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1 | INTRODUCTION

Dirac operators describe relativistic spin 1/2 particles in a quantum mechanical framework [39] and they play an important
role in the mathematical description of graphene [1, 26]. In order to model interactions that are supported in a small
neighborhood of a curve in R? or a surface in R3, Dirac operators with §-shell potentials are used. These operators have
been studied intensively in the recent years, see for instance [2, 3, 5-7, 9-13, 31], and are formally given by

Hps, = —i(a-V)+mp + Vs, (1.1

where « - V, 8 are as in Section 1.1 (vi), m € R is the particle mass, 8y is the §-distribution supported on a C2-smooth
curve T in R2 or surface T in R3, and V is a symmetric matrix-valued function which models the interaction on X.

The main objective of the present paper-which is a continuation of our investigations in [8]-is the approximation of
Hys, by Dirac operators with strongly localized potentials; here we complement the qualitative analysis in [8] with sharp
quantitative results. We also refer the reader to [8] for a detailed introduction, overview, and references on the topic. The
approximation of Hyys_ serves to justify the viewpoint that the expression in (1.1) is an idealized replacement for more
realistic Dirac operators describing strongly localized interactions and was first considered in one dimension in [35], see
also [14, 15, 17-19, 40]. Furthermore, in the multidimensional setting, strong resolvent convergence was shown in [10, 13,
24,42] under various assumptions on ¥ and . Finallyl in our recent paper [8], it was shown that Hy s can be approximated
in the norm resolvent sense, if the matrix function V satisfies an implicit smallness condition. In this paper, we replace
this implicit condition by an explicit and sharp condition for a specific class of interaction matrices, namely those that
model electrostatic and Lorentz scalar interactions, see (1.9) and (1.11) below.

Let us recall the problem setting and the main result from [8]. The space dimension is denoted by 8 € {2, 3} and we set
N =2for 8 =2and N = 4 for 6 = 3. Assume that X is the boundary of a C2-domain Q, c R? as in Section 1.1 (vii) and
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that v is the unit normal vector field on £ which points outwards of Q.. Note that Q, can be any bounded C?-domain,
but also a wide class of unbounded domains is allowed in our assumptions. Then, define

LDIXR - RO i(xg,t) 1= x5 + tv(xg), (x5,t) € TXR, (1.2)

and for € € (0, o0) set Q, := (T X (—¢,€)), which is the so-called tubular neighborhood of Z. It follows from the assump-
tions on Z that one can fix an ; > 0 such that (|3, () is injective; cf. [8, Proposition 2.4]. Next, we fix a symmetric
matrix-valued function

V =V* e WL(Z;CNN), (1.3)

where W, is the L®-based Sobolev space of once weakly differentiable functions, and

1

q € L*((-1,1);[0,0)) such that / q(s)ds =1, (1.4)
-1

and we introduce for € € (0, €1) the strongly localized potentials

1 ¢ e
V() 1= {;V(xﬂq(;), if x = u(xg,t) € Qg 15)
0, ifx & Q,.

For m € R and ¢ € (0, ¢;), consider the operator
Hyu :=-i(a-Vu+mpu+V.u, domHy, := HY(RE; CM), (1.6)
where H* denotes the L?-based Sobolev space of k-times weakly differentiable functions. Note that H v. =H +V_isself-
adjoint in L>(R%; CN) as V, € L®(R%; CNV*N) is symmetric and bounded, and the free Dirac operator H = —i(x - V) + mf3
is self-adjoint in L2(R%; CN); cf. Section 4.1. .
Next, the rigorous mathematical definition of Hy 5, as an operator in L*(R%; CN)isrecalled. Weset Q_ = R% \ Q,, write

u, i=ulg, foru : R® — CN, and the Dirichlet trace operator is denoted by t : H'(Q.;CN) - H 1/2(z; CN). Then, for
V = V* € L®(Z; CV*V) the differential operator Hy5_ in L*(R%; CN) is defined by

Hyps u 1= (—ila-V)+mpPlu, & (—i(a - V) + mPu_,

dom Hys 1= {u e HY(Q;CYY @ H'(Q_;CN) : a7

|4
i(a - vV)(tfu, —tu_)+ E(t;u+ +tiu )= 0}-

Eventually, the application of cos(x) and sinc(x) = isin(x) to matrices is understood via power series. Now, we are
ready to recall the main result from [8] in a compressed form; note that Hy, and Hyys_ are denoted in [8] by H, and
Hy, respectively.

Theorem 1.1 [8, Theorem 1.1]. Let V and q be as in (1.3)—-(1.4). Furthermore, assume that

cos(%(a . 11)V)_1 e Wk (z;cVN) 1.8)

_ -1
and setV = Vsinc(%(oc -v)V)cos (%(oc V) L If

”Vllwéo(z;chN)”quLoo([R)

is sufficiently small, then Hys_ is self-adjoint in L2(R%;CN) and H y, converges to Hy s in the norm resolvent sense as € — 0.
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Similar to previous approximation results, a nonlinear rescaling of V to V is observed in the limit, which is often related
to Klein’s paradox; cf. [13, 24, 35].

A direct application of Theorem 1.1 to check the convergence of Hy,_is difficult, since it contains a nonexplicit smallness
assumption on V. The main motivation in this paper is to make this smallness condition explicit, if V' is of the specific
form

V=nly+18,  11€CZR) (1.9)
here C; (Z; R) is the space of continuously differentiable functions with bounded derivatives (see Section 1.1 (viii)). In fact,
such potentials are of particular physical interest since Iy and 73 model electrostatic and Lorentz scalar interactions,
respectively, and they are, in the context of §-shell potentials, studied in [2, 3, 6, 7,9, 11, 12, 31]. Moreover, for V asin (1.9) the

condition (1.8) and the rescaling V ~ V simplify substantially, as then the anti-commutation rules for the Dirac matrices
yield ((a - v)V)? = dIy, with d = 5? — 72, and thus, the power series representations of cos and sinc lead to

cos(%(a-v)V>=cos<@>IN and sinc(é(a-v)V):sinc(@)IN.

Hence, (1.8) simplifies to

inf |d(xg)— Qk+1)?7% >0 (1.10)
xs€Z,keN)
and we have
V=7Iy+78, (7,7 =tanc (@) (0, 7), (111)
where tanc(x) = tan—(x), see also Section 1.1 (iii). Moreover, in the present situation, Hys, is self-adjoint in L2(R%; CN) if
X
inf |d(xs) — 4| > 0, d=72-72, (112)
XZEZ

see [31, Section 6], which is called the noncritical case.
In the main result of this paper, Theorem 2.1, we prove that if V' is chosen as in (1.9), then the explicit smallness condition

2
sup d(xy) < %, d=n*>-12 (1.13)

Xy EZ

already guarantees norm resolvent convergence of Hy_ to H 75,- Note that (1.13) via (1.11) implies

sup |d(xz)| < 4 (1.14)

Xy EX

and hence (1.12) is satisfied. This is already a first indication that it is not possible to relax the condition (1.13), as other-
wise Dirac operators with critical §-shell potentials could be approximated, which have very different spectral properties
compared to the noncritical case. However, to approximate Hy s, also for V with

inf |d(xs)| > 4, (1.15)
XZEZ

we make use of a well-known unitary transformation. Its approximation results, in a similar way to that described in [13,
Section 8], in an additional strongly localized magnetic potential V,,, . that is added to Hy, . In Theorem 2.5, we then show
that Hy_+ V. also converges in the norm resolvent sense to a Dirac operator with a combination of electrostatic and
Lorentz scalar §-shell potentials, where the rescaling of # and 7 is different. In fact, as a consequence of this result and
Theorem 2.1, we obtain Corollary 2.7, which states that every Dirac operator with a given d-shell potential of the form
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Vs,V =7ly +7B,7,T € Cg (Z;R),and d = 72 — 72 fulfilling (1.14) or (1.15) can be approximated by a sequence of Dirac
operators with strongly localized potentials in the norm resolvent sense.

In Section 3, we show that the condition (1.13) is sharp, that is, that Hy, does, in general, not converge to H 7oy if (1.13)
is not satisfied. To do so, we provide suitable counterexamples under the assumption of constant#,t € R. In Theorem 3.1,
we consider the case d = 4 for a compact hypersurface = ¢ R and in Theorem 3.2 the situation d > 4 for £ = {0} x R. In
both cases, we are able to show that if (1.13) is not fulfilled, then norm resolvent convergence would yield contradictory
spectral implications for the limit operator Hy 5, .

Finally, let us describe the structure of the paper. We start by introducing various notations and conventions in Sec-
tion 1.1. Then, in Section 2, we prove the main results of this paper on the approximation of H;5, by Dirac operators with
squeezed potentials in the norm resolvent sense, and we provide explicit conditions on the coefficients such that the asso-
ciated convergence results hold. The proof of Theorem 2.1 relies on the same statement for the special case where X is a
rotated graph and the technically complicated long proof of this special case is outsourced to Section 4. After Section 2,
we complement in Section 3 the results of Section 2 by providing counterexamples which show that (1.13) is sharp.

1.1 | Notations and assumptions
In this section we introduce frequently used notations and assumptions. Let us start with a few general conventions.
(i) The letter C > 0 always denotes a generic constant, which may change in between lines.

(ii) The branch of the square root is fixed by Im \/E > 0forw € C\ [0, o).
(ili) Forw e C\ {km + g : k € Z} we define the function

tan(w) T
tanc(w) ::{ u ’WEC\({O}U{kﬂ:E tkezy),
’ w = 0.

For x € R\ {0}, the equation tanc(ix) = tanh(x)

(iv) Thesymbol | - | is used for the absolute value, the Euclidean vector norm, or the Frobenius norm of a number, vector,
or matrix, respectively. We write (-, -) for the Euclidean scalar product in C", n € N, which is anti-linear in the second
argument.

(v) Let H and G be Hilbert spaces and A be a linear operator from H to G. The domain, kernel, and range of A are
denoted by dom A, ker A4, and ran A, respectively. If A is bounded and everywhere defined, then we write ||Al|3_¢
for its operator norm. The expression [-, -] denotes the commutator of two operators. If H = G and A is a closed
operator, then the resolvent set, the spectrum, and the point spectrum of A are denoted by p(A), o(A), and o,(A),
respectively. In the case that A is self-adjoint, we denote the essential and discrete spectrum of A by o.s(A) and
O4isc(A), respectively.

is valid, which can be extended by continuity to x = 0.

Next, we fix the space dimension, introduce Dirac matrices, and define related notations.

(vi) By 6 € {2, 3} we denote the space dimension and we set N = 2 for 6 = 2 and N = 4 for 6 = 3. With the help of the

Pauli spin matrices
o, = 01 0y = 0 i and o3 = 10
“\10) 2T \i o) T\ -1)°

we define the Dirac matrices ay, ..., ag, 3 € CV*N for 8 = 2 by

a =0y, & :=0, and B :=o0;, (1.16)
and for 6 = 3 by
0 o; 1 0
s oL= J i = = 2
aj: <aj 0) forj=1,2,3 and fB: <0 _12>, 1.17)
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where I, is the n X n-identity matrix, n € N. The Dirac matrices satisfy
ajog +ara; =2In6j and o +Ba; =0 j,ke{l,..,0} (1.18)

where § ;. denotes the Kronecker delta. Vectors in C? are denoted by x = (x, ..., Xg) and we will often make use of
the notations

6 6
oc~V::Zocj6j and a~x::2cxjxj, x:(xl,...,xe)eCe.
j=1 Jj=1

Finally, we use the notation x = (x’, xy) with x’ € C®~! and x, € C.

In the upcoming item we introduce a class of C2-hypersurfaces, which is convenient for the definition of trace and exten-
sion operators, as well as tubular neighborhoods. We remark that the C2-domain Q. appearing below is not assumed to
be connected.

(vii) We assume that T is the boundary of an open set Q, c R® which satisfies the following: There exist open sets
Wi,..,W, C R®, mappings ¢, ..., {p € Ci(lRe_l; R) (see (viii) below), rotation matrices xy, ..., k, € R*®, and ¢, >
0 such that

(i) ZcUp, W

(i) if x € 0Q, = Z, then there exists | € {1, ..., p} such that B(x,&,) C W;
(iii) win Q+ =W;nQ, where Q= {KI(XI,XQ) Xg < §’l(x’), (x’,xg) S Re}, forl e {1, ,p}
Furthermore, we set £, := Q; = {i;(x/,&,(x)) : ¥’ € R®~1}, Q_ :=R®\ Q,, and denote the unit normal vector
field at X that is pointing outwards of Q, by v. Moreover, for u : R® — CV, we define u, =1ulg,.

Now, we turn to the introduction of various function spaces.

(viii) If n € N and U C R" is open, then H"(U) and W, (U) denote the L?- and L*®-based Sobolev spaces of order r,
respectively; cf. [25, Chapter 3]. Moreover, if k € N U {oo}, then we write C’g(U) for the space that contains all f €
Ck(U) such that f and all partial derivatives of f up to order k are bounded. Vector- or matrix-valued function spaces
are defined in the natural way, that is, component-wise. Moreover, for function spaces with C™!valued functions,
n,1 € N, we use the notations H' (U; C™!), W' (U; C™), and Cll)‘(U; cnxly.

(ix) The trace spaces H' (%), r € [<2,2], W& (2), and CS(Z), k € {1, 2}, are defined via local coordinates, a partition of
unity, and the corresponding function spaces on open sets; cf. [8, Section 2]. Moreover, the well-defined and bounded
Dirichlet trace operator is denoted by

t;  H'(Qy) - HY2(%) and ty : H'(R%) — H'71/2(3),
r € (1/2,5/2); cf. [22, Theorem 2], where we use for
u=u, du_€H' R\ %) =H(Q,) ®H'(Q)
the shortened notation t;—’u for t;—'ui. Vector- or matrix-valued trace spaces and trace operators are defined
component-wise.
(x) For a Hilbert space M the usual L>((—1,1))-based Bochner Lebesgue space of H-valued functions is denoted
by L2((—1,1); H); cf. [8, Section 2.2]. In the case H = H"(S;CN) with S € {£,R°~1}, we write B"(S) instead of

L?((—1,1); H'(S; CN)), respectively. We also write ||-|| . for the norm in B"(S). In a similar way, we define

Il 2= 1l sy 5

-l —e 2= 1l gres)— e
-lr 2= Mllpm sy
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We will use the bounded embedding
S H'(S;CN) - B'(S), Jet) =9,

and its adjoint

1
S BS) = H(S;CY), G = / @ .
-1

We also use the following convenient identification: Let Q@ € L*((—1,1)) and .A be bounded operator in
H'(S;CN), r € [-2,2]. Then, we identify

Mg @ B'(S) = B'(S), (Mgf)(t) :=Q()f(1),
and
My 2 B'(S) = B'(S), (Mf)0) := A(f(D)),

with Q and A, respectively. Note that the norms |[M,l]|
||A||H"(S;CN)—>H"(S;CN)7 respectively.

and [|IM 4]l are equal to [1Ql e, 1y, and

r—r r—r

Finally, we fix notations and state simple properties regarding Fourier transforms.

(xi) The expression F denotes the Fourier transform in R°~!. Moreover, 7; and F, denote the partial Fourier transforms
in R® with respect to the first 8 — 1 variables and the 6th variable, respectively. These transforms are given for ¢ €
SRV and u € S(R) by

N — 1 No—i{x"E"Y 341 ’ 6-1
U = [ e, g er
=; / —i(x",&") 34/ — (g )
P = o= [ e g, =@z e B
Fau(f) = \/% /R u(E', xg)e 0% dx, £= (¢ E) € RO,
7T

and can be uniquely extended to bounded operators in S’(R°~1) and S’ (R®), where S’ denotes the space of tempered
distributions; cf. [33, Chapter IX]. Moreover, the application of the Fourier transform to vector- and matrix-valued
functions or distributions is defined component-wise. The (usual) Fourier transform in R® with respect to all variables
isgivenby 1, 1= F, = F,F.

2 | EXPLICIT CONDITIONS FOR THE APPROXIMATION OF DIRAC OPERATORS
WITH 6-SHELL POTENTIALS IN THE NORM RESOLVENT SENSE

In the first main theorem of this paper, we replace the nonexplicit smallness condition from Theorem 1.1 by the simple
and explicit condition (2.1) below. This condition will also turn out to be optimal later.

Theorem 2.1. Let g € L*((—1,1);[0, o)) with f_ll q(s)ds = 1 and assume thatn, T € C;(Z; R) satisfy the condition

2
sup d(xs) < %, d=n*-1% 2.D)

Xy EZ
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Let V and V, be as in (1.9) and (1.5), and define V by (1.11). Then, forallz € C\ R and r € (0,1/2), there exist C > 0 and
¢ €(0,¢&;) such that

”(Hvs - Z)_l - (Hf}:az - Z)_l”LZ(RS;CN)_,LZ(RS;CN) S C51/2—r’ S (Oa El)'

In particular, Hy, converges to Hy s in the norm resolvent sense as e — 0.

The strategy to prove Theorem 2.1 is to reduce it to the case where X is a rotated Cﬁ—graph, which is shown as a separate
result in Section 4. The actual proof of Theorem 2.1 makes use of three preparatory results, which relate the resolvents of
Hys, and Hy, to similar operators with potentials supported on the Ci—graphs ¥, and tubular neighborhoods of %; (see
(vii) in Section 1.1), respectively, via a suitable partition of unity. We also remark that the condition (2.1) implies

sup d(xy) = sup (77(xz) — T2(xz)) = sup 4tan2(—d§x2)> <4

Xy EZ Xy EZ Xy EZ

so that V in (1.11) is noncritical; cf. (1.12).
The first preparatory lemma is a slight variation of [8, Lemma B.2] and allows us to construct a suitable partition of
unity for 2.

Lemma2.2. Let T C R®, 6 € {2, 3}, be a set as described in Section 1.1 (vii). Then, there exists a partition of unity ¢, ..., @ » €
C?(Re; R) for Z subordinate to the open cover W1, ..., W, of . This partition of unity can be chosen such that ¢, ..., ¢, is
also a partition of unity for = + B(0, &) for some § > 0 and supp ¢; + B(0,8) Cc W, foralll € {1, ..., p}.

Proof. According to [36, Appendix A, Lemmas 1.2 and 1.3], there exists a sequence (x,,),eny € R, M € N,0 < § < %0, with
€o from Section 1.1 (vii), and a sequence of real-valued C*-functions (¢,),en such that (B(x,,)),en is an open cover of
R, (¢,)nen is a partition of unity for R?, supp ¢,, C B(x,, ) for all n € N, every point x € R? is contained in at most M
of the sets B(x,,, §), and the derivatives (of any order) of the functions ¢,, are uniformly bounded. Next, we define the set
Y :={x, : B(x,,26) N X # @}.
By construction, for all x,, ¢ Y one has B(x,,5) N (Z + B(0,5)) = @. Moreover, note that for all x,, € Y, there exists an
le{1,..., p}such that B(x,, 28) C W,.In fact, as B(x,,25) N T # @, there exists a y» € B(x,,28) N £ and thus item (vii) in
Section 1.1 implies B(ys, €y) C W, for anl € {1, ..., p}. Hence, for any y € B(x,,, 29), one has
|y_y2| < |y_xn| + Ixn _yZ| <46 < €05
which shows B(x,,,28) C W,. Define the sets
I :={n:x,€Y,B(x,,28) Cc Wi}
and forl € {2,..., p}

I, :={n:x, €Y,B(x,,26) C W;,B(x,,28) ¢ W,k e{l,..,l—1}}.

