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ABSTRACT. This paper is devoted to the approximation of two and three-
dimensional Dirac operators Hy; s with combinations of electrostatic and
Lorentz scalar d-shell interactions in the norm resolvent sense. Relying on
results from [8] an explicit smallness condition on the coupling parameters is
derived so that H‘752 is the limit of Dirac operators with scaled electrostatic
and Lorentz scalar potentials. Via counterexamples it is shown that this con-
dition is sharp. The approximation of H‘752 for larger coupling constants is
achieved by adding an additional scaled magnetic term.

1. INTRODUCTION

Dirac operators describe relativistic spin 1/2 particles in a quantum mechanical
framework [39] and they play an important role in the mathematical description
of graphene [1, 26]. In order to model interactions that are supported in a small
neighbourhood of a curve in R? or a surface in R? Dirac operators with §-shell
potentials are used. These operators have been studied intensively in the recent
years, see for instance [2, 3, 5, 6, 7, 9, 10, 11, 12, 13, 31], and are formally given by

Hg, = —i(aV)+mp+ Vs, (1.1)

where a - V, 8 are as in Section 1.1 (vi), m € R is the particle mass, Jy is the
d-distribution supported on a C?-smooth curve ¥ in R? or surface in R®, and Vis
a symmetric matrix-valued function which models the interaction on 3.

The main objective of the present paper — which is a continuation of our inves-
tigations in [8] — is the approximation of Hy P by Dirac operators with strongly
localized potentials; here we complement the qualitative analysis in [8] with sharp
quantitative results. We also refer the reader to [8] for a detailed introduction,
overview and references on the topic. The approximation of Hy 5y, Serves to jus-
tify the viewpoint that the expression in (1.1) is an idealized replacement for more
realistic Dirac operators describing strongly localized interactions and was first con-
sidered in one dimension in [35], see also [14, 15, 17, 18, 19, 40]. Furthermore, in the
multidimensional setting strong resolvent convergence was shown in [10, 13, 23, 42]
under various assumptions on V and . Finally, in our recent paper [8] it was
shown that Hy 5y, Can be approximated in the norm resolvent sense, if the matrix

function V satisfies an implicit smallness condition. In the present paper we re-
place this implicit condition by an explicit and sharp condition for a specific class
of interaction matrices, namely those that model electrostatic and Lorentz scalar
interactions, see (1.9) and (1.11) below.
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Let us recall the problem setting and the main result from [8]. The space di-
mension is denoted by 6 € {2,3} and we set N =2 for § = 2 and N =4 for 6 = 3.
Assume that ¥ is the boundary of a C?-domain Q; C RY as in Section 1.1 (vii) and
that v is the unit normal vector field on 3 which points outwards of 2. Note that
Q4 can be any bounded C2-domain, but also a wide class of unbounded domains
is allowed in our assumptions. Then, define

XX R =R (g, t) =2 +tr(zs), (z3,t) €L xR, (1.2)

and for € € (0,00) set Q¢ := (X X (—¢,¢€)), which is the so-called tubular neigh-
bourhood of ¥. It follows from the assumptions on ¥ that one can fix an ¢; > 0
such that t|sy(—c, ¢,) is injective; cf. [8, Proposition 2.4]. Next, we fix a symmetric
matrix-valued function

V =V* e WL (%;CV*N), (1.3)
where W1 is the L>-based Sobolev space of once weakly differentiable functions,

and
1

g€ L*((—1,1);[0,00)) such that /_1 q(s)ds =1, (1.4)

and we introduce for € € (0,e1) the strongly localized potentials

V() = {ivwz)q (1), i =i(ent) €,

1.5
0, if v ¢ Q.. (1.5)

For m € R and € € (0,£1) consider the operator

Hy.u:= —i(a-V)u+mpu+ Veu, dom Hy, := H' (R?;CV), (1.6)

=

where H* denotes the L?-based Sobolev space of k-times weakly differentiable func-
tions. Note that Hy, = H+ V. is self-adjoint in L?(R?; C) as V. € L>(R?; CN*V)
is symmetric and bounded, and the free Dirac operator H = —i(a- V) +mp is self-
adjoint in L2(RY; CN); cf. Section 4.1.

Next, the rigorous mathematical definition of Hy; 5 as an operator in L2(R%; CN)
is recalled. We set Q_ = R?\ Q, write ux = ulq, for u : R — C¥, and the
Dirichlet trace operator is denoted by t : H'(Q4;CN) — HY?(3;CN). Then, for
V = V* € L®(%;CVN*N) the differential operator Hys in L?(RY; CN) is defined
by

Hys w:= (—i(a- V) +mpBluy & (—i(a- V) +mpB)u_,

dom Hy, = {u e H'(Qu;CMye HY(Q_;CN) -

(1.7)
. N _ Vo, _
ila-v)(thuy —tgu_) + E(tqur +tou_)=0p.
Eventually, the application of cos(z) and sinc(z) = 1 sin(z) to matrices is under-

stood via power series. Now, we are ready to recall the main result from [8] in
a compressed form; note that Hy, and Hy,  are denoted in [8] by H. and Hy,
respectively.

Theorem 1.1 ([8, Theorem 1.1)). Let V and q be as in (1.3)~(1.4). Furthermore,
assume that

cos(%(Owu)V)fl € WL (z;cV*N) (1.8)
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and set V = Vsine(L(a - v)V) cos(d(a - V)V)_l, It

HVHW;O(E;(CNXN)||qHL°°(1R)

is sufficiently small, then Hys is self-adjoint in L>(R%; CN) and Hy, converges to
H\752 in the norm resolvent sense as € — 0.

Similar to previous approximation results a nonlinear rescaling of V' to V s
observed in the limit, which is often related to Klein’s paradox; cf. [13, 23, 35].

A direct application of Theorem 1.1 to check the convergence of Hy. is difficult,
since it contains a nonexplicit smallness assumption on V. The main motivation in
the present paper is to make this smallness condition explicit, if V' is of the specific
form

V =nly + 15, n,7 € CHZ;R); (1.9)
here C}(3;R) is the space of continuously differentiable functions with bounded
derivatives (see Section 1.1 (viii)). In fact, such potentials are of particular phys-
ical interest since nly and 78 model electrostatic and Lorentz scalar interac-
tions, respectively, and they are, in the context of J-shell potentials, studied in
[2, 3, 6, 7,9, 11, 12, 31]. Moreover, for V as in (1.9) the condition (1.8) and the
rescaling V' 1% simplify substantially, as then the anti-commutation rules for the
Dirac matrices yield ((a-v)V)? = dIy, with d = n? — 72, and thus, the power series
representations of cos and sinc lead to

cos(3(a-v)V) = cos(@)]N and sinc(3(a-v)V) = sinc(@)b\;.
Hence, (1.8) simplifies to

. . 2_2
IEE%GNOM(@) (2k 4+ 1)%7% > 0 (1.10)

and we have B
V=nly+78,  (#,7) = tanc(*2)(n,7), (1.11)

where tanc(z) = %, see also Section 1.1 (iii). Moreover, in the present situation

Hy, s self-adjoint in L?(R?; CN) if
inf |d(zg)—4] >0, d=7> -7, (1.12)
rn €N
see [31, Section 6], which is called the non-critical case.
In the main result of this paper, Theorem 2.1, we prove that if V' is chosen as in
(1.9), then the explicit smallness condition
2

sup d(zy) < W—, d=n*—-12, (1.13)

rn€X 4
already guarantees norm resolvent convergence of Hy, to Hy 5+ Note that (1.13)
via (1.11) implies

sup |d(zx)| < 4 (1.14)
Ty EX

and hence (1.12) is satisfied. This is already a first indication that it is not possible
to relax the condition (1.13), as otherwise Dirac operators with critical d-shell
potentials could be approximated, which have very different spectral properties
compared to the non-critical case. However, to approximate Hy; bs also for V' with

Ilz)IIGfE |d(zx)| >4 (1.15)
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we make use of a well-known unitary transformation. Its approximation results, in a
similar way to that described in [13, Section 8], in an additional strongly localized
magnetic potential Vi, . that is added to Hy,. In Theorem 2.5 we then show
that Hy, + Vi, . also converges in the norm resolvent sense to a Dirac operator
with a combination of electrostatic and Lorentz scalar d-shell potentials, where
the rescaling of n and 7 is different. In fact, as a consequence of this result and
Theorem 2.1 we obtain Corollary 2.7, which states that every Dirac operator with
a given d-shell potential Viy, V = 7ly 4+ 74, 7,7 € CL(ZR), and d = 7> — 7
fulfilling (1.14) or (1.15) can be approximated by a sequence of Dirac operators
with strongly localized potentials in the norm resolvent sense.

In Section 3 we show that the condition (1.13) is sharp, i.e. that Hy, does, in
general, not converge to Hy; if (1.13) is not satisfied. To do so, we provide suit-
able counterexamples under the assumption of constant n,7 € R. In Theorem 3.1
we consider the case d = 4 for a compact surface ¥ C R? and in Theorem 3.2 the
situation d > 4 for ¥ = {0} x R. In both cases we are able to show that if (1.13)
is not fulfilled, then norm resolvent convergence would yield contradictory spectral
implications for the limit operator Hy P

Finally, let us describe the structure of the paper. We start by introducing
various notations and conventions in Section 1.1. Then, in Section 2 we prove the
main results of this paper on the approximation of Hy; s by Dirac operators with
squeezed potentials in the norm resolvent sense, and we provide explicit conditions
on the coefficients such that the associated convergence results hold. The proof of
Theorem 2.1 relies on the same statement for the special case where ¥ is a rotated
graph and the technically complicated long proof of this special case is outsourced
to Section 4. After Section 2, we complement in Section 3 the results of Section 2
by providing counterexamples which show that (1.13) is sharp.

1.1. Notations and assumptions. In this section we introduce frequently used
notations and assumptions. Let us start with a few general conventions.

(i) The letter C' > 0 always denotes a generic constant which may change in
between lines.
(ii) The branch of the square root is fixed by Im/w > 0 for w € C\ [0, c0).
(iii) For w € C\ {km + § : k € Z} we define the function

tan(w) © e C\ ({0} U {kn + T : k € Z}),
1, w = 0.

tanc(w) = {

For x € R\ {0} the equation tanc(ix) = L:(I)
by continuity to z = 0.

(iv) The symbol | - | is used for the absolute value, the Euclidean vector norm, or
the Frobenius norm of a number, vector, or matrix, respectively. We write
(+,-) for the Euclidean scalar product in C*, n € N, which is anti-linear in the
second argument.

(v) Let H and G be Hilbert spaces and A be a linear operator from H to G. The
domain, kernel, and range of A are denoted by dom A, ker A, and ran A,
respectively. If A is bounded and everywhere defined, then we write || A||x—g¢
for its operator norm. The expression [-,-] denotes the commutator of two
operators. If H = G and A is a closed operator, then the resolvent set, the
spectrum, and the point spectrum of A are denoted by p(A), o(A), and o, (A4),

is valid, which can be extended



APPROXIMATION OF DIRAC OPERATORS WITH 4§-SHELL POTENTIALS 5

respectively. In the case that A is self-adjoint, we denote the essential and
discrete spectrum of A by oess(A) and ogisc(4), respectively.

Next, we fix the space dimension, introduce Dirac matrices and define related no-
tations.

Vi y 0 e {2, we denote the space dimension and we set =2 for 6 = 2 an
i) By 0 2.3 d h di i d N =2 for § = 2 and
N =4 for 6§ = 3. With the help of the Pauli spin matrices

O (0 =i Lo (10
=81 0/ 27\ o) M BTl 1

we define the Dirac matrices a,...,aq, 3 € CN*N for § = 2 by
oy =01, Qg:=09, and [:=o03, (1.16)

and for 6 = 3 by

aj = (fj "(')J) for j =1,2,3 and S := (102 012> 7 (1.17)
where I,, is the n x n-identity matrix, n € N. The Dirac matrices satisfy
ajop + ooy =216, and o+ Pa; =0 j,ke{l,...,0}, (1.18)
where ;) denotes the Kronecker delta. Vectors in CY are denoted by = =
(z1,...,29) and we will often make use of the notations

0 0
o-Vi= Zaj(‘?j and «a-z:= Zajxj, = (x1,...,20) € C.
j=1 j=1

Finally, we use the notation = = (z',z¢) with 2’ € C’~! and xy € C.

In the upcoming item we introduce a class of C?-hypersurfaces which is convenient
for the definition of trace and extension operators, as well as tubular neighbour-
hoods.

(vii) We assume that ¥ is the boundary of an open set €, C R? which satisfies
the following: There exist open sets Wi, ..., W, C R’ mappings (1,...,(, €
CZ(RY~L;R) (see (viii) below), rotation matrices k1, ..., x, € R/*? and gy >
0 such that

() c Uiz, Wi
(i) if z € 904 = 3, then there exists [ € {1,...,p} such that B(x,eq) C W;;
(iil) W, N Qy = W, N Qy, where Q; = {ki(2',20) : 19 < G(2'), (2, 19) € R?},
forie{1,...,p}.
Furthermore, we set ¥ := 9 = {r;(2/, i (2')) : 2’ € R~} Q_ =R\ Q,
and denote the unit normal vector field at ¥ that is pointing outwards of Q.
by v. Moreover, for u : R? — CV we define uy := ulay -

Now, we turn to the introduction of various function spaces.

(viii) If n € Nand U C R™ is open, then H"(U) and W_(U) denote the L? and L*>®
based Sobolev spaces of order r, respectively; cf. [25, Chaper 3]. Moreover, if
k € NU{oo}, then we write C¥(U) for the space which contains all f € C*(U)
such that f and all partial derivatives of f up to order k are bounded. Vector or
matrix valued function spaces are defined in the natural way, i.e. component-
wise. Moreover, for function spaces with C"*!-valued functions, n,l € N, we
use the notations H"(U; C™*!), WZ (U;C™*!), and CF(U; C™*Y).
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The trace spaces H"(X), r € [-2,2], WL (Z), and CF(X), k € {1,2}, are
defined via local coordinates, a partition of unity and the corresponding func-
tion spaces on open sets; cf. [8, Section 2]. Moreover, the well-defined and
bounded Dirichlet trace operator is denoted by

t5:H (Qx) —» HV/2(S) and to: H'(R?) — H'/2(%),
r € (3,5); cf. [24, Theorem 2], where we use for
u=u; ®u_ € H' R\ ¥) = H(Q;CV)® H'(Q_;CV)

the shortened notation t%u for t%ui. Vector or matrix valued trace spaces
and trace operators are defined component-wise.

For a Hilbert space H the usual L%((—1,1)) based Bochner Lebesgue space
of H-valued functions is denoted by L2((—1,1);H); cf. [8, Section 2.2]. In
the case H = H"(S;CV) with S € {X,R°~!}, we write B"(S) instead of
L%((—1,1); H"(S;CN)), respectively. We also write |||, for the norm in
B7(S). In a similar way, we define

(R ——— ||'HBT(5)_>BT’(S),

Ml = H'HBT(S)%H’
Il = -l (5)-

We will use the bounded embedding
JHT(S;CY) 5 B(S), Jelt) =,

and its adjoint
1
I :B7(S) = H"(S;CN), J°f :/ ft)dt.
-1

We also use the following convenient identification: Let @ € L>®((—1,1))
and A be bounded operator in H"(S;CY), r € [~2,2]. Then, we identify

Mo : B'(S) = B'(5), (Maf)(t) := Q) f (),
and

Mu: B"(S) = B'(S),  (Maf)(t) = A(f(1)),
with Q and A, respectively. Note that the norms |[Mg]|,_,, and [|M4]|
are equal to || Q|| e (_1,1)) and [|A[| g (5,085 e (s,0v) 5 TESPeCtively.

r—T

Finally, we fix notations and state simple properties regarding Fourier transforms.

(xi)

The expression F denotes the Fourier transform in R?~!. Moreover, F; and
F> denote the partial Fourier transforms in R? with respect to the first § — 1
variables and the #-th variable, respectively. These transforms are given for
Y € S(R?1) and u € S(RY) by

Fip(g') = \/(erﬁ /Rg_1 w(m/)e*i@',&')dx’, ¢ eROL,
Fru(§) = \/(27er /Re_1 u(a', &9)e " d! € = (€,&) e RY,

Foul€) = % /R (€ zo)e 0 dy, €= (¢,¢0) € R,
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and can be uniquely extended to bounded operators in S'(R?~1) and S'(R?),
where §” denotes the space of tempered distributions; cf. [33, Chapter IX].
Moreover, the application of the Fourier transform to vector and matrix-valued
functions or distributions is defined component-wise. The (usual) Fourier
transform in R? with respect to all variables is given by Fio = Fi1F2 = Fo .
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2. EXPLICIT CONDITIONS FOR THE APPROXIMATION OF DIRAC OPERATORS
WITH 0-SHELL POTENTIALS IN THE NORM RESOLVENT SENSE

In the first main theorem of this paper we replace the nonexplicit smallness
condition from Theorem 1.1 by the simple and explicit condition (2.1) below. This
condition will also turn out to be optimal later.

Theorem 2.1. Let ¢ € L*>((—1,1);[0,00)) with f_llq(s) ds =1 and assume that
n,7 € CH(Z;R) satisfy the condition
2

sup d(z) <
Ty €YD 4

Let V and V. be as in (1.9) and (1.5), and define V by (1.11). Then, for all
z€C\R and r € (0,3) there exist C > 0 and €’ € (0,e1) such that

H(HVE - Z)il - (H\7§E - Z)il||L2(R9;CN)_>L2(R9;(CN) S 051/277”’ €€ (035/)'

d=n*-712 (2.1)

In particular, Hy. converges to H\7§E in the norm resolvent sense as € — 0.

The strategy to prove Theorem 2.1 is to reduce it to the case where X is a rotated
C?-graph, which is shown as a separate result in Section 4. The actual proof of
Theorem 2.1 makes use of three preparatory results, which relate the resolvents of
Hy P and Hy, to similar operators with potentials supported on the C’g—graphs
3, and tubular neighbourhoods of ¥; (see (vii) in Section 1.1), respectively, via a
suitable partition of unity. We also remark that the condition (2.1) implies

~ _ _ d
sup d(zs) = sup (72%(zx) — 7%(zs)) = sup 4tan’ <(ZE)> <4,
TnEX rn €D TnEXD 2
so that V in (1.11) is non-critical; cf. (1.12).
The first preparatory lemma is a slight variation of [8, Lemma B.2] and allows
us to construct a suitable partition of unity for X.

