holomorphic and bijective, and assume that h(V(wg)) = 0 for some
wo € Qy. Then the multiplicity of U(wg) as a root of the function h coincides with
the multiplicity of wg as a root of the function h o ¥

Proof. Let T' = {w € C : |lw — wo| = 7}, where r > 0 is chosen such that I' and its
interior lie in 25, and suppose that - is a simple, positively oriented parametrization
of I'. The argument principle for holomorphic functions then implies
L[ (how)(w) > [ ) ()
w = — _—
2mi (h o U)(w) 2mi J,  h(¥(w))

)
1 '(2) )
/@m i )dz o (U (w0): 1),

" 2mi (z

mq(wo; ho W) = dw



32 JUSSI BEHRNDT, MARKUS HOLZMANN, PETR SIEGL, AND NICOLAS WEBER

where in the last equality we used that U(v) is a simple, smooth and positively
oriented curve around W(wy); this, in turn, holds as ¥ is assumed to be holomorphic
and bijective. (|

The following lemma, based on Rouché’s theorem, is an important ingredient to
find zeros of the function Ag o ® in Proposition
Lemma A.6. Let a € C\ {0}, let O, be an open neighborhood of a such that
0& Oy, letb: O, — C, and consider the function
1
h(w)=1-— E(a +b(w)), w e Q,.

If for some 6 € (0, 75) the following conditions hold,
(1) D(a;4|ald) C O,
(ii) b is holomorphic on D(a;4|ald),
(iii) |b(w)| < dla| for all w € D(a;4|ald),

then the function h has exactly one root in the disc D(a;|a|d) and this root is simple.

Proof. We start by proving the existence of a root, which is essentially a conse-
quence of Rouché’s theorem. Consider the mapping

J— a .

S 1-a’

since o < 1/4, ¥ is well-defined, injective, and holomorphic. Moreover, |o| < 1/4
also implies

U:D(0;30) = C, a— ¥(a)

|| 34

— < —— =4|ald

0m | < bl < ol =l

which shows that ¥ maps D(0;39) into D(a;4|ald). In particular, the function
f = h oV is holomorphic on D(0;3d) due to assumption (i) and (ii). A direct
computation shows

o = ¥(a)| = .

f(0) = h(¥(a)) =1 - ﬁ(a o) =a-(1- 0 e 3,
and setting g(a) = —a we obtain for o € 9D(0;20) the estimate
[b(¥ ()]

[f(@) +g(a)] <[1 - q < (1+20)6 <20 = [o < [f(a)] +[g(a)];

la]
where we used assumption (iii) for the second inequality and 26 < 1/6 for the third
inequality. Therefore, we can apply Rouché’s theorem (see, e.g., [11, Chap. V,
Thm. 3.8]) to the functions f = ho ¥ and g on the disc D(0;2§), and conclude
that f = h o ¥ has exactly one zero as in D(0;26), which, in addition, is simple.
Therefore, it follows that ws := ¥(as) is a zero of h in D(a;4|a|d). Since the
function ¥ : D(0;30) — D(a;4|a|d) is holomorphic and injective, thus bijective
onto its range, ws is a simple zero of h by Lemma [A]

It remains to prove that ws belongs to the smaller disc D(a;|ald) and that it is
the only zero of h inside this disc. To see the first claim, note that h(ws) = 0 and
assumption (iii) imply

la — ws| = |b(ws)| < d]al.

To show that ws is the only zero of h in D(a;|ald) consider w € D(a;|ald) such
that h(w) = 0 and set
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Then we have ¥(a) = w and

|w — al la|d )
L =
|lw| ~ la]—lald 1-4

< 25,

lal =

that is, & € D(0;26). Moreover, since w is a root of h, it follows that « is a root of
h o W. However, since «y is the only zero of h o W in D(0;24), this implies & = ay
and thus w = wg. O
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