Then, it is not difficult to see that

¢l=2¢n

nel);

is a partition of unity having the claimed properties. Moreover, the construction of ¢;, I € {1, ..., p}, also implies supp ¢; +
B(O, 5) c W, O
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In the following, we use a partition of unity as in Lemma 2.2 to connect Dirac operators with strongly localized potentials
supported in Q. with Dirac operators with strongly localized potentials supported in the tubular neighborhoods Q,; of
the rotated C;-graphs

¥ = {x(x', (X)) : x' e RO}, le{l,..,ph

cf. Section 1.1 (vii). Note that V is only defined on X and hence V is a priori only defined on a subset of Z;. Thus, to be able
to define a strongly localized potential V. ; in Q,; in the same way as V in (1.5), we first construct suitable extensions V;
of V to ;. To do so, we choose p,, € C'(R; R) with 0 < p, < 1, p,(0) = 1 and compact support in (—¢;, &1 ), where ¢; is the
number specified below (1.2). Since X is assumed to satisfy (vii) in Section 1.1, it is not difficult to show that for w € {V,, 7}
the function

() = {co(xz)pv(t), %fx = xy + tv(xz) € Qg , 22)
0, ifx & Q,
isa C;—extension of w to R®, which is supported in Q. We then define the functions
Vi i=Vexls, € CoECYN), 1y 1= neils,s 71 1= Texils, € CLELR), (2.3)
and note that V; = niIy + 7,8 for I € {1, ..., p}; cf. (1.9). Clearly,
Vilgnz = Vignz
Moreover, we mention that d; = 7} — 7 satisfies by construction
2
sup dj(xz) < T lefl,..,p} (2.4)

le €

asd = n? — 72 satisfies (2.1). With this extension at hand, we define V., as V, in (1.5) (with £ and V replaced by %, and V)
and in the same way as Hy_ = H + V, in (1.6) we define

Hy  =H+V,, domHy  :=H'R%C), lefl,..,ph

where H is the free Dirac operator (see (4.3)). Note that the operators Hy_, are self-adjoint in L2(R®; CN).
In the next lemma, we express the resolvent of Hy,_in terms of the resolvents of Hy,_,. Here we fix the partition of unity

P15 Pp € C§°([R{9; R) from Lemma 2.2 and we set @, 1= 1— le -

Lemma 2.3. Let the functions V.,V and the self-adjoint operators Hy_ = H + V., Hy_ = H+V forl €{1,..., p} be as
above, and set HV&erl := H. Then, for z € C such that |Im z| > Zf:ll llet - V@i ll oo (re:cvxy, the operator

p+1
I+ ) i(Hy, —2)(a V)
i=1

is continuously invertible in L*(R®; CN) and the resolvent formula

p+1 -1 p+l1
(Hy,—2)"' = <I + Y i(Hy,, —2) Y(a- Vq01)> <Z(va‘l - Z)‘lcoz)
=1

=1

isvalid for all € € (0, min{e;, 8}), where e > 0 and § > 0 are chosen as below (1.2) and as in Lemma 2.2, respectively.
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Proof. Our first goal is to verify that for ¢; € C;"([Re; R) from the fixed partition of unity the identity
Hy gu =Hy_pu, lefl,..,p} (2.5)

holds for u € dom Hy,_ = dom Hy  =H 1(R%;CN) and ¢ € (0, min{5, ¢;}). For this it suffices to show

V0)pi(x) = Vo (ei(x), xR (2.6)

In fact, it is obvious that V (x)@;(x) = V;(x)@;(x) for x & supp ¢;. Next, consider x € Q. N supp ¢;. Then, there exists
(x5,t) € T X (—¢,g) such that x = x5 + tv(xy). The inclusion supp ¢; + B(0,8) C W, implies x5 € W, N Z. Hence, by Sec-
tion 1.1 (vii) x5 € Z; and therefore x = xy + v;(xz) € Q. ,;, where v; is the unit normal vector field at %;, which has the
same orientation on ¥; N X as v. In turn, we have

t t
a(;) q(:)

Ve)pi(x) = Vxz)——1(x) = Vi(xz)——=@1(x) = Ve ()1 (x).

If x € Q. N supp ¢;, one shows (2.6) in the same way. It remains to treat the case x € Q¢ N QE ; Nsupp ¢;. However, then
both sides of (2.6) are zero. Therefore, (2.6) and hence (2.5) are true.
Applying the product rule and using (2.5) yields for u € dom Hy_= dom Hy_, le{l,..,p},and ¢ € (0,min{d, ¢,})

¢iHy u = Hy piu+i(a- Vou = Hy_ pu+ i(a - Vopu. 2.7)

As @1, ..., ¢, also form a partition of unity for X + B(0,9) D Q,, ¢ € (0,6), we have Vepps1 =0 for all € € (0, min{e,, 6}).
Hence, the product rule and the convention H = H Vepii show that (2.7) remains valid for I = p + 1 and € € (0, min{e;, 8}).

Forz € C\ R and u € dom Hy, = H'(R%; CN), it follows from (2.7) that

=1

p+1
<2<HVE,, - z>-1<ol><va — 2)u

p+1

= Y (v, — 27\ (Hy,, - Do+ i(Hy,, — 27 (@ Vopu )
= (2.8)
p+1

= Y (pu+itHy, -2 Vopu)
=1

p+1
= <I + ) i(Hy,  —2)\(a- qul)>u.

=1

p+1

In particular, if [Imz| > Zf:ll lloc - Voill poo(re.cnxvy holds, then it is clear that I+ 3,

i(Hy,, - z) Ya - Ve)) is
continuously invertible in L2(R%; CV) and therefore

p+1 -1 p+1
(Hy, —2)" = <1 + Y i(Hy,, ~2) M wl)) <2(HV€,, —z>—1col>.
=1

=1

O

Next, we provide an analogous formula as in the previous lemma for the resolvents of Dirac operators with §-shell
potentials. For this, recall first from (1.9) that V = nly + 7 with 5,7 € C;(Z; R), assume that d = n? — 72 satisfies (2.1),

andletV = tanc(g)v be as in (1.11). Furthermore, with V; = Iy + ;8 and 7, 7, € CL(Z;R), L € {1, ..., p}, as described

below (2.2) we set (as in (1.11))

5

d
2

2

I71 = ﬁlIN +,‘z:lﬁs (7"711?1) = tanc( )(7)17‘[1)1 dl = 7712 - Tl .
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In the third preparatory lemma we shall again make use of the partition of unity ¢, ..., ¢, € C?(Re; R) from Lemma 2.2
p
and as before we set 9, =1 — lel @1

Lemma 2.4. Let the functions V and V; be as above, let the self-adjoint operator Hys, be defined as in (1.7), and define in
the same way (with V and X replaced by V; and X;) the self-adjoint operators

Hf;ﬁzl, lefl,..,p} and H‘7P+152p+1 :

1
Then, for z € C such that |[Im z| > Zf:l et - V@i || oo (e cvxny, the operator

p+1
I+ i(HVchzl —z) Ha- Vo))
=1

is continuously invertible in L*(R®; CN) and the resolvent formula
p+1 1 ph
(Hf}az — Z)_l = <I + l.(Hf/’lazl — Z)_l(CC . V@l)) <Z(Hf/’[62[ — Z)_1§01>
I=1 =1

isvalid.

Proof. Similar as in the proof of the previous lemma, we start by showing for u € dom Hys_and [l € {1, ..., p} that
Hf/'azqolu = Hf/’lazl golu. (29)
First we argue that for u € dom Hy5, we have

pu € dom Hys N dom Hl715z,' (2.10)

In fact, since dom Hys, C HY(RP\ 2;CN)and ¢; € C;"(Re; R), we have p;u € H'(R® \ 2; CN) for u € dom Hys, aswell
as

(i(cx W~ 1) + 2 (e + tg))quu = (§0zlz)<i(fx I~ 1) + 2 (e + tg))u —0,

that is, p;u € dom Hys, . For (2.10) it remains to verify p;u € dom Hy, e It is convenient to introduce (), := Q; and

(Q)- =R\ 51 Since we already have p;u € dom Hys C HY(R? \ ), itis clear that (pi)la, € HY(Q,;CN). Further-
more, as supp ¢; C W and Q, n W, = (Q;), N W, see Section 1.1 (vii), it follows that (¢;u)|(q,), € H'((Q)),;CN). Thus,
we can apply the trace operator to (¢;u)|(q,), and obtain

Vi
. + - + —
(l(O( . V)(l’zl - tZz) + ?(tzl + tzl)>qolu
. + — ‘71 + —
_ (i@ —5)+ 2t +65) ), onzinw,
0, on Zl \ Wl,

L

-

<i(cx V)L —t5) + %(t; + tg))golu, onZnWw,
0, onX\ W,

L

=0,
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where we used gu € dom Hys , supp ¢; C W), and V,=V on ;nW; =XnW,. Hence, pju € H' (R \ ;) and g;u
fulfils the boundary condition

1%
; + — Lot - —
<l(oc . v)(tzl — th) + T(tzz + t21)>¢lu =0,
that is, p;u € dom Hvlézl and hence we have (2.10). Moreover,

) i - V) + mB)(@w)la,aw,,  In QN W,
HV5Z¢ZU = -
0, else,

_ [ i V) + mB)Xemlay. w0 (@) N W,
0, else,

= Hf}'lazl ¢lu,

and hence also (2.9) is valid.
Applying the product rule and using (2.9) yields for u € dom Hys, and any l € {1, ..., p}

piHps . u=Hys pu+i(a- Vou = HVz5zl ou+ i - Vou. (2.11)
Since @11 = 0 on X + B(0,5), we get for u € dom Hys_ C HY(R®\ =;CN) that @, ,u € H'(R®; CV) and
Hi752§0p+1u = H§0p+1u = HVP+152P+1 Pp+1U-

Thus, the product rule implies that (2.11) is also valid for [ = p + 1. Next, sinced = ?> — t? and d; = 7712 - 1'12, lefl,..,ph

satisfy (2.1) and (2.4), respectively, d = 4 tan®( g) and d; = 4 tan*( @ ).l €11,..., p}, fulfil (1.12). Hence, Hys, and Hy,s,
are self-adjoint operators in L2(R%; CN). Now, one can show in the same way as in (2.8) for z € C \ R and u € dom Hys,
that

p+1 p+1
(Z(Hﬁa@ - Z)‘lcoz)(HVaZ —Zu= (I + ) i(Hps, —2) ' (a- quz))u-
=1

=1

In particular, if [Im z| > Zf:ll

continuously invertible in L2(R%; CV) and therefore

llet - Vi ll oore.cvxvy, then it is clear that the operator I + Zf:rll i(HVlézl —z) Ya- V) is

p+1 i
(Hys, — z)7l = (I + i(Hf/]ézl —z) Ya - Vgol)> <Z(H‘7152, — Z)_1§01)'
I=1 I=1
With the help of the previous lemmas, we are now in the position to prove Theorem 2.1.

Proofof Theorem2.1. LetV;=n,Iy + 7,68, €{1,..., p},beasin (2.3) and z € C such that |[Im z| > Zf:ll llet - Vi ll oo (e cvxmy
and r € (0,1/2). Since d; = 7712 — rlz satisfies (2.4), we can apply Theorem 4.1, which implies that there exists an
¢ € (0, min{e,, &, €315 > 53’1,}), where 3,1 € {1, ..., p}, corresponds to ¢; from Theorem 4.1 for X, such that

—_ _1_ ~ — -1 < 1/2—}“
||(HV€J z) (HV1521 z) ||L2(RQ;CN)—>L2(IR9;CN)_CE (2.12)

forl €{1,..., ptande € (0,¢’). Our conventions from Lemma 2.3 and Lemma 2.4 ensure that (2.12) isalso true forl = p + 1.
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Now, we define for ¢ € (0,¢’),

p+1 p+1

Re= D (Hy, —2)7lp, & = i(Hy, -2 a- Vo),
I=1 =1
p+1 p+1

Ro = Y (Hps, —2) o1 @0 = D ilHy,s, —2) (@ Vo).
=1 =1

Thus, (2.12) and ¢; € CP(R%R), L € {1,..., p + 1}, imply
&, — @OHLZ(RS;CN)_)LZ(RS;CN), IIERS - mollLZ(RS;CN)_)LZ(Re;CN) < CEI/Z_V.
Furthermore, since

max { sup ”@E||L2(R9;CN)—>L2(R9;CN)7 ”@0||L2(R9;CN)—>L2(R9;CN)}
e€(0,¢’)

p+1
< 2oy lla - Vol oo ey
B |Im z]|

we conclude with the help of Lemma 2.3 and Lemma 2.4

|(Hy, —2)™" = (Hys, — 2) " ll12Ro:cV) - 12®8:0N)
=+ &) 'R — (1 + S0) " RollL2(rs:cv)— L2mE:cN) < Cel/2-r,

p+1

which proves the claim if [Im z| > ¥,

llet - Vi ll oo (re:cvxny- Using the identity
(Hys, —w)™" = (Hy, —w)™!
= (I + (w — 2)(Hys, —w) ™) - ((H%2 — 2 = (Hy, - z)—l)(z +(w—2)(Hy —w)™), weC\R,
it follows that the claim is true for all w € C \ R. This completes the proof of Theorem 2.1. O

In order to obtain the operator Hys_ as a limit operator of Dirac operators with squeezed potentials also in the case
inf |d(xs)| > 4,
inf 1dCs)

we use an approach that is inspired by the last paragraph of [13, Section 8] and now add a strongly localized magnetic
potential V', . to Hy,_ with the interaction strength 7. It turns out that in this case Hy_+ V, . also converges in the norm
resolvent sense, see the following Theorem 2.5. However, by the specific choice of 7 as the magnetic interaction strength,
the magnetic term disappears in the limit. Hence, we end up with a limit operator Hys, which is again a Dirac operator
with §-shell potential and only electrostatic and Lorentz-scalar interactions; however, we emphasize that here a different
rescaling than (1.11) in Theorem 2.1 appears.

Theorem 2.5. Let g € L®((—1,1);[0, o)) with /_11 q(s)ds =1, let n,7 € C,(Z;R), and assume that d = > — ©° satisfies
the condition (2.1) and inf ,_¢5 [d(xz)| > 0. Let V and V be as in (1.9) and (1.5), let the strongly localized magnetic potential
Ve € LR, CNN), & € (0,¢,), be defined by

1t _
V) 1= {77.’(0( . v(xz));q(;), for x = 1(xg,t) € Q, @B)

0, else,
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and set
= ~ ~ -2
V =7l +7B, (7,7) = —\/E(U,T), d=n>-1% (2.14)
\/dtan ( 7)

Then, forallz € C\ R and r € (0,1/2) there exist C > 0 and ¢’ € (0, ¢;) such that

I(Hy, + Ve —2)7" - (Hys, — z)7L| <Ce/? 7 g€ (0,¢).

L2(RO;CN)—L2(RO;CN)
In particular, Hy_+V,, . converges to Hgs in the norm resolvent sense as ¢ — 0.

We note that the function

2(Vw 5
(—00’772/4)3w |—>4tan2(ﬂ) = tan ( 2 )\/G_[O’l)’ we [0’77" /4)3
2 — tanh’(Y=2) € (-1,0), w € (=00,0),

is continuous, monotonically increasing, and has its only root in zero. Hence, the assumption inf, _c5 |d(xz)| > 0, (2.1),
and the boundedness of  and 7 imply

inf ’tanz( vd<xz>)| >0 and sup |tan®( 'd(xz))| <1.

Xy EZ 2 Xy €Z 2

In particular, d = 72 — 72 = 4/ tan® (") is well-defined and

T

~ 4
inf |d(xy)| = > 4.
e supxzez|tan2( d<x2))|

2

Thus, V in (2.14) is noncritical; cf. (1.12). We point out again that the rescaling (2.14) in Theorem 2.5 differs from the
rescaling (1.11) in Theorem 2.1.
The following preparatory lemma is an essential ingredient in the proof of Theorem 2.5 and also of independent interest.

Lemma 2.6. Let g1 be chosen as below (1.2), ¢ € (0, €1), and let Q. be the tubular neighborhood of Z. Then, forall s € (1/2, o)
there exists C > 0 such that

2 2 0 N
[ W e < Celll e € RS\ EEV)

€

Proof. Since H* (R? \ =;CV) is continuously embedded in H S(@\ T; CN) for s < ¢/, it is no restriction to assume that
s € (1/2,1]. We start by considering u = u, @ u_ with u, € D(Q,;C"), where

D(Qy; CY) 1= {ulg, : u € DR CV)L.

Moreover, by [8, Proposition 2.4 and Corollary A.3] and our choice of ¢; > 0, see the lines below (1.2), we obtain

/ lu(x)|? dx SC/ /lu(x2+tv(xz))|2d0'(xz)dt
Q. —-JX

0 1
=C£</_1 /2 [y (x5 + tev(xy))|? do(xy) dt +/0 /2|u_(xz + tev(xy))|? do(xs) dt).
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. 0 . .
Next, we estimate the term /—1 fz lu, (x5 + tev(xy))|? do(xs) dt. Note that the smoothness of u implies that for t € (—1,0)
the function

3 xy b u (x5 + tev(xs))
coincides with the trace of the function
RE 3 x > (X + tevey (X)),

where vy isa C g-extension of the unit normal vector » to R®, which can be constructed in the same way as the extensions
ofn,7,and Vin(2.2),andu, = Eu, € H 1(R%; CN) is the extension of u, to R® defined by Stein’s continuous extension
operator

E : H(Q4;CN) » HS(RY; CN);
cf. [37, Chapter 6, Section 3, Theorem 5]. Then,

0

0
/ / s (e + tev(es)) 2 does) d = / / It () + teve) o) dors) dt
—1J3 -1JZ

and we can estimate this term by

0 0
[ [ s+ tera) )P dotxs)d = [ esCBu, )+t
—1Jz -1
0 2
< [ B, + 90l
-1

0
<€ [ B+ 0o .
-1

According to [8, Proposition 3.3], the term ||(Euy)((+) + teVexo)| H3(RO:CN) is uniformly bounded with respect to t € (0,1)
and € € (0,&;) by C||Eu, “HS(RQ'CN)’ which is in turn bounded by C||u, ”HS(Q+'CN)' Therefore,

0
[ [ty e doten) < Cll g com
-1JZ

in the same way one gets
1
2
[ e+ v dotes) de < Cllu- ooy
0 Jz

This implies the assertion for u € D(Q,;CN)@® D(Q_;CV), which is a dense subspace of H*(R®\z;CVN)=
H(Q,;CN) @ H(Q_; CN), see, for example, [25, Chapter 3]. Therefore, the assertion of the lemma follows for all
u e HS(R°\ z; CM). O

Proof of Theorem 2.5. The proof is based on an idea that is also described below the proof of Theorem 2.6 in [13, Section 8]
and the equality

where U is the self-adjoint unitary multiplication operator induced by the functionw = yq, — xq_in L2(R%; CN). Recall
that V = Iy + 78 is as in (2.14), d = 2 — 72, and by our assumptions, we have inf Xs€X |d(xs)| > 4, so that all terms
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in (2.15) are well-defined. Equation (2.15) can be proven as in, for example, [9, Lemma 5.11], [13, Section 4], or [23,
Theorem 1.1]. Furthermore, according to (2.14), we have

V:‘—zﬁv and d=f?—72=_—2%
d
\/Etan(T) tanz(T)
SetVy := tanc(@)V and observe
d
tan (~—
%V:—tanz(é) _2\/_ V= \(/_2 )V=‘7Cl
d
\/Etan(T) 7
In particular,
Hys, = UHy s U, (2.16)

Vd
2
Hy s, in the norm resolvent sense. We then proceed in a similar way as in [13], that is, we provide unitary multiplication

operators W, such that

and since V = tanc( )V, which is the rescaling from Theorem 2.1, it follows from Theorem 2.1 that Hy,_converges to

Wi Hy W, =Hy, +Vp,, (217)

where V, . is the strongly localized magnetic potential introduced in (2.13), and W, — U for ¢ — 0, so that the left-hand
side of (2.17) converges in the norm resolvent sense to UHy s U = Hyg, .
We now start the main part of the proof by defining for € € (0, £;) the function

17 X € Q+ \ QS’
) t/e
w, : R > C, we(x) 1=1¢7 /5 a9ds 5 = ((xg,1) € Qp,
-1, xeQ_\ Q..

This function is well-defined according to the text below (1.2). We define W, to be the unitary multiplication operator in

L?(R%;CN) induced by w,. Using /_11 q(s)ds = 1 and tubular coordinates, one shows that w, € W (R®). Moreover, by
[42, eq. (2.11)] and [13, eq. (3.10)], we have V(:"1(x)), = v(xy) for x = (x5, t) € Q. (("1(x)), = t) and therefore the chain
rule implies

ma(
Vw,(x) = v(xz) qg(g) we(x), x=1ulxs,t) € Qe

0, else.