Lemma 2.2. Let & C R, 0 € {2,3}, be a set as described in Section 1.1 (vii).
Then, there exists a partition of unity ¢1,...,p, € Ci°(R%R) for ¥ subordinate
to the open cover Wy,..., W, of ¥. This partition of unity can be chosen such
that ¢1,...,¢p is also a partition of unity for ¥ + B(0,5) for some § > 0 and
supp ¢; + B(0,6) C W, for alll € {1,...,p}.
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Proof. According to [36, Appendix A, Lemmas 1.2 and 1.3] there exists a sequence
(Tp)neny CRY, M €N, 0 <6 < €2, with ¢ from Section 1.1 (vii), and a sequence
of real-valued C*°-functions (¢n)nen such that (B(zp,0))nen is an open cover of
R? (¢n)nen is a partition of unity for R?, supp ¢, C B(x,,d) for all n € N, every
point z € RY is contained in at most M of the sets B(z,,d), and the derivatives
(of any order) of the functions ¢,, are uniformly bounded. Next, we define the set

Y :={z, : B(z,,20) NX # 0}
By construction, for all x,, ¢ Y one has B(z,,0) N (X + B(0,§)) = 0. Moreover,
note that for all z, € Y there exists an [ € {1,...,p} such that B(z,,20) C W;.
In fact, as B(z,,20) N X # 0, there exists a ys € B(2,,25) N3 and thus item (vii)
in Section 1.1 implies B(ys,e9) C W, for an I € {1,...,p}. Hence, for any y €
B(xy,,20) one has
ly —ys| < |y —2n| + |z — ys| < 40 < o,
which shows B(z,,2d) C W;. Define the sets
L :={n:z, €Y,B(x,,20) C W1}
and for I € {2,...,p}
I :={n:z, €Y,B(z,,20) C W, B(x,,20) ¢ W, ke{l,...,1—1}}.
Then, it is not difficult to see that
w1 = Z On

nel;

is a partition of unity having the claimed properties. Moreover, the construction of

w1, 1 €{1,...,p}, also implies supp ¢; + B(0,8) C W,. O

In the following we use a partition of unity as in Lemma 2.2 to connect Dirac
operators with strongly localized potentials supported in 2. with Dirac operators
with strongly localized potentials supported in the tubular neighbourhoods €2, ; of
the rotated C¢-graphs

¥ = {x(@, §(2") : 2’ € RO}, le{l,....p}

cf. Section 1.1 (vii). Note that V is only defined on ¥ and hence V is a priori only
defined on a subset of ;. Thus, to be able to define a strongly localized potential
Ve in Q. in the same way as V¢ in (1.5), we first construct suitable extensions
V, of V to ;. To do so, we choose p, € CH(R;R) with 0 < p, < 1, p,(0) = 1
and compact support in (—e1,e1), where £1 is the number specified below (1.2).
Since ¥ is assumed to satisfy (vii) in Section 1.1, it is not difficult to show that for
w € {V,n, 7} the function

e (1) = {W(l‘g)py(t), if x = ax +tv(zx) € Qe,, (2.2)

o, if ¢ Q.

is a C}}-extension of w to R? which is supported in €2,,. We then define the functions

Vii= ethzl € Cl}(E;CNXN)a m = 7]ext|217 T = Text‘El € C’bl(zl;R)v (23)
and note that V; = qIy + 708 for I € {1,...,p}; cf. (1.9). Clearly,

Vilsins = Vlsns.
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Moreover, we mention that d; = n? — 77 satisfies by construction

2

71'
sup di(zys,) < —

Cle{l,....p), (2.4)
T, €5 4

as d = n* — 72 satisfies (2.1). With this extension at hand, we define V. ; as V. in
(1.5) (with ¥ and V replaced by 3; and V}) and in the same way as Hy. = H + V.
in (1.6) we define

Hy.,=H+V.;, dom Hy_,:=H'(R%CY), 1e{1,...,p},
where H is the free Dirac operator (see (4.3)). Note that the operators Hy, , are
self-adjoint in L2(R?; CV).
In the next lemma we express the resolvent of Hy, in terms of the resolvents of
Hy, ,. Here we fix the partition of unity ¢1,...,¢, € C3° (R%;R) from Lemma 2.2

and we set @pp1:=1—>1_, 1.

Lemma 2.3. Let the functions V., V;; and the self-adjoint operators Hy, = H+V,,
Hy,, = H+ V. forl e {l,...,p} be as above, and set Hy, , , := H. Then, for
z € C such that |Im z| > Zf:ll lloc - Veor|| oo (roscnx vy the operator

p+1
I+ i(Hy,, —2) " a- Vi)
=1

is continuously invertible in L?>(R%; CN) and the resolvent formula

p+1 -1 /pt1
(Hv, —2)"" = <I +Y i(Hv., —2) Ha- V@l)) <Z(Hva,z - Z)_lst)
=1 =1
is valid for all e € (0, min{e;,d}), where e1 > 0 and § > 0 are chosen as below
(1.2) and as in Lemma 2.2, respectively.

Proof. Our first goal is to verify that for ¢; € Cf°(RY; R) from the fixed partition
of unity the identity

HVS@lu:HVE,LSDlua le {L'”ap}a (25)

holds for u € dom Hy, = dom Hy,, = H*(R?;C") and ¢ € (0,min{4,&1}). For
this it suffices to show

Ve(@)pu(z) = Vea(@)pr(z),  z €R’. (2.6)

In fact, it is obvious that Vi (x)g;(z) = Ve (z)ei(x) for = ¢ supp ¢;. Next, consider
x € Q. Nsupp ¢;. Then, there exists (zg,t) € ¥ X (—¢,¢) such that v = zx +
tv(zy). The inclusion supp ¢; + B(0,0) C W, implies zy, € W; N X. Hence, by
Section 1.1 (vii) zx, € ¥; and therefore z = zx, + v(zx) € Q. , where v is the unit
normal vector field at ¥; which has the same orientation on ¥; 1Y as v. In turn,
we have

t t
0 0) = Vites) L) = Vet (o).
If £ € Q. Nsupp ¢; one shows (2.6) in the same way. It remains to treat the case
r € Q2N QL Nsupp ¢;. However, then both sides of (2.6) are zero. Therefore,
(2.6) and hence (2.5) are true.

Ve(z)pi(z) = V(zs)
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Applying the product rule and using (2.5) yields for u € dom Hy, = dom Hy,_,,
le{l,...,p}, and € € (0,min{d,e1})

oHy.u = Hy. piu+i(a- Vo )u = Hy, piu+i(a- Vo )u. (2.7)

As o1, ..., @, also form a partition of unity for ¥+ B(0,d) D Q., ¢ € (0,7), we have
Vewpt1 = 0 for all € € (0,min{eq, ¢}). Hence, the product rule and the convention
H = Hy, ., show that (2.7) remains valid for [ = p + 1 and ¢ € (0,min{ey,d}).
For z € C\ R and u € dom Hy, = H'(R?;C") it follows from (2.7) that

p+1
(Z(Hvsvz - Z)_1¢l> (Hv. — 2)u

=1
p+1

((Hv.,, = )7 (Hy, = 2o+ i(Hy, = 2) 7 o Vanu)

Il
-

(2.8)

bS]

(golu—H(HV —2)" 1(04-Vg0l)u)

=1

p+1
(I—i-z i(Hy,, — (a-Vgoﬂ)u

p+1

In particular, if [Im 2| > > 7777 [|a- Vi || oo (re,cvx~) holds, then it is clear that the

operator I + ZP—H i(Hy,, — ) Yo~ V) is continuously invertible in L2(R%; CV)
and therefore

pt+1 -1 /pt1
(Hy, —2) <I+ > i(Hv., —2) o V<Pl)> (Z(Hvs,z - 2)_1<Pz>~

=1
]

Next, we provide an analogous formula as in the previous lemma for the resol-
vents of Dirac operators with d-shell potentials. For this, recall first from (1.9)
that V = nly + 78 with n,7 € C}(Z;R), assume that d = n? — 72 satisfies (2.1),
and let V = tanc(f)V be as in (1.11). Furthermore, with V; = n,Inx + 78 and
m,m € CH(Z;R), 1 € {1,...,p}, as described below (2.2) we set (as in (1.11))

Vi =iy + 7B, (M1, 71) —tanc(r)(m,n) dy=ni — 77
In the third preparatory lemma we shall again make use of the partition of unity

©1y -+, pp € C°(RY R) from Lemma 2.2 and as before we set 11 =1—>1_, ;.

Lemma 2.4. Let the functions V and 172 be as above, let the self-adjoint operator
Hy s be defined as in (1.7) and define in the same way (with V and ¥ replaced by

‘7} and ¥;) the self-adjoint operators

H\Zézl’ le {17 s 7p}7 and = H.

Vp+152 p+1

Then, for z € C such that [Im z| > Y71 [l Vi oo re,cnxny the operator

p+1

I+Z Tios, — 2 (@ Vi)
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is continuously invertible in L?(R?;CN) and the resolvent formula

p+1 -1 /pt1
(Hf/(;z - 2)71 = <I + Zi(H‘Z5El - Z)il(a . V@l)) (Z(H‘Zézl — Z)1g01>
=1

=1
is valid.

Proof. Similar as in the proof of the previous lemma we start by showing for u €
dom Hy; andl € {1,...,p} that

H‘752g01u = H‘7l52l Lru. (29)
First we argue that for v € dom Hy 5. We have

pu € dom H%E N dom H\N/zézl' (2.10)

In fact, since dom Hys € H'(R?\ 3;CV) and ¢, € C°(R%;R), we have pju €
HY(RY\ ¥;CY) for u € dom Hy s as well as

(z’(a v)(tE —t5) + %(t; + t2)> ViU

= (@z\z)(i(a )t —t5) + %(t; +t5))u =0,

that is, ¢yu € dom Hy, . For (2.10) it remains to verify ¢;u € dom Hy 5 . Here
1

it is convenient to introduce ()4 := € and (€;)_ := R?\ Q;. Since we already
have ¢u € dom Hys  C HY(R?\ %) it is clear that (pu)lg, € HY(Q4;CN).
Furthermore, as supp ¢; C Wy and Q4 NW; = (£;)+ N W, see Section 1.1 (vii), it
follows that (¢iu)|(q,), € H*((€)+;CY). Thus, we can apply the trace operator
to (piu)|(q,). and obtain

. _ Vi _
(z(a : V)(thrl - tz:l) + §<t§z + tzl)> piu

_ (i(a V), —t5,) + Lt + tgl))golu on ¥, N W,
0 on El \ Wl

(i(aw/)(t;7t5)+%(t§+t§)>gplu on XNW,
0 on X\ W,
0,

where we used ¢;u € dom HVéz’ supp ¢; C Wy, and ‘71 =V on YNnw,=Xnw,.
Hence, pu € HY(RY \ ;) and u fulfils the boundary condition

. _ Vi _
(2(@ : V)(tgl - tzl) + 5(1%1 + t&))‘ﬂlu =0,
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that is, ¢yu € dom Hgy 5 and hence we have (2.10). Moreover,
1

Hys pru= (—i(a- V) +mpB)(pu)|orrw, in QeNW,
) 0 else
= (—i(a- V) +mpB)(erw)|)ysnw,  in ()+ NW;
else
= H‘7l6)3l (plu’

and hence also (2.9) is valid.
Applying the product rule and using (2.9) yields for u € dom H‘76E and any

le{l,...,p}
o5 u=Hys pru+ i(a-Ve)u= H\Zéz o+ i(a- Vo u. (2.11)

Since ¢p1 =0 on X + B(0,6), we get for u € dom Hys C HY(R?\ ¥;CN) that
pr1u € HY(R?;CN) and

H‘752g0p+1u = Heppiu= H‘7p+152p+1 Pttt

Thus, the product rule implies that (2.11) is also valid for I = p+ 1. Next, let
us mention that since d = n?> — 72 and d; = 771 2,1 € {1 ..,p}, satisfy (2.1)

and (2.4), respectively, d = 4tan2(£) and d; = 4 tan? ( L), L e {1,...,p}, fulfil
(1.12). Hence, Hys_ and Hy s are self-adjoint operators in L*(RY; CN). Now,
1

one can show in the same way as in (2.8) for z € C\ R and u € dom Hy;  that

p+1 p+1
(Z(Hf/’&z, _Z)l‘pl>(H\762 z)u = (I"‘Z Vids, (O"V‘Pl)>u
=1

In particular, if |Im z| > ZP'H | - Vi oo (ro;cvx vy, then it is clear that the

operator T+ 3P4 i(H

Tiox, —2)"Y(a- Vi) is continuously invertible in L?(R?; CN)

and therefore

p+1 -1 /pt1
(Hys, — <I+Z Vios, — “Ha- V‘M)) (Z(H\Zéz, - Z)_1801>-

=1
(]

With the help of the previous lemmas we are now in the position to prove The-
orem 2.1.

Proof of Theorem 2.1. Let V; = Iy + 78,1 € {1,...,p}, be defined by (2.3) and
consider z € C such that [Im z| > ZPH - Veor | oo (ro,cv vy and 7 € (0, ). Since
d; = 771 —Tl satisfies (2.4) we can apply Theorem 4.1, which implies that there exists
an ¢’ € (0,min{eq,d,€31,...,€3,}), where €3, I € {1,...,p}, corresponds to &3
from Theorem 4.1 for ¥;, such that

I N

forl € {1,...,p} and € € (0,£’). Our conventions from Lemma 2.3 and Lemma 2.4
ensure that (2.12) is also true for [ = p + 1.
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Now, we define for € € (0,¢’)

p+1 p+1

R = Z(HVE,Z - Z)il(pla G, = Zi(HVs,l - Z)il(o‘ ’ v@l)’
=1 =1
p+1 p+1

Ry = Z(Hmzl —2) Y, G = Zi(Hmzl —2)"Ha V).
=1 =1

Thus, (2.12) and ¢; € C°(R%R), 1 € {1,...,p+ 1}, imply
16 — ol L2(rocny s r2@oenys [Re — Roll2ro,ony—r2rocny < CeY/277

Furthermore, since

maX{ sup HGE||L2(]R9;(CN)%L2(R9;CN)7||60”L"’(R";CN)HL?(R";CN)}
e€(0,e’)

+1
< Zf:l [l VWHLDO(RG;CNXN)

<1
|Im z|

)

we conclude with the help of Lemma 2.3 and Lemma 2.4
I(Hy, —2)~" - (Hys, — Z)_lHL2(R9;<CN)—>L2(R9;(CN)
= ||([ + 65)_19%5 — (1 + 60)_19%0||L2(R9;CNHL2(R9;CN) < 081/2_7",

which proves the claim if |Im z| > Zf:ll lloc - Vi oo (ro,cn < vy. Using the identity

(Hiys, —w)™ = (Hy, —w)™" = (I + (w — 2)(Hgy, —w) ™)
((Hygy — 27" = (Hy, —2) ) (I + (w— 2)(Hy, —w)™"), weC\R,

it follows that the claim is true for all w € C\ R. This completes the proof of
Theorem 2.1. g

In order to obtain the operator Hy; 5, asa limit operator of Dirac operators with
squeezed potentials also in the case

inf_|d(zx)] >4

TR EX
we use an approach that is inspired by the last paragraph of [13, Section 8] and
now add a strongly localized magnetic potential V,,, . to Hy, with the interaction
strength 7. It turns out that in this case Hy, + V,,, . also converges in the norm
resolvent sense, see the following Theorem 2.5. However, by the specific choice of
m as the magnetic interaction strength, the magnetic term disappears in the limit.
Hence, we end up with a limit operator Hy;;  which is again a Dirac operator with
6-shell potential and only electrostatic and Lorentz-scalar interactions; however, we
emphasize that here a different rescaling than (1.11) in Theorem 2.1 appears.

Theorem 2.5. Let ¢ € L>®((—1,1);[0, 00)) with f_ll q(s)ds =1, letn,7 € CL(Z;R)
and assume that d = n? — 72 satisfies the condition (2.1) and inf,ex |d(zs)| > 0.

Let V and V; be as in (1.9) and (1.5), let the strongly localized magnetic potential
Vine € L®(RY,CNXN) 2 € (0,61), be defined by

(2.13)

Vine () == m(a-v(rs))zq(s) forz = u(zs,t) € Qe
0 else,
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and set

~ - - -2
V =nly + 75, (n,7) = m(ﬂﬁ% d=n*—1% (2.14)
3

Then, for all z € C\R and r € (0,3) there ezist C > 0 and ¢’ € (0,&1) such that

[(Hv. + Vine —2) 7" = (Hpg, —2) 7| )< Ce?77 e e (0,€).

L2(RO;CN)—L2(RO;CN
In particular, Hy. +V,, . converges to HWZ in the norm resolvent sense as € — 0.
We note that the function

tan%@) €1[0,1), w € [0, %2),

2
—00, %) 5w 4tan?® (L) =
( T) (3°) { —tanh?(¥5Y) € (—1,0), w € (—o0,0),
is continuous, monotonically increasing and has its only root in zero. Hence, the
assumption inf,exn|d(zs)| > 0, (2.1), and the boundedness of  and 7 imply

inf |tan? (V4= >0 and sup [tan® Vilrs) < 1.
rn€EX 2 Tn€EX 2

In particular, d= n? — 7% =4/ tan? (7‘1) is well-defined and
~ 4
inf |d(zx)| =

rn€EX

=)

2
SUP,. ex ‘tan

Thus, V in (2.14) is non-critical; cf. (1.12). We point out again that the rescaling
(2.14) in Theorem 2.5 differs from the rescaling (1.11) in Theorem 2.1.

The following preparatory lemma is an essential ingredient in the proof of The-
orem 2.5 and also of independent interest.

Lemma 2.6. Let e, be chosen as below (1.2), e € (0,e1), and let Q. be the tubular
neighbourhood of . Then, for all s € (%, 00) there exists C > 0 such that
/ |U(I)|2 dx S OEH“”?—IS(RB\Z;CN)? u e HS(RG \ 2, (CN)
Qe

Proof. Since H* (R?\X; CN) is continuously embedded in H*(R?\X; CN) for s < s/,
it is no restriction to assume s € (%, 1]. We start by considering u = uy @ u_ with
us € D(Qx;CN), where

D(Qx;CY) := {u|q, : u € DR?;CM)}.

Moreover, by [8, Proposition 2.4 and Corollary A.3] and our choice of e > 0, see
the lines below (1.2), we obtain

/ lu(z)|? do < C/_i/E lu(rs + tv(es))]? do(os) dt

€

:C’e(/ol/z|u+(a:g+t€y(mg))|2da(xz)dt

b [ [+ tevtea doenar).
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Next, we estimate the term fi)l Js lug(zs + tev(zs))|? do(xs) dt. Note that the
smoothness of u implies that for ¢ € (—1,0) the function

Y3 zy — uy(zx + tev(zy))
coincides with the trace of the function

RY 5 = Uy (T + tevex (7)),

where ey IS a Cg—extension of the unit normal vector v to Re, which can be
constructed in the same way as the extensions of 1, 7, and V in (2.2), and uy =
FEu, € HY(R? CV) is the extension of u; to R? defined by Stein’s continuous
extension operator

E:H*(Q.;CY) — HRY;C);
cf. [37, Chapter 6, Section 3, Theorem 5. Then,

0 0
/_1/E|u+(xg+tsu(xg))|2 da(ﬂcg)dt:/_1/2’tz(ﬂ+((-)+t£uext))(xg)’2da(mz)dt

and we can estimate this term by

0
[ [ i (O teven) s doas) d
0
= [ (B0 +tev) oo,
0 2
< [ B+ tevan) s

0
< [ B0 +tevi) e .

According to [8, Proposition 3.3] the term [[(Eu4)((+) + tevext) | s ro,cvy 18 uni-
formly bounded with respect to t € (0,1) and € € (0,e1) by Cl|Eu|g.ga.cnys
which is in turn bounded by C|lu+||g.(q, cn)- Therefore,

0
/ 1 / s (s + t(ww)) P do(os) dt < Cllus g on;

in the same way one gets

1
/0 / fu_ (s + to(as))? dos) dt < Cllu_ 2 cn).

This implies the assertion for v € D(Q,;CN) @ D(Q_;CY), which is a dense sub-
space of H3(RY\ 2;CN) = H*(Q;CN) @ H*(Q_;CN), see, e.g., [25, Chapter 3].
Therefore, the assertion of the lemma follows for all u € H*(R? \ %;CV). O

Proof of Theorem 2.5. The proof is based on an idea that is also described below
the proof of Theorem 2.6 in [13, Section 8] and the equality

Hys = UH(_4/J)‘752U, (2.15)

where U is the self-adjoint unitary multiplication operator induced by the function

w = xo, —Xa_ in L?(R?;CN). Recall that V = 5jly+73 is as in (2.14), d = 7> —72,

and by our assumptions we have inf, ex |d(xx)| > 4, so that all terms in (2.15)
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are well-defined. Equation (2.15) can be proven as in, e.g., [9, Lemma 5.11], [13,
Section 4] or [22, Theorem 1.1]. Furthermore, according to (2.14) we have

~ -2 ~ 4
V=——"—V and d=7*-7= ——.
Vtan(F) tan? ()
Set \701 = tanc(@)v and observe
Vd
4~ ) tan (%2 -
—NVz—taHQ(@) 7 V= an(dQ)VZVd
Vi tan () 2
In particular,
H\76: = UH‘7CI52U’ (2.16)
and since 17Cl = tanc(@)v, which is the rescaling from Theorem 2.1, it follows

from Theorem 2.1 that Hy, converges to Hy; ; in the norm resolvent sense. We
then proceed in a similar way as in [13], that is, we provide unitary multiplication
operators W, such that

WZXHy W, = Hy, + Vi ey (2.17)

where V,,, . is the strongly localized magnetic potential introduced in (2.13), and

W, — U for ¢ — 0, so that the left hand side of (2.17) converges in the norm
resolvent sense to UHy ; U = Hyy .
cl0x2 P}

We now start the main part of the proof by defining for € € (0,e1) the function

1, S Q-i- \Qaa
w. :RY - C, we(x) := < '™ S ats) ds g =y(ax,t) € Q.
-1, xeQ_\ Q..

This function is well-defined according to the text below (1.2). We define W,
to be the unitary multiplication operator in L?(R? C¥) induced by w.. Using
f_11 q(s)ds = 1 and tubular coordinates one shows that w. € WL (R?). More-
over, by [42, eq. (2.11)] and [13, eq. (3.10)] we have V(:7!(x))2 = v(xx) for
= 1(zx,t) € Qe ((t71(x))2 = t) and therefore the chain rule implies
ima(Z) _
Vi, (z) = vizy)—we(z), == 1(zxs,t) € Qe,

g
0, else.

These considerations and the definition of V;,, . show
VV:I:’VEV[/:S = HVE — ZUTE(Oz . ng) = HVE + Vm,a; (2.18)

cf. [13, Section 8, below the proof of Theorem 2.6]. We note that w. converges
pointwise to w = xq, — xo_ and therefore W, converges in the strong sense to the
operator U. In addition, Lemma 2.6 shows that for € € (0,¢1) the estimate

0V = Ul ncmy = [ 1) ~ xe (2) + xa (2))u(@)]* da

€

€

2
< Cellull g goysiovys uwe H'(R"\X),
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is also valid. Moreover, since (Hy, 5 —2)~" is closed as an operator from L*(R?; C")

to H'(R?\ £;CY) and defined on L?(R?; CV), it is also bounded from L?(R?; C")
to HY(RY \ ¥;CY). Thus, (2.19) implies for € € (0,¢1)
(W — U)(H(/C](sE - 2)71||L2(R9;CN)—>L2(]R";(CN) < Cel'/2, (2.20)
We use (2.18) and (2.16) and estimate for € € (0,¢’) (with &’ > 0 from Theorem 2.1)
[(Hv. +Vine = 2) 7" = (Hys, — 2) 2 @oscm) s L2@oscm)
= [[(WZHy. W, — 2)~" = (UHgp 5 U — 2) | L2 o) 2osem)
= |[WZ(Hv. — 2)"'We = U(Hg, 5 — 2) " 'UllL2@osen)—2osem)
S W2 ((Hy, —2)7" = (Hy, 5, — 2)7)WellL2@o,ov) o 2@oen)
+ (W2 = U)(Hy, 5, — 2) " WellL2@oicv)— L2 @osevy
+ ||U(H‘7€162 - Z)il(WE - U)||L2(R9;CN)—>L2(R9;CN)'
Furthermore, since U is unitary and self-adjoint and W is unitary we can continue
the above estimate for r € (0, 1) and obtain
[(Hy, +Vine = 2) 7" = (Hys, — 2) 7 l2@eicy)»L2@oicn)
<|[(Hv. —2)~" - (Hy 5. — 2) M2 @e.cnys L2 ®eCN)
+[[(WZ — U)(Hf/d(;z - 2)71HL2(R9;<CN)—>L2(R9;<CN)
+ (WS = U)(Hy, s, —2) " 2@eseny 2 mocy)-
< 061/277‘ + 081/2
< Cvgl/Q—r7

where the norm resolvent convergence of Hy, to Hy s (see Theorem 2.1) and
(2.20) were used in the penultimate estimate. O

In the next corollary we observe that every Dirac operator with a given d-shell
potential Viés, V = 5jIy + 78, 1,7 € C}(Z;R), and d = 12 — 72 such that

sup |d(zx)| <4 or inf |d(zg)| >4 (2.21)
rnEY rn€EX

holds, can be approximated by a sequence of Dirac operators with strongly localized

potentials.

Corollary 2.7. Letq € L>®((—1,1);[0, 00)) with f_ll q(s)ds =1, letn, 7 € CL(Z;R)

and V = 7iIx + 78, and assume that d = 72 — 72 satisfies the condition (2.21).
Define the interaction strengths n,7 € C}(X) by

\/g“
2 arctan| -5~ o ) -~
( ) \/§>(71a 7-)7 Zf SuszGE |d($2)| < 4) (2 22)
n,T)= .
—2arctan % ~
J(ﬁa ?)7 Zf infzzGE |d($2)| > 47

Vi
and let V =nln + 78 and V. be as in (1.5). Then, for allr € (0,%) and z € C\R
there exist C > 0 and €' € (0,e1) such that the following is true:
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(i) If sup, cyx [d(zs)| < 4, then

I(Hy, —2)~" = (Hy

755 — Al

< 1/2—r
r2@ocN ) L2@eeny = COF

for all e € (0,¢).

(ii) If infygex |d(zs)| > 4, then
-1 -1 1/2—
||(HV5 =+ Vm,e - Z) - (H\N/az - Z) HLZ(]RB;(CN)_)L2(RB;(CN) < Ce /2=r
for all e € (0,€’), where V,, ¢ is as in (2.13).

Note that in (2.22) the convention %‘l(“’)\m:o = 1is used. Moreover, we would
like to point out that for constant 77,7 € R the previous corollary is particularly
interesting, as it shows that every Dirac operator with a d-potential and constant
electrostatic and Lorentz-scalar interaction strengths satisfying |d| # 4 can be ap-
proximated by Dirac operators with strongly localized potentials.

Proof of Corollary 2.7. Throughout this proof we use arctan®(w) < 7{—; for w €
[0,1] and w € [0, 1].
(i) The assumption sup,_cy |d(zx)| < 4 implies for d = 7* — 7

() <

2

sup d(ry) = sup 4arctan?
rn €D Ty €N

and thus condition (2.1) is fulfilled. Hence, the assertion follows from Theorem 2.1.

(ii) The assumption inf,.ex |d(zx)| > 4 implies
2

T
sup d(zx) = su 4arctan2< 2 ) < —
xgepz ( 2) Igépz Vd(zs) 4

and thus condition (2.1) is fulfilled. Furthermore, since d = 772 —72 € CE(Z;R) we
also have inf, e |d(zx)| > 0. Hence, the assertion follows from Theorem 2.5. O

3. COUNTEREXAMPLES

We show in this section that the condition (2.1) for the norm resolvent conver-
gence of Hy,_ is optimal by providing suitable counterexamples. Throughout this
section we assume that V' has the form V = nly + 78 with n,7 € R. In this
situation (2.1) simplifies to d = 7% — 72 < %2 and by (1.11) we have

E:ﬁz—?z :taHCQ(@)dzéltanQ(@)' (3.1)

In our first counterexample we treat those cases d > %2 that lead to the critical
interaction strength d = 4. These are exactly the cases d = (2k+ 1)2%2, k € Ny, and

include, in particular, the important borderline case d = ”72. In this situation the
operator Hy;  is only essentially self-adjoint and hence Hy. cannot converge in the
norm resolvent sense to Hy; P However, if the interaction support ¥ is a compact
C*°-hypersurface it turns out in Theorem 3.1 that Hy, does not even converge to

the closure of Hy; 5y 1D the norm resolvent sense. In our second counterexample

Theorem 3.2 we treat the case d > %2 and assume d # (2k + 1)2%2, k € N, so that

V is non-critical (i.e., d #4). If § = 2 and the interaction support ¥ is the y-axis,
then we show that Hy, does not converge to Hy;; in the norm resolvent sense.
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Theorem 3.1. Let Y C R? be a compact Cm—hypersurface q€ L°°(( 1,1); [0, 00))
with fllq ds=1, andn,7 € R such thatd =n?—12 = (2/@'+1)27T k € Ny. Let
V=nly+18 and V. be as in (1.5), and define V = Iy + 78 by (1.11). Then,
V is critical (ie., d=4), Hy 5y, is essentially self-adjoint but not self-adjoint, and
Hy. does not converge in the norm resolvent sense to the closure of Hys .

Proof. Since the convergence in norm resolvent sense is invariant with respect to
bounded perturbatlons it is no restriction to assume m > 0. It is clear from (3.1)
that d = (2k+ 1)2 7 Jeads to d = 4 and hence the interaction strength V is critical.
The claims regardlng the (essential) self-adjointness follow from [7, Theorem 4.11]
for # = 2 and from [11, Theorem 3.1 (ii)] for § = 3. Thus, it only remains to prove
that Hy, does not converge in the norm resolvent sense to the closure of Hy;5 . If X
is compact, then supp V. C Q. is compact and hence by [25, Theorem 3.27 (ii)] V-
induces a compact operator from H'(R? CV) to L2(R?;CY). In turn the resolvent
difference
(H = 2)™" = (Hy, —2)™" = (Hy, — )" 'Vo(H — )"}
is compact in L?(R?; C"), which shows
O—ess(HVa) = Uess(H) = (_007 _m] @] [m, OO)

Consequently, [41, Satz 9.24 a)] implies that if Hy, converged in norm resolvent

sense to the closure of Hy; P then also

Uess(%) = 0ess(H) = (—00, —m] U [m, 00).

However, since 7> — 72 = 4 one has |7| < |7] and

Thme Oess(Hyrg ) N (—m, m)
n

according to [7, Theorem 1.2 and Theorem 1.3] and [12]; a contradiction. O

Our second counterexample concerns the non-critical case and the special in-
teraction support ¥ = {0} x R in R?. The idea of the proof is to use the direct
integral method and to verify that 0 € o(Hy,) for all € > 0 sufficiently small, while
0 ¢ o(Hyyg,); cf. Remark 3.3 below for a further discussion.

Theorem 3.2. Let ¥ = {0} x R C R?, let ¢ = 2)(( 1,1, and let n,7 € R be such
that d = 1° — 72 > = and d # (2k 4+ 1)?72, k € No. LetV—nIN—&—Tﬂ and V.
be as in (1 9) and (1.5), and define V = fjIx + 78 by (1.11). Moreover, assume

that d = n? —72 7& 4. Then, the operator Hy,. does not converge in norm resolvent
sense to Hg

Proof. The main idea of the proof is to use the direct integral method and to show
that if € > 0 is sufficiently small, then 0 € o(Hy.). However, then norm resolvent
convergence would imply 0 € J(H;,JZ), see, e.g., [21, Chapter IV, Theorem 3.1],
[32, Theorem VIII.23 (a)] or [41, Satz 9.24]. In the case that ¥ is the straight line
the spectrum has been calculated explicitly in [10, egs. (5.7), (6.7)]. In particular,
if m # 0 and (d—4)m7 < 0, then 0 ¢ 0(Hys, ), which yields a contradiction. Note

that it is no restriction to assume m # 0 and (d — 4)m7 < 0, since the bounded
perturbation mS does not influence the norm resolvent convergence.
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We show 0 € o(Hy,) by applying the direct integral method. For this observe
first that in the special case of Theorem 3.2 the operator Hy, can be represented

by
) X(—e,e) xR

HVE :01(—i81)+02(—i82)+m03+(77]2+7'0'3 9% R

dom Hy. = H'(R?*; C?) c L*(R* C?);
cf. (1.5), (1.6) and Section 1.1 (vi). By identifying L?(R%; C2) with [ L*(R;C?) d¢,
we get similar to [10, eq. (2.3) and the text below]

&)
FoHy Fy'! :/]R Hy_[¢]d€

with the fiber operators

X(—¢,e)
2

o d
[€] = —io1 + &0 +mos + (nls + T03)

dom Hy, [¢] = H'(R; C?),

for £ € R. We split the proof of 0 € o(Hy,) for € > 0 sufficiently small in 4
steps. In Step 1 we find a condition for 0 being in the point spectrum of Hy,[€].
Step 2 is an intermediate step in which we consider the inverse of the function
[5,7) 2w —ucot(u). Using this function we verify in Step 3 that if ¢ > 0 is
sufficiently small, then there always exists an & > 0 such that 0 € o,(Hy.[£]).
Finally, we prove in Step 4 that this implies 0 € o(Hy.).

Step 1. In this step we prove for £ € R that 0 € o,(Hy,[{]) is equivalent to the
condition

Hy,

€

d— ués —2eTm

COS(Mf,s) + SinC(Mg,s)
\/d— pE . —detm

where pe o 1= \/d — 452112 —4detm and ve 1= /&2 + m2.
Let us assume that there exists a nonzero function v € H'(R;C?) such that
Hy_[€]Ju = 0. Then,

=0, (3.2)

d _
—u = —10q <€UQ + mos + (77]2 + 703)M> U
dx 2¢

a.e. on R. Thus, there exist wi,ws, ws € C? such that
exp(Az)wy, x € (—o0,—¢),
U(I) = exp(Bac)w27 US (—8,8), (33)
exp(Az)ws, x € (g,00),

where

A= —io (502 + mag) = (fm mg) and B = A —ioy(nls + 703)2—15.
Note that A has the distinct eigenvalues +v¢ = £1/£2 + m? and the corresponding
orthogonal eigenvectors are given by ay = (—im,{ — ve) and a_ = (£ — vg, —im).
Since u € HY(R; C?), u(z) has to converge to zero for x — +oo. Hence, w; = ciay
and w3 = cza_ with c¢i,c3 € C. Moreover, u € H'(R;C?) C C(R;C?) yields the
conditions

exp(—Ae)wy = cre” “Y4ay = exp(—Be)ws

_ (3.4)
exp(Ae)ws = cze”*¢a_ = exp(Be)ws;
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this implies
cra4 — czexp(—2Be)a_ = 0. (3.5)
Next, we write
exp(—2Be¢) = cos(i2Be) — 2Besinc(i2Be).
Note that (i2Be)* = pg _I> and hence cos(i2Be) = cos(pig - ) I2 as well as sinc(i2Be) =
sinc(pe < )I2. These considerations and 2Be = 2Ae — ioy1(nly + To3) yield

exp(—2Be)a_ = cos(pue¢ - )a— — 2Besinc(pe o )a—
= cos(pg,c)a— — (24 —io1(nlz + T03))sinc(pe e Ja—
= (cos(pe,c) + 2evesinc(pe ¢ ))a— + iy (nly + To3)sine(ue c)a—.

Since a; and a_ are an orthogonal basis of C2, (3.5) is fulfilled if the scalar product
of (3.5) with a4 and a_ is zero. This yields the system

0=cilay]® — cs(ioy (nlz + To3)sine(pe Ja—, ay )
0 = ¢ ((cos(pe,e) + 2=vesine(jie o))la- (3.6)
+ <i01 (nIz + To3)sinc(pe e )a—, a,>).

Note that ¢z # 0, as otherwise ¢; = 0 and (3.4) would imply wy = 0, and thus
wy = wg = wz = 0, which in turn would lead to uw = 0. However, u # 0 by
assumption. Thus, the second line of the above system implies

0 = (cos(pe,e) + 2evesine(pe ) |a—|* + (ioy (I + To3)sinc(pe < )a—, a_ ).

Using the relations o] = o1, o1a_ = ay, ay L a_, (03a_,a4) = 2im(§ — v¢) and
la_|* = m? + (£ — ve)? we can simplify this equation to

0= cos(pe,e) + (251}5 - 2%)51110(%5). (3.7)
Next, we use m? = v — £ = —(£ + ve)(§ — ve) and 2eve = /d — pig . —4eTm to
rewrite
_ AEmvgtm o (€ —vg)m
T - wr T e T + € - v )
= 2eve + o
3
1
= E ((251}5)2 + QETm) (3.8)

d— uze — 2et™m
o 26’(15
d— u?s — 2eTm

N —derm

Plugging (3.8) into (3.7) gives us (3.2).

Now, we argue that the reverse direction is also true. If (3.2) is fulfilled, then
using (3.8) implies that (3.7) is valid. Then, we fix a arbitrary ¢z € C\{0}. For this
cs there exists exactly one ¢; € C such that (3.6) is satisfied. Furthermore, (3.5) is
also true. The choices wy = cra4, wy = exp(Be) exp(—Ae)wy and ws = cza— yield
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with (3.4) that u defined by (3.3) is in H*(R;CY) = dom Hy._[¢]. Moreover, by
construction u € (ker Hy, [¢]) \ {0} which implies 0 € o, (Hy, [£]).