These considerations and the definition of V,,, . show
WiHy W, = Hy_—iw, (a0 - Vw,) = Hy, + V.5 (2.18)

cf. [13, Section 8, below the proof of Theorem 2.6]. We note that w, converges pointwise to w = yq, — xo_ and therefore
W, converges in the strong sense to the operator U. In addition, Lemma 2.6 shows that for € € (0, ¢;), the estimate

2 = Ol cn, = | 1600 = 10, () + o COMCOP dx
QE

<4 / lu(x)|? dx (2.19)
Qc

< Cellullipgoysony %€ H(RO\ D),
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is also valid. Moreover, since (H7c15z — z)~! is closed as an operator from L2(R%; CN) to H!(R \ £; CN) and defined on
L?(R%;CN), it is also bounded from L2(R%; CV) to H'(R® \ Z; CN). Thus, (2.19) implies for € € (0,¢;)

(W — U)(Hy 5, — 2) lr2escny—r2me;eny < Ce/2, (2.20)
We use (2.18) and (2.16) and estimate for ¢ € (0,¢’) (with ¢ > 0 from Theorem 2.1)

I(Hy, +V e = 27" = (Hys, — 2) " lr2@osen)—12®o:cm)
= ((WiHy, W, —2)™' = (UHy 5, U = 2) " [l 12me;cv) 12RE:0N)
= [|Wi(Hy, —2)"'W, = U(Hy, 5, — 2) ' Ull2we,cn)—12R050N)
<IWEHy, = 27" = (Hy, 5, — 2)" IWell2@o:cny—r2escn)
+|(We = U)Hy 5, — 2 Wellamosen)— 12reosen)
+UHp, 5, — 2)7 (We — Ul p2rescv)—12osen)-

Furthermore, since U is unitary and self-adjoint and W, is unitary, we can continue the above estimate for r € (0,1/2)
and obtain

I(Hy 4Vine = 2)7™ = Hys, — 27 l2me,on-r2me o)
<I|(Hy, - z)7! - Hy s, — Z)_l||L2(R6;CN)_,L2(R9;CN)
+ [[(W — U)(chlaz - Z)_l||L2(R6;CN)_,L2(R9;CN)
+ (W — U)(chlaz - E)_l”LZ(RS;CN)_,LZ(RS;CN).
< Cel/2 T 4 cel/?

S C&.l/z—r’
where the norm resolvent convergence of Hy,_ to Hy s, (see Theorem 2.1) and (2.20) were used in the penultimate
estimate. O

In the next corollary, we observe that every Dirac operator with a given §-shell potential V8y, V = Iy + 78, 7,7 €
C;(Z; R), and d = 7> — 72 such that

sup |d(xs)| <4 or inf |d(xg)| >4 (2.21)
XZEZ Xzez

holds, can be approximated by a sequence of Dirac operators with strongly localized potentials.

Corollary 2.7. Let g € L®((—1,1);[0, o)) with f_ll q(s)ds =1, let 7,7 € C}(Z;R) and V = 7jly + 76, and assume that
d = % — T2 satisfies the condition (2.21). Define the interaction strengths 7,7 € C;(Z) by

2arctan ( \/7‘;

A >(ﬁl 1), if sup, . 1d(xz)] < 4,
(n,7) = v (2.22)

—2arctan (i

7 ‘;> 77, if infex )| > 4,
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and let V = nly + 1 and V, be as in (1.5). Then, for allr € (0,1/2) and z € C \ R, there exist C > 0 and ¢’ € (0,¢;) such
that the following is true:

@) IfsupxZez |cT(xZ)| < 4, then

-1 N | 1/2—
I(Hy, —2z)"" — (Hyps, — 2) ||L2(R9;CN)—>L2(R9;CN) < Cel/?r
foralle € (0,¢").
(i) Ifinfy c5 |d(x5)| > 4, then

-1 ~ -1 1/2—
IHy, + Ve =27 = Hys, =27 o oo ooy < €872

foralle € (0,€"), where V,, . is as in (2.13).

Note that in (2.22) the convention arctan(x) |x=o = 1 is used. Moreover, we would like to point out that for constant
X

7,7 € R, the previous corollary is particularly interesting, as it shows that every Dirac operator with a §-potential and

constant electrostatic and Lorentz-scalar interaction strengths satisfying |d| # 4 can be approximated by Dirac operators
with strongly localized potentials.

2
Proof of Corollary 2.7. Throughout this proof, we use arctan®(w) < % forw € [0,1] and w € i[0,1].

(i) The assumption sup, ., |d(xs)| < 4 implies for d = n% — 72

sup d(xs) = sup 4arctan’
Xy EZ Xy EZ

)-

T

4
and thus condition (2.1) is fulfilled. Hence, the assertion follows from Theorem 2.1.

(ii) The assumption inf, c5 |d(xz)| > 4 implies

2 ) < s

V Cﬂxz) 4

and thus condition (2.1) is fulfilled. Furthermore, since d = 7?-7%¢€ C;(Z; R), we also have inf, ¢y [d(x5)| > 0.
Hence, the assertion follows from Theorem 2.5. O

sup d(xs) = sup 4arctan2<
Xy E€EX Xy EX

3 | COUNTEREXAMPLES

We show in this section that the condition (2.1) for the norm resolvent convergence of Hy,_is optimal by providing suitable
counterexamples. Throughout this section, we assume that V' has the form V' = nIy + 7 with n,7 € R. In this situation,

T

2
(2.1) simplifies to d = > — 72 < . and by (1.11) we have

5

d
2

T

d=7%-7%=tanc’(+")d = 4tan*("). 3.1

2 ~
In our first counterexample, we treat those cases d > ﬂT that lead to the critical interaction strength d = 4. These are

exactly the cases d = (2k + 1)? %2, k € Ny, and include, in particular, the important borderline case d = ”TZ. In this situa-
tion, the operator H 7oy is only essentially self-adjoint and hence Hy, cannot converge in the norm resolvent sense to H 7oy
However, if the interaction support X is a compact C*-hypersurface it turns out in Theorem 3.1 that Hy,_ does not even
converge to the closure of H 775, in the norm resolvent sense. In our second counterexample discussed in Theorem 3.2, we
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2 2 ~ ~
treat the case d > % and assume d # (2k + 1)2”7, k € Ny, so that V is noncritical (i.e., d # 4). If © = 2 and the interaction

support X is the y-axis, then we show that Hy,_does not converge to Hyy5 in the norm resolvent sense.

Theorem 3.1. Let = C R® be a compact C®-hypersurface, ¢ € L®((—1,1); [0, o)) with f_ll q(s)ds =1, and n,7 € R such
2 ~ ~
thatd = n* — 12 = 2k + 1)? %, k € Ng. Let V =nly + 8 and V, be as in (1.5), and define V = 71y + T by (1.11). Then, V

is critical (i.e., d = 4), Hys, is essentially self-adjoint but not self-adjoint, and Hy_ does not converge in the norm resolvent
sense to the closure of Hys, .

Proof. Since the convergence in norm resolvent sense is invariant with respect to bounded perturbations it is no restriction

to assume m > 0. It is clear from (3.1) that d = (2k + 1)2”—2 leads to d = 4 and hence the interaction strength V is critical.
The claims regarding the (essential) self-adjointness follow from [7, Theorem 4.11] for 6 = 2 and from [11, Theorem 3.1 (ii)]
for 6 = 3. Thus, it only remains to prove that Hy,_does not converge in the norm resolvent sense to the closure of Hys, .
If ¥ is compact, then supp V, C Q, is compact and hence by [25, Theorem 3.27 (ii)] V, induces a compact operator from
HY(R?;CN) to L2(R%; CN). In turn the resolvent difference

H-z)'-Hy, -2 ' =Hy, —2)'V.H-2)"!
is compact in L2(R%; CN), which shows
O'ess(HVE) = Oess(H) = (=00, —m] U [m, c0).

Consequently, [41, Satz 9.24 a)] implies that if Hy,_ converged in norm resolvent sense to the closure of H 75> then also
Oess(Hips, ) = Oess(H) = (o0, —m] U [m, o0).

However, since 77> — 72 = 4, one has |7| < |7] and

‘[' —
_ENm S Gess(HV5Z) N (—m, m)

according to [7, Theorem 1.2 and Theorem 1.3] and [12]; a contradiction. O

Our second counterexample concerns the noncritical case and the special interaction support £ = {0} X R in R2. The
idea of the proof is to use the direct integral method and to verify that 0 € o(Hy,) for all £ > 0 sufficiently small, while
0¢o(H ‘752); cf. Remark 3.3 below for a further discussion.

2
Theorem 3.2. LetZ = {0} x R C R?, letq = %)((_1,1), and letn, T € R besuch thatd = > — 2 > ”T and d # 2k + 1)*72,

k € Ny. Let V =nly + 78 and V, be as in (1.9) and (1.5), and define V = Iy + 7B by (1.11). Moreover, assume that d =
712 — T2 # 4. Then, the operator H y, does not converge in norm resolvent sense to Hy 5. .
Proof. The main idea of the proof is to use the direct integral method and to show that if € > 0 is sufficiently small,
then 0 € o(Hy, ). However, then norm resolvent convergence would imply 0 € o(Hys, ), see, for example, [21, Chapter IV,
Theorem 3.1], [32, Theorem VIII.23 (a)], or [41, Satz 9.24]. In the case that X is the straight line the spectrum has been
calculated explicitly in [10, egs. (5.7), (6.7)]. In particular, if m # 0 and (d — 4)mT < 0, then 0 & o(Hys, ), which yields a
contradiction. Note that it is no restriction to assume m # 0 and (d — 4)m7 < 0, since the bounded perturbation mf does
not influence the norm resolvent convergence.

We show 0 € o(Hy,) by applying the direct integral method. For this observe first that in the special case of Theorem 3.2
the operator Hy,_ can be represented by

X(—e,e)xR
Hy —

€

01(—i51) + 0'2(—i62) + moj + (7]12 + TO'3)

dom Hy, = H'(R?;C?) c L*(R* C?);
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cf. (1.5), (1.6), and Section 1.1 (vi). By identifying L?>(R?; C?) with fuf L*(R; C?)d¢, we get similar to [10, eq. (2.3) and the
text below]
52}
FHy Fyl = / Hy [§]1d¢
R

with the fiber operators

X(—¢¢)
2’

Hy [£] = —icrl% + &0y + mos + (I, + 103)
dom Hy,[§] = H'(R; C?),

for £ € R. We split the proof of 0 € o(Hy,) for & > 0 sufficiently small in 4 steps. In Step 1 we find a condition for 0
being in the point spectrum of Hy_[§]. Step 2 is an intermediate step in which we consider the inverse of the function
[Z,7) 3 u > —ucot(u). Using this function, we verify in Step 3 that if ¢ > 0 is sufficiently small, then there always exists
an &, > O such that 0 € o,(Hy, [£,]). Finally, we prove in Step 4 that this implies 0 € o(Hy,).

Step 1. In this step, we prove for § € R that 0 € o,(Hy,[§]) is equivalent to the condition

d— /J? ,—2etm
cos(ue ) + - sinc(uz ) = 0, 3.2)

d— ,ué’s —4etm

where ug . 1= \/d - 4520§ —4etmand vy 1= \/E2 + m2,
Let us assume that there exists a nonzero function u € H'(R; C?) such that Hy, [£]u = 0. Then,

d . X(—¢e)
au = —io; <§02 + maos + (9l + 103) 2e )”

a.e. on R. Thus, there exist w;, w,, w; € C? such that

exp(Ax)w;, X € (—o0,—¢),
u(x) = Jexp(BX)w,, x € (—¢,¢), (3.3)
exp(Ax)w;, x € (g, ),

where

i 1
A= _i01(502 + m0'3) = <_fm l_n;_> and B=A- i0'1(7]I2 + TO'3)2—€.

Note that A has the distinct eigenvalues +v; = +1/§2 + m? and the corresponding orthogonal eigenvectors are given
by a, = (=im,§ —v¢) and a_ = (§ —vg, —im). Since u € H'(R; C?), u(x) has to converge to zero for x — +oco0. Hence,
w;, = ¢;a, and ws = c;a_ with ¢y, ¢; € C. Moreover, u € H'(R; C?) c C(R; C?) yields the conditions

exp(—Ag)w; = e a, = exp(—Be)w,
(3.4)
exp(Ag)ws = cze P a_ = exp(Be)w,;

this implies

cra; —czexp(—2Be)a_ = 0. (3.5)
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Next, we write
exp(—2Be¢) = cos(i2B¢) — 2Besinc(i2Be).

Note that (i2Bg)? = /,¢§ D and hence cos(i2Be) = cos(u ¢)I, as well as sinc(i2Be) = sinc(ug ¢ )I,. These considerations and
2Be = 2A¢ — io(nl, + t03) yield

exp(—2Be)a_ = cos(ug - )a_ — 2Besinc(ug )a_
= cos(ug Ja_ — (2Ae — ioy (9], + To3))sinc(ug (Ja_
= (cos(ue ) + 2evesinc(ug ¢ ))a_ + ioy(nl, + To3)sinc(ug )a_.

Since a, and a_ are an orthogonal basis of C2, (3.5) is fulfilled if the scalar product of (3.5) with a, and a_ is zero. This
yields the system

0 = c1lay|? — cs(ioy(nl, + To3)sinc(ue Ja_, ay ) 56
3.6

0 = c5((cos(ue ¢) + 2evgsine(ug ))la_|* + (ioy (I, + 7o3)sinc(ug Ja_,a_)).

Note that c; # 0, as otherwise ¢; = 0 and (3.4) would imply w, = 0, and thus w; = w, = w3 = 0, which in turn would lead
to u = 0. However, u # 0 by assumption. Thus, the second line of the above system implies

0 = (cos(z () + 2evgsine(ug ))la_|* + (ioy(nl, + To3)sinc(ug Ja_, a_ ).

Using the relations o7 = 0, 01a_ = a,,ay L a_,(o3a_,a,) = 2im(§ — vg),and |a_|* = m* + (¢ — vz)?, we can simplify
this equation to

0 = cos( )+<2 _2m>. (o) 37
= cos(jug ¢ e — 2 C—op sinc(ue ;). )
Next, we use m? = v? — &2 = —(& + )¢ —vy) and 2ev; = | /d — ,uég — 4eTm to rewrite
2(§ —v)tm & —ve)rm
2. -_—— =2 -2
e (T C i R G F () [
= 2£v§ + o
Ve

= 2e0; ((2ev)? + 2eTm) -

d— ,uéa —2etm
B 2ev¢

d— :“?,5 —2etm

2

Fe T detm

d—u
Plugging (3.8) into (3.7) gives us (3.2).

Now, we argue that the reverse direction is also true. If (3.2) is fulfilled, then using (3.8) implies that (3.7) is valid. Then,
we fix a arbitrary c¢; € C \ {0}. For this c; there exists exactly one ¢; € C such that (3.6) is satisfied. Furthermore, (3.5) is
also true. The choices w; = cja,,w, = exp(Be) exp(—Ae)wy, and w; = cza_ yield with (3.4) that u defined by (3.3) is in
HYR;CN) = dom Hy [£]. Moreover, by construction u € (ker Hy, [£]) \ {0} which implies 0 € o,(Hy [£]).
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Step 2. Consider the function a : [7/2,7) — [0, ), ag(u) = —ucot(u). It easy to see that a, is continuous and
ay([/2, 7)) = [0, o). Furthermore,

—cos(u) sin(u) + u
0l () = — cot(u) + —4— = TS0 sinw)
. 2 .2
sin”(u) sin”(u)
-1 sin(2u) + u —14Z
=_2 >—2 250, u€n/2,m),
.2 .2
sin“(u) sin“(u)

and hence q is monotonically increasing and bijective. Thus, the same holds for its inverse function
uy i=ay’ 1 [0,00) > [7/2,7).
Fora € [0, o0), we have a = —u(a) cot(uy(a)) and therefore multiplying with sinc(uy(a)) shows that u fulfils the relation
cos(ug(a)) + asinc(uy(a)) = 0, a € [0, ). 3.9

Step 3. Now we use the function u, from Step 2 to find for sufficiently small ¢ > 0 a £, such that 0 € o,(Hy,[£.]). We
start by claiming that there exists an a, > 0 which fulfils

d —ul(a;) — 2eTm

a = , (3.10)
\/d — ug(a;) —4eTrm

In fact, if we set

b, := v/min{d, 72} — 4e(|tm| + 1)

and choose ¢ > 0 sufficiently small we can guarantee b, € (%, 7), and hence Uy L(b,) € (0, c0). Since u is monotonically
2
increasing and continuous, the function

d-— u(z)(a) —2eTm

F:[0,u;'(b.)] > R, Fla)=a-—

d — uj(a) — 4etm
2
is continuous and well-defined. The properties of the function u, and the assumption d > % show that

2
d—2 —2etm

2
\/d—%—%rm

is smaller than zero for sufficiently small ¢ > 0. Moreover, since u; !is continuous and lim,,_, , uy 1(b) = 0, we get

F(0) = —

d — min{d, 7%} + 4¢(|tm| + 1) — 2etm )
\/d —min{d, 72} + 4e(|tm| + 1) — 4etm

_ {ugl(x/ﬁ), d<n,

. _1 13 _1 _
lim F(uy " (b,)) = lim (1, (bo)

00, d > 72,

> 0.
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Thus, F(ugl(bs)) > 0if e > 0 is sufficiently small. Hence, there exists an a, € (0,u, 1(b,)) such that (3.10) is fulfilled.
For this a, we also have

d — ul(a;) — 4e*m? — derm > d — ul(uy ' (b)) — 4e*m? — derm
=d —min{d, 7} + 4e(Jtm| + 1) — 4e’m? — detm
>0

for sufficiently small ¢ > 0. Thus,

1
£ = 2—5\/d —uj(a;) — 4e2m? — 4etm > 0 (3.11)

is well-defined. From (3.11) and the definition of u . below (3.2) it follows that

uo(a,) = \/d - 45%? —detm = pg_,
and plugging this expression into (3.10) yields

d— #i,s —2etm

\/d - ,ui,a —4etm

Combining these relations with (3.9) shows that (3.2) is fulfilled for § = &;. Thus, 0 € o,(Hy,[§.]) by Step 1.

Step 4. Finally, we show in this step 0 € o(Hy,) for £ > 0 chosen sufficiently small. This follows from [34, Theorem
XII1.85(d)] if we can show that forall § > O thereisays > Osuch that (—3,5) N o(Hy [£]) # @forall§ € (§; — 75,6 +75)-
We assume that our claim is not true. In this case, there exists a 8’ > 0 and a sequence (£,)),,en sSuch that €, — &, forn — oo
and (=¢’,6") no(Hy, [£,]) = @ for all n € N. Note that

a. =

Iy 18] = 27 = (8] = 27 o) e

= ”(HVE[gg] - Z)_102(§n - 55)(HV€ [gn] - Z)_IHLZ(R;CZ)—%Z(R;CZ)

Sm|§n_§zl_)0’ n— oo,

holds for z € C\ R, i.e., Hy,_[£,] converges in norm resolvent sense to Hy [£,]. Moreover, (—=¢’,8") no(Hy,[§,]) = 8,
n € N, and [32, Theorem VIII.24(a)] imply the contradiction (=&’,8") N o(Hy,_[&,]) = 8. O

Remark 3.3. We note that in the situation of Theorem 3.2 one can even show o(Hy,_ ) = R foralle > 0 which are sufficiently
small; cf. [38, Theorem 6.5]. Furthermore, the statement of Theorem 3.2, that H V. does not converge in the norm resolvent
sense to H‘752, remains true in more general situations, for example, if £ C R% 6 e {2, 3}, is as in Section 1.1 (vii) and
contains a flat part, see [38, Theorem 6.7] for more details.

4 | APPROXIMATION OF DIRAC OPERATORS WITH §-SHELL POTENTIALS
SUPPORTED ON ROTATED C;-GRAPHS

The main aim of this section is to prove Theorem 2.1 for the case that X is a rotated C;-graph. In this case, there exist
¢ e Cﬁ(lRe_l; R) and x € SO(8) such that

Q, ={x(x',xp) : (x',xg) € R® and x, < ¢(x)},
Q_ =R\ Q, ={x(x,xp) : (x',xg) € R® and x, > ¢(x")}, (4.1)

=00, =%, =X, {(X) X € RO-13.
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To emphasize the importance of this result, let us rephrase Theorem 2.1 for the special case of a rotated Ci-graph.