Step 2. Consider the function ag : [§,7) + [0,00), ag(u) = —ucot(u). It easy
to see that ag is continuous and ao([5, 7)) = [0, 00). Furthermore,

i 3 < + u
(1) = — cot(w) + —%— — cos(u) sin(u)
() ) sin?(u) sin?(u)
—Lgin(2u) + 1l
= _2 1n(2 u +u > .22 2 >0, u € [5,m),
sin” (u) sin”(u)

and hence ag is monotonically increasing and bijective. Thus, the same holds for
its inverse function

up = ag "' : [0,00) — [Z, 7).
For a € [0,00) we have a = —ug(a)cot(ug(a)) and therefore multiplying with
sinc(ug(a)) shows that ug fulfils the relation

cos(ug(a)) + asinc(ug(a)) = 0, a € [0,00). (3.9)

Step 3. Now we use the function ug from the previous step to find for sufficiently
small € > 0 a & such that 0 € o, (Hy, [€:]). We start by claiming that there exists
an a. > 0 which fulfils

d —ui(az) — 2eTm

- Vi —uZ(as) —detm’ (310)

€

In fact, if we set

be := /min{d, 72} — 4e(]rm| + 1)
and choose ¢ > 0 sufficiently small we can guarantee b. € (§,7), and hence
ug ' (b.) € (0,00). Since ug is monotonically increasing and continuous, the function

d —u3(a) — 2eTm

F:[0,u5" (b:)] = R, F(“):a*\/d_ 2(a) — 4e
ugla) —aeTm

is continuous and well-defined. The properties of the function ug and the assump-
tion d > %2 show that
2
d— - —2etm
F(0) = — 4

2
d— " —detm

is smaller than zero for sufficiently small ¢ > 0. Moreover, since u; ' is continuous
and limp_, ual(b) = 00, we get

d — min{d, 7%} + 4e(|tm| + 1) — 2eTm )
Vd —min{d, 72} + 4e(|rm| + 1) — detm/

_Ju' V), d<?,

N 00, d > w2,

> 0.

lim F(ug(b.)) = lim (ugl(bg)

e—0 e—0

Thus, F(uy*(b:)) > 0 if ¢ > 0 is sufficiently small. Hence, there exists an a. €
(0,ug ' (b:)) such that (3.10) is fulfilled.
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For this a, we also have
d—ud(a.) —4e®m? — detm
> d —ud(ug (b)) — 4e®m? — detm
=d — min{d, 7%} + de(|tm| + 1) — 4e®>m? — detm
>0

for sufficiently small € > 0. Thus,

1
&= ?5\/d —u3(a.) —4e?m? — detm > 0 (3.11)

is well-defined. From (3.11) and the definition of p¢ . below (3.2) it follows that

up(ae) = \/d - 4521)?5 —detm = pe_ e,
and plugging this expression into (3.10) yields

d— “52575-: —2etm

. =

e = .
\/d — ﬂée —4detm

Combining these relations with (3.9) shows that (3.2) is fulfilled for £ = &.. Thus,
0 € op(Hy, [€.]) by Step 1.

Step 4. Finally, we show in this step 0 € o(Hy,) for € > 0 chosen sufficiently
small. This follows from [34, Theorem XIII.85 (d)] if we can show that for all 6 > 0
there is a 5 > 0 such that (—4,8) No(Hy,[£]) # 0 for all £ € (& — 75,8 +7s). We
assume that our claim is not true. In this case there exists a ¢’ > 0 and a sequence
(&n)nen such that &, — & for n — oo and (—¢',0") No(Hy.[&]) = 0 for all n € N.
Note that

[(Hv. €] — 2)_1 — (Hv.[&] - Z)_llle(R;CQ)HLQ(R;Cz)

= ”(HVs [fs] - 2)7102(§n - fe)(HVs [fn] - Z)ilHL2(R;C2)—>L2(R;C2)
1

S(Imiz)gkgnifs‘%o’ n — 0o,

holds for z € C\ R, i.e., Hy.[§,] converges in norm resolvent sense to Hy.[{.].
Moreover, (—¢',0") No(Hy,[&,]) = 0, n € N, and [32, Theorem VIII.24 (a)] imply
the contradiction (—d",d") No(Hy.[&]) = 0. O

Remark 3.3. We note that in the situation of Theorem 3.2 one can even show
o(Hy,) = R for all & > 0 which are sufficiently small; cf. [38, Theorem 6.5].
Furthermore, the statement of Theorem 3.2, that Hy. does not converge in the
norm resolvent sense to Hy; , remains true in more general situations, e.g., if
¥ C RY 0 € {2,3), is as in Section 1.1 (vii) and contains a flat part, see [38,
Theorem 6.7] for more details.

4. APPROXIMATION OF DIRAC OPERATORS WITH 0-SHELL POTENTIALS
SUPPORTED ON ROTATED C7-GRAPHS

The main aim of this section is to prove Theorem 2.1 for the case that ¥ is a
rotated C2-graph. In this case, there exist ( € CZ(R%"1;R) and x € SO(6) such
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that
QO = {k(@',2z9) : (z', ) € R? and x4 < ((2')},
Q- =R\ O, = {k(z',z9) : (2, 29) € R? and x4y > ((a')}, (4.1)
Y =00, =X, = {2, ((a))) : 2’ e RO
To emphasize the importance of this result, let us rephrase Theorem 2.1 for the
special case of a rotated CZ-graph.
Theorem 4.1. Let ¥ be a rotated C?-graph, let ¢ € L>®((—1,1);[0,00)) with
fil q(s)ds =1 and assume that n,7 € C}(Z;R) satisfy the condition

2
sup d(ez) <
Ty €YD 4
Let V and V. be as in (1.9) and (1.5), and define V by (1.11). Then, for all
z€C\R and r € (0,3) there exist C > 0 and e3 € (0,¢1) such that

d=mn>—-712 (4.2)

-1 —1 1/2—
”(HVE - Z) - (H\N/(;Z - Z) HLz(]RB;CN)_)LZ(RB;CN) <Ce / r7 €€ (0763)'
In particular, Hy. converges to H\762 in the norm resolvent sense as € — 0.

This theorem is a direct consequence of Proposition 4.7, Proposition 4.9 and
Proposition 4.28.

Section 4 is devoted to proving these propositions. We proceed as follows: In
Section 4.1 we introduce various integral operators associated to the free Dirac op-
erator. Then, in Section 4.2 we recall comparable resolvent formulas for Hy; 5 and
Hy. from [8]. Moreover, relying again on results from [8] we provide convergence
results for the operators involved in these resolvent formulas and end the section
by stating Proposition 4.7 which gives abstract conditions for the norm resolvent
convergence of Hy,. Afterwards, we show in Section 4.3 and Section 4.4 (in Propo-
sition 4.9 and Proposition 4.28, respectively) that these conditions are met if (4.2)
is fulfilled.

Finally, let us mention that the restriction to rotated CZ-graphs is only necessary
in Section 4.4 and all results from the Sections 4.1-4.3 remain valid for the general
class of hypersurfaces described in Section 1.1 (vii).

4.1. The free Dirac operator and associated integral operators. Let m € R
and recall that the Dirac matrices aq, ..., ag, 8 € CV*¥ are given by (1.16)—(1.17).
The free Dirac operator H is the differential operator in L?(R?; CY) given by

H:=—i(a-V)+mpB,  dom H:=H' R’ CN). (4.3)
With the help of the Fourier transform one gets that H is self-adjoint in L?(R?; C"V)
and o(H) = (—o0, —|m|] U [|m|, o0), see for instance [10, Section 2] for § = 2 and
[39, Theorem 1.1] for # = 3. For z € p(H) = C\ o(H) we have
Rou(e)i= (=9 'u(w) = [ Gl —ypu)dy. e PRECY), 2R,
RO
where G, is given for § = 2 and = € R? \ {0} by

pR— :
G,(x) = uKl( — iV 22— mﬂ:r\)%

2m (4.4)
+ %Ko( — iV 22 = m?|z|) (mpB + z12)
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and for § = 3 and x € R3\ {0} by

. V22 —m?2|z|
. . a-z\ e
G.(x) = <zl4 +mp+i (1 —iV 22— m2|x|> FE ) = ; (4.5)

cf., eg., [7, 9, 39]. Here, Ky and K; denote the modified Bessel functions of
the second kind of order zero and one, respectively. Note that R, is bounded in
L?(R%;CYN) and it can also be viewed as a bounded operator from L?(R?; CY) to
H'(R?;CM).

We move on to the discussion of potential and boundary integral operators associ-
ated with the free Dirac operator. In the following, let z € p(H) = C\((—o0, —|m|]U
[[m],00)) be fixed and let Q4 and ¥ C R? be as in (4.1). First, we introduce the
potential operator ®, : L?(%; CV) — L2(R% CV) by

Bp(z) = / oo — yn)olys) dolys), @ IASCY), zeR'.  (46)

We note that @, is indeed well-defined and bounded, see [2, Lemma 2.1]. Further
properties of ®, are summarized in the following proposition. These results are
well-known and a proof can be found in [8, Appendix C].

Proposition 4.2. Let z € p(H) = C\ ((—oo, —|m|]U[|m|,00)) and let @, be given
by (4.6). Then, the following is true:

(i) For anyr € [0, %] the operator ®, gives rise to a bounded operator
®,: H'(Z;CN) — H' V2R \ =; V).

(ii) For p € HY?2(%;CN) one has (—i(a- V) +mfB — zIN)(®.p)+ = 0.
(iii) The adjoint ®% : L2(R%;CN) — L2(Z;CYN) of ®, acts on u € L*(R%;CV)
as

Bu(es) = [ Galos —yul)dy = toBeulas),  am e,
R

and ®* gives rise to a bounded operator ®* : L>(R?;CN) — H'/?(x;CN).

Finally, we introduce a family of boundary integral operators for the Dirac equa-
tion. Let z € p(H) = C\ ((—o0,—|m|] U [|m|,o0)). Then, we define the map
C.: HY?(2;CN) — HY?(%;CV) by

1
C.p = 5(tg +t5)P.p, @€ HYX(D;CN). (4.7)

We remark that the operator C, can be represented as a strongly singular boundary
integral operator, see for instance [9, equation (4.5) and Proposition 4.4 (ii)] for the
case that Q4 is bounded. However, for our purposes the representation in (4.7) is
more convenient. The basic properties of C, are stated in the following proposition.
Again, a proof can be found in [8, Appendix CJ.

Proposition 4.3. Let z € p(H) = C\ ((—o0, —|m|] U [|m],00)) and let C, be given
by (4.7). Then, the following is true:

(i) For anyr € [—3, 3] the map C. has a bounded extension C : H"($;CY) —

H"(%;CN).
(ii) For anyr € (0,3] and p € H"(3;CN) one has

7
C.p= ii(a V) + t% ((I)ZQO)i :
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4.2. Formulas and corresponding convergence estimates for the resol-
vents of Hy, and Hy; . In this section we introduce resolvent formulas for Hy,
and for Hy 5y, 1D terms of (Bochner) integral operators and study their convergence
properties.

Recall that BY(X) = L?((—1,1); L*(2;C"Y)) and that W is the Weingarten map
associated to X; cf. [8, Definition 2.3] and [4, Definition 2.2]. We (formally) define
for e > 0 and z € p(H) the following integral operators:

Ac(2) : B (%) — L2(RY; CV),
= [ [ Guta s = eswus) s 5) o) (4.580)
~det(I — esW (yx)) do(ys) ds,
B.(z): B°(%) — B (%),
Be(2) f(t)(zs) = / / G.(zs +etv(zs) —ys —esv(ys)) f(s)(ys) (4.8b)
—-1J%
~det(I —esW(ys)) do(ys) ds,
C.(z): L*(R%;CN) — B (D),
Cl2ut)(ws) 1= [ Gulas +etvlas) ~puly) dy

In the next proposition the well-definedness of these operators and also their con-
nection to the resolvent of Hy, are discussed.

(4.8¢)

Proposition 4.4. Let z € p(H), q be as in (1.4), V be as in (1.9), Hy. be defined
as in (1.6) and 1 > 0 be as below (1.2). Then, for all ¢ € (0,e1) the operators
given in (4.8a)—(4.8¢c) are well-defined and if —1 € p(B:(2)Vq), then z € p(Hy.)
and the resolvent identity

(Hy, —2)7' = (H —2)"" = A(2)Vq(I + Be(2)Vq) ' C<(2)
holds.

Proof. Note that €1 > 0 is chosen in exactly the same way as in [8, Proposi-
tion 2.4]. Thus, the assertions follow from [8, (3.1a)—(3.1c), Proposition 3.1 and
Proposition 3.2]. O

Next, we introduce the operators Ag(z), Bo(z), and Cy(z) which will turn out
to be the limit operators of A.(z), B:(z), and C.(z), respectively. For z € p(H),
they are defined by

Ao(2) : B'(E) = L*(R%; CY),

f—«b/f

Bo(2) : BY(%) — BY(2),

By(2)f(t) == %(a u)/ sign(t — s)f(s)ds+C. /_1 f(s)ds,
(
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where @, is the operator defined in (4.6) and C, is the extension of the operator
defined in (4.7) to L%(X;CY), see also Proposition 4.3 (i). Using the identifications
described in Section 1.1 (x), one sees that the operators Ag(z), Bo(z), and Cy(z)
are well-defined and bounded since by Proposition 4.2 (i) ®, is a bounded operator
from L2(3;CY) to L2(R%; C") and by Proposition 4.3 (i) C. is a bounded operator
in L2(X;CY). The operator By(z) can also be represented by

By(z) =T(a-v)+3C, 3%, (4.9)

where J is defined in Section 1.1 (x) and

it
T:B°%) — B (%), Tf(t):= 5/ sign(t — s) f(s) ds.

-1
Moreover, since C, also acts as a bounded operator in H" (3; CN) for r € [f%, %], see
Proposition 4.3 (i), Bo(z) acts also as a bounded operator in B"(X) for r € [-1, 3]
Our next goal is to show a resolvent formula for Hy;_, which is defined by (1.7),

in terms of Ay(z), Bo(z), and Cp().

Proposition 4.5. Let z € p(H), q and V = nlx + 78 be as described in (1.4)

and (1.9), respectively, and d = n? — 72 such that (1.10) is fulfilled. Moreover,

let (7,7) = tanc(@)(nﬁ), V = fIy +78 and d = 7 — 72 fulfil (1.12). If

—1 € p(Bo(2)Vq), then for the self-adjoint operator Hy s  the resolvent identity
(Hysy —2)7" = (H = 2)7" = Ao(2)Vq(I + Bo(2)Vq) ™' Co(=)

s valid.

Proof. Since d fulfils (1.12), H s, 18 self-adjoint by the text above (1.12). Moreover,
in the same way as in [8, below eq. (4.15)] one can show that if —1 € p(By(2)Vq),
then for u € L%(R%; CY) holds

((H—2)""= Ao(2)Vq(I + Bo(2)Vq) ' Co(2))u € dom Hys

and
(Hys, — z)((H — 2)7 = Ag(2)Vq(I + Bg(z)Vq)*lCo(z))u = u.
This shows that the resolvent identity is true. [

In the next proposition we summarize the convergence properties of A.(z),B(2),
and Cc(z); cf. [8, Proposition 3.7, Proposition 3.8, and Proposition 3.10] for the
proof.

Proposition 4.6. Let z € p(H) and e, > 0 be as below (1.2). Then, there exists an
g2 € (0,e1) such that Ac(2), Be(2), and Cc(z) are uniformly bounded operators with
respect to € € (0,e2). Moreover, Ce(z) and Cy(z) act also as uniformly bounded
operators from L*(R%; CN) to BY2(X) and for r € (0,3) there exists a C > 0 such
that one has for € € (0,e3)
14 (2) = Ao(2)llos 2(go,eny < C277,
1B=(2) = Bo(2)lly ja0 < C/27,
IC<(2) = Co(2)ll 2o ,cvy o < Ce/277

After summarizing the convergence properties of A.(z), Be(z), and C.(z) we
state in Proposition 4.7 conditions for the norm resolvent convergence of Hy..
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Proposition 4.7 ([8, Proposition 3.12 and Remark 4.5]). Let the assumptions of
Proposition 4.5 hold. Moreover, let r € (0, %) and €5 > 0 be as in Proposition 4.6.
Assume that the following conditions hold:
(i) There exists an €3 € (0,e2) such that (I + B.(2)Vq)~"! exists for e € (0,e3)
and is uniformly bounded in B°(%).
(ii) I+ Bo(2)Vq is bijective in B/2(%).
Then,

|Hv. =)™ ~ (Hys,, - Z)_lHL2(R";(CN)—>L2(R";CN) S

for e € (0,e3). In particular, Hy. converges for e — 0 to Hy s in norm resolvent
sense.

According to Proposition 4.7 it is essential to study the operators I+ By(z)V ¢ and
I+ B.(2)Vq in order to find explicit conditions for the norm resolvent convergence
of Hy.. In Section 4.3 and Section 4.4 we show that (4.2) guarantees that the
requirements (i) and (ii) of Proposition 4.7 are met.

4.3. Analysis of I 4+ By(2)Vq. We study the operator I + By(z)V¢ and are par-
ticularly interested under which conditions (ii) of Proposition 4.7 is fulfilled, i.e.
under which conditions I + By(z)Vq is bijective in B/?(X). First, we state an
auxiliary result about the invertibility of I +C.V with C. defined by (4.7), see also
Proposition 4.3 (i).

Lemma 4.8. Let z € C\ R, r € [0, %], 7,7 € CH(E;R), and V= nln + 75 such
that d = 1% —72 fulfils (1.12). Then, the operator I+CZ‘7 is continuously invertible
in H"(3;CN).

Proof. We split the proof in three steps. In Step I we show that V and C, act
as bounded operators in H"(X;CV) for r € [0,1] and 2 € C\ R. Afterwards, we
show in Step 2 that for z € C\ R the operator I + XN/CZ is continuously invertible
in H'/2(2;CN). In Step 3 we use Step 1 & 2 to prove the assertion.

Step 1. Let z € C\ R and r € [0, %] The assumption 77,7 € C}(Z;R) implies
V =7ly+78 € CHE; CVN*NY ¢ WL (2;CV*N). Hence, V induces a bounded
multiplication operator in H"(X; C") which is bounded by H‘~/||W(,1C,(Z;CNXN)- More-
over, C. acts as a bounded operator in H"(3; C") by Proposition 4.3 (i).

Step 2. We already know from Step I that C, and V act as bounded oper-
ators in HY/2(2;CN) for = € C\ R. Hence, in order to prove that I + VC, is
continuously invertible in H/2(3;CN), it suffices to show that I + VC, is bijec-
tive in H'/2(2;CN). We begin with the injectivity. Let ¢ € H'/?(Z;C") such
that (I + VC.)ip = 0. We set u = ®,1p with &, defined by (4.6). Then, Proposi-
tion 4.2 (i) implies u € H*(R? \ ¥;C"). Furthermore, Proposition 4.2 (ii) yields
(—i(a- V) +mpB — zIy)usr = 0 and Proposition 4.3 (ii) gives us

1
i(a-v)(ts —ts)u=1¢ and 5(t; +t5)u = C.1p. (4.10)
Thus, (4.10) leads to

i(owl/)(t;ftg)quf/%(t;+t§)u:1/)+‘7czw:0 (4.11)
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and hence u € ker(Hgs — z). Since d fulfils (1.12), Hyy is by the text above
(1.12) self-adjoint and therefore ker(Hy ;5 —z) = {0}; implying u = 0 and therefore
(4.10) shows 1 = 0. Now we turn to the surjectivity. Let ¢ € H'/?(Z;CN). Then,
according to [24, Theorem 2] there exist wy € H'(Q4;CN) such that tfwy =
WQO € HY?(%;CN). Next, we set w = wy @w_ € H'(R?\ X;CY) and see

i(a-v)(t; —ts)w =¢ as well as %(t%L +i5)w =0. (4.12)
Moreover, let
vi= (Hps — 2) H(=i(a- V) +mB — zIN)wy @ (—i(a- V) +mB — zIx)w_].
Then, v € dom Hy; and (—i(a- V) +mfB — zIy)(v — w)x = 0, and thus due
to [8, eq. (C.4) and the text below] there exists a ¢ € H'/?(%;CN) such that

®,1) = w — v. Hence, we use the relations (4.10) (for u = ®,¢) as in (4.11), (4.12)
and v € dom Hy;  to obtain

(T4 VC)p = i v)(8 — 1)@ + V5 (85 + 1) 8.9
= ifo ) (88— t5)(w — ) + V(8 + t5)(w —v)

~1
=i(a-v)(th —ts)w + Vi(tg +t5)w = .

This proves the surjectivity and completes Step 2.

Step 3. First, let r = % In this case we already know from Step 2 that I+VC,is
continuously invertible in H'/2(%; CN). Hence, _elementary calculations show that
then I —C,(I+ Ve, ) 1V is the inverse of I +C. V. Moreover, it follows from Step 1
& Step 2 that I —C.(I 4+ VC.)~'V is also bounded as an operator in H'/2(2; CN).
Consequently, the assertion is true for » = 1/2. Next, let us consider the case
r € [0, 1). From the proof of [8, Proposition 2.9] we obtain that (Cz [ H'/2(X;CN))’
(where ’ is used to denote the anti-dual operator) is a continuous extension of C, to
H~1/2(%;CN). Moreover, using the symmetry of V and the fact that V induces a
bounded multiplication operator in H'/ 2(x; CN) shows that V can also be extended
to a bounded multiplication operator in H~'/2(%;CN). Therefore,

(T+VC) 1 HY2(55CN)) = T4 (C= | HY2(S5CN)) (V| HY2(3;CY)) (4.13)

is a continuous extension of I+C,V in H=Y2(3;CN). Step 2 shows that I+ Vs is
continuously invertible in H/2(X; CV) and therefore the operator in (4.13) has the
bounded inverse ((I +VCz)~' | H1/2(Z;(CN))I. Hence, one can use interpolation
to show the assertion for r € [0, 1]; ¢f. [8, eq. (2.2)] and [25, Theorem B.11]. O

Proposition 4.9. Let z € C\R, r € [O 1], q and V =nly+ 78 be as described in
(1.4) and (1.9), respectively, and d = n? —72 such that (1.10) is fulfilled. Moreover,

let (7,7) = tanc(‘ég)( 7), V =7ly +78 and d = 7> — 72 fulfil (1.12). Then, the
operator I + By(2)Vq is continuously invertible in the space B"(X). In particular,

assumption (ii) of Proposition 4.7 is fulfilled in this case.

Proof. We start by arguing that I + By(z)V ¢ is a bounded operator in B"(X). Due
to the representation of By(z) in (4.9) and the text below, By(z) acts as a bounded
operator in B"(X). Moreover, V € WL (Z;C¥*N) and ¢ € L*>((—1,1);[0,0))



30 J. BEHRNDT, M. HOLZMANN, AND C. STELZER-LANDAUER

imply that V¢ induces a bounded operator in B"(X), see Section 1.1 (x). Hence, it
remains to prove the bijectivity of I + By(z)V¢q in B"(%).

Let us start with the injectivity. To do so, we use the representation of By(z)
given by (4.9) and assume for f € B"(X)

(I+By(2)Vo)f =T +T(a-v)Vq)f +3C,VI*qf =0. (4.14)

By [8, Lemma 4.2 (i)] I+ T («-v)Vq is continuously invertible in in the space B"(X)
if cos(%)_l € WL (3;CN*N). Note that the structure of V = nly + 73 and
the rules for the Dirac matrices from (1.18) imply ((a-v)V)? = (n*> —72)Iy = dIn

and therefore

cos((w;)\/) i(_l) ((O‘ v V/2 i \[/2.)% Iy = COs(\/g)IN.

Jj=0 Jj=0

Consequently, cos(w)_1 € WL (2;CNV*N) since (1.10) is satisfied. Hence, we
can apply (I + T(a-v)Vq)~! to (4.14). This yields

fH+{T+T(a-v)Vq) '3C.VI*qf = 0.
Using [8, Lemma 4.2 (ii)] and defining Q(t) = [, q(s)ds — 3, t € [~1,1], gives us
(I+T(a-v)Vq) 3= cos(m'%) exp(—i(a-v)VQ)J
and therefore
=+ cos (LYY " exp(—i(a - v)VQ)IC.VI*f = 0. (4.15)
By applying 3*¢ and [8, Lemma 4.3 (ii)] we obtain

Tqf + T‘qcos((o“;’)v)_1 exp(—i(a-v)VQ)IC,VI*qf
— (I +8C.V)3*qf =0

(4.16)

with S = sinc(m'%) cos(%) =1 Similar as we showed cos( (a-;)V) = COS(@)IN
one can show sinc(%) = smc(\[)IN and therefore

VS = Vtanc(@) =V. (4.17)

Moreover, Lemma 4.8 shows that —1 € p(C.V). By [28, Proposition 2.1.8] there
holds p(C.V)\{0} = p(SC.V)\ {0}. Consequently, —1 € p(SC.V) and hence (4.16)

implies 3*gf = 0. This, in turn, implies according to (4.15) f = 0.
Next, we show the surjectivity of the operator I + By(z)Vyq. Let g € B"(X). We
set fo={I+T(a-v)Vq)~(g+ T¢), where
b =—(I+C.V)C.TVq(I+T(a-v)Vq) g
Item (iii) from [8, Lemma 4.3] yields together with (4.17)

(I+ Bo(2)Vq)(I +T(a-v)Vq)~ '3 =3(I +C.V).
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Thus, by applying I 4+ By(z)V¢q to f, and using By(z) = T'(a-v) +3C,T*, see (4.9),
we obtain
(I+Bo(2)Va)fy = I+ Bo(2)Vq)(I +T(a-v)Vq) g
+ (I + Bo(2)Vq)(I + T(c-v)Vq)~ ' 30
=(I4+T(a-v)Vq+3C.TVe)(I+T(a-v)Vq) g
+I(I +C.V)Y
=g+ 3C.TVeI+T(a-)Vq) tg+ I +C.V)
=9,
which completes the proof. (I

4.4. Analysis of I + B.(z)Vq. In this section we show that if
2
sup d(ws) < =,
rn €Y 4
then (i) of Proposition 4.7 is fulfilled, i.e. (I + B-(2)V¢q)™! is uniformly bounded
in BY(¥). Combining this result with Proposition 4.7 and Proposition 4.9 proves
the norm resolvent convergence of Hy,. To prove the uniform boundedness of
(I + B.(2)Vq)~! a careful and deep analysis of this operator is necessary. We
do this by studying (I + B.(2)V¢)~! in the case that ¥ is a hyperplane and 7
and 7 are constant in detail in Section 4.4.1. Then, we use a parameter dependent
partition of unity in Section 4.4.2 to transfer the results to the case where ¥ = 3¢ .,
¢ € C3(R74R), k € SO(0), is a rotated C2-graph as in (4.1) and 7,7 € CL(Z;R).
We start by introducing for € € (0,e9) with e as in Proposition 4.6 the auxiliary
operator

d:772_7-2a

B(): B(5) - BY(%),
B.(2)f (1)) / [ Gl +<lt = o) — ys) 7 6) ) o) ds (415)
of. [8, eq. (3.17), eq. (3.23) and Appendix B]. According to [8, eq. (3.29)],
[Ba(2) — Be()llgo < C2(1 +[log(@))' %, c€(0,e).  (419)

Next, we transfer this operator to B°(R’~!). To do so, we introduce the isomor-
phism
s TS CY) o 2RLCY), (nf)&) = Flslel (). (420)

By transforming the integral on ¥ to an integral on R~! one obtains that the norm
of 1¢ . and its inverse are given by

lecwllzzmenysrz@e-1ony = sup (1+|V(¢(a)?)~H/*
x/eRe—l

and HLC_,EHLz(Rgfl;CN)HL%E;CN) = z/zﬁgl(l + |VC(3;/)|2)1/4.

(4.21)

Note that the definition of H"(3X;CY), r € [0,2], see [25] or [8, Section 2.1], implies
that ¢¢  also acts as an isomorphic operator from H"(X;CV) to H"(R~1;CV) for
r € [0,2]. Recall that in this case ¢¢ . can also be viewed as a bounded operator in
B7(¥) to B"(RP~1!) which has the same norm as the operator acting from H"(%; C"V)
to H"(RP~1;CN).
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Next, we introduce for € € (0,e2) the operators

D" (2) i= 1¢ wBe(2)if ) : BORO™) — BO(R™) (42)
' 4.22
and D§"(2) == 1¢.xBo(2)i s : BY(RO™Y) — BORIT).

The results from Proposition 4.6 and (4.19) imply that D$*(z) is uniformly bounded
in B(RY~1) with respect to € € (0,e2) and for r € (0,1) the inequality
ID§™(2) = DE*(2) 117250 = e, (Bo(2) = Be(2)) ez k120
< C(IIBo(2) = Be(2)ll1/2-0
+[1B=(2) = Be(2)ll1/2-0)
< C(Bo(z) = B=(2)]l1/20
+ [ B=(2) = Be(2)llo0)
< CeYVET 2 € (0,69),

(4.23)

holds. In particular, D% (z)f converges for ¢ — 0 to D§™(2) f in BO(R?~1) for f €
BY2(R1). Furthermore, BY/2(R?~1) is by [20, Lemma 1.2.19] and [25, the lines
above eq. (3.22)] a dense subset of B°(R?~!). Combining these considerations with
the uniform boundedness of D¢"(z) in B®(R?~!) shows that for all f € BO(R%~1)

DS () f — DS (2)f in B°(RY™Y), as e — 0. (4.24)
Using (4.18) and (4.20), and setting
H(—VC, 1)
Tew = k(- C( and v, =Vvox( = ez 4.25
r =ROCO) . ree=vor = TtE (05)
yields for f € BO(R’~!) and a.e. (t,2') € (—1,1) x R9~!
1
DO = [ [ Geloenls) —senly) + el = (e
_1 Jror (4.26)
VIV f(s)() dy ds.
Another useful representation is given by
1
DR (2)f(t) :/ dg&:ﬁs)(z)f(s) ds, feB R, te(-1,1), (4.27)
-1

where the integral is considered as a Bochner integral and

A" (z) : L*(R7HCN) — LXROH V),
(o) = [ Culocn(e) = renly’) + B (o) (125)

V14 V(Y)Y dy,

for £ € (—2e2,2¢5) \ {0}. For the interaction strengths n,7 € CL(Z;R) we also
define the matrix valued function

Q%ﬁ =Voxcr=no0x¢dn+ 7oz ,f. (4.29)

There holds Q5% = L§7KVLEi in the sense of operators in L?(R?~1;CM).
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4.4.1. Hyperplanes and constant interaction strengths. In this section we assume
that ¢ is a constant function having the value yp € R, i.e. X = X¢ ,; = Xy is an
affine (§ — 1)-dimensional hyperplane in R?. We also assume in this section that the
interaction strengths are constant and given by 7,7 € R. This implies that Q¥°,"
is equal to the constant matrix

Qnri=nlny+715 (4.30)

in this case. The main goal of this section is to show that for every compact set

S C R? satisfying
2
max n2 e
(n,7)€S 4

there exists a 02 = d2(S) such that

I(Z + D2 (2)Qn,7) ™~ lloo

is uniformly bounded with respect to (e, yo, (,7),k) € (0,d2) x R x S x SO(); cf.
Corollary 4.18. This result will play a major role when we prove the uniform bound-
edness of (I+ B.(2)V¢)~! in Section 4.4.2. To do so we proceed as follows: We start
by using the Fourier transform to transform DY°%(z) into a decomposable direct
integral operator with frequency dependent fiber operators, see the considerations
up to (4.36). Then, up to Lemma 4.16 we find and analyse suitable approximations
for the fiber operators for high and low frequencies. Finally, we use these results to
prove the main statements (Proposition 4.17 and Corollary 4.18) of this section.

Before we start, let us fix some notations. In the present setting the normal
vector v is constant and given by xey, where ey is the 6-th euclidean unit vector.
Let us also mention that 2 from Proposition 4.4 is according to [8, eq. (3.11)]
given by

€9 = ming —, — .
2 2HDV||L°°(]R9;]R9><9)

where, €; is chosen as below (1.2), see also [8, Proposition 2.4] and ¥ is an extension
C} of v to RY; cf. [8, the discussion above eq. (3.5)]. Next, we argue that €5 can be
set independently of x to co. First, €1 is chosen such that one can identify ., via
the map ¢ in (1.2) with ¥ X (—&1, 1) and the eigenvalues of 1 W (zx), x5 € 3, are
sufficiently small, so that this identification is bijective. However, in the current
case O, = k(R%™' x (yo — 1,50 + 1)) can be identified with ¥ x (—e1,61) =
K(RO~Y x {yo}) x (—&1,€1) for arbitrary £, > 0 and the Weingarten map is zero.
Thus, we can set €1 independently of yg and k to co. Furthermore, as v is constant,
its constant extension is a Cj-extension of v. Hence, (2||D;HL°°(]R9;R9><9))_1 =00
and therefore g2 = co. Using (4.26) and

xyo,,.i(:c')—xyo,,.c(y')+5(t75)1/y07,§(z’) = H(zliylvs(tfs))v I’/7y/ € Reilvt s € (717 1)3
shows that D¥0%(2) has for ¢ € (0,00) and f € B°(R?~1!) the representation

1
prefO@) = [ [ G~y = ) o)y ds (@)

fora.e. (2/,t) € RO~ x(—1,1), which proves that D¥°*(z) is independent of yo € R.
Furthermore, (4.24) implies that also D§*"(z) is independent of yo. Thus, w.l.o.g.
we can set yo = 0. Before we state the next result, we define for convenience the
matrices &; = o - kej, j € {1,...,0}, a-§ = 25:1 a;&, € €R? and & - ¢ =
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Z?: a;&s, & € R~ Note that ay,...,dy satisfy the same anti-commutation
relations as aq, ..., ap; cf. (vi) of Section 1.1.

We start by calculating the Fourier transform of the function G,(k(-,£&)) for
fixed € # 0; cf. [31, eqs. (44)—(45)] for similar considerations. Recall that F is the
(0 — 1)-dimensional Fourier transform defined in Section 1.1 (xi).

Lemma 4.10. Let z € p(H), G, be the integral kernel of (H — z)~! given by
(4.4)~(4.5), and € # 0. Then,

ze'al Z27m27‘.|2

2,/(2m)7—1

& () +mpB+ zIN)
22 —m?2 —|-]2

FG,(k(-,©)) = ( + &gsign(a)
Proof. Let F, F1, F2 and F1 2 be defined as in Section 1.1 (xi). First, we consider
F1G.(k(-)). Since G, (k(-)) € LY(R?;CN*N) c §'(R; CVN*N), see (4.4)—(4.5), the
expression F1G(k(-)) is well-defined in &'(R?; CV*N). Moreover, F1G,(k(-)) =
Fy ' F12G.(k(-)). Thus, we calculate F; oG (k(-)) next. The function G, satisfies
the equation (—i(a- V) +mpB — zIN)G, = 01, with § denoting the § distribution
supported in {0}. Hence, the standard rules for the Fourier transform, see [33,
Chapter IX], show
(Oz . () +mpS — ZIN)JT'.LQGZ = ;IN in SI(RO;CNXN).
(2m)°

Furthermore, since G, € L'(R? CV*V)  we have by the Riemann-Lebesgue lemma
Fi12G, € Co(RY; CN*N). Using the properties of o, j € {1,...,0}, and 3 yields
(- &+ mpB — zly)~t = «EFmBrzly g5, ¢ € R?. Thus,

‘£|2+m2_z2

a- (k) +mpB+ zIy

0
(el m? — )

(F1,2G:)(kE) =

Since € SO(6), we obtain

a-&+mpB+ zIy
(I€]7 +m?2 — 22)\/(2m)?

Next, we determine ]-'271]-'1’26'2. We claim that for a.e. (¢/,24) € RY the equation
(F5 ' F1,2G=(k()))(€ o)

_ (&'~£’+m6+zIN
22 _m2 _ |§/|2

F12G:(6(1))(€) = (F1,2G2)(kE) = , E€RY. (432

iolooliy/FEomITIEE  (4.33)
24/ (2m)?-1

+ &9sign(:rg)> .

holds. We verify (4.33) by applying F> and comparing the result with (4.32). Since
the right hand side of (4.33) decays exponentially for |zg| — oo, we can use the
integral representation of the Fourier transform. Hence, simple integration gives us

for £ = (¢/,&) € R

1 o & +mB+zIy .
Var S\ e T Cesien(o)
ieH(=molotlzoly/22—m2=¢']?) " a-E+mpB+zly
. 60 — 3
24/(2m)?~1 (I€[2 +m?2 — 22)\/(2m)?
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which verifies (4.33). Therefore, F1G. (k(-)) = Fy ' F1,2G.(x(-)) can be represented
by the function

2_m2—|¢/|2

~/ / - _|xolt
o , o - +mpB+zIy )ze ol
> ,Xg) + agsign(x
(e ( o oo () N

Furthermore, since G (k(-,&)) € L'(RP~1; CN*N) for & # 0, this shows that for
£+#0and ¢ € R~ there holds

sz(ﬁ(aa)(gl) = \/# RO-1
= FiG-(s())(€)

G (k(2',8))e =€) dg

& e In el T
<a 3 +mB+ZN+agsign(§)>Ze
V22 —m? —|¢')? 24/ (2m)?-1

O

Proposition 4.11. Let z € p(H), € > 0, and F be the (6 —1)-dimensional Fourier
transform defined in Section 1.1 (xi). Then, there holds for f € BO(RO~1)

FDLF(2)FLf(B)(E) = /_11 (

a - & 1 ~
a 52 + mzﬁ +|§Z/|;V + apsign(t — 3)>
\/ 2° —Mm° —
4.34
jele(t—s)lin/z2—m?—|¢'|? ( )

) F6)(€) ds

and

1 ~/ /
FD"(2)Ff(1)(&) = /_1 (a —

+ apsign(t — s))
if(s)(&)
T W

for a.e (t,&') € (—1,1) x RO~1. In particular, the operators D" (z) and Dg’”(z)
depend continuously on k € SO(0) with respect to the operator norm.

(4.35)

Proof. We start with the case € > 0. Equation (4.31) shows

1
DRSO = [ Gulslee(t = 5)) « £(5) ds

—1
fora.e. t € (—1,1) and all f € B(R?~1). Thus, Lemma 4.10 and [33, Theorem IX.4]
prove the statement for ¢ > 0. It remains to consider the operator Dg’”(z). We
start by defining

DY"(z): BO(R?) — BO(R?)

. 1L =1 g I
By @) = [ (° e

Next, let f € B°(R?~!). Using (4.34) and dominated convergence, see [20, Propo-
sition 1.2.5], one obtains that FD%%(z)F~1f converges for ¢ — 0 to D" (z)f

in B°(RP~1!). Thus, the boundedness of F and F~! in L2(R?~!;CV) (and there-
fore also in BY(RP~1!); cf. Section 1.1 (x)) implies that D%*(2)f converges to

+ apsign(t — s s.

()€
)
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FIDY"(2)Ff in BY(R"1). Moreover, by (4.24) D% (z)f converges to Dy (z)f
in BO(R~1). Hence, DJ™(2)f = F1DJ"(z)Ff which proves (4.35).