Theorem 4.1. Let % be a rotated C;-graph, let g € L®((—1,1); [0, 00)) with f_ll q(s) ds = 1 and assume thatn, 7 € C,(Z; R)
satisfy the condition

2
sup d(xs) < %, d=n*-1% 4.2)

Xy EZ

Let V and V. be as in (1.9) and (1.5), and define V by (1.11). Then, for all z € C \ R and r € (0,1/2) there exist C > 0 and
&3 € (0,¢g;) such that
<CeV/2T g€ (0,¢3).

-1 1
”(HVE_Z) _(HV5Z Z) ”L2(R6;CN)_)L2(R9;CN)

In particular, Hy, converges to Hy s in the norm resolvent sense as e — 0.

This theorem is a direct consequence of Proposition 4.7, Proposition 4.9, and Proposition 4.28.

Section 4 is devoted to proving these propositions. We proceed as follows: In Section 4.1, we introduce various integral
operators associated to the free Dirac operator. Then, in Section 4.2, we recall comparable resolvent formulas for H 7oy
and Hy_from [8]. Moreover, relying again on results from [8] we provide convergence results for the operators involved
in these resolvent formulas and end the section by stating Proposition 4.7 which gives abstract conditions for the norm
resolvent convergence of Hy,_. Afterwards, we show in Section 4.3 and Section 4.4 (in Proposition 4.9 and Proposition 4.28,
respectively) that these conditions are met if (4.2) is fulfilled.

Finally, let us mention that the restriction to rotated Clzj-graphs is only necessary in Section 4.4 and all results from the
Sections 4.1-4.3 remain valid for the general class of hypersurfaces described in Section 1.1 (vii).

4.1 | The free Dirac operator and associated integral operators

Let m € R and recall that the Dirac matrices o, ..., &g, § € CV*V are given by (1.16)~(1.17). The free Dirac operator H is
the differential operator in L2(R®; CN) given by

H:=—i(a-V)+mpB,  domH :=H'(R%CN). (4.3)

With the help of the Fourier transform one gets that H is self-adjoint in L2(R%; CN) and o(H) = (—c0, —|m|] U [|m], o),
see for instance [10, Section 2] for 6 = 2 and [39, Theorem 1.1] for 6 = 3. For z € p(H) = C \ o(H) we have

Ru(x) :=(H—z)'u(x) = /

G,(x —yu@y)dy, uelLl?R%CN), xeRC,
RE

where G, is given for 0 = 2 and x € R? \ {0} by

G,(x) = #IQ(—I'VZZ — mﬂxl)% + %K()(—i\/zz — m2|x|)(m5 + zI,) (4.4)

2
and for 6 = 3 and x € R3\ {0} by

ei\/zz—m2|x|
; (4.5)

Gz(x) = <ZI4+m6+i(1 —im|x|)“'x>

[x|2 47| x|
cf., for example, [7, 9, 39]. Here, K, and K; denote the modified Bessel functions of the second kind of order zero and one,
respectively. Note that R, is bounded in L2(R%; CN) and it can also be viewed as a bounded operator from L%(R%; CV) to
HY(R®; CM).
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‘We move on to the discussion of potential and boundary integral operators associated with the free Dirac operator. In the
following, let z € p(H) = C \ ((—o0, —|m|] U [|m], o0)) be fixed and let Q, and = C R be as in (4.1). First, we introduce
the potential operator ®, : L2(Z; CN) — L2(R%; CN) by

b, p(x) 1= / Cox = yo)p(r) do(ys), ¢ € LAZEN), x € RP. 46)
>

We note that @, is indeed well-defined and bounded, see [2, Lemma 2.1]. Further properties of ®, are summarized in the
following proposition. These results are well-known and a proof can be found in [8, Appendix C].

Proposition 4.2. Letz € p(H) = C \ ((—o0, —|m|] U [|m|, o)) and let ®, be given by (4.6). Then, the following is true:

(i) Foranyr € [0,1/2] the operator ®, gives rise to a bounded operator

®, : H'(Z;CN) - H™+/2(RE \ Z;CN).

(ii) Forp € H'/*(Z;CVN) one has (—i(a - V) + mf — zIy)(®,¢).,. = 0.
(iti) The adjoint ®; : L*(R%;CN) = L*(Z;CN) of ®, acts on u € L>(R%,CN) as

Piu(xs) = / el YOy = BRuG), % €
R

and @ gives rise to a bounded operator ®: : L*(R%;CN) — H'/2(z;CN).

Finally, we introduce a family of boundary integral operators. Let z € p(H) = C \ ((—o0, —|m|] U [|m|, 00)). Then, we
define the map C, : HY/2(2;CN) - HY2(Z;CN) by

1 _
C,p := z(t;r +15)D,90, @ € HY/2(z;CN). 4.7

We remark that the operator C, can be represented as a strongly singular boundary integral operator, see for instance [9,
eq. (4.5) and Proposition 4.4 (ii)] for the case that Q, is bounded. However, for our purposes the representation in (4.7)
is more convenient. The basic properties of C, are stated in the following proposition. Again, a proof can be found in [8,
Appendix C].

Proposition 4.3. Letz € p(H) = C \ ((—o0, —|m|] U [|m|, o0)) and let C, be given by (4.7). Then, the following is true:

(i) Foranyr € [—1/2,1/2] the map C, has a bounded extension C, : H'(Z;CN) — H"(Z; CN).
(ii) Foranyr € (0,1/2] and ¢ € H'(Z;CN) one has

i
Cop = =5 (@ V)p + E(2:9), .

4.2 | Formulas and convergence estimates for the resolvents of Hy, and Hy,

In this section, we introduce resolvent formulas for Hy, and for Hys_ in terms of (Bochner) integral operators and study
their convergence properties.

Recall that B%(Z) = L*((—1,1); L*(Z; CV)) and that W is the Weingarten map associated to X; cf. [8, Definition 2.3] and
[4, Definition 2.2]. We (formally) define for ¢ > 0 and z € p(H) the following integral operators:

A(2) : B'(Z) = L*(R%CY),

1 (483)
A(2)f(x) = / / G (x = ys — esv(y)) f(5)(ye) det(I — esW(ys)) do(ys) ds,
-1J%
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S
B.(2) : B°(Z) - B°(2),
1 (4.8b)
B.2)f(0)(xs) 1= / / G, (s + £1v(xs) — vy — ey ) f(5)(ys) det(l — esW(ys)) do(ys) ds,
—-1JX
C.(2) : LA(R%CN) - B(2),
(4.8¢c)

C.ult)(xy) 1= /

G,(xz + etv(xs) — y)u(y) dy.
R6

In the next proposition, the well-definedness of these operators and also their connection to the resolvent of Hy,_ are
discussed.

Proposition 4.4. Let z € p(H), q be as in (1.4), V be as in (1.9), Hy_ be defined as in (1.6), and &, > 0 be as below (1.2).
Then, for all € € (0, ;) the operators given in (4.8a)~(4.8c) are well-defined and if —1 € p(B,(z)Vq), then z € p(Hy,) and
the resolvent identity

(Hy, —2z)' = (H—-2)""' = A.(2)Vq(I + B.(2)Vq) "' Cc(2)

holds.

Proof. Note that ¢; > 0 is chosen in exactly the same way as in [8, Proposition 2.4]. Thus, the assertions follow from [8,
(3.1a)-(3.1c), Proposition 3.1, and Proposition 3.2]. O

Next, we introduce the operators Ay(z), By(z), and Cy(z) which will turn out to be the limit operators of A,(z), B.(z),
and C,(z), respectively. For z € p(H), they are defined by

Ay(2) : B (Z) —» L*(RY; CN),

1
AR =, / f@at,
-1

By(z) : B°(Z) = B(®),

By(2)f(¢) := i(oc-7/)/lsign(1.‘—s)f(s)ds+C /lf(s)ds
0 . 2 . z . ’

Co(2) : LA(RY;CN) = BY(D),
Co(@u(t) := @;u,
where ®, is the operator defined in (4.6) and C, is the extension of the operator defined in (4.7) to L?(Z; CN), see also
Proposition 4.3 (i). Using the identifications described in Section 1.1 (x), one sees that the operators Ay(z), By(z), and

C,(z) are well-defined and bounded since by Proposition 4.2 (i) @, is a bounded operator from L2(Z; CN) to L2(R®; CN)
and by Proposition 4.3 (i) C, is a bounded operator in L?>(Z; CV). The operator B,(z) can also be represented by

By(z) = T(a - v) + FC,T*, (4.9)

where ¥ is defined in Section 1.1 (x) and

. 1
T : BZ) - B), TFE) = & / sign(t — 5)(s) ds.
2J5

85U80|7 SUOWWIOD 3A a1 (el (dde aL Aq peusencb afe sejonie VO @sn Jo sa|nJ Joj A%eiq1T8uljuO A8 |1 UO (SUOIIPUOD-pUR-SWLRIAL0D A8 |1 AeJq Ul UO//:SANY) SUORIPUOD PUe SWwe 1 843 89S *[9202/0/90] U0 Ariqiaulluo A8|iM ‘(-oul eAnge ) aqnopesy Aq G800/ BUeW/Z00T OT/I0p/L0D A8 |im Areiq Ul |uo//:Sdny woly pepeojumod ‘v ‘9202 ‘919222ST



, MATHEMATISCHE
BEHRNDT ET AL NACHRICHTEN 729

Moreover, since C, also acts as a bounded operator in H' (Z; CV) for r € [—-1/2,1/2], see Proposition 4.3 (i), By(z) acts also
as a bounded operator in B'(X) forr € [-1/2,1/2].
Our next goal is to show a resolvent formula for Hy5 , which is defined by (1.7), in terms of Ay(z), By(z), and Cy(2).

Proposition 4.5. Let z € p(H), g and V = nly + 7 be as described in (1.4) and (1.9), respectively, and d = n*> — 72 such

that (1.10) is fulfilled. Moreover, let (7j,7) = tanc(@)(n, ),V =7ly + T8 andd = 72 — T2 fulfill (1.12). If -1 € p(By(2)V qQ),
then for the self-adjoint operator Hy s the resolvent identity

(Hyps, —2)"' = (H —2)"" = Ay(2)Vq(I + By(2)Vq) "' Cy(2)
isvalid.

Proof. Since d fulfils (1.12), H 7oy is self-adjoint by the text above (1.12). Moreover, in the same way as in [8, below eq. (4.15)]
one can show that if —1 € p(By(z)Vq), then for u € L*(R% CN) holds

((H =21 = Ay(2)VqU + By(2)Vq) "' Cy(2))u € dom Hys,
and
(Hys, — 2)((H = 2)7! = A4y(2)VqU + By(2)V )1 Co(2) )u = u.
This shows that the resolvent identity is true. |

In the next proposition, we summarize the convergence properties of A.(z), B.(z), and C,(2); cf. [8, Proposition 3.7,
Proposition 3.8, and Proposition 3.10] for the proof.

Proposition 4.6. Let z € p(H) and €, > 0 be as below (1.2). Then, there exists an ¢, € (0,¢&,) such that A.(z), B,(z), and
C.(z) are uniformly bounded operators with respect to € € (0, €,). Moreover, C.(z) and Cy(z) act also as uniformly bounded
operators from L*(R%; CN) to BY2(%) and forr € (0,1/2) there exists a C > 0 such that one has for € € (0, ¢,)

1A:(z) — AO(Z)”()_>L2(R6;CN) < C51/2_r,
”BE(Z) - BO(Z)||1/2_>0 < CEl/Z—r’
IC(2) — CO(Z)”LZ(RS;CN)_,O < el

After summarizing the convergence properties of A,(z), B.(z), and C.(z), we state in Proposition 4.7 conditions for the
norm resolvent convergence of Hy, .

Proposition 4.7 [8, Proposition 3.12 and Remark 4.5]. Let the assumptions of Proposition 4.5 hold. Moreover, letr € (0,1/2)
and g, > 0 be as in Proposition 4.6. Assume that the following conditions hold:

(i) There exists an g5 € (0, ¢,) such that (I + B.(z)Vq)~! exists for € € (0, e5) and is uniformly bounded in B°(Z).
(ii) 1+ By(2)Vq is bijective in B'/2(Z).

Then,
I(Hy, —2)™" = (Hps, —2)7'|l < Cel/2r

L2(RE;CN)—L2(RE;CN) =

fore € (0, &3). In particular, Hy_ converges fore — 0 to Hy 5 in norm resolvent sense.
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According to Proposition 4.7, it is essential to study the operators I + By(z)Vq and I + B.(z)V q in order to find explicit
conditions for the norm resolvent convergence of Hy, . In Section 4.3 and Section 4.4, we show that (4.2) guarantees that
the requirements (i) and (ii) of Proposition 4.7 are met.

4.3 | Analysis of I + B,(z)Vq

We study the operator I + B((z)V q and are particularly interested under which conditions (ii) of Proposition 4.7 is fulfilled,
that is, under which conditions I + B,(z)V q is bijective in B/2(Z). First, we state an auxiliary result about the invertibility
of I + C,V with C, defined by (4.7), see also Proposition 4.3 (i).

Lemma4.8. Letz € C\R,r €[0,1/2], 7,7 € C}(;R), and V = 7l + T such that d = 7% — 72 fulfils (1.12). Then, the
operator I + C,V is continuously invertible in H"(Z; CN).

Proof. We split the proof into three steps. In Step 1, we show that ¥ and C, act as bounded operators in H'(Z; CV) for r €
[0,1/2] and z € C \ R. Afterwards, we show in Step 2 that for z € C \ R the operator I + V'C, is continuously invertible
in H'/2(; CN). In Step 3, we use Steps 1 & 2 to prove the assertion.

Stepl.Letz € C\ Randr € [0,1/2]. The assumption 7,7 € C})(Z; R) implies

V =17y + 7B € C}(Z; CVN) c Wi (5, CVN).

Hence, ¥ induces a bounded multiplication operator in H"(Z; CV) which is bounded by || V|| W (Z,CNxNY- Moreover, C, acts
as a bounded operator in H"(Z; CV) by Proposition 4.3 (i).

Step 2. We already know from Step I that C, and V act as bounded operators in H'/2(Z; CN)forz € C \ R.Hence, in order
to prove that I + VC, is continuously invertible in H/2(Z; CN), it suffices to show that I + V/C, is bijective in H'/2(Z; CN).
We begin with the injectivity. Let % € H'/2(Z; CN) such that (I + VC,)% = 0. We set u = ®,3) with @, defined by (4.6).
Then, Proposition 4.2 (i) implies u € H'(R® \ Z; CN). Next Proposition 4.2 (ii) yields (—i(a - V) + mg8 — zIy)u, = 0and
Proposition 4.3 (ii) gives us

i vt~ tu =9 and (tE + =, (4.0)
Thus, (4.10) leads to
il - ) —t)u + V%(t; U=+ VC,P =0 (4.11)

and hence u € ker(H%Z —z). Since d fulfills (1.12), the operator Hys, is by the text above (1.12) self-adjoint and
therefore ker(Hf;éE —z) = {0}; implying u = 0 and therefore (4.10) shows 1 = 0. Now we turn to the surjectivity. Let

Fi(a-v)

@ € HY(Z;CN). Then, according to [22, Theorem 2], there exist w, € H'(Q.;C") such that ffw, = —9€
H'/2(Z;CN). Next, we set w = w, ® w_ € H'(R® \ 2;CV) and see
i(a- V)t —t)w=¢ aswellas %(t;r +t)w = 0. (412)

Moreover, let
v = (Hps, — 2)(=i(a - V) + mB — zIy)w, & (—i(a - V) + mB — zIy)w_].

Then, v € dom Hys, and (—i(a - V) + mB — zIy)(v — w), = 0, and thus due to [8, eq. (C.4) and the text below] there
exists a ) € H'/2(Z; CN) such that ®,1 = w — v. Hence, we use the relations (4.10) (for u = ®,3) as in (4.11), (4.12) and
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v € dom Hys, to obtain
& . - 51 -
I+ VC) =i(a-v)(E, — )9 + Vz(t; + )P,
= e V)t — )W = v) + V3t + 1) —v)
~1
= i(a - )ty — G + VS5 + t)w = ¢.

This proves the surjectivity and completes Step 2.

Step 3. First, letr = 1/2. In this case we already know from Step 2 that I + VC, is continuously invertible in H'/2(Z; CN).
Hence, elementary calculations show that then I — C,(I + VC,)~'V is the inverse of I + C,V. Moreover, it follows from
Step 1 & Step 2 that I — C,(I + V'C,)~'V is also bounded as an operator in H'/2(Z; CN). Consequently, the assertion is
true for r = 1/2. Next, let us consider the case r € [0,1/2). From the proof of [8, Proposition 2.9] we obtain that the map
(C; I H'/2(z;CN)Y (where ' is used to denote the anti-dual operator) is a continuous extension of C, to H~'/2(%; CN).
Moreover, using the symmetry of V and the fact that V induces a bounded multiplication operator in H'/2(Z; CN) shows
that V can also be extended to a bounded multiplication operator in H~'/2(%; CV). Therefore,

(T +VCy) t HY2(Z,CN)Y =1+ (Cz | HY2(Z;,CN)Y(V 1 HY2(Z;CN)Y (4.13)

is a continuous extension of I + C,V in H~Y/2(Z; CN). Step 2 shows that I + V5 is continuously invertible in HY/2(Z; CN)
and therefore the operator in (4.13) has the bounded inverse ((I + VC;)™' | H/2(2;CN)). Hence, one can use
interpolation to show the assertion for r € [0,1/2]; cf. [8, eq. (2.2)] and [25, Theorem B.11]. O

Proposition 4.9. Letz € C\ R, r € [0,1/2], g and V = nly + 8 be as described in (1.4) and (1.9), respectively, and d =

n* — 7% such that (1.10) is fulfilled. Moreover, let (7], 7) = tanc( \2_)(77 ),V = Iy + 76, and d = 7% — 72 fulfill (1.12). Then,
the operator I + By(z)Vq is continuously invertible in the space B'(Z). In particular, assumption (ii) of Proposition 4.7 is
fulfilled in this case.

Proof. We start by arguing that I + B,(z)V q is a bounded operator in B"(Z). Due to the representation of By(z) in (4.9) and
the text below, By(z) acts as a bounded operator in B"(Z). Moreover, V € W (Z; CN*¥) and g € L®((—1, 1); [0, 00)) imply
that Vq induces a bounded operator in B"(Z), see Section 1.1 (x). Hence, it remains to prove the bijectivity of I + By(z)Vq
in B'(2).

Let us start with the injectivity. To do so, we use the representation of By(z) given by (4.9) and assume for f € B"(Z)

(I +By@V)f =T+ T(a - »Vq)f + SC,VS*qf = 0. (4.14)

By [8,Lemma4.2(i)],I + T(« - v)Vqis continuously invertible in in the space B (Z) if cos( (@) ) e Wk (z;CNN), Note

that the structure of V' = nlIy + 78 and the rules for the Dirac matrices from (1.18) imply ((oz V) =? —1H)Iy =dIy
and therefore

CO

-~ VvV /2)2 - (A d/2)%
(&2 )V Z( 1y @ v/t (112)1)'/2) =Z(—1)J(\/—/z)

Consequently, COS(@)_1 e WL (z; CNV) since (1.10) is satisfied. Hence, we can apply (I + T(ct - v)Vq)~! to (4.14).
This yields

f+T+T(a-v)Vq)'SC,VI*qf = 0.
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Using [8, Lemma 4.2 (ii)] and defining Q(t) = f_t1 q(s)ds — %, t € [-1,1], gives us

I+ T(@- Vg 'S = cos(@)_1 exp(—i(a - V)VQ)I

and therefore

f+ COS(@)_l exp(—i(a - V)VQ)SC,VI*qf = 0. (4.15)

By applying $*q and [8, Lemma 4.3 (ii)] we obtain

S*qf + §'q cos(@)‘1 exp(—i(at - VVQ)SC,VS*qf = (I + SC,V)F*qf =0 (4.16)

Vd

M) =COS(7)IN one can show the equality

. D)W —1
with S = sinc(@)cos(@) . Similar as we showed cos(

sinc(@) = sinc(@)[ ~ and therefore

5

VS =Vtanc(—) = V. (4.17)

Moreover, Lemma 4.8 shows that —1 € p(C,V). By [28, Proposition 2.1.8], there holds o(C,V) \ {0} = p(SC,V) \ {0}.
Consequently, —1 € p(SC,V) and hence (4.16) implies F*qf = 0. This, in turn, implies according to (4.15) f = 0.