It remains to verify the continuous dependence on x. Taking the definition of
@1,...,qy, see the text before Lemma 4.10, and D% (z) and DJ"(z) in (4.34) and
(4.35), respectively, into account, one sees that all terms that depend on s can be
taken out of the integrals. This implies the claimed continuity. ]

The structure of FD%#(2)F~* and FDJ"(z)F~! inspires us to change our view-
point. Namely, instead of viewing theses operators in B°(R?~!) we consider them
as operators in the isometrically isomorphic space L?(R~!; L?((—1,1);CY)). In
[34, Chapter XIII.16] and generally in the context of direct integrals the notation
fﬁg,l L?((—1,1);CN) d¢’ for this space is also common. Considered as operators
acting in this space FD"(z)F~! and FDJ"(z)F~" are decomposable direct in-
tegral operators with fibers which are defined for £ > 0, ¢ € R%~! and z € p(H)
by

Deer(2) s L2((=1,1);CY) — L*((-1,1);C"),

1 /
a &+ mﬂ +zIn .
’ t —
Derl2) » ( o et (4.36)
Jele(t—s)in/22—m2—|¢’|?
ie

. ds.

g 7(s) ds
Remark 4.12. These operators still depend on the rotation matrix x € SO(#) since
ai,...,ag depend on k. However, since we use these operators only as auxiliary

operators in this section, we omit k.

Next, we explain the ideas described before (4.36) in a more rigorous way. Using

BORYY) = L¥((~1,1); L2(R-5CN))
~ L*((~1,1) x R7LCN) ~ LA(RO7Y L2 ((—1,1);CY)),
see [20, Corollary 1.2.23 and Proposition 1.2.24], allows us to define the isometric
isomorphism
i: BOROY) = LP(RO L2((—1,1);€Y)),
if(E)t) = Ff()(&) forae. (€,t) R x (—1,1).
Thus, by Proposition 4.11 and (4.36) we obtain for ¢ > 0 that
iD2"(2)i7t s LR L2((-1,1);CY)) — LR L2((—1,1);€Y))

acts for f € LR~ L2((—1,1);CY)) and fixed & € R%~1 as D, ¢ (2)f(¢'), ie.
iD%%(2)i~1 is a direct integral operator which can be decomposed in the fiber
operators D, ¢/(2); cf. [34, Chapter XIII.16].

Now, we use the theory of direct integrals in order to transfer results regarding
D.¢(2) to DV(z) and vice versa. We formulate this in the upcoming lemma
which follows from [34, Theorem XIII.83 and Theorem XIII.84]. There, we denote
by L(L*((—1,1); CY)) the space of all bounded operators in L?((—1,1); CV).

Lemma 4.13. Let M € L=(RO~; L(L?((—1,1);CN))) and M be defined by
M:BY(ROTY) = BUROTY),  AMITHf(E) = () ().
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Then,
[Mlo—0 = 19| oo mo-1;2(L2((~1,1);¢)))
= ess supgrero—1 M) 2((—1,1):0M) = L2((~1,1):0M)

and the operator M is continuously invertible if and only if 9 is continuously
invertible a.e. and the inequality ||| poe ro-1.2(12((—1,1);cn))) < 00 holds. Fur-
thermore, in this case || M~ oo = || poo (mo—1;0(L2((=1,1);,08))) -

Next, we study the operator ®. ¢/(z) in detail. For this purpose, we introduce
for p € (0,00) and w’ € R?~! with |w’| = 1 the auxiliary operator

Hpwr t L2((—=1,1);CN) — L*((—1,1);C)

1 olt—
e—Plt—sl

(90 )(1) = / (& -’ + idgsian(t — ) 5 f(s) ds.

—1

It is not difficult to check that §, . is a self-adjoint Hilbert-Schmidt operator.

Lemma 4.14. Let ¢ > 0, & € R~1\ {0}, and z € p(H). Then, there exists a
constant C7 > 0 which only depends on m and z such that
[De.er(2) — 330,6’(Z)||[,2((7171);@1\!)HL2>((7171);([:N) < Cie(L+[€)),
Gy
[Dee(2) — '6|f/|5»§'/\5'|”L2((71,1);CN)HL2((71,1);(CN) < TM

Proof. In this proof C' > 0 denotes a constant which may change in between lines,
but only depends on m and z. We start by estimating the kernel of the integral
operator D, ¢/(z) — Do ¢r(2). It is easy to see that we can estimate this kernel by

< Celt = s|V/[z% —m? — ¢
< Ce(1+1¢).

With this estimate one finds a constant C; which only depends on m and z such
that

ol ee\tfs\i 22—m2—|¢'|?

||95,5’ (2) — 9075’(Z)||L2((_171);CN)_>L2(( 1,1);CN) < Cre(1+ |€/|)
Next, we estimate the kernel of D, ¢/(2) — Hjerje.er /17| bY
1

— —g ’ _ ; 2__,2_|gr|2 ~
1] (emetmater _ gste=sisy/mr==e ) (O/

!
5 + apisign(t — s)) ’

£
1€

eli—sliy/zZ—m e (. &\ 1 _ il¢ \
elt—slin/22—m2—|¢&’|2 ( mﬁ + ZIN >

1
—|€
2

1
+ ce
2 /22 —m2 — ‘€/|2
The first term in (4.37) can be estimated for ¢|t — s| < 1 by
< Celt - 5[] + /22— m? — [P

2 _ 2 |

O‘efsufsnw _ elt=sliy/z2—m2—¢'?

|z

\\w i/ —mT g7

< ,
1+ Ié’l
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where we used z € p(H) = C\ ((—o0,—|m|] U [|m],00)) and Im v/w > 0 for
w € C\ [0,00). For et —s| > 1 we get

Cle—clt=slig'] _ pelt—slin/z2—m2—[&'2

B P

Similarly as we estimated the first term in the case ¢|t — s| < 1, the second term in
(4.37) can be estimated by

2 =

—m? =[P+l - m? - [P
C

SEr e S 1re

i’

cli-

c
1+[E"]
C. Summing up, we have that the kernel of D, ¢/(2) — $|¢/c.¢//¢) can be bounded

by

One also sees that third term in (4.37) is smaller than for sufficiently large

T +C\‘§'\ and therefore if C is chosen sufficiently large, then

Gy

192 (2) = Diete nelarayem)oa-rnem < Ty

O
Lemma 4.15. Let p > 0, w’ € R%~! with |w'| = 1 and q be as in (1.4). Then,
o(\a9u /1) C [-2. 2].
Proof. To shorten notation we set a4+ := &' - w’ + iay. Then, one has for f €
12((~1,1);C)

1 t
Do ft) =5 [ G p s+ 5 [ G ) s

Using the anti-commutation rules for & - w’ and &g, and (& - w')? = a2 = Iy, see
the definition of &y, ..., &y before Lemma 4.10 and (vi) in Section 1.1, shows that
ran &4 L ran a_. Hence, as ¢ > 0, we have for f € L?((—1,1); C")

1@ Varlza-1.ayem)
1 1
=3 [ o) [ e a i) ds

t

o] f e i

2
di (4.38)

2
dt.

We start by estimating the first term on the right-hand side. To do so, we as-
sume that @ is the primitive function of ¢ such that Q(1) = 0 and therefore by
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f_ll q(s)ds = 1, Q(—1) = —1. Applying the Cauchy-Schwarz inequality and Fu-
bini’s theorem yields

i/ll q(t)

2

/1 e PItsla_\q(s) f(s)ds| dt

-1/ 11q<t>
/ 11 a0 tl cos(zeats) as) [ 1 ws(ng(S))w_f(s)zds) it
-+ 1—sm(gcz<t>)q<t>(/tl(m(gw|~ PP ds)dt

—o [ ([ -smzemana) i soras
—1 COS(QQ(S))

:—/ & f()ds.

The same trick with @ + 1 instead of @ yields that the second term of the right
hand side of equation (4.38) can be estimated by 5 f_ll |y f(s)|? ds. Using these
estimates and ran a4 L ran a_ gives us

[

IN

V@SV e < 2 [ 18T + g0 ds

1 1
=5 [ 1@ @) ds

7T2
1 1
=5 | 2@ w)f(e) ds

2
= p”fHLZ((—m);«:N)'

Since §),,, is self-adjoint in L2((—1,1); CV), we obtain o(,/g9,..//a) C [—2, 2].
(]

Having studied the spectrum of /g, ./1/q, we employ this knowledge to study
the bounded invertibility of I 4 $, ./Qy rq. Recall that Q, , = nIx + 75 for
7,7 €R.

Lemma 4.16. Let p > 0, w' € RO~! with [w'| =1, n,7 € R, Q,» = nIy + 78,
d= 772 - 7—2;
4d
2 d>0
c(d):=" =7
0, d<0,

and q be as in (1.4). If d < I, then I + 9. Qn,-q is continuously invertible in
L2((=1,1);CN) and the norm of the inverse is bounded by the constant

Co = Con,7) o= Al g1y (1] + |7 '>W L (a3
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Proof. Using 9,/ @y, r = Qun—+9pw and @y —-Qy - = dIyn, which follows from
the anti-commutation relations for sy, ..., ay, discussed before Lemma 4.10, and
B, gives us

I—- d(\/aﬁp,w’\/a)Q = (I - \/aﬁp,W’QmT\/gl)(I + \/aﬁp,W’QmT\/‘j)~
If d < ”72, then Lemma 4.15 implies 1 € p(d(1/q9,,0/+/7)?) and therefore the
operator I + /q),uQy,r+/q is also continuously invertible in L?((—1,1); CV) and

-1
(7 + /@) p, Qe /) ||L2((—1,1);(CN)—>L2((—1,1);CN)
= H(I — d(\39,.w /@) (I - \/af)p’w/Qn’T\/a)||L2((71,1);(CN)HLQ((fl,l);(CN)
1+ (In| + 7)) 2
- 1—e(d)
Moreover, (I 4 5w Qnr@) ™" =1 = $puw Qur /A + /39 pw Qn,r/Q) /7 and

hence
-1
||(I+~6p>w'Qn,TQ) HL2((_1,1);«:N)—>L2((—1,1);«:N)
- Hﬁp,w’Qn,T\/a(I + \/abp,w’Qnﬁ\/a)il\/a - IHL2((—1,1);<CN)—>L2((—171);CN)

L+ (nl+ 172
< all poo (=1, (Il + |7'|)H~6p,w’HLz((71,1);cN)HL2((71,1);@\7)1_—c(d) +1

1+ (I + |72
< Al a4 D=7 o ™ L

where we used Lemma 4.15 (for the constant function ¢ = %) to estimate the term

4
190,07l 21,308y L2 (- 1,1)0%) BY 7 -

In the last part of Section 4.4.1 we use our findings to prove norm estimates for
the operator (I + D%"(2)Qy.rq) "

Proposition 4.17. Let z € C\R, x € SO(0), n,7 € R such that d = n*> — 72 < %2,
and q be as in (1.4). Moreover, let

C3 = C3(n, 1, k) := 2max{Cy, ||(I + Dg’n(z)Qn,Tq)_lﬂo_}o}, (4.40)
with Co = Ca(n, ) as in (4.39), and
51 = 611, 7 8) = (CsCi (1] + Dl e )™ (1.41)

with Cy from Lemma 4.14. Then,

sup  ||(I 4+ D2"(2)Qn.r0) lgo < C3 < 0.
e€(0,61)

Proof. We claim that C3 < co. Since d < %2, the constant Cy from (4.39) is finite.
Thus, it suffices to show ||(I + Dg’“(z)Qnqu)’lHoﬁo < o0 in order to proof the
claim C3 < oo.

Applying Proposition 4.9 (for V. = Q, . = nlo + 75 = const. and r = 0)
shows that I + By(2)Q,,-¢ is continuously invertible in B%(X ). Let us shortly
explain why Proposition 4.9 is indeed applicable. The inequality d < %2 implies
d # (2k + 1)272, k € Ny, and therefore (1.10) is fulfilled. In the same way as in
Proposition 4.9 we set (77, 7) = tanc(@)(r], 7). Then, d= N2 -7 = 4tan(@) < 4,
ie. d fulfils (1.12). Hence, the assumptions of Proposition 4.9 are satisfied and
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its application is justified. Together with (4.21) and (4.22), this implies that the

operator I 4+ D" (2)Qyrq = to.x(I + Bo(z)QmTq)Lai is continuously invertible in

BO(RO~1), which proves ||(I + Dy (2)Qy.+q) o0 < co. Hence, C3 < oco.
According to Lemma 4.14 we have

H@aﬁ’@)qu - f)|§/\€a5’/|§/\Qnﬂ'qHL2((71,1);<CN)HL2((71,1);<CN)

nl + 7] o '?
< C oo =
< Ol T = G e
or ¢ € R9~1\ {0} and all ¢ > 0. Hence, if we choose R := 51_1/2 — 1, then the

choices of C3, §; and R, and Lemma 4.16 yield for 0 # [¢'| > Rand € > 0

[(I+9j¢r1e,¢7 /1611 Q@) ™
(D (2)@nra — ﬁ|§/\€75'/|§/\an"'q)HL2((71,1);CN)%L2((71,1);<CN)

< C 75;1/2

= 2C5(1+ R)

G &

=5 0351_1/2
1

In particular,

PBeer =T+ L+ Dereer e Qurd) " (Deer (2)Qn.rq — Hierje.er 167 Qe )

is continuously invertible in L2((—1,1); CY) and the norm of its inverse can be
bounded by 2 for 0 # |¢’| > R and € > 0. This implies that also

I+ 9576’ (Z)Qn,rq = (I + ﬁ‘£’|€,§'/‘§"QW,TQ)mE,fl

is continuously invertible in L?((—1,1); CV) and by Lemma 4.16 the corresponding
norm estimate

17+ Deer (2)Qnr@) Ml 2 1,1y0m) s 2((- 117

-1 -1
= ||q35,5/(1+5\&’|6,£'/\£’\Qn,ﬂ) ||L2((—1,1);(CN)—>L2((—1,1);(CN) (4.42)
<20
<Cs

is valid for 0 # |¢'| > R and € > 0.

Having found an estimate for 0 # |¢'| > R, we aim to find a similar estimate for
0 # |¢'| < R. Again, according to Lemma 4.14 we have for ¢ € R~1\ {0} and
e>0

e (2)@n.ra = Do (2)@nrdll 2 (1,1 07) - L2 11e)

o7 21+ 1¢)
Cs

< Cullgllpoe (1,0 (Inl + [7Ne(@ +1€7]) = €
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Moreover, Lemma 4.13 (with MM(¢') = I + Do e/ (2)Qy.rq for & € R1) and
(4.40) imply

ess supgrego—1 || (I + Do, (2)Qn )l L2((—1,1)568) > L2((—1,1)50N)

_ C
=T+ DY (2)@r) oo < S

Hence, as 1 + R = 0; 1 2, we can estimate similarly as in the first part of the proof
for e € (0,61)

ess sup|er| < gl (1 + Dee (2)Qnr@) ™l 2 ((11y0m) s 2((21,1):0)
= €ss Sup\g’\gR” [I + (I + DO,E’ (Z)QU,TQ)_l <©€,§’(Z)Qn,'rq - ®0,§/(Z)Qn;rqn -
—1
(1 + Doer (Z)QU,TQ) HL2((_LD;CN)_,Lz((_171);@\1)

1

1 Cs
- 1_&.55;”2(1“%) 2
2 C3
1 Cs
= . = < (5.
1_%.55;1 9 = 3
2 Cs

(4.43)
Combining (4.42) and (4.43), and applying Lemma 4.13 gives us

H(I + D(s)’K(Z)Qn,TQ)_lHo_)o
= max {eSS Sup|g/|2RH (I+ D, e (Z)Qn,TQ)il ||L2((,111);(CN)*>L2((,1’1);(CN),

ess supje/|<pll({ + D (Z)Qﬂﬁ‘fq)_l||L2((71,1);(CN)HL2((71,1);CN)}
< Cs

for e € (0,61). O

Corollary 4.18. Let = € C\ R, q be as in (1.4), S C R? be compact and
max(, ryes 1’ — 7° < %2. Then, there exists a 62 = 62(S) > 0 such that

sup I(1 + D2 (2)Qu,rq) o < 00
(2,y0,(n,7),k)€(0,62) xRx.SxSO(0)

Proof. Since DY0%(z) = D%"(z), see the text below (4.31), the assertion follows
directly from Proposition 4.17 if we can show

su Cs(n,7,k) < oo and inf o1(n, 1, k) >0,
((n,7)7n)€g><SO(9) U ) ((n,7),5)€SXS0(0) 1 )

with C3 and d; as in Proposition 4.17. Note also that as S is bounded the first
inequality and (4.41) imply the second inequality in the above displayed formula.
Moreover, the assumption max, -yes n*>—72 < %2 implies max, )es C2(n, T) < o0,
where Cy was defined in (4.39). Hence, it follows from (4.40) that the inequality
SUDP((,r),m)e5x50(0) C3(n, 7, k) < oo is fulfilled if

sup I(Z + D5 (2)@n,r @)~ lo—s0 < oc. (4.44)

((n,7),5)€SxS0(8)

Obviously, the operator Dg’”(z)QmTq depends continuously on 7, 7 with respect

to the operator norm in B°(R?~!'). According to Proposition 4.11 D" (2)Q,.+q
depends also continuously on k with respect to the operator norm. Moreover,
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Proposition 4.17 gives us that the operator I+ Dy (2)Q, +q is continuously invert-
ible in BY(R?~1) for ((n,7),x) € S x SO(#). Thus, as S x SO(f) is compact, (4.44)
is indeed true. U

4.4.2. ¥ is a rotated C}-graph. After treating the case of affine hyperplanes, we turn
to the case where ¥ is a rotated C2-graph as in (4.1), i.e. there exist ¢ € CZ(R?~1;R)
and x € SO(R?) such that

Y =%, ={r@, () 2 € RO}

Moreover, recall that z¢ . (z') = k(2/,((2")) and v¢ . (2") = v(ze 5 (2')), 2" € RO~L,
see (4.25). According to [8, Proposition A.2 (i), first line of the proof of Proposition
2.4, and eq. (3.11)] there exists a Cy = C4(X) > 0 such that for all z’,y’ € RO~}
and € € (—2e9,2e)

Cr (I = /| + [E]) < lag(a’) = 2eu(y’) +Even(a’)] < Ca(la’ —y/| + [E]), (4.45)
with €5 > 0 chosen as in Proposition 4.6. We are going to prove the uniform
boundedness of (I + B.(2)V¢q)~! in B°(X) with respect to e € (0,e3), for a suit-
able €3 € (0,e3). It follows from (4.19), (4.21), (4.22), and (4.29) that this is
equivalent to proving the uniform boundedness of (I + D& (2)Q%5q) ™" = ¢ (I +
Es(z)Vq)*lL;,lg.

We start by analysing DS$*(z) locally. To do so we need to introduce further
notations. For zf, € R?~! we define

Car (2) := C(20) + (VC(20), 2" — xp), r e RO (4.46)

Moreover, we define the localisation parameter a. := /6 for ¢ € (0,e3). Next,
we introduce a family of auxiliary operators. For this, we choose a C'*°-function
w with 0 < w <1, w=10n R"1\ B(0,1) and w = 0 on B(0, 3). We use this
function to cut out the singular part of the integral kernel of D$"(z); cf. (4.26).
More precisely, in analogy with (4.27) and (4.28), we define for ¢ € (0,e2) and
€ € (—2e3,2¢9) \ {0} the operators

e (2) : L2 (R, CN) - L2(RL V),

’

@) = [ Gullrenle!) = renly) + il o (5E) (447

V1|V 2g(y) dy

and
1
E.(z): B°(R?~1) — BY(R?-1), E.(2)f(t) ::/ eg(gtis)(z)f(s) ds.  (4.48)
—1
We start by proving preliminary results for e2<(z) and dg’“(z). Afterwards, we
transfer these results to E.(z) and D$"(z) in Proposition 4.24. For the estimates
regarding e2°(z) and dg’”(z) the following lemma turns out to be useful.