Next, we show the surjectivity of the operator I + By(2)Vq. Let g € B'(Z). We set fg = (I + T(a - V) (g + SYP),
where

Yp=—-T+C,V)C,SVqU + T(a-v)Vq)'g.
Item (iii) from [8, Lemma 4.3] yields together with (4.17)
T +By@VU +T(a- Vg 'S = IUT + C,V).
Thus, by applying I + By(z)Vq to f, and using By(z) = T(a - v) + IC,T*, see (4.9), we obtain
(I +By(2)Vq)fg = I + B2V + T(a - v)Vq)~'g + (I + Bo(2)VUI + T(a - »)Vq) ' Fp
=T +T(ax-VVq+SFC,IVU +T(a-v)Vq) g+ ST +C, V)P
=g+ SCSVql +T(a-v)Vg) g+ ST+ C, V)
= g’

which completes the proof. O

4.4 | Analysisof I + B.(2)Vq

In this section, we show that if

72
sup d(xy) < —, d=n*>-12

XZEE 4
then (i) of Proposition 4.7 is fulfilled, that is, (I + B,(z)Vq)~! is uniformly bounded in B°(Z). Combining this result with

Proposition 4.7 and Proposition 4.9 proves the norm resolvent convergence of Hy,_. To prove the uniform boundedness
of (I + B.(z)Vq)~! a careful and deep analysis of this operator is necessary. We do this by studying (I + B,(z)Vq)™! in
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the case that X is a hyperplane and # and 7 are constant in detail in Section 4.4.1. Then, we use a parameter-dependent
partition of unity in Section 4.4.2 to transfer the results to the case where = = Z¢ s = Cﬁ(lRe_l; R), x € SO(H), is a rotated
Cﬁ-graph asin(4.1)and 5,7 € Cé(Z; R). We start by introducing for € € (0, €,) with €, as in Proposition 4.6 the auxiliary
operator

B.(z) : B°(Z) - B'(®),

1 4.18
B@f 00 = [ [ 0.+ elt=9v(x) =y 909 dotr) as: o
cf. [8, eq. (3.17), eq. (3.23), and Appendix B]. According to [8, eq. (3.29)],
IB:(2) = B:(2lly_g < Ce'/*(1 + |log@)D'/?, € €(0,5,). (4.19)
Next, we transfer this operator to BO(IRe_l). To do so, we introduce the isomorphism
it LAECN) - LAROLEN), (g, N 1= fl(x, (X)), (4.20)

By transforming the integral on X to an integral on R°~! one obtains that the norm of t , and its inverse are given by

e sellr2(men)mro@e-1ony = sup (14 [V 4,
x/eRE-1

sup (1 +|VEGDIHVA

x/€eRE-1

(4.21)
”lg’_,i||L2(R9*1;CN)—>L2(E;CN) =

Note that the definition of H"(Z; CN), r € [0,2], see [25] or [8, Section 2.1], implies that t¢  also acts as an isomorphic
operator from H"(Z; CV) to H'(R®~1; CN) for r € [0, 2]. Recall that in this case t¢  can also be viewed as a bounded operator
from B"(Z) to B"(R®~1) which has the same norm as the operator acting from H"(Z; CV) to H"(R%~1; CN).

Next, we introduce for € € (0, €,) the operators

Di(z) 1= kB BRI - BORE),
(4.22)
D3(2) 1= ¢ Bo(@) ), BURE) — BRT),

The results from Proposition 4.6 and (4.19) imply that Dg “(2)is uniformly bounded in B°(R%~1) with respect to € € (0, ¢,)
and for r € (0, 1/2) the inequality
ID5(2) = DE @1 /20 = llte 1 (Bo(2) = Be(D) 5 Ll 20
< C(”Bo(z) - Bg(z)||1/2—>o + [|B(2) - Es(Z)||1/2—>0)

< C(I1Bo(2) = Be(2)l1 /20 + |1 B(2) — B.(2)llo-0)
<CeV/*T, £€(0,e),

(4.23)

holds. In particular, Dg "(2)f converges for ¢ — 0 to Dg’K(z) f in BO(R®) for f € B/2(R%1). Furthermore, B/2(R%1)
is by [20, Lemma 1.2.19] and [25, the lines above eq. (3.22)] a dense subset of B°(R%~!). Combining these considerations
with the uniform boundedness of Dg *(z) in B°(R®-1) shows that for all f € B°(R®~1)

D*(2)f » Dy*(2)f in BA(RE), ase — 0. (4.24)
Using (4.18) and (4.20), and setting

Xep =x(,8()) and  vg, =voxs, = M (4.25)

V1+|VE?
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yields for f € B°(R®1)and a.e. (t,x") € (-1,1) x R%~!

1
DY@ f (D) = / / GG (x) = X 0) + (8 — S0 CONVI T IVEONPS ()Y dy ds. (4.26)
—1 JRO-1

Another useful representation is given by

1
DI () f () = / dj(’f_s)(z)f(s)ds, feB(R, te(-1,1), (4.27)
-1

where the integral is considered as a Bochner integral and

&7 (2) 1 L(ROLCN) - LR CY),

(4.28)
¥ (D)) = / Gl = 3, 0") + B VT IVEOD PO
R6-1
for € € (—2¢,, 2¢,) \ {0}. For the interaction strengths ,7 € Cll) (Z; R), we also define the matrix-valued function
Q5% 1= Voxy, = noxe Iy +Toxs B. (4.29)
There holds Qf;:’; = zg,KVzg_}{ in the sense of operators in L2(R%~1; CN).
4.4.1 | Hyperplanes and constant interaction strengths

In this section, we assume that ¢ is a constant function having the value y, € R, that is, ¥ = %, = X, , is an affine
(6 — 1)-dimensional hyperplane in R®. We also assume in this section that the interaction strengths are constant and
given by 7,7 € R. This implies that Q%?T’K is equal to the constant matrix

Q) i=nly + 18 (4.30)

in this case. The main goal of this section is to show that for every compact set S C R? satisfying

2
T
max 7’ —12 < —
(n,0)es 4

there exists a §, = §,(S) such that

I + DY (2)Q,.) lo—o

is uniformly bounded with respect to (g, ¥y, (1, 7),x) € (0,8,) X R X S X SO(0); cf. Corollary 4.18. This result will play a
major role when we prove the uniform boundedness of (I + B.(z)Vq)~! in Section 4.4.2. To do so we proceed as follows:
We start by using the Fourier transform to transform D} (z) into a decomposable direct integral operator with frequency
dependent fiber operators, see the considerations up to (4.36). Then, up to Lemma 4.16 we find and analyze suitable approx-
imations for the fiber operators for high and low frequencies. Finally, we use these results to prove the main statements
(Proposition 4.17 and Corollary 4.18) of this section.

Before we start, let us fix some notations. In the present setting, the normal vector v is constant and given by xeg, where
eg is the Oth euclidean unit vector. Let us also mention that ¢, from Proposition 4.4 is according to [8, eq. (3.11)] given by

g = min{ 2 1 }
2 = ) ~ )
2 2||DV||L00(R6;R6><6)
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where, ¢; is chosen as below (1.2), see also [8, Proposition 2.4] and ¥ is an extension Cg of v to R?; cf. [8, the discussion
above eq. (3.5)]. Next, we argue that ¢, can be set independently of x to co. First, ; is chosen such that one can identify
Q,, via the map ¢ in (1.2) with Z X (—¢;, ;) and the eigenvalues of ¢, W(xz), x5 € Z, are sufficiently small, so that this
identification is bijective. However, in the current case, Q. = k(R X (o — €1, Y0 + £1)) can be identified with

Z X (—¢g,8) = x(RO1 x {Yo}) X (—¢€1,€1)

for arbitrary £; > 0 and the Weingarten map is zero. Thus, we can set £; independently of y, and x to co. Furthermore, as
v is constant, its constant extension is a Cé-extension of v. Hence, (2||DV|| Lw(Re.Rexe))‘l = oo and therefore e, = o0. Using
(4.26) and

xyo,x(x,) - xyo,x(y,) + E(t - S)Vyo,x(x,) = K(x, - y,’ E(t - S))a X’, y, € R@—l’ t,s € (_L 1);

shows that D} (z) has for ¢ € (0, ) and f € B°(R%!) the representation

1
D (2)f (') = / / G, (k(x’ =y, et — s))f(5)(') dy’ ds (4.31)
—1 JROE-1

fora.e. (x',t) € R%! x (—1,1), which proves that Df ¥(z) is independent of y, € R. Furthermore, (4.24) implies that also
Dé’o”{(z) isindependent of y,. Thus, w.l.0.g. we can set y, = 0. Before we state the next result, we define for convenience the
matrices @; :=a - xej, j €{1,...,6}, @ - & 1= 2?:1 @t teRlandd - ¢ = Ef: b'cjf;., ¢ € R%1. Note that @,, ..., @
satisfy the same anti-commutation relations as «, ..., ag; cf. (vi) of Section 1.1.

We start by calculating the Fourier transform of the function G,(x(:,¥)) for fixed € # 0; cf. [31, egs. (44)—(45)] for similar
considerations. Recall that F is the (6 — 1)-dimensional Fourier transform defined in Section 1.1 (xi).

Lemma 4.10. Let z € p(H), G, be the integral kernel of (H — z)~! given by (4.4)-(4.5), and € # 0. Then,

a - ()+mB+zly)

(o AN T
2/

FG,(x(-,€)) = ( + &esign(E))

22 —m2— |2

Proof. Let F, 7y, F,, and F;, be defined as in Section 1.1 (xi). First, we consider F;G,(x(-)). Since one has
G,(x(-)) € LY(RY; CNV*N) ¢ S'(RP; CN*N), see (4.4)-(4.5), the expression F;G,(x(-)) is well-defined in S'(R%; CNV*N),
Moreover, F1G,(x(-)) = F5 1PLZGZ(k(-)). Thus, we calculate 7;,G,(x(-)) next. The function G, satisfies the equa-
tion (—i(a - V) + mB — zIN)G, = 81y, with § denoting the & distribution supported in {0}. Hence, the standard rules for
the Fourier transform, see [33, Chapter IX], show

1
(2m)®

(a0 () + mB — zIN)F) ,G, = Iy in S/(RY; CNXN),

Furthermore, since G, € L'(R%; CN*N), we have by the Riemann-Lebesgue lemma 7, ,G, € Co(R% CN*N). Using the

a-E+mpB+zly 0
Tz for £ € R°. Thus,

properties of a;, j € {1,...,6}, and B yields (a - £ + m — zIy) ™" =

a- (k&) +mp +zly

(K2 + m2 — 22)\/ @)

(F12G)(x§) = £ eRY.

Since x € SO(6), we obtain

a-&E+mp+zly

(&2 + m2 — 22)\/@n)

F12G,(())(§) = (F1,G,)(x§) = EeR’. (4.32)
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Next, we determine 7 17-’1,2GZ. We claim that for a.e. (£, x5) € R® the equation

a & +mp+azly )ie'xe“vzz—mz—lf’l2 433)

\/z2 —m2 — |§/|2 24 /(271-)6—1
holds. We verify (4.33) by applying 7, and comparing the result with (4.32). Since the right-hand side of (4.33) decays

exponentially for |xg| — o0, we can use the integral representation of the Fourier transform. Hence, simple integration
gives us for & = (¢/,£&y) € R®

(Fy ' F12G(k((E xe) = (

1 a & +mB+zly .
_— / § A N+ Fpsign(xp)
Var e\ VZ—m - P
jei(=xo&a+1xg] z2—m2—|§’|2>d a-&+mp+zly
. Xgp =

2/ P e+ m2 - 2)ane

which verifies (4.33). Therefore, 7, G, (x(-)) = F; 17"1,2GZ(1<(-)) can be represented by the function

a & +mp+zly

jelxeliv/z22—m2—[¢'|2
R® 3 (¢, xp) .

24/(2m)e-1

Furthermore, since G,(x(-,%)) € L}(R%~1; CV*N) for € # 0, this shows that for £ # 0 and &’ € R, there holds

FG,(x(-,))(¢') = G, (x(x', E))e 1<) dx!

o=
= F1G.(x())(¢'.©)
(a’-§’+m/3+z1N jelAiVz2—m =g |2

= O

Proposition 4.11. Letz € p(H), € > 0, and F be the (6 — 1)-dimensional Fourier transform defined in Section 1.1 (xi). Then,
there holds for f € BY(R°~1)

+ &esign(’é)>

22 —m?—|E)2

FDYX )P f(0)(E) = /

-1

1(&’-§’+mﬁ+zIN

+ Tgsign(t — s)
VZZ—m2 = |E2

(4.34)
jelet=9)liv/z2—m2—[E2 ,
. 3 f(s)(E)ds
and
1 /=1 g1 i /
FDY* ()P f()(E) = / (‘x f +W21’6 T;I';V +&esign(t—s)>w ds (4.35)
-1\ Vz2—-m2—|¢

for a.e (t,&") € (—1,1) x R%"1. In particular, the operators D?’K(z) and DS’K(Z) depend continuously on x € SO(6) with
respect to the operator norm.

Proof. We start with the case € > 0. Equation (4.31) shows

1
DY (2)f (1) =/ G (x(-,&(t — ) = f(s)ds
-1

85U80|7 SUOWWIOD 3A a1 (el (dde aL Aq peusencb afe sejonie VO @sn Jo sa|nJ Joj A%eiq1T8uljuO A8 |1 UO (SUOIIPUOD-pUR-SWLRIAL0D A8 |1 AeJq Ul UO//:SANY) SUORIPUOD PUe SWwe 1 843 89S *[9202/0/90] U0 Ariqiaulluo A8|iM ‘(-oul eAnge ) aqnopesy Aq G800/ BUeW/Z00T OT/I0p/L0D A8 |im Areiq Ul |uo//:Sdny woly pepeojumod ‘v ‘9202 ‘919222ST



, MATHEMATISCHE
BEHRNDT ET AL NACHRICHTEN 737

for a.e. t € (—1,1) and all f € B(R®1). Thus, Lemma 4.10 and [33, Theorem IX.4] prove the statement for € > 0. It
remains to consider the operator Dg’K(z). We start by defining

DJ*(z) : BA(@RO) —» BORO)

1L/~ s
DY @rE) = | (“ S mp o sign( - s)) TOXED 4
A\ Vz2—-m

Next, let f € B°(R%1). Using (4.34) and dominated convergence, see [20, Proposition 1.2.5], one obtains that
FDY (z)F~! f converges for € — 0 to 58"‘(2) f in B°(R%1). Thus, the boundedness of 7 and 7~! in L2(R°~1;CV) (and
therefore also in B°(R9~1); cf. Section 1.1 (x)) implies that DY*(z)f converges to T’_lﬁg”‘(z)f’ f in B°(R®1). Moreover, by
(4.24) DY (z)f converges to Dg’K(z) f in B°(R%-1). Hence, Dg’K(z) f= F‘lﬁg’K(z)F f which proves (4.35).

It remains to verify the continuous dependence on k. Taking the definition of &, ..., &g, see the text before Lemma 4.10,
and Dg "(z) and DS’K(Z) in (4.34) and (4.35), respectively, into account, one sees that all terms that depend on x can be
taken out of the integrals. This implies the claimed continuity. O

The structure of FDS’K(Z)F_l and 7-’D8’K(z)7-’_1 inspires us to change our viewpoint. Namely, instead of viewing theses
operators in B°(R%~1) we consider them as operators in the isometrically isomorphic space L>(R%~1; L2((—1,1); C)). In

[34, Chapter XII1.16] and generally in the context of direct integrals the notation /R“;_l L?((~1,1); CN) d¢&’ for this space

is also common. Considered as operators acting in this space FDS’K(Z)F_l and 7"D8"‘(z)7’-“1 are decomposable direct
integral operators with fibers which are defined for ¢ > 0, ¢’ € R%~!, and z € p(H) by

D, r(2) 1 L*((-1,1);CY) - L*((-1,1);CN),
] Y vmBrzly
Do (2)f (1) 1= /_1< N + Qgsign(t —s) (4.36)

jele(t=9)li/z2—m2—|E"|2
2

f(s)ds.

Remark 4.12. These operators still depend on the rotation matrix ¥ € SO(8) since @j, ..., @y depend on x. However, since
we use these operators only as auxiliary operators in this section, we omit x.

Next, we explain the ideas described before (4.36) in a more rigorous way. Using
BY (R = L2((~1,1); L*(R°~1;CV))
= L2((-1,1) x ROHCY) = LR L2((-1,1);€Y)),
see [20, Corollary 1.2.23 and Proposition 1.2.24], allows us to define the isometric isomorphism
i1 BUR) - LR L((-1,1);,€Y)),
if(EN) = Ff()(E) forae. (£,1) € R~ x (~1,1).

Thus, by Proposition 4.11 and (4.36), we obtain for € > 0 that

D)™ 1 LR L2((-1,1);€Y)) » LR L2((-1,1);€V))

acts for f € L2(R®~1; L2((~1,1); CV)) and fixed ¢’ € R%! as D, ¢1(2)f(&'), that s, iDY*(z)i~! is a direct integral operator
which can be decomposed in the fiber operators D, (2); cf. [34, Chapter XIII.16].

Now, we use the theory of direct integrals in order to transfer results regarding D, ¢/(z) to DE0 *(z) and vice versa. We
formulate this in the upcoming lemma which follows from [34, Theorem XIII1.83 and Theorem XIII1.84]. There, we denote
by L(L*((—1,1); CM)) the space of all bounded operators in L*((—1,1); CN).
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Lemma 4.13. Let M € L*°(R%1; £(L*((—1,1); CN))) and M be defined by
M : B (RO - BU(RO),  iMiTlf(E) 1= MEDSFED.
Then,

IMllo~o = 1Ml oo me-1,(22((-1.1):cNy)) = €88 SUPgr cgo1 IIMEL2¢(—1,1:M)—L2((~1,1):0M)

and the operator M is continuously invertible if and only if I is continuously invertible a.e. and the inequality
19| oo (mé-1:2(12((=1.1):CNY)) < 00 holds. Furthermore, in this case |M~lo—o = |9 | Loo(me-1.2(12((=1.1:CNY)-

Next, we study the operator D, ¢(z) in detail. For this purpose, we introduce for p € (0, o) and w’ € RO~ with |w’'| = 1
the auxiliary operator

Sjp,w’ : LZ((_l’ 1)’ CN) d LZ((_19 1)5 CN)

1 —plt—s|
(9,0 () :=/ (a' ~w' + i@gsign(t —s))e p2 f(s)ds.

-1

It is not difficult to check that §, ./ is a self-adjoint Hilbert-Schmidt operator.

Lemma 4.14. Lete > 0, &' € RO\ {0}, and z € p(H). Then, there exists a constant C; > 0 which only depends on m and
z such that

”gs,f’(z) - go’g,(Z)“L2((—1,1);CN)—>L2((—1,1);CN) S C1€(1 + |§,|)’

Cy
1Dee(@) = Bigne el ayem-ra-nmen < T

Proof. In this proof C > 0 denotes a constant which may change in between lines, but only depends on m and z. We start
by estimating the kernel of the integral operator D ¢/(z) — D ¢/(2). It is easy to see that we can estimate this kernel by

C|1 — eflt=sliva2=m=IE2) < Cet — s|\/|22 — m2 — | €72
< Ce(1+|&')).
With this estimate, one finds a constant C; which only depends on m and z such that
”gE,g,(z) - go’gl(Z)”LZ((—1,1);CN)—>L2((—1,1);CN) S Clg(l + |§/|)‘

Next, we estimate the kernel of D, ¢/(2) — 9)¢/(c.¢7/127 by

| gmeli=siie'] _ gelt—slivmmT\ (& . 5 4 % ision(t
3 (e e ) a |§,|+a9151gn(t 5)

! ile!
+ l Elt=sliv/z2—m2—|¢'|2 <a/ . §_> 1-— el 4.37)
2 €] V22 —m2 =€ '
+ l eslt—sli\/zz—m2—|§’|2 mﬁ +zly ‘
2 VZ—m - iET]
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The first term in (4.37) can be estimated for |t — s| < 1 by

Cle—elt=slg'l _ gelt=slivz2—m2—|¢’|?