Lemma 4.19. Let z € p(H) and G, be defined by (4.4)—(4.5). Then, there exist
Cs = Cs(z,m) > 0 and Cs = Cg(z,m) > 0 such that for all x € R?\ {0} and
jef{1,...,0}

|G ()] < Cslaf' el

9:G.(z)] < Cslz| e Csll, (4.49)
10;G=(2)] < Cslz|
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In particular, there holds for all ',y' € R9=1, j € {1,...,0} and & € (—2e3,2¢5)

. _ _ _@ N
|G (e (@) — 2 n(y) + Even(x')] < C5CL7H (|2 — o |+ [E) 1 0e el ¥,

C, ’ ’
10;G (¢ (@) — e n(y) + Eve (@)] < C5CY (2" — | + [8]) 0 el V],
(4.50)

Proof. Rough estimations and asymptotic expansions of the modified Bessel func-
tions K3 and Ky, see [27, §10.25 (ii) and §10.30 (i)] and [8, eq. (B.8)], lead to

G ()] < C(1 + |20V —m?le]
and
10;G(2)] < C(1 + |z|~?)e~mVZ=m7lal

for all x € R? \ {0} and j € {1,...,0}, where C = C(m, z) > 0 is a constant which
only depends on m and z. Thus, (4.49) is valid if one chooses Cs € (0,Imv/22 — m?2)
and

L+ 1ol ™ v colel < o

Cs = sup =
z€RO\{0},le{6—1,6} |z
Furthermore, combining these estimates with (4.45) implies (4.50). O

Lemma 4.20. Let z € p(H), ¢ € (0,e3), ac = €%, and & € (—2e5,2¢2) \
{0}. Then, the operator e (z) acts as a bounded operator from L*(R~%;CN)
to HY (R~ CN) and

< Cl + |10g(€)|’

||egs(z)||L2(R971;(CN)*>H1(RG—I;CN) a.

where C' > 0 does not depend on & and . Moreover, for f € L*(R%=1;CYN) the
mapping (—2e2,2e2) \ {0} 3 £ e (2)f € H' (R~ CN) is continuous.

Proof. We aim to prove the assertion by applying Lemma A.1. To do so, it is
necessary to find suitable estimates for the integral kernel of eZ*(z) which is for
z',y € RO~ given by

k(@' y) = Galwe w(2) — e (y) + Bven(@)w (520) T+ [VE W) .

We notice as G, € C°(RY \ {0}; CNV*N) ¢ € CZ(R";R), and w € C;°(R~1; R)
and as w cuts out the singularity of G, we have k € CL(R?~1 x RO=1;CVN*N),
Furthermore, using (4.50), 0 < w < 1, supp w C R*71\B(0, ) and ¢ € CZ(R’"1;R)
immediately gives us for 2’ # ¢y’ € Rf~1

lk(z',y")| < Cxro-1\B(0,1/2) (5

=

LY (|2 — y'| + &) el V]

z/fy/

< Cxee-1\50,1/2) ( a. )z~ Y|t 0l =yl

where ¢ = g—i with Cy > 0 from (4.45) and Cg from Lemma 4.19. Next, we

estimate the derivatives with respect to @’ of k. The derivative with respect to z;,
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l€{1,...0 1}, is given for for 2’ # ¢y’ € R%~! by

0
2 F@) = 32 (056 wen(e!) = wenly) + En(e)
~£ﬂ%ﬁfWH%%Aﬂme;W T VCP)
l

+ Ga(2,n(2) =g n(y') + Evenla)) — (3M)( L)V +[VC)P,

where v[j] denotes the j-th component of a vector v. Applying (4.50), the properties
of w and ¢ again, we can estimate for o’ # ¢’ € RO~1

‘i
dx)

k', 9')| < Oxaonsoaz) (572 (12" = o/ + ) ~Pemel' =

1 ’ ’
ol =y ) e )

€

]. ! ’
)(‘.’E y/|70+afi|m/_yl‘179)efc\x 7y|.

€

< Cxro-1\B(0,1/2) (o

Thus, if we set k(z') := Cxgo- 1\ B(0, 1/2)(a )(|z'| %+ ai|z’|1*9)e*0|z'| for 2/ €
R~1\ {0} we get
0—

2] Y/

=1

<k(x' —vy), o' £y eRITL (4.51)

Hence, by Lemma A.1 the map e2°(z) acts as a bounded operator from L?(R%~1; C™)
to HY(R?~1;,CV) and

ez (2) ||L2(R9*1;(CN)~>H1(Refl;(cN) < CHk”Ll(Re*ly

Now, the norm estimate in the assertion follows from

7 1 _ —eclz!
Ikl mo-1) = C/ XRO—1\B(0, 1/2)( )(|Z/| "y @—|z/|1 9)6 12l g
- €

C/ AT b a) —er . 0-2 g,
5/2 aE

Qe Qe Qe

Finally, we prove the continuity. To do so, let € € (—2e3,2¢5) \ {0} and
(Bn)nen be a sequence such that &, € (—2e2,2e5) \ {0} for all n € N and &, =5
€. Using the dominated convergence theorem and (4.51) shows that for f €
L2(RO~1;,CN) ez f and Ojez” f, 1 € {1,...,0 — 1}, converge pointwise to eZ* f and
ez f, 1€ {1,...,0 — 1}, respectively. Furthermore, (4.51) shows that [eZ® f| and
Orezs f|, 1 € {1,...,0 — 1}, are independently of n € N pointwise bounded by the
function | f |*E which is by Young’s inequality square integrable as f € L?(R~1;C"V)
and k € L*(R%71). Hence, applying the dominated converge theorem again shows
that e2* f converges to e2° f in H' (R, CN). O
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Lemma 4.21. Let z € p(H), ¥ € CHR™Y), 2, € RO, Cay, be as in (4.46), and
g € (—2e2,2e9) \ {0}. Then,

Cz" K
||[dg 0 (2)7w]}|L2(R9—1;CN)*>H1(R971;CN) S CH’L/)”WOlQ(]RG—l)(l + |10g|g”)7
where C > 0 does not depend on € # 0 and x{, € R=1.  Moreover, for f €
. Cpt K
L*(RY"Y;CN) the mapping (—2¢2,2e2) \ {0} 3 &= [d]°" (2),9]f € H'(R*"1;CN)

18 continuous.

Proof. We prove this result in the same vein as the previous lemma, i.e. we estimate
Cal s . . o
the integral kernel of [d." K(z), ] and its partial derivatives, and apply Lemma A.1.
Cats L
The integral kernel of [d"° R(z), ] is given for /.y’ € R?~! by

K@ y') = Galwe, w(o) e, w) +Eve, w(@)y1+ 196 (1R E) —v().

Using

.%'g%’,{(.%'/) = K(CC/, <(l‘6) + <VC(336)7$/ - $6>)7
A K(—VC($6)7 1) _
Vg%’,{(.%')— 1+|VC($6)|2 =V

VC’E(’] (.’13/) = VC(xé))

(), (4.52)

for 2/ € R?~! shows that k can be simplified to

k(a',y') = Ga(k(a'—y', (VC(20), 2’ ~y'))+Eve () /1 + [VC(2p) P (0 (y) = (a).
Moreover, with (4.52), k € SO(6), and the Pythagorean theorem one gets

(e’ — o' V(). @' — ) + Eve(eh)l?
= |z’ — P+ (V¢(ap), 2’ —y)? + &
< 2 = o PO A V2 1o 1) + B2

In particular, we can choose Cj > 0 which does not depend on z(, and & such that

(COTH " =y | + ) < |r(2’ = o/, (VC(p), 2" = y') + Eve (o)

4.53
< Oy’ — y/| + ). (4.53)

Then, (4.49), (4.53), the Lipschitz continuity of ¢ € C}(R?~!) and ¢ € CZ(R?~1; R)
yield

(@', y)| < Cla" = o[ + 1) e Vg1 o r)l2" — ¥/
< Ol llwa oy (l2' = ¢/ + D> Pe= V1 ol e RO,
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where ¢ = %Z with Cg from Lemma 4.19 and C' > 0 is independent of z( and €.

The derivative with respect to zj, 2’ € R?~1, of k is given by
d 0
T ) = (@6 (' o' (T’ = )+ B n(a)
!

j=1

- (wleh b)) ) — v())
G (e’ — ' V(). 2 — oY) + Even(ah) <azw><x’>)

14 V(o)

where €, denotes the I-th Euclidean unit vector in R~ and (k(e], 0i((zf))) /]
denotes the j-th entry of the vector £(ej, 9;¢(z()). Using (4.49), (4.53), the Lipschitz
continuity of ¢ € C}(R%~1) and ¢ € CZ(R%~1;R) again gives us

d _ 76/ ZL”* ’
| k(@) < Ol oms) (' = o'+ B P V! —
l

T (Ja =y + D) e )
< Clltllyy oy (12" = /| + [E)! e 1=

for all /.y’ € R?~!, where C' > 0 can again be chosen independently of z{ and .
Setting for 2/ € R?~1!

%(zl) = OH¢”W§Q(]1§9—1)((|Z’| + |a)270 + (|Z/| + |a)170)efcl|zl\

leads to
0—1 d ~
|]€(Z‘/,y/)|, Z‘@k_(x/’y/) < k(ﬂl‘/ _ y/)7 m’,y’ c Refll
=1 1

Now, Lemma A.1 shows

C:’ K ~
[l (z)’w]||L2(R9*1;(CN)—>H1(R9*1;(CN) <C w0 k(2') d’

<y oy [ (4D + G+ ) ) ar

< C||7/}||W°10(R971) /0 (]_ + (r + |'€‘])*1)efc’r dr
< ClleWgc(Re—l)(l + [log|€]])-

The assertion regarding the continuity can be proven in a similar way as in Lemma 4.20.
|

Lemma 4.22. Let z € p(H), =, € R, ¢ € C}(R*}R) be as described at
the beginning of Section 4.4.2, (g be as in (4.46), € € (0,e2), a. = el/6 and
€ € (—2e9,2e9) \ {0}. Then, there exists a 63 = d3(C) € (0,e2) such that for all
e € (0,03) the inequality

Caty ot

HXB(réﬁiSaa)(dg’H(Z)—g (Z))XB(I(),LME)

L2(RO—1;CN)—L2(RO—1;CN) < C@e(l‘*‘\logﬁ |)

holds, where C' > 0 does not depend on €, €, and xj.
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Proof. We prove this statement by estimating the integral kernel of the operator

Sty o1

XB(apan) (27 (2) = d27 (2)) X Bap o)
and applying Lemma A.1. The mentioned integral kernel is given for 2,7’ € R/~!
by
(') =Bt 00 () G ) = ) + B )T TG

Gk — V() a — o)) + Even(ah))y 1+ |v<<xa>|2)

* XB(z},3a.) (y/)

If «’ ¢ B(x(,3a.) or y' & B(x},3a.), then k(z',y’) = 0. Thus, we assume from now
on z',y" € B(z{,3a.). Using the mean value theorem for matrix-valued functions,

cf. [8, Lemma A.1], (4.49), and ¢ € CZ(R?~1;R) we find
k(z',y/)| <V sup } 10;G=(wo) V1 +[VC(Y) P[|wi — wol

ve(0,1],5€{1,...0

+ ]G o) (VIFIVEWIP = 1+ V)| (459)

< C( sup |~ lwr = wol + [wol* |t~ ')
vel0,1]

with
wy = 0(2¢,n(2) =5 (y) Ve (2")) +(1-0) (k' =y, (V(20), ' —y'))+eve n(p))

for v € [0,1]. Note that the mean value theorem is applicable since w, # 0 for
v € [0, 1], see (4.56) below. Next, we want to estimate

|w1 —wo
= lzen(@’) — 2w (y) + Even(a) — va’ — ¢, (VC(x0), 2" — y')) — Eve (o)
= [x(z" =9/, C(2") = C(¥))
— k(2" =y (VC(xh), 2" — o) + E(ven(a) — ve.n ()]
= 1K(0,¢(2") = C(y") = (VC(xp), 2" — y") + E(We.n(@”) = vem(a)]-
As ¢ € C2(RP~LR) and k € SO(H), there exists a K = K(¢) > 0 such that
V)Y R(=VeE), )
VIHIVC@)? 1+ V()P

< Kl|2' — x| < 3Ka.

e () — v m(2p)] =

and
IK(0,¢(a") — (o) — (VE(). ' — of)]
— () — C) — (V(ah) ! — )]
1
[ 96 4 =) - Ve ) dt\

0

1
<K

6! — ) + (1= )y — ab)lle’ — | dt'
0

< 3Ka.|r' — |,
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where we used 2’, ¢y’ € B(x{,3a.). Hence, if 35 = d5(¢) € (0, e2) is chosen sufficiently
small, then for all a. € (0, 5é/6) the inequality
1
oy o] < K3au(la! —of| + ) € oo (o /| +8)  (455)
4
holds with Cy > 0 from (4.45). Therefore, we can use (4.45) to estimate |w,],
v € [0, 1], from below by
wo| = Jowy 4+ (1 = v)wo| = |wy + (1 = v)(wo — wi)| = |wi| — |wy — w
1 1 1 (4.56)
> (|l — 4 S 4 PNV — = (14— .
> (! =/ + 18D — 5 — |+ E) = (e’ =/ +[2)
Thus, plugging (4.55) and (4.56) into (4.54) yields for a. = €'/¢ with ¢ € (0, §3)

0 if 2’ ¢ B(x),3a.) or y/ & B(xh, 3a.),

k_ / / <
| (33 Y )| — {CU/E(LTE/ _ y/| + |a)1*9 else.

Applying Lemma A.1 yields

Cal o1

X Bt,300) (de"(z) — d2 (2))XB(x},3a.)

L2(RO—1;CN)— L2(RO—1;CN)

< Ca. / (1] + 8D d
B(0,6a.)
6a.

< Ca, / (r+ [E) 02 dr
0

6a.
SCaE/ (r+ &) ~tdr
0
< Cac(1 + [logl€]]).
O

Corollary 4.23. Let z € p(H), zf, € R, ¢ € CZ(RP~4R) be as described at
the beginning of Section 4.4.2, (y be as in (4.46), € € (0,d3) with o3 chosen as in
Lemma 4.22, a. = /6, § € (—2¢e,2¢5) \ {0}, and QS,:’; be as in (4.29). Then,

Py 00 (427 ()05

— A (2)QS () X e 50

where C' does not depend on €, €, and xj.
Proof. Lemma 4.22 and ng’: € CHRI=LCN*N) yield

x5 ep a0 (@27 ()R8
— A2 Q) Xt 0
< X By 300y 42" () (QSE — Q55 (20)) X B2y 302
X8 ap 3. (@27 (2)

- dgmé7H(z))XB($6a3as)Q§11¢($6) ||L2(R9—1;(CN)—>L2(]R9—1;(CN)

< C(Hdé'%z)HL2(R9*1;(CN)HLz(R(Fl;(CN)aa +ac(1+ |]og‘§||))7

L2(RO-1;CN)— [2(RO-1;CN) < Cas(l + |10g|51|),

L2(R6—1;CN)— L2(RE—1;CN)

L2(RO-1;,CN)—L2(RO~1;,CN)
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where C' does not depend on e, €, and z. Moreover, (4.28), (4.50), and ¢ €
CZ(RY~L; R) imply for the integral kernel k of dg’”(z)
‘k(ﬂ?/,y/)‘ < C(|JU/ _ yl| + ‘g])lfeefc\zlfy'\’ a:',y’ e Refl’

where ¢ = %Z > 0 with Cy from (4.45) and Cg from (4.50), and therefore Lemma A.1
implies

Ildé’n(z)||LQ(RQ—l;CN)A)[ﬁ(RG—l;CN) < C/e 1(‘Z/| + |g])1—96—0|z | dz’
RO—

< C/ (r+ D Pe=crrf=2ar
0

< C(1 + [logle]]),
which completes the proof. O

Now, we transfer in Proposition 4.24 the results regarding e2*(z) and d;”(z) to
E.(z) and D$*(z). The first, second, and third estimate in Proposition 4.24 are
consequences of Lemma 4.20, Lemma 4.21, and Corollary 4.23, respectively. Recall
that ¢ € C2(RP~1;R) is described in the beginning of Section 4.4.2, Cay 1s defined
by (4.46), and d3 is chosen as in Lemma 4.22.

Proposition 4.24. Let z € p(H), =) € R~ ¢ € (0,03), a. = €'/9, Q55 be as
in (4.29), and ¢ € CL(RP~Y). Then, the operators E.(z) and [D&"(2),v] act as
bounded operators from B°(R~1) to B (RP~1) and

141
1B ()01 < 2108

Capyoho
1D (2), Ylllo—1 < CliYllyws go-1) (1 + [log(e)]),

K K C’I, ok K
||XB(Z’0,3CLE)(l)g7 (Z)Q%’ﬂ' —Dc° (Z)Q%:T(xé))XB(wé,Baa)

where C' > 0 does not depend on x{, and €.

0—0 S CaE(l + |10g(€)|)7

Cw' o .
Proof. We start by showing that [D:° (z),4] is well-defined as an operator from

BORY) to BLROY). Let f € BARO1) and set g — [De™"(2),4]f. Tt follows
from (4.27) that g has for ¢t € (—1,1) the representation

1 K
o) = [ 3 0l ds. (4.57)

Cat s
dg(;’fz) (2),] has the continuity property from Lemma 4.21 and f € B°(R?~1),

[20, Proposition 1.1.28] implies that the function

Since |

Caty o
e(t—s)

(—L,1) x (=1,1) 3 (t,8) = [d7" (), ¥]f (s) € H' (R CY)

is measurable. According to Lemma 4.21 we have

1 1 41/7”@ 2
/ (/ |[d5(fS)(z)71/)]f(s)||H1(Re1;Cw)ds> dt

—haet L ,  (4.58)
< Oy oy [ ([ 10+ Hoglete = DI aageo-se ds) .

-1 -1
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This expression can be estimated using the Cauchy-Schwarz inequality and Fubini’s
theorem by

1 1
Cllliys s [ ([ 0+ loglete = s)lhas

1
. /1(1 + |logle(t — 3)||)Hf(5)||2L2(R0—1;CN) ds) dt (4.59)

2 2 1
<cw||€vgo(Rel>( / <1+|1og|ss||>ds) / 1\|f<s>||iz(Refl;«;N)ds

-2
< C (Il ggo-r) (1 + llog(&) 1 f1lo)*-

In particular, applying the Cauchy-Schwarz inequality again gives us

1 1
Cpt sk
/1/1H[ds(;;is)(z),’(/)]f(S)HHl(RG—l;CN) dsdt

1 1 Cw/»ﬁ 2
2 d 0 1 0—1."N d d .
sfwl(/ln[ 8O o siemy s ) i <o

Thus, Fubini’s theorem for Bochner integrals, see [20, Proposition 1.2.7], shows
that g(t) in (4.57) is well-defined and measurable as a function from (—1,1) to
HY(R~1;CN). Moreover, (4.57), (4.58), and (4.59) also give us the norm estimate
as

1D (), 0112 = lgl?