< Celt = s1|I§'] + iz —m2 = &'

22 — m?|
||§'|—zvz2 m? = &P
C

S—a

L+ €]

where we used z € p(H) = C \ ((—o0, —|m|] U [|m|, )) and Im \/E > 0forw € C\ [0, o). For ¢|t — s| > 1, we get

| e—elt=slIE’] _ pelt=sliy/z2—m>— |§'|2| < Ce 'l 4 e~ tmVz2-m>—[E%) < — I§’

Similarly as we estimated the first term in the case |t — 5| < 1, the second term in (4.37) can be estimated by

C'l g |22 —m?|
N NN e N
c c
< < .
A+1§'D* ~ 1+1¢
One also sees that the third term in (4.37) is smaller than —— 1+|§ for sufficiently large C. Summing up, we have that the
kernel of D, ¢(z) — 9¢/|c.¢7//¢7| can be bounded by % and therefore if C; is chosen sufficiently large, then
D <G
I g,gf(Z) - $|§'|s,§//|§’| ”L2((—1,1);@”)—>L2((—1,1);CN) =1+ |§,| . M

Lemma 4.15. Let p > 0, w' € R~ with |w'| = 1, and q be as in (1.4). Then, (/a9 /D) C [-2/7,2/7].

Proof. To shorten notation we set &, := &’ - w’ + icg. Then, one has for f € L?((—1,1); CN)

t

1
Do f(1) = % / ePli=slg_ f(s)ds+% / ePlt=sIg, f(s)ds.
t

-1

Using the anti-commutation rules for @ - w’ and &, and (& - w')? = &g = Iy, see the definition of @, ..., @y before
Lemma 4.10 and (vi) in Section 1.1, shows that ran @, L ran &@_. Hence, as q > 0, we have for f € L*((—1,1);CV)

dt

1 2
/ e PI=slg_A/q(s)f(s)ds

t

1
1
”\/a'g)p,w’ \/af”iz«_l,l);@N) = Z/ Q(t)
-1

(4.38)
dr.

1 t 2
+3/ 40| [ P mVarwas

We start by estimating the first term on the right-hand side. To do so, we assume that Q is the primitive function of g

such that Q(1) = 0 and therefore by f_11 q(s)ds = 1, Q(—1) = —1. Applying the Cauchy-Schwarz inequality and Fubini’s
theorem yields

1 1 9
%/1(1([)'/ e PI=sIg_\/q(s)f(s)ds| dt
cos( Q(S) 2
%/ ————P"la_vq(s)f(s)ds| dt
cos Q(s)
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e tox b
= - d —a_ 2ds|d
</ 1q<t>< /| cos(G0)aw s> / oy O |4

=—/ —sin( (t) (t)/ ( Q( ) —————|&@_f(s)|*ds|dt

1

—_— L s_ . z ; _ 2
o) (/_1 Sm(zQ(I))q(t)dt>COS(%Q(S))|oc_f(s)| ds

1
- %/_1 G@_f(s)] ds.

The same trick with Q + 1 instead of Q yields that the second term of the right-hand side of Equation (4.38) can be
estimated by iz / 11 |&,. f(s)|? ds. Using these estimates and ran @, L ran @_ gives us
.

IVED 5 VAL sy o) < / &S + &, f(5)P ds
1
- % /_1 @ +&)f(s)ds
1
= 5 | @ )ik

4 2
= F”f”LZ((—l,l);CN)‘
Since 9, is self-adjoint in L*((—1,1); CV), we obtain o(1/q 9w /@) C [-2/7,2/7]. O

Having studied the spectrum of \/Ebp’w/ \/_ , we employ this knowledge to study the bounded invertibility of the
operator I + $,,/Q, -q. Recall that Q, . = nly + 7 forn,7 € R.

Lemma 4.16. Letp > 0, w’ € R with [w'| =1, 7,7 €R, Q,, =nly + 18, d =n> - 17,

X odxo,
c(d) ;=< 7
0, d<0,

2
and g beasin (1.4).Ifd < %, thenI + 9, . Qy .q is continuously invertible in L?((~1,1); CN) and the norm of the inverse is
bounded by the constant

L+ (Ipl + 17D

Cy = Co(0,7) 1= 4llqll oo 1.1y (Ml + ITDW +1 (4.39)

Proof. Using $,.,/Qy: = Qp_:Dpw and Q, _.Q, . = dly, which follows from the anti-commutation relations for
oy, ..., &g, discussed before Lemma 4.10, and §3, gives us

I- d(\/—gp w’ \/—)2 (I - \/—g)p w’ Qn 1\/—)(1 + \/_bp w’Qn T \/_)
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2
If d < %, then Lemma 4.15 implies 1 € p(d(1/q9,w 1/q)?) and therefore the operator I+ 1/q$,./Qy;4/q is also

continuously invertible in L?((—1,1); C) and
1T + VaDp.w Qne VO™l 21.ay0m)- 20— 1.17:0v)
”(I - d(\/abp,w’ \/6)2)_1(1 - \/abp,w’QmT \/a)||L2((—1,1);CN)—>L2((—1,1);CN)

L+l + 122
1—c(d)

Moreover, (I + 5. Qy )" =1 — 95w Q. /AT + /395, Qy.c1/@) " 1/q and hence

1T + 9.7 Qe D™l 21,1709y 221170
= ||55p,w’Qn,T \/E(I + \/asjp,w’Qn,f \/a)_l\/a - I||L2((—1,1);CN)—»LZ((—l,l);CN)

2
L+ (inl +1eD)2
< ||q||Loo((_1,1))(|77| + |T|)”S’jp’wl”LZ((—l,l);CN)—»LZ((—l,l);CN)1_—0(d) +1

2
L+ (9] + 172

< 4qll; +t)—————— +1,
<4iqll, ((_1’1))(|7)| Iz]) A —cd)r
where we used Lemma 4.15 (for the constant function g = 1/2) to estimate the term ||, . || L((L1):CN ) L2(L1):CN) by
4/m.
In the last part of Section 4.4.1, we use our findings to prove norm estimates for the operator (I + D? ’K(z)Q,)’Tq)‘l.
2
Proposition 4.17. Letz € C\ R, x € SO(0), n,t € R such thatd = 772 -2 < %, and q be as in (1.4). Moreover, let
C; = C3(n,7,%) 1= 2max{C,, ||(I + Dg’K(Z)Qr;,TQ)_IHO—m}, (4.40)
with C, = C,(n,7) asin (4.39), and
51 = 51(775 T’ K) = (C3C1(|77| + |T|)”q”Loo((_1’1)))_2’ (441)

with Cy from Lemma 4.14. Then,

sup (| + D (2)Q, )7
56(0,51)

< .
000 SC3 <0

2
Proof. We claim that C; < . Since d < HT, the constant C, from (4.39) is finite. Thus, it suffices to show the estimate

I+ Dg’K(z)Q,),Tq)_1 llowo < oo in order to proof the claim C; < 0.
Applying Proposition 4.9 (for V' = Q, . = nl, + 78 = const. and r = 0) shows thatI + B,(z)Q,) .q is continuously invert-

2
ible in BO(ZO’K). Let us shortly explain why Proposition 4.9 is indeed applicable. The inequality d < % implies that

d # (2k +1)’7%, k€ N,, and therefore (1.10) is fulfilled. In the same way as in Proposition 4.9, we set

#7,7) = tanc(@)(n,f). Then, d =72 -7% = 4tan(@) < 4, that is, d fulfils (1.12). Hence, the assumptions of Propo-
sition 4.9 are satisfied and its application is justified. Together with (4.21) and (4.22), this implies that the operator

I+ Dg’K(z)Qn’,q = 19.(I + By(2)Q, - q)t; . is continuously invertible in B°(R®~1), which proves

I + DY (2)Q, @) oo < co.

Hence, C3 < 0.
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According to Lemma 4.14, we have

||®E’§,(Z)Q,;,Tq - $|§’|€,§’/|5'|Q7)’Tq||L2((—1,1);CN)—>L2((—1,1);CN)

-1/2
i+l 8

=l T oe T Ga e

for £’ € R°~1\ {0} and all £ > 0. Hence, if we choose R : = 51_1/2 — 1, then the choices of C3, §; and R, and Lemma 4.16
yield for0 # |&'| > Rande > 0

5712
-1 1
1T+ Dz1e.6 /161 Qe D™ (Ve (2)Qy 2 — Sj|§’|&§’/|§’|Q’?yfq)||LZ((—1,1);CN)—>L2((—1,1);CN) =G C;(1+R)
-1/2
G o
2 e
_1
=5

In particular,

Peo =T+ T+ e )11Qn @) (De 1 (2)Qy 20 — Dyt ez /1271 Qnc D)

is continuously invertible in L?((—1,1); CV) and the norm of its inverse can be bounded by 2 for 0 # |£/| > R and ¢ > 0.
This implies that also

I+ @5,5’(Z)Q7;,rq =+ glg’|£,§’/|§’|Qn,rq)§n£,§’

is continuously invertible in L?((—1,1); C") and by Lemma 4.16 the corresponding norm estimate

U + D (@@ 2y 10y 2y

—_ |Isg-1 -1

= ||§I}£,§’(I + 91er1e.e/181 Q) ”L2((—1,1);CN)—>L2((—1,1);CN) (4.42)
<20,

<c,
is valid for 0 # |£’| > Rand ¢ > 0.

Having found an estimate for 0 # |&’| > R, we aim to find a similar estimate for 0 # |&’| < R. Again, according to
Lemma 4.14, we have for ¢/ € R%~1\ {0} and £ > 0

“ ge,f’ (Z)Qy]"[q - go,g/(z)Qn,Tq||LZ((_I,1);CN)_)L2((_1,1);CN)

<C 8 a+ g
= lllq”Loo((_l,l))(lnl + |tDe( + |€']) = EC—3'

Moreover, Lemma 4.13 (with I(E) = I + D £/(2)Q, g for &' € R®1) and (4.40) imply

ess SUPs o1 1L + Do (2)Q @)~ 2 1,1)0M)— L2((-1,1:0M)

C
=l + Dy (2)Q5,r) Moo < 5
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-1/2

Hence,as1+R =6 , we can estimate similarly as in the first part of the proof for € € (0, §,)

1

€55 8P eI + De /(D Qe® ™ oy 102ty

-1
€ss Sup|§/|5R” [I + (I + go,g/(z)Qn,rqu (gs,é”(z)Qr),z’q - go,gf(Z)Qn,TQ)]

(I + g0,§"(Z)Q;7,Tq)_1||Lz((_LD;CN)_,Lz((_l’l);q:N)

. 1 Cs (4.43)
B |G V2q4p) 2
1 C
= = . 73 = C3.
1-— G
2 Gy

Combining (4.42) and (4.43), and applying Lemma 4.13 gives us

0, -
I + D K(Z)Qn,rq) 1”0_>0
= max {ess sup|z/ 55 ll( + fbg,gl(z)Qn,rq)_l||Lz((_LD;CN)_,LZ((_LD;CN),
-1
€8S Sup|§’ |<R ”(I + gs,gf(Z)Qn,TQ) “LZ((—I,1);CN)—>L2((—1,1);CN)}

<C

for e € (0, 87). O

2
Corollary 4.18. Letz € C\ R, q be as in (1.4), S C R? be compact and max, r)es n* — 7° < %. Then, there exists a §, =
8,(S) > 0 such that

sup 1T+ D" (2)Q e, < o0
(€,90,(1,7),%)€(0,8,)XRXSXSO(B)

Proof. Since D!"*(z) = DS’K(Z), see the text below (4.31), the assertion follows directly from Proposition 4.17 if we can
show

sup Ci;(n,7,%) < 00 and

in 6:(n,7,x) >0,
((9,7),K)ESXSO(B) ((,7),x)ESXSO(6)

with C; and &; as in Proposition 4.17. Note also that as S is bounded the first inequality and (4.41) imply the second
2
inequality in the last displayed formula. Moreover, the assumption max, )es -1’ < ﬂT implies max, -es C2(1,7) <

o0, where C, was defined in (4.39). Hence, it follows from (4.40) that the inequality SUP () £) 1)€5xS0(0) C3(n,7,%) < 0 is
fulfilled if

sup | + DY (2)Qy )M lo—o < oo (4.44)
((,7),K)eSXS0(6)

Obviously, the operator Dg’K(z)qu depends continuously on 7, T with respect to the operator norm in B°(R%1).
According to Proposition 4.11 Dg’K(z)Qn,rq depends also continuously on x with respect to the operator norm. More-

over, Proposition 4.17 gives us that the operator I + Dg"‘(z)Qn,Tq is continuously invertible in B(R%1) for ((,7),x) €
S X SO(6). Thus, as S X SO() is compact, (4.44) is indeed true. O
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4.42 | Zisarotated C;-graph

After treating the case of affine hyperplanes, we turn to the case where X is a rotated Ci-graph as in (4.1), that is, there
exist ¢ € CR(R®™!;R) and x € SO(R?) such that

T=3, =k, {(X) X € RO,

Moreover, recall that x; ,(x") = x(x",{(x")) and v, (x") = v(x¢ (X)), X € RE-1, see (4.25). According to [8, Proposi-
tion A.2 (i), first line of the proof of Proposition 2.4, and eq. (3.11)], there exists a C, = C4(Z) > 0 such that for all
x',y' € R% 1 and 7 € (—2¢,,2¢,)

CHUX" = Y1+ [E]) < g () = x¢ (1) + 8 1 (X)) < Ca(lx” = Y| + [D), (4.45)

with €, > 0 chosen as in Proposition 4.6. We are going to prove the uniform boundedness of (I + B.(z)Vq)~! in B°(Z)
with respect to € € (0, £3) for a suitable ¢5 € (0, ;). It follows from (4.19), (4.21), (4.22), and (4.29) that this is equivalent to

proving the uniform boundedness of (I + Dg ’K(Z)Qg::q)_l =1z, (I + Eg(z)Vq)‘llg‘}c.

We start by analyzing Dg "(2) locally. To do so we need to introduce further notations. For x{) € R, we define
S () 1= S + (VS x = xp), xR (4.46)

Moreover, we define the localization parameter a, : = ¢!/®fore € (0, ¢,). Next, we introduce a family of auxiliary operators.
For this, we choose a C®-function w with 0 < w <1, = 1 on R~! \ B(0,1) and w = 0 on B(0, 1/2). We use this function
to cut out the singular part of the integral kernel of Dg *(2); cf. (4.26). More precisely, in analogy with (4.27) and (4.28), we
define for ¢ € (0,¢,) and € € (—2¢,, 2¢,) \ {0} the operators

egf(z) s L2(R91;CN) > L2(RO-1; CN),

- (4.47)
e(2)g(x") 1= / G (x¢ (X)) —Xg,x(y’)+'5Vg,K(X’))w(xay JV1+VEONI128() dy’,
RO-1 €
and
1
E(2) : BROY) - BRTY,  E(f(1) = / e @Df)ds. (4.48)
-1

We start by proving preliminary results for e.?s (z) and dg’x(z). Afterwards, we transfer these results to E.(z) and Dg *(2)

in Proposition 4.24. For the estimates regarding e? (z) and dg”‘(z), the following lemma turns out to be useful.

Lemma 4.19. Let z € p(H) and G, be defined by (4.4)-(4.5). Then, there exist C5 = C5(z,m) > 0 and C¢ = C¢(z,m) > 0
such that for all x € R® \ {0}and j € {1, ...,6}

|G, (x)] < Cs|x|'~FeColxl,

(4.49)
19;G,(x)| < Cs|x|%e=Colxl,
In particular, there holds for all x',y' € R%, j € {1,...,0}, and € € (—2¢,, 2¢,)
_C6 15—yt
|G, (e o (X') = Xz (V) + e (X)) < CsCf‘l(IX’ — Y|+ )% < by l,
) (4.50)
—6|x’

— 5 - -
10,G,(x¢ e (x) = X¢ (b)) + Tvg (X)) < C5CE(Ix" — y'| + [E])Fe :
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Proof. Rough estimations and asymptotic expansions of the modified Bessel functions K; and K, see [27, §10.25 (ii) and
section 10.30 (i)] and [8, eq. (B.8)], lead to

1G,(x)] < C(1 + [x]'=8)e~TmVz2-m2Ix|
and
la]GZ(x)l <Cl+ |x|—9)e—1m\/22—7|x|

for all x € R% \ {0} and j € {1, ..., 6}, where C = C(m, z) > 0 is a constant which only depends on m and z. Thus, (4.49)
is valid if one chooses C¢ € (0,ImV/z2 — m2) and

-l
Cs = sup i l)j e=(m Vm2=22-Co)lx| ¢ o
xerO\jo}leto-1,6 ¥l
Furthermore, combining these estimates with (4.45) implies (4.50). O

Lemma 4.20. Let z € p(H), € € (0,5,), a, = '/%, and & € (—2¢,,2¢,) \ {0}. Then, the operator e.?s(z) acts as a bounded
operator from L>(R%~1; CN) to H'(R~1;CN) and

1 + [log(e)l

Qe
“eg (Z)||L2(R9*1;CN)—>H1(R9’1;CN) - a,

where C > 0 does not depend on € and €. Moreover, for f € L>(R°~1; CN) the mapping
(—265,26)) \ {0} 2T~ e*(2)f € H'(R®!; CN)

is continuous.

Proof. We aim to prove the assertion by applying Lemma A.1. To do so, it is necessary to find suitable estimates for the
integral kernel of e,gs (z), which is for x’,y" € R~ given by

K, ') = 6ot ) = Xg.0) + (6 eo (2 VI IVE BT

We notice as G, € C®(R? \ {0}; CV*N), ¢ e Ci(lRe_l; R),andw € C;)’"(Re_l; R) and as w cuts out the singularity of G,, we
have k € C;(IRQ_1 x R®~1; CNXN), Furthermore, using (4.50),0 < w < 1, supp w € R®~1\ B(0,1/2)and ¢ € C;(Re_l; R)
immediately gives us for x’ # y’ € R%!

!/

! ! /
|k(x/7y/)| < CXRs—l\B(O,l/Z)(%)Ox, —yl| + |‘£—'|)1—9e—c|x -l

Xy 111-6 ,—c|x’—y’
< Cxre-1\p0,1/2) ; )Ix" =y |1 feel Y,
€

where ¢ = % with C, > 0 from (4.45) and Cy from Lemma 4.19. Next, we estimate the derivatives with respect to x’ of k.
4

The derivative with respect to xl’ ,1e{l,..6 -1}, isgiven for for x’ £y’ € RE-1 by

0

k) =Y <<a Gk w(x) = X (V) + v (X))

j=1

da
dx;

L e GO + T D (222 ) VI T |V§(y')|2>

dxl’ ag

+ G o) = () 4 B o)) - Gr) (2 ) VT + [VEONP,

a
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where v[ j] denotes the jth component of a vector v. Applying (4.50), the properties of w and ¢ again, we can estimate for
x/ + y/ e RE-1
d kG-l < ¢ X'y ’ ’ -0 ,—c|x'=)'|
d_xl’ x| < XR9—1\3(0,1/2)(a—E) (Ix" =y'| +[eD)"e

1
(% = Y|+ B! e )
€

o B 1 B e
SCXRefl\B(o,uz)(u)(W—J"I 9+a—IX'—y’I1 9>e elx'=yl,
€

aE
. o ! _ 1 o\ —clz’ _
Thus, if we set k(z') := C}(RS—I\B(O’l/z)(z—E)<|Z,| o+ a—glz’l1 e)e clz’l for z/ € R%~1 \ {0}, we get
61
lk(x", "), Z|Hk(x’,y’)( <k(x'—y"), x'#y eR%L
=1 4%

Hence, by Lemma A.1 the map egaf (2) acts as a bounded operator from L2(R°~1; CN) to H'(R®~1;CV) and

lle* )l < Cllkll g1 ey

L2(R6-1;,CN)—H1(RE-1;,CN)

Now, the norm estimate in the assertion follows from

- / 1 ,
Ikl 1 me-1y) = C/ Xre-1\8(0,1/2)( =) (lzll_6 + —IZ'|1_6>€_C|Z ldz’
R6-1 ae aE

« 1
< C/ <r‘9 + —r1‘9>e‘”re‘2 dr
a./2 ae

Sc<l+1+llog(a5)|>SCHILog(e)I.
€

a. ac

(4.51)

Finally, we prove the continuity. To do so, let € € (—2¢,, 2¢,) \ {0} and (g,,),cn be such that €, € (—2¢,, 2¢,) \ {0} for

all ne N and g, = Using the dominated convergence theorem and (4.51) shows that for f € L2(R%1;CN) egg f

and 61e§5 f,1e{l1,..,6 —1}, converge pointwise to egs f and 61e§5 f,1e{l,...,0 — 1}, respectively. Furthermore, (4.51)
shows that |e§5 fl and |ale§5 fl,1e{l,...,6 — 1}, are independently of n € N pointwise bounded by the function |f| k,

which is by Young’s inequality square integrable as f € L2(R%1;CN) and k € L'(R°~!). Hence, applying the dominated

convergence theorem again shows that eg‘E f converges to e.gf fin HY(R®~1;CM).
n

Lemma 4.21. Letz € p(H), ¥ € C;(Re_l), x, € RO, {x(/) be as in (4.46), and € € (—2¢,,2¢,) \ {0}. Then,

$r ok
”[dg 0 (Z)s¢]”Lz(Re—l;CN)_,Hl(Re—l;CN) < C”z'b”W},o(R@*l)(l + |log [€]D),
where C > 0 does not depend on € # 0 and x|, € R®~L. Moreover, for f € L*(R%'; CN), the mapping

$ut K

(—2¢5,26,) \ {0} 3 &> [d_

€

(2),91f € H'R*;CM)

is continuous.

O
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$r ok
Proof. We prove this result in the same vein as the previous lemma, that is, we estimate the integral kernel of [d,g ° (2),¥]

and its partial derivatives, and apply Lemma A.1. The integral kernel of [dix‘,)’x(z), ] is given for x’,y’ € R%~1 by
KCy) 1= o, () =, o0) + B, D1+ IVEG ODPRGN) = 9.
Using
X, k() = 16!, )+ (VEGx). X = X)),

®(=V¢(xp), 1)

V1+ IV

Ve (x) = VE(xp)

V{x(/),K(xl) = = V{,K(x:))’ (4.52)

for x’ € R®~! shows that k can be simplified to

k(x',y") = G,(e(x" =y, (VE(x(), X" = y')) + &g ()1 + VSRR O) — $(x").
Moreover, with (4.52), x € SO(0), and the Pythagorean theorem, one gets
(' = ¥ (TEC), X = YD) + B (e = 3 = Y P+ (V) X! =) +
<X = Y PA+ VSR, o1 o) + B
In particular, we can choose Cz’1 > 0 which does not depend on x(’) and ¢ such that
CP7x" =y + 8D < e =y (VEGep), X' = ') + Evg ()

< Cx" =y + [ED.

(4.53)

Then, (4.49), (4.53), the Lipschitz continuity of € C}(R%") and ¢ € CZ(R®;R) yield
k(x', ¥ < CUx" =y + B 0e W gl oy X = V|
< CllPllyr o1y (X" = [+ [ED? eV, e RO,
wherec’ = % with C¢ from Lemma 4.19 and C > 0isindependent of x(’) and €. The derivative with respect to xl’ ,x' e RO

of k is given lgy

)
%k(X’, y)= (Z(asz)(K(X’ =V VS0, X' = ¥") + Eve (X)) (xe(e], G, NI — (x))
! j=1

— G, (k(x! =y (VE), X —y') +‘s‘v;,x(xg)><al¢>(x'>> V1+ VDR,

where e/ denotes the Ith Euclidean unit vector in R%! and (x(e], 8§ (x)))LJj] denotes the jth entry of the vector
x(e;, 8¢ (x})). Using (4.49), (4.53), the Lipschitz continuity of » € C}(R°™1), and ¢ € C}(R"; R) again gives us

d
Y| < Iy ooy (6 =1+ e I =y |4 (1 = |+ 1) 0"
l

< C”¢||W;O(R@—1)(|x, _yll + |E'|)1—Qe_cl|xl_y/|
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for all x’,y’ € R, where C > 0 can again be chosen independently of x(’) and Z. Setting for z/ € R%~!

k@) 1= Clplly o ((2'] + D0 + (2] + [E)' eI

leads to
0-1 d
kG YD1 |k 0| <K =y, oy e RO
=1 4%
Now, Lemma A.1 shows

ES ~
[|[d° (Z)’lP]||Lz(Re—l;chHl(Re—l;cN)SC/ k(z')dz'

R6-1

= C”‘Qb”W;’(RG—l)/ ((V + |’g])2—9 +(r+ |’g’|)1—9)e—c’rr6—2 dr
0

6]
< CIIIPIleo(R@—l)/ (14 ¢+ [E))edr
0
< Clglly ge-1)(1 + [log [E1D).

The assertion regarding the continuity can be proven in a similar way as in Lemma 4.20. O

Lemma 4.22. Let z € p(H), x6 eR%L ¢ e Ci(Re_l; R) be as described at the beginning of Section 4.4.2, §x6 be as in

(4.46), € € (0,8,), a, = €'/°, and & € (—2¢,, 2¢,) \ {0}. Then, there exists a 85 = 85(¢) € (0,¢,) such that forall € € (0, 55) the
inequality

< Ca,(1 + [log &)

$orx
$x *o
”XB(XG'“’E)(d? (@) -4 (Z)>XB("5'3”5) L2(RO-L,CN ) [2(RE-1,CN)

holds, where C > 0 does not depend on ¢, €, and x().

Proof. We prove this statement by estimating the integral kernel of the operator

Cx ey o
)(B(x(’),ag) dg (z) — dg (Z)>XB(x('),ag)
and applying Lemma A.1. The mentioned integral kernel is given for x’,y’ € R°~! by

k(x,’ Y') L= XB(x('),3aE)(x,)(Gz(xé',x(x,) - X;,x(yl) + EV{,K(x,)) 1+ |V§(}7’)|2

=G, (k(x" =y (VE(xp), X' = ¥')) + v (X)) /1 + |V§(xg)|2>)(3(x(,,3as)(y')-

Ifx' & B(x;,3a.) ory’ ¢& B(x,,3a,), then k(x’,y") = 0. Thus, we assume from now on x’, " € B(x{, 3a,). Using the mean
value theorem for matrix-valued functions, cf. [8, Lemma A.1], (4.49),and ¢ € Cg(lRe‘l; R), we find

k(I <VE  sup  18,G.(w)VI + VGNP [wy — wpl

vel0,1],j€{1,...6}

Go(wo)(VI+IVEONE = /14 1V¢E)P)| (4.54)

< sup fwy|=¥lwy = wol + lwol*Clx) — 1)
ve[0,1]

+
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with

wy = 00 (X)) = X¢ (V) + B 1 (X)) + (1 = 0)(e(x" = ¥/, (VECxep), x" = y')) + Eve (X))

for v € [0,1]. Note that the mean value theorem is applicable since w, # 0 for v € [0, 1], see (4.56) below. Next, we want
to estimate

[wy = wol = 1xg, (X)) = X¢ (V) + TV, (X)) = 21X = ¥, (VE(xp), X = ")) = Eve 1 (xp)
= Jre(x" = ¥, (") = $()) — k(X" = ¥, (VE(xg), X' = ¥")) + B (X)) = v 1 (X))
= [k(0,$(x") = SO = (VE(xp), x' = ")) + g 1o (X)) = ve (X))
As¢ e Cﬁ(Re‘l; R) and x € SO(B), there exists a K = K(¢) > 0 such that

K(=V{(x) 1) k(=V¢(x)),1)
VI+ VNP \/1 + V¢

[Ve (X)) = v s ()| = <K|x' —x)| < 3Ka,

and

(0, (x") = SO = (VE(xp), X" =y NI = 1§ (") = SO = (VE(xp), X' = y")]

1
/ (VW 410 = y)) = Ve — ) dt\
0

1
<k| [ 16 =)+ =007 =3l -yl
0
< 3Ka.|x' -y,
where we used x',y’ € B(x(’), 3a,). Hence, if §3 = §5(¢) € (0, &,) is chosen sufficiently small, then for all a, € (0, 5;/ 6) the
inequality
1
lwy —wol| < K3a.(|x" —y'| +[E]) < 2—C4(|x' =Y+ e (4.55)
holds with C4 > 0 from (4.45). Therefore, we can use (4.45) to estimate |w,|, v € [0, 1], from below by
lwy| = [vw; + (1 —vV)wy| = |w; + (1 —V)(Wy —wy)| > |w;| — [w; — wyl
(4.56)

i ) _ L ) _ L )
> C4(Ix Y+ 1ED 2C4(Ix Y+ e = 2C4(Ix V' + [ED.
Thus, plugging (4.55) and (4.56) into (4.54) yields for a, = £'/° with € € (0, 85)

0, ifx’ & B(x!,3a.)ory’ & B(x’,3a,),
Ik(x’,y’)l < o ¢ ( 0 s) y ¢ ( 0 E)
Ca.(Ix" = y'| + [ED'°, else.

Applying Lemma A.1 yields
5 S
||XB(x(’),3aE) dg (2) - dg (2) XB(x6,3aE)||L2([R6—1;CN)_,LZ(RS—I;CN)

<ca, / (2] + [E)0 dz’
B(0,6a.)
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6a,
< CaE/ (r + D' 0rf24dr
0

6a,
< Cag/ (r+ gD~ tar
0
< Ca.(1 + [log [€]]). O

Corollary 4.23. Let z € p(H), x(’) eR ¢ e Ci(Re_l; R) be as described at the beginning of Section 4.4.2, {x(/) be as in
(4.46), € € (0,85) with 85 chosen as in Lemma 4.22, a, = €'/°, & € (=2¢,,2¢,) \ {0}, and Qf;:f be asin (4.29). Then,

x’K

S bk
50 300 (€725 — o < Ca.(1 + llog A1),

S
(Z)Qy),r(xo))XB(x(’)ﬁas) L2(RO-1.CN ) [2(RO-1.CNY

where C does not depend on ¢, g, and x(’).

Proof. Lemma 4.22 and ng € C}(R1; CNN) yield

ook
50 300 (257 @Q5% = .7 (DQ5EC) ) e 30

L2(RO-1;CN)-L2(R6-1;CN)

;’K {71{ g’K
< “XB(x(’)Sas)dg (Z)<Q;7,r - Qn,r(x6)>XB(x6,3a£)

L2(RO-1;CN)—L2(RE-1;CN)

L S Cxp s
+ ||)(B(x(’),3a€) (dg (z) - dg (Z)>XB(X6,3G€)Q7),T('X0)

L2(R8-1;CN)—L2(R6-1;CN)

< C(”dg’x(z)||L2(R6—1;CN)_)L2(R9—1;CN)as + a.(1 + [log [€] |)),

where C does not depend on ¢, €, and x(’). Moreover, (4.28), (4.50), and ¢ € Cﬁ(Re‘l; R) imply for the integral kernel k of
" (2)

k(x', ¥ < CIx' = /| + ) Pe¥ 1, &',y e RO,

where ¢ = % > 0 with C, from (4.45) and Cg from (4.50), and therefore Lemma A.1 implies
4

||dg’K(z)||L2(R6—1;CN)—>L2(R9—1;CN) < C/R

(12'] + [e])'~Pec' dz’
6—-1
< C/ (r + [E)'Ce o2 4dr
0
< C(1 + [loglel]),

which completes the proof. O

Now, we transfer in Proposition 4.24 the results regarding e§5 (z) and dg’K(z) to E.(z) and Dg *(2). The first, second,
and third estimates in Proposition 4.24 are consequences of Lemma 4.20, Lemma 4.21, and Corollary 4.23, respectively.
Recall that ¢ € Ci(lRe_l; R) is described in the beginning of Section 4.4.2, { X! is defined by (4.46), and &5 is chosen as in
Lemma 4.22.

Proposition 4.24. Let z € p(H), x), € R°71, £ € (0,653), a, = el/e, Qgﬁ be as in (4.29), and P € C;(Re_l). Then, the
operators E.(z) and [Dg’K(z), Y] act as bounded operators from B°(R°~1) to B(R~") and
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1+ |log(e)|
Il < C—— 22,

€

$orx
ID:® (2),%1llo-1 < CllPlly1 ge-1)(1 + llog(e)]),

¢orx
{’ g’ X g’
5011 300 (DS (2Q5E = D (Q5E(0) ) X 20

| = Ca(1+ [log@)l),

0—

where C > 0 does not depend on x(’) and e.

{or ok
Proof. We start by showing that [D, ® (z), ] is well defined as an operator from B°(R°~1) to B'(R°~1). Let f € BO(R%1)
$or ok
andsetg = [D, ° (z),9¥]f. It follows from (4.27) that g has for t € (—1, 1) the representation

1

$or ok
g0 = [ 140 @0 ds. (4.57)
-1
$yr ok
Since [dg( t°_s)(z), 1] has the continuity property from Lemma 4.21 and f € B°(R%1), [20, Proposition 1.1.28] implies that
the function

$yr ok
L)X (=L > (8) = [d, (2).9]f(s) € H'(R*CY)

e(t—s
is measurable. According to Lemma 4.21, we have

2

1 1 gx/ x
/ </ “[dg([o_s)(z)’ zp]f(s)”Hl(RS—l;CN) dS> dt
1\/J21

(4.58)
1 1 2
<CWIE, oy [ ([ @+ 0B = DIDISOlremom ds )
wheen [\ [
This expression can be estimated using the Cauchy-Schwarz inequality and Fubini’s theorem by
) 1 1
ClIpl 1 ooty / < / (1 + [log [¢(¢ — s)I) ds
—-1\J1
! 2
5 U+ log et = 91D ds) dt
(4.59)

2 2 1
scuwlivgo@@_l)( / (1+|log|es||)ds) / 1 N2e1.cv, ds
-2 -1

2

< C (Il o1y (1 + log@DIf I, ) -

In particular, applying the Cauchy-Schwarz inequality again gives us

1 1 {x/ X
/ / Il [dg(to_s)(z), ¢]f(S)||H1(R9—1;CN) dsdt
-1J-1

1

1 $or ok g
<V [ ([ W @0 Ol eenrony ds ) de < oo
-1 -1
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Thus, Fubini’s theorem for Bochner integrals, see [20, Proposition 1.2.7], shows that g(t) in (4.57) is well-defined and
measurable as a function from (-1, 1) to H:(R®~; CN). Moreover, (4.57), (4.58), and (4.59) also give us the norm estimate
as

ook
D (2), 1117 = llgll;

/ 18O s o
2

/ ( / I dm L@, zp]f(s)uHI(RelCN)ds) di

2
< C (I8l ey (1 + log@DIf Il ) -

The proof of the assertion regarding E.(z) follows along the same lines if one applies Lemma 4.20 instead of Lemma 4.21.
Moreover, since

$or ok
XB(x(’),3a£) (DE’K(Z)Q,%: - Ds 0 (Z)Qf;::(x(,))))(B(x(’),Sas)

is only considered as an operator in B°(R°~1), one only has to prove the norm estimate in this topology. The norm can be
estimated in the same way as we estimated the norm of E(z) by applying Corollary 4.23 instead of Lemma 4.21. O

1,K
As the last part of our local analysis we state a result concerning the inverse of I + DEX0 (Z)Q,s;::(x(’))q for x(’) e RO-1,
This is an important result as these operators are going to play an essential role when constructing the inverse of the

mapping I + Dg ’K(z)Qf;f;q. Recall that ¢ € C;(Re_l; R) and X are as described in the beginning of Section 4.4.2, { X, is
given by (4.46), and q is as in (1.4).

Proposition 4.25. Letz € C\ R, 7,7 € C}(%;R), d = 1> — t* such that

”2
sup d(xz) < -,
Xy E€X 4

ook
and Qf;f be asin (4.29). Then, there exists a 6, > 0 such that the operators (I + D, ° (z)Qg:’;(x(’))q)_1 are uniformly bounded
in B°(R®~1) with respect to € € (0,8,) and X € RO-1,

Proof. Note that
Qe () = 1 eIy + T e CEPNB = Qo (e

for x(’) € R cf. (4.29) and (4.30). Moreover, for every xé € R%! the set Z¢ ) x is an affine hyperplane in R°~! and
0
therefore there exists a y(x;) € R and a %(x;) € SO(6) such that

Zé’x(/),x = (X, $u (X)) 1 X' € RO} = &(x)) (RO x {yo(x))}) = Ty, (el

Z§ 1
Now, let B, K (2) =

yo(xo) ®(xp)

(2) be defined as Es(z) in (4.18) with X substituted by % , . = Zyo(x(’)) R(x))- According to
XO’ 4

Vol ()

Proposition 4.17 the operator I + D; (z )Qn(Xg N RIETMEA is continuously invertible in B°(R%~!). Moreover, we
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get from (4.22)
_Z¢ g

gx’ K X _
I+D,° (Z)Qg::(x{))q =l x (I+B,° (Z)Qn(xg,,{(xé)),f(xg,x(x(’)))q)l;1, .
XO’

=
= Lgxé’K(I + BE

Vo) R(x)

-1
(Z)Qy)(xqu(xé)),f(xg,x (x(,)))q ) [gxé K

_ -1 I DYO(X(')),Z(XB) 1
=ty e oy L D @D e e D oD Y

0

and from (4.21)

1ot ~

lleg el = Iltgl,KII = (1+ V¢G4,
0 LA, sCN)=LARETLCN) 07 [2ARE-L,EN)-L2(Zy , ;)
0 XO
-1
ey el =N =1
0\Xp 0 Lz(z)’o(xé),z?(x('));CN)_)LZ(RS_I;CN) Yo (xg),x(x) LZ(ZyO(x(’)),z(xé);CN)_’LZ(RG_I§CN)

Sk
These considerations show that I + D, o (z)QgZ:(xg)q is also continuously invertible in B°(R°~!) and

Yol E(x))

$rox
I+ D @Q @) | < 17 + D (2)Qy0xp e w D ™ Mo

Now, the result follows from applying Corollary 4.18 (for S = ran (3, 7)) if one chooses 8, = §,(ran (n, 7)) > 0, where &,
was introduced in Corollary 4.18. O

Inspired by the local principle in [31, Proposition 5], see also [29, 30], we are going to construct partitions of unity which
allow us to globalize the established local results. We start by choosing a partition of unity (¢,/),scze-1 for RO with
uniformly bounded derivatives which satisfies supp ¢,, C B(n’,1) for n’ € Z%~1. Moreover, let (8,/),y<zo-1 be a sequence
of functions with uniformly bounded derivatives which fulfills 0 < 9, < 1,9, = 1 on B(n’,2) and supp 9,» ¢ B(n’, 3) for
n’ € 771, According to Proposition A.2 such sequences exist. By defining for a € (0, E;/ 6) and n’ € Z%! the functions

() =¢w(-/a)and 97,(-) = 9,/(-/a) we obtain similar sequences with scaled supports; in particular (¢;,)ycze-1 is a
partition of unity for R®~!. Furthermore, there exists a C > 0 which does not depend on a such that

C
sup max{l o1y 195yt o) < (4.60)
n'ez6-1 a

Before we can construct the inverse of I + Dg(z)ngfq we have to deal with series of operators. Let (A,),cze-1 be
a family of bounded operators mapping from a Hilbert space H to a Hilbert space G. If the sequence of partial sums
Sp = X ezo n'|<n A,y converges in the strong sense to an operator, then we define

st.
Z Ay i=slimS,.
n—oo
n'ezo-1
According to the Banach-Steinhaus theorem, Zf:,’ cz6-1 A 18 again a bounded operator mapping from H to G. Moreover,
the definition of the series implies that if 4’ and ¢’ are Hilbert spaces, and U : H' — H and V : ¢ — ¢’ are bounded
operators, then

st.
Y VAU :H >

n'ezo-1
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is a well-defined bounded operator and

st. st.
V( > An,>U= Y VAU

n'ezf-1 n'ezf-1

holds. If (A,),scze-1 is a uniformly bounded sequence of operators in B°(R%1), then according to Proposition A.4 the
series Y,

S a a : 3 0 6-1
e 701 Sn,Anl‘Sn, converges in the strong sense in B°(R°~") and we have

st.
| X sansa] <1 sup lAwlo (4.61)

n'ez8-1 n'ezst

Moreover, if (A)yeze-1 is also uniformly bounded as a sequence of operators from B°(R°1) to B'(R®"!), then

Zi:,’ cz6-19% Ay 8¢, acts also as a bounded operator from B(R°1) to BY(R®1) and

st.
C
| 2 soawss| << swp lawl, (4.62)
nez6-1 0-1 a ezo-1

holds, with C > 0 independent of a, see also Proposition A.4. Before we use these essential observations in the proof of
Proposition 4.27, we state a helpful preliminary lemma.

Lemma 4.26. Let z € p(H), € € (0,5,), a, = €'/, Dg’x(z) be as in (4.22), and E.(z) be as in (4.48). Then, for any fixed
n e Z@—l

(1 - $iOE(2)gs = (1 80)DE (2)g.

Proof. We prove this by showing that the difference of the integral kernels of (1 — 97 )E.(z)$ ; and (1 — 97 )Dg H(2)p; is
zero. By (4.26), (4.47), and (4.48) this difference is given by

(1= 85N (@(2X) = 1)9% 016, 0x () = 2 (V) + €0t = 5w DV + VGNP (4.63)

€

forall x’,y’ € R®1andt,s € (-1,1).Ify’ & B(a.n’, a,), then z—, ¢ B(n',1) D supp ¢,y and therefore
() =¢w (=) =0.

’
Furthermore, if x’ € B(a,n’, 2a,), then = € B(n’, 2) and hence as 8,, = 1 on B(n’, 2), we have
ac

x/

1-8%(x)=1-9,(=)=0.

as
These two observations show thatif x’ € B(a.n’,2a,)ory’ & B(a.n’, a,), then (4.63) vanishes. Thus, it remains to consider
the case x’ & B(a.n’,2a,)andy’ € B(a.n’, a.). However, this implies |x’ — y’| > a,. Then,weuse w = 1on R®~1 \ B(0,1),
see the text above (4.48), to obtain

This shows that (4.63) vanishes for all x’,y’ € R~ and t,s € (-1, 1). O
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Proposition 4.27. Letz€ C\ R, { € Ci(lRe_l; R) and X be as described in the beginning of Section 4.4.2, 7,7 € C;(Z; R),
d = n? — 72 satisfy
2

sup d(xy) < ﬂ—,
XEEE 4

Q%f beasin (4.29) and q be as in (1.4). Then, there exists a 85 € (0, &), with €, > 0 from Proposition 4.6, such that the operator
I+ Df’x(z)ngfq has a bounded right inverse which is uniformly bounded in B°(R9~1) with respect to € € (0, 55).

Proof. The proofis split into four steps. In Step 1 we define R, which will turn out to be a first approximation for the right
inverse of T + DE ’K(z)Qg:fq. Moreover, in this step we also show that R, is uniformly bounded in B°(R®~!) with respect
to €. Then, in Step 2 we calculate (I + DE ’K(z)Qf]:fq)RE. Afterwards, we find in Step 3 that (I + Df”‘(z)Q%ﬁq)R‘E equals
I + K, + L., where K, and L, fulfill the inequalities

1+ [log(e)|
IKello~1 £ C———=—— and |[|Lcllo-o < Ca.(1 + [log(e)D). (4.64)

€
Based on these observations we define in Step 4 an operator R, which is uniformly bounded in B°(R®!) with respect to
¢ and fulfills (I + Df ’K(z)Qf?fq)ﬁE =1 + L., where ||L.||_o can be estimated by C(1 + |log(¢)|)s}/*~" for an r € (0,1/6).
In particular, this shows that for sufficiently small € > 0 the right inverse of I + Dg’K(z)Q%ﬁq is given by the operator
R.(I +I,)"! and uniformly bounded in B°(R°~1) with respect to «.
Step 1. We define for ¢ € (0, min{¢,, 8,}), where ¢, and §, are chosen as in Proposition 4.6 and Proposition 4.25,
respectively,

R. : BA(R®1) - BORE-1), R, : Z o
n'ez9-1
{agn’

Here,a, = ¢'/®and R, := (I + D,
¢ implies

(z)Qgﬁ(aEn’ Yt with ¢y =¢ x asin (4.46)for x; = a.n’. The equality St =

St.
Qe 4 Qe Qg
Z ’9n/¢n Rn’,a’gn/

n'ez6-1

and therefore Proposition 4.25 and (4.61) show that R, is well-defined and uniformly bounded by

Sagnt
RNy < 11970 sup (| + D" " (2)Q}E(an)g) |
n'ezo-1

o S (4.65)

where C > 0 does not depend on ¢.

Step 2. Applying I + DS ’K(z)Qngq to R, yields

st.
I+ D (@QIDR = Y, (I + D @)Q q)p% Ry 5%

n'ez6-1

st.
3 8% + DY (DR E )P Ry S

n'ez6-1

st.
+ Y = 8%)DE(2)Q qp % Ry 8.

n'ez8-1
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Moreover, using Lemma 4.26 gives us
st.
I+D* @QEOR. = Y. 8% + DE*(@)Q) K P Ry 9%
n'ez8-1
st.
+ Y (1= 8)E(DQ P Ry
n'€z6-1
st.
> 8% + DI (D)Q)Eq — Eo(2)Q5E q)p Ry 8%
n'ez9-1
+ E(2)Q) 5 qRc.
Writing Dg ’K(z)Qg:quSZf as
gagn {agn ’ €
@0} e ags + (DF @05 - D" @)0f e o
ag gagn’K / é‘agn
=¢,D: " (2 )Q t(acn')q + [D;*" " (2), ¢y ]Q +(acn)g
; , §a5n X
+ (DE (@57 D (20 (am’))qqsi,
and introducing the operators
, , Sagn . X
Ly, i= (DE"(@Q,%,?—DE ’ (z)Qf;,?(aEn')) agy
and
. gagn ¢ ’ ¢x a.
Ky e = [D, (2), ¢ ]Qn,r(asn )q _EE(Z)QT),‘L'q¢nr
yields
St. ¢
I +D@QIDR = Y, 8% + D, (2)Q5 5 (@ )Ry 9%
n'€z6-1
St.
+ Y 8% (K + Ly R 8% + E(2)Q5 5 qR, (4.66)
n'ez6-1
=T+ Y 8% (K + Ly IRy 8% +E(2)Q) ¥R,
n'ez6-1
where
U +D" D @) Ry =T and Y 9%p%e% = 3 g% =
n'ezf-1 n'ezf-1
were used.
Step 3. We start this step by setting
st.
K.i= Y %Ky Ry 8% + E(2)Q)FqR.
n'ez8-1
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and

Z 8% Ly Ry 9.

n'ez8-1

Then, (4.66) shows
(I + D (2)Q QR = +K, + L. (4.67)

Since R, and Dg *(z) are uniformly bounded in B°(R%1), see Step 1 and the text above (4.23), respectively, this implies that
also K, + L, is uniformly bounded in B°(R%1). Moreover, Qg:’; € C}(R%~;CN*N), Proposition 4.24, and (4.60) imply

gas” 3 > > €
K elly_, <MD" (2), 60105 5 (e )gll | + IE(2)Q5agsll

< (D" 2,510 + 1B,

0—-1
o 1+ |log(e)
< CI5 1 oy (1 + HogO) + ——=)
< CLOg(E)I’ n' e 761,
aE

In turn, with (4.62), (4.65), Qg *e Cl(Re_l; CNXN)), Proposition 4.24, and Proposition 4.25 we get

1Kl < | Z 5 K Ry 55

o, +IE@Q Rl

n'ez6-1
C
<(z s IKw R clloos + IE2)Q; FaRello-1 )
Qe rez6-1
C
<(F sup IKwellowr + 1B )
ag n'ez6-1
1+ |1 1+ |1
gc(i- llog(e)] IOg(s)l)
aE aE aE
1 + |log(e
<c I 2g( )I.
aE

Similar we estimate L, with (4.61), Proposition 4.25, and Proposition 4.24 by

ILello~o = | Z 8% Ly Ry 9%

n'ez8-1

0-0

H Z 19,11)(B(a5n’ SaE)Ln’ Rn’ 19n’

n'ez6-1

—0

<C sup ||XB(a£n’,3a€)Ln’,£”0—>0

n'ez8-1
é’,K g,K gagn’ ’ ag
=C sup |nam a0 (D" @Q5E — D@05 aen) ) ad
n'ez6-1 0—0
{K {K gaEn {,K ’ ag
=C sup )(B(agn’ 3a;) D (Z)Q - D (Z)Qy],r(asn ) q)(B(aEn’,3a€)¢nr ||
n'ez6-1 0-0

< Ca(1 + |log(e)]).

This shows that (4.64) is valid and hence completes Step 3.
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Step 4. We note that Proposition 4.9, (4.20), (4.22), and (4.29) imply that I + Dg’K(z)Qngq is continuously invertible in
B°(R%1) and B'/2(R°~1). Furthermore, since R, and K, + L, are uniformly bounded operators in B°(R9~1), the operator

R =R -+ D5 @Q ) (K. + L)
is also uniformly bounded in B°(R%1). Moreover, applying I + Dg ’K(z)Qf;:fq to R, and (4.67) give us

(I + DY (2)Q LR,
= [+K, + L — (I + D" (2)Q5 S )T + D" (2)Q5 k)~ (K, + L) wes)
= I+ (DS (2) - D (2)Q55q( + D (2)Q) k) (K, + L)

=I+L,
with

L. := (Dy"(2) - D (2)Q55q( + Dy (2)Q5 5 ) (K. + Lo).

Thus, by using the estimates for L, and K, from Step 3 and (4.23) for a fixed r € (0, 1/6) we obtain

IZcllo—o < D5 (2) = DY (2)Qyka + DS (2)Q k@) Kello—o
+ 1105 "(2) = D *(2)Q5 2 (T + D (2)Q5%q)  Lelloo
< 1Dy (2) — DS @)Q55qll ja—olld + D (@R 5 ) I jot IRl
+ 11D (2) = D (@)Q5 £ allo-o I + D @Q5 5 D) Mool Lello—o
< 1D (2) = DE*@)Q55qll jaolld + D @Rk ) a1 1Kl
+ 11D (2) = DL (2)Q5 £ qllo-o I + D @Q5 5D ool Lello—o

1/2—-r
< C(E € +2|log(s)l) +a.(l+ |log(5)|)>

a;

= C(1 + |log(e)|)(e" /0" 4 £1/9)

< C(1 + |log(e)|)el/oT.

This shows that if we choose 85 > 0 sufficiently small, then ||Z,|lo_o < % for all € € (0,85) and (I + L,)! is uniformly

bounded with respect to € € (0, 85). Thus, as R is also uniformly bounded in B°(R®~1), R,(I + L,)~" is uniformly bounded

in B°(R®~1) with respect to € € (0, 85) and by (4.68) it is also the right inverse of I + Dg ’K(z)Qf;:fq. O

Proposition 4.28. Let T be a rotated graph as described in the beginning of Section 4.4.2,z € C\ R, g beasin (1.4),V =
nly + T with 7,7 € CL(Z;R), and d = n* — 7 such that

2
sup d(xs) < T
Xy EZ 4
Then, there exists ;3 € (0,¢,), with &, > 0 from Proposition 4.6, such that I + B.(z)Vq has a bounded inverse which is
uniformly bounded in B°(Z) with respect to € € (0, €3).
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Proof. We directly get from Proposition 4.27, (4.21), (4.22), and (4.29) that I + Es(z)Vq has a right inverse, which is uni-
formly bounded with respect to ¢ € (0, §5) with 85 from the previous proposition. Using (4.19) shows that then I + B.(z)Vq
has a right inverse which is uniformly bounded for ¢ € (0, €5) if 3 > 0is chosen small enough. We denote this right inverse
R:(z). Then, the right inverse of I + VqB.(z) is given by I — VqR.(z)B.(z). Hence, (I + VqB.(z))" = I + (B.(2))*Vq has
the uniformly bounded left-inverse £,(z) :=1 — (VqR.(z)B.(z))*. Moreover, by [8, Remark 3.11] the estimate

[|B:(2) = B:@)* ||,y < Ce, € €(0,e),
holds. Thus,
L (z)I +B(2)Vq) =1 + L(2)(B.(2) — (B(2))")Vq (4.69)

converges in B°(R®~1) for € — 0 to the identity operator I. In particular, if e; > 0 is chosen small enough, then the right-
hand side of (4.69) is invertible in B°(R®~1) for all € € (0,¢;), showing that I + B.(z)Vq is invertible in BO(R%1), that
is,

R.(z) = (I +B.(2)Vg)™.

This concludes the proof since we already know that R(z) is uniformly bounded in B(R°~1). O
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APPENDIX: ADDITIONAL RESULTS FOR SECTION 4.4.2

In this section, we provide results which are used in Section 4.4.2. We begin by stating a convenient version of the Schur
test.

Lemma A.1. Let k be a measurable function in R®~! x R®~ with values in CN*N and k € L}(R®™1) such that

lk(x',y)| < k(x' —y') forae. x',y € RO

Then, the operator K : L>(R®~1;CN) - L2(R®~1; CN) acting as

Kf() = / kY)Y
RO-1
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is well-defined and bounded, and ||K|| 2(re-1.cN)— 2(Re-1:0N) < ||E||L1(R971). Moreover, if additionally to the above assump-
tions k € CY(R® x R®~1; CN*N) and

6-1
Zii,k(x’,y’) <k(x'—y") forae x',y € R,
= dxl

then K also acts as bounded operator from L*(R°~1; CN) to H'(R®~1; CN) and 1K || L2(ro-1:08)— H1 (RE-1:08) < CI|E||L1(R6-1).

Proof. The first assertion is an immediate consequence of the Schur test, see for instance [21, Chapter III, Example 2.4].
Next, let us prove the second assertion. We start by choosing g € D(R®~!; CN). Since k € C1(R~! x R%~1;CV*N) and g
is compactly supported, dominated convergence shows that Kg is differentiable and

KG(') = / 4, y)g0")dy'.

re-1 dx;
Hence, applying the Schur test shows

1Kl 1 g1,y < ClKI L1 ge-1) I8l 2 gge-1,08)-

( CN) ( ;CN)

The rest follows from the fact that D(R®~1;CN) is dense in L2(R%~1;CN), the completeness of H'(R°~1; CV), and the
continuity of K in L2(R%-1; CN). O

In the upcoming proposition, we construct a partition of unity for R°~! such that the functions have uniformly bounded
derivatives.

Proposition A.2. There exists a partition of unity (¢,)yecze-1 for Re! subordinate to (B(n',1)),/cze-1 such that
max,eze-1 |[Pu |l (ré-1y < 00. Moreover, there exists a sequence (8,y),y czo-1 withsupp 9, C B(n/,3),0< 8, <1, 8, =1
on B(n',2) foralln’ € Z°~ and max,yczo1 |9, Iy (Re-1) < 0.

Proof. Note that since 6 € {2, 3}, the family (B(n’,3/4)),scz¢-1 is also an open cover of RE~1, We start by choosing a
funct10n¢ e C®(R°- 1) suchthat0 < ¢ < 1,4 = 1onB(0,3/4) and supp ¢ C B(0, 1) Furthermore, we define the function
¢ 1= ¢(-—n')forn’ € Z°1. Then, 0 < ¢,y <1,y = 1 0on B(n',3/4) and supp ¢,» C B(n',1). Next, we fix a bijection
Z :N—Z%"andset ¢, =) and

bzy=A—dza) L —bz1)bz) JEN\{LL

Then, supp ¢,y C supp ¢, 0 < ¢,» < 1forn’ € Z°! and one gets via induction for j € N

J J
Dbz =1- ] -z
k=1 k=1

This implies Y}, 61 ¢ (X') = Z;‘;l ¢z(H(x") =1 for x' € RC-!. Furthermore, let j €N, l €{1,..,6 —1}, and x’ €
RO, We estimate

181205 =[0Gz (x') H(1 — G210 (x")) — 2 $2()(XN@1B 21 (") H A= Gzn ()

r=1,r#k
J

J
< Z 01620 (xX)| = Z 816 210 (X))
=1

k=1,x"€B(Z(k),1)

529_1||61¢||LM(R9_1),
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where we used that x’ € R%! can be in at most 2°~1 balls of the form B(n’,1) with n’ € Z°1. This shows that the
derivatives of the ¢,/s are uniformly bounded by 29! ”¢”W§o (Ré-1.p)- Next we construct the sequence (8,/),yczo-1. To do
so, we choose 9 € C*(R%!)such that0 <9 < 1,6 = 1 0on B(0,2) and supp 9 C B(0, 3). Then, we define 9, := 9(- — n’).
The constructed sequence has the claimed properties. O

Our next goal is to use the functions §,,, n’ € Z, from Proposition A.2 to construct operators based on a uniformly
bounded sequence of operators. We start by providing a useful variant of the Cotlar-Stein lemma.

Lemma A.3. Let H and G be Hilbert spaces, let (A,/),ycze-1 be a family of uniformly bounded operators acting from H to
G. Moreover, assume that there exists a number N € N such that for every n’ € 7% exist at most N indices m' € 797! such

Ay Apy and A,y A7 are nonzero operators. Then, the sum 2 €Z6-11n'|<n A,y converges for n — oo in the strong sense to a

bounded operator A (which is also denoted by Zit,' cz0-1 Aw ). Moreover, its norm can be estimated by

IAll3~g <N sup || Apliz-g-

n'ez6-1
Proof. Our assumptions guarantee
. n1/2
sup Y A AL SN sup Al
nleze—l m,e‘2971 nleze—l
and
X 1/2
sup Y AL A ), <N sup Ay lleg
n'ez6-1 m!ez6-1 n'ez6-1
Hence, the assertions follow from the Cotlar-Stein lemma, see [16, Lemma 18.6.5]. O

Proposition A.4. Leta € (0,b)forab > 0, (8,/),ycz0-1 be the sequence from Proposition A.2, 8%, 1= 8, (Z) forn' € 7871,
and (A,),cze-1 be a sequence of uniformly bounded operators in B°(R%~1). Then,

st.
A= ) 994,98

n'ez6-1

is a well-defined operator in B/(R%~1) with ||Allg_o < 119! sup,cze-1 14w llo_ - Moreover, if (Ayr),reze-1 is also a family
of uniformly bounded operators acting from B°(R°~1) to B (R®1), then A acts also as a bounded operator from B°(R°~1)
to B(R ) and ||All,_, < % SUp,, < 70-1 lAn Il o1, where C > 0 does not depend on a € (0, b).

Proof. Let us start by proving the assertion where we consider A and A, n’ € Z°~1, as operators acting from B°(R°1) to
BY(R%1). Weset A, := 99, A,y 8¢, Since a fixed ball B(an’, 3a) overlaps with at most 1191 balls of the type B(am’, 3a),
m’ € Z°7!, there exist for every n’ € Z%! at most N = 11°~! indices m’ € Z%! such that A,y A* , # 0 and A%, A, # 0.
Moreover, we have for all n’ € 79!

A lo—o < 19, lloollAn llo—olldy loo < I A llo—o-

Thus, by Lemma A.3 we conclude [|A[lo_o < 1197 sup,, o1 |41l o-
Next, we assume that A,/, n’ € 291, act as uniformly bounded operators from B°(R%~1) to B'(R®~1). Using again the
fact that a fixed ball B(an’, 3a) overlaps with at most 11°-1 balls of the type B(am’,3a), m’ € 7°-1, shows that there exist
foreveryn’ € %! atmost N = 119 indices m’ € Z°! such that A,, A% # 0and A% A, # 0, where the expressions
An/o*l and Amlo*l denote the adjoint operators of A, and A,,, respectively, considered as operators mapping from
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B(R%1) to B'(R®1). Furthermore, for all n’ € Z°~! the inequality

A llo—1 < 19, o1 1A lo=1 1197, oo
< “192,”1_)1”14,1/”0_,1
< CI8, ey 1A llos
(o
T T W

< ”An’ ”O—>1

Sl

is valid. Thus, Lemma A.3 yields ||A||,_; < g sup,czo-1 [ Anllg_ ;-
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