1
S G
—1

1 1 CI’ - 2
g/ (/ [de(gs)(2)7¢]f(s)||H1(ReI;CN)ds> dt

-1 -1
< C (1w o1y (1 + Nog@D 1 £1l0)*

The proof of the assertion regarding E.(z) follows along the same lines if one applies
Lemma 4.20 instead of Lemma 4.21. Moreover, since

K K C'f'/ o K
XB(m(),SaE)(Dg, (Z)Q%:T —D:° (z)Q'rC]:T(mE)))XB(x(),SaE)

is only considered as an operator in B°(R°~1), one only has to prove the norm
estimate in this topology. The norm can be estimated in the same way as we
estimated the norm of E.(z) by applying Corollary 4.23 instead of Lemma 4.21. O

As the last part of our local analysis we state a result concerning the inverse of

[ .. .
I+D.™° K(z)Q%’,’j (zh)q for 2y € R%~1. This is an important result as these operators
are going to play an essential role when constructing the inverse of I +ng"“(z)Q%:iq.
Recall that ¢ € CF (RP~1;R) and ¥ are as described in the beginning of Section 4.4.2,

Cxy is given by (4.46), and ¢ is as in (1.4).

Proposition 4.25. Let z € C\ R, n,7 € CL(3;R), d = n? — 7% such that

2
sup d(zx) < —,
s EX 4
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and QC”‘ be as in (4.29). Then, there exists a d4 > 0 such that the operators

I+ DE o (z)Qn:T(:rf))q)_l are uniformly bounded in B°(RP~1) with respect to € €
(0,04) and z}y € RO~

Proof. Note that

Q%:i(‘ré)) = 77(,%4,,@@;6))[]\/ + T(xC,K(xé)))ﬁ = Qn(mg,n(aﬁg)),‘r(m(,n(%))
for 2, € R’7%; cf. (4.29) and (4.30). Morcover, for every z(, € R’"! the set 3¢ ,
0

is an affine hyperplane in R’~! and therefore there exists a yo(z) € R and a
k(xp) € SO() such that

24%75 = {k(@, (e (2)) s 2" € RO-1}
= 75(906)(}1%0_1 X {yo(fﬂf))}) = Yy (a})Rlzh)-

iEC L X 1y w(z! —
Now, let B. “0" () = B. "“0"""0(3) be defined as B.(z) in (4.18) with ¥ sub-
stituted by X¢, » = yg(ap)7(ay)- According to Proposition 4.17 the operator
b

I+ Dgo(mé)’g(zg)(Z)Qn(mw(Ié)),T(n)ﬁ(%))q is continuously invertible in B°(RY~1!).
Moreover, we get from (4.22)

Cafy ot —EC%W

I+ D7 (2)Q57(20)a =ty (T +Be ™ (2)Qn(ac o (ap))oroe.ntep) @i,

e, (T B Q0 o )i
Czé’n € n(fc,n(%))ﬂ'(fcm(%))q C”"{)“‘Q

_ ~1 Yo (x5) R () -1
= Lcmgv"byo(wg)ﬁ(w{))([+D60 0 0 (Z)Qn(:rw-,(w()))ﬁ(maw(lé))q)Lyo(%)ﬁ(%)bczé,n

and from (4.21)
||_

||LC’6”‘”””L2<E<I, wiCN)L2(RO-LCN) = e 4 0" L2 (RO-1CN) S L2(S, i)
0

= (L +|V¢(zp) )Y,

L 1N =l
[ yO(IU)’”(zo)”Lz(EyO(%)ﬁ(%);CN)—>L2(R9*1;<CN)
-1

= ey o s

yo(mé)),ﬁ,(m{));(CN)*)LZ(R671;CN)

=1

These considerations show that I + D, (2)QS%(x()q is also continuously invert-
ible in B°(R?~1) and
Car o5 .
17+ D ()@ (20)a) ™l
< |7+ DECOFED @)Qu e (oo oD oo

Now, the result follows from applying Corollary 4.18 (for S = ran (n,7)) if one
chooses d4 = da(ran (n,7)) > 0, where d2 was introduced in Corollary 4.18. O

Inspired by the local principle in [31, Proposition 5], see also [29, 30], we are going
to construct partitions of unity which allow us to globalize the established local re-
sults. We start by choosing a partition of unity (¢ ),czo—1 for RO~! with uniformly
bounded derivatives which satisfies supp ¢, C B(n’,1) forn’ € Z%~1. Moreover, let
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(9 )prezo—1 be a sequence of functions with uniformly bounded derivatives which
fulfils 0 < ¥, < 1, 9,y = 1 on B(n/,2) and supp ¥,, C B(n/,3) for n’ € 7~
According to Proposition A.2 such sequences exist. By defining for a € (0, Eé/ 6) and
n' € Z°~! the functions ¢, () = ¢/ (-/a) and 9%,(-) = ¥, (-/a) we obtain similar
sequences with scaled supports; in particular (¢, ), czo-1 is a partition of unity for
R?~1. Furthermore, there exists a C' > 0 which does not depend on a such that

sup a6l ooy 19l o)} < = (4.60)
n!€70-1 a
Before we can construct the inverse of I + Dg(z)ngﬁq we have to deal with
series of operators. Let (Ay/),/eze-1 be a family of bounded operators mapping
from a Hilbert space H to a Hilbert space G. If the sequence of partial sums
Sn = Zn,6Z9_17‘n,|§n A, converges in the strong sense to an operator, then we
define

st.
Z A, = slim S,,.
n—r oo
n/€79-1
According to the Banach-Steinhaus theorem, Zf},‘eze,l A, is again a bounded
operator mapping from H to G. Moreover, the definition of the series implies that
if #' and G’ are Hilbert spaces, and U : H' — H and V : G — G’ are bounded

operators, then
st.

> VAU H = ¢
n/€79-1
is a well-defined bounded operator and

v( Et: A )U = Et: VAU

n/eZefl n/62971

holds. If (An),eze-1 is a uniformly bounded sequence of operators in B°(R?~1),
then according to Proposition A.4 the series S5, ;01 9%, A,,9%, converges in the
strong sense in B°(R?~1) and we have

st.
H S 0L AL

nleze—l

0§119*1 sup || A [loo- (4.61)

0— n'ezo—1

Moreover, if (A,,/),/czo-1 is also uniformly bounded as a sequence of operators from
BY(R?~1) to BY(R?~1), then Ef{eze,l 9%, A 0%, acts also as a bounded operator
from BY(R?~1) to B'(R?~1) and

st.
H S 0L A

nleze—l

c
— sup [ Awllo, (4.62)

A prezo-1

<
0—1
holds, with C' > 0 independent of a, see also Proposition A.4. Before we use these

essential observations in the proof of Proposition 4.27, we state a helpful preliminary
lemma.

Lemma 4.26. Let z € p(H), € € (0,¢2), a. = €'/%, D&"(2) be as in (4.22), and
E.(2) be as in (4.48). Then, for any fived n’ € Z9~!

(1= 9 ) Ba(2)855 = (1 035) D& (2) 05

n’ n’
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Proof. We prove this by showing that the difference of the integral kernels of the
operators (1 —9%)E-(2)¢% and (1—9%)DS$"(2)¢%5 is zero. By (4.26), (4.47), and

n’ n’

(4.48) this difference is given by
(1= T (@) (w(25) = 1) )
Gl n(@) —zew(y) +e(t = s)ven(@))VI+[VC()

for all 2’y € R~! and t,s € (—1,1). If ¥ ¢ B(acn',a.), then % ¢ B(n/,1) D
supp ¢, and therefore

(4.63)

bpi (y') = o (L) = 0.
Furthermore, if 2/ € B(a.n’,2a.), then Z—/ € B(n/,2) and hence as ¥,y = 1 on
B(n’,2) we have

1-9% () =1— 9, (Z) =0.

ae
These two observations show that if 2 € B(a.n/,2a.) or y ¢ B(asn',ac), then
(4.63) vanishes. Thus, it remains to consider the case ' ¢ B(a.n’,2a.) and y' €
B(acn',as). However, this implies |2' — y'| > a.. In this case we use w = 1 on
RO\ B(0,1), see the text above (4.48), to obtain

w(ZL) —1=0.
This shows that (4.63) vanishes for all 2/,3 € R~ and t,s € (—1,1). O

Proposition 4.27. Let z € C\ R, ¢ € C2(R~LR) and X be as described in the
beginning of Section 4.4.2, n,7 € CL(X;R), d = n* — 72 satisfy

71_2

sup d(zs) < =,
Ty €Y 4

Q%:’; be as in (4.29) and q be as in (1.4). Then, there exists a d5 € (0,e2), with

g2 > 0 from Proposition 4.6, such that I—i—Dg’“(z)Q%”'ﬁq has a bounded right inverse

which is uniformly bounded in B°(R~1) with respect to ¢ € (0,65).

Proof. The proof is split into four steps. In Step 1 we define R, which will turn
out to be a first approximation for the right inverse of I + Dg’”(z)Q%:’;q. Moreover,
in this step we also show that R, is uniformly bounded in B°(R?~1) with respect
to €. Then, in Step 2 we calculate (I + Dg’“(z)Qgif_q)RE. Afterwards, we find in
Step 3 that (I + D" (2)Q5%q)Re equals I + K. + L., where K and L. fulfil the
inequalities

1 + [log(e)|
2

|1 Kcllom1 < C and || Lc|lo—o < Cas(1 + |log(e)])- (4.64)

g
Based on these observations we define in Step 4 an operator ﬁs which is uniformly
bounded in B°(R?~!) with respect to ¢ and fulfils (I + ng"“(z)ngﬁq)Eg =1+ L.,
where ||L.|jo—0 can be estimated by C(1 + |log(e))e¥/¢=" for an r € (0, 3). In
particular, this shows that for sufficiently small € > 0 the right inverse of I +
Dg’”(z)Q%:’;q is given by the operator R.(I 4+ L.)~! and uniformly bounded in
B (RP~1) with respect to e.
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Step 1. We define for ¢ € (0,min{ey,d4}), where €5 and 04 are chosen as in
Proposition 4.6 and Proposition 4.25, respectively,

R.: BR™1) = BO(R7Y),

st.
E s Rys 075 .

n’€z9-1

Here, a. = £'/% and R,/ . := (I + Do’ (2)Q5 % (acn)q) ™" with Ca.n = (g as in
(4.46) for z(, = a.n’. The equality 7505 = fj implies
st.
Ro= ) 08¢0 Ry 05
n’/€zf—1
and therefore Proposition 4.25 and (4.61) show that R, is well-defined and uniformly
bounded by

— Casn”'{ K —
1Rello_yo < 11771 Sup I(Z + D" (2)Qy 5 (aen)g) "My y < O, (4.65)
nle -1
where C' > 0 does not depend on €.
Step 2. Applying I + Dg’“(z)Q%iﬁq to R yields

st.

(I+DE"(2)Q55q)Re = > (I+ DE"(2)Q55q)d%5 R Vs
n/ezs—l
st.

> 08I+ DO (2)Q5 )b R 0

n’EZ‘Pl

£ S (DL ()QS a0 R

n’€zf-1

Moreover, using Lemma 4.26 gives us

st.

(I+DS"(2)QEq)Re = > 05 (I + D& (2)QS 5q) e Runr 0%
n/eze—l
st.
+ Y (1= 90 Eu(2) Q5 adni R 05
n/eze—l

st.

= Y 95+ DR (2)Q Eg — Be(2)Q55q) ¢k R 9%

n'€z9-1
E.(2)Q%54R..
Writing Dg*“(z)Q qo,; as
DE= " (2)Q5  (azn')gdts + (DEF(2)QSE — D& (2)Q5 5 (aen')) 4%
= ¢ D " (2)Q5 (aen!)g + DS (2), 6%51Q5 % (aen')g
+(DER(E)Q4] = DE" (2)Q (aen')) adr
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and introducing the operators Ly . := (D$"(2)Q%% — Dg“f”"’N(Z)Q%ﬁ(asn’))qgﬁfj
Cagn’ K K K Qe .
and K, . == [D; (2), 0p51Q5 5 (acn’)q — Ec(2)Q5 Fqdns: yields

)

(I + D™ (2)Qy5a) Re

st.

= Y 0L+ D (2) Q4 (aen')g) Ry 0%

n’e€zf—1

. " ; (4.66)
+ D> 95 (Ko + L) Ry 0% + Be(2)Q5 5 qRe

nleze—l

= I + Z 19?; (Kn/7€ + L””‘S)Rnlveﬁg; ( )QC qR87

n’/€79-1

where

(I + D& " (2)Q% (aen')q) Ry o = T and D s = Y 4l=1

n/e€zo-1 n’e€zf—1

were used.
Step 3. We start this step by setting

st.
N 0 K Ry 0% + E-(2)Q5 54 Re

TL'EZe_l

and

st.
R a a
L. = E ﬂnan’,aRn’,a197i~

n/€79-1

Then, (4.66) shows
(I+ D&"(2)Q55q)Re = I + Kc + Le. (4.67)

Since R. and D$*(z) are uniformly bounded in BO(RY~1), see Step 1 and the text
above (4.23), respectively, this implies that also K. + L. is uniformly bounded in
B(RP~1). Moreover, Q%”’; € CH(RI~L,CN*N)| Proposition 4.24, and (4.60) imply

CaEn/a” [ N K ae
1Eellg-yy < I1DE" (), 63105 R (@enYall, L, + |1 B(2)QS2060% 1,
< O(ID2="" (), @5l + 1Ee(2llo)
. 1+ [log(c)|
< C (1165l o (1 + og(e)]) + —— 2221

ae
I C I p—

Qe
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In turn, with (4.62), (4.65), Q% € Cp (R~ CN*N), Proposition 4.24, and Propo-
sition 4.25 we get

st.
Ml < || D2 955K R 20
n/€79-1 0=t

C
< (o swp K eRurcllon + [Bo(2)Q5 50 R o)
Qe prezo-1

+ | Ee(2)Q5 5 aRe [l

C
< (— sup || K ellos1 + HEE(Z)||0—>1)
Qg n/€z6-1

< C(i LA flog(e)l | 1+ |10g(8)\>
ae e Qe
Similar we estimate L. with (4.61), Proposition 4.25, and Proposition 4.24 by

st.
Iellomo = | D 985 Lur R 0

n’€79-1

0—0

st.
= ” Z 19?;XB(GE'”',3a5)Lnl,ER7L’,E’0?L§
n/€z0-1
<C sup |‘XB(‘IS”/73“5)L7L’,6H0~>O
n/€z0-1
=C sup |XB(a.n' 30y (DS (2 )Q — D’ (2 )Q aen')) gy lo—o
n/eZS 1

=C sup HXB(aEn’,BaE)
n’/€zf-1

0—0

(D (2)Q5 5 —~ ENE )Q5 5 (acn)) aX B(acn’ 3az) i o0
< Cac(1 + [log(e))).

This shows that (4.64) is valid and hence completes Step 3.

Step 4. We note that Proposition 4.9, (4.20), (4.22) and (4.29) imply that I +
Dé’“(z)Q%:’jq is continuously invertible in B°(R?~!) and B'/2(R?~!). Furthermore,
since R, and K. + L. are uniformly bounded operators in BO(Ra_l), the operator

R.:=R. - !+ Dg’n( )Qn 7q) (K. + Le)
is also uniformly bounded in B°(R?~!). Moreover, applying I + D" (2)Q%%q to
R. and (4.67) give us
(I + D™ (2)Q 5 a) Re
=I+K.+L.— I+ DC’H( )Qn TQ)(I + DC,K( )Qn TQ) I(Ks +L.)
= I+ (D§"(2) = DE™(2))Qg ka1 + D§™ (2)Q55a) ™ (K- + Le)
=1+ L.

(4.68)

with
Le := (D§"(2) — D™ (2)Q55q(I + D™ (2)Q55q) ™ (K. + Le).
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Thus, by using the estimates for L. and K. from Step 3 and (4.23) for a fixed
r € (0, 3) we obtain
[ Lelloo < (DG (2) = DE(2))Q55a(l + D§*™ (2)Q550) ™ Kelloso
+ (D5 (2) = DE*(2)Qyra(I + D™ (2)Q559) " Lello-s0
< [I(D§™(2) = DE™(2))Q5 54l /250
(I + D§™ (= )Qn,TQ) Y1j2-1/20Kellom1/2
+ (D" (2) = DE"(2)Q 5 allo—o
-||<1+D6’“< 2)Q5%0) ool Lello-so
< [[(D§"(2) = DE"(2))Q5 54l /20
I + D§™ (= )Qn,TQ) "1 j2m1 /20l Kellomt
+I(DF"™(2) = DE*(2)Qg K allo—o
-||<1+D6’“< 2)Q5%0) ool Lello-so

B O<€1/2r(1 + |log(e)]) +a.(1+ log(€)|)>

= C(1+ |log(e)|)(eV/*7" +¢'/°)
< O(1 + |log(e) )5

This shows that if we choose 85 > 0 sufficiently small, then ||L.[loo < & 1 for all
e €(0,05) and (I 4+ L.)~! is uniformly bounded with respect to e € (0, 55). Thus,
as R. is also uniformly bounded in B°(R?~!), R.(I + L.)~! is uniformly bounded
in B°(R?~1) with respect to ¢ € (0,85) and by (4.68) it is also the right inverse of
I+ D& (2)Q5 5. O

Proposition 4.28. Let % be a rotated graph as described in the beginning of Sec-
tion 4.4.2, z € C\R, q be as in (1.4), V = nly + 78 with n,7 € C}(Z;R), and
d =n?— 72 such that
2

sup d(zx) < T,

TR EX 4
Then, there exists €3 € (0,e2), with eg > 0 from Proposition 4.6, such that I +
B.(2)Vq has a bounded inverse which is uniformly bounded in B°(X) with respect
to e € (0,¢e3).

Proof. We directly get from Proposition 4.27, (4.21), (4.22), and (4.29) that I +
B.(2)Vq has a right inverse which is uniformly bounded with respect to ¢ € (0, d5)
with 5 from the previous proposition. Using (4.19) shows that then I+ B, (z)V¢ has
a right inverse which is uniformly bounded for € € (0,e3) if €5 > 0 is chosen small
enough. We denote this right inverse R.(z). Then, the right inverse of I +V¢B. (%)
is given by I — VqR(Z)B:(Z). Hence, (I + VqB.(Z))* = I + (B:(Z))*V¢q has the
uniformly bounded left-inverse £.(z) := I — (VqR.(Z)B:(z))*. Moreover, by [8,
Remark 3.11] the estimate

| Be(2) = (B(2)"|| o < Ce, €€ (0,e2)
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holds. Thus,
Le(2)(I+ Be(2)Vq) =1+ L:(2)(B:(2) — (B:(2))")Vq (4.69)

converges in BY(R?~1) for € — 0 to the identity operator I. In particular, if 3 > 0
is chosen small enough, then the right hand side of (4.69) is invertible in BY(RY~1!)
for all € € (0,e3), showing that I + B.(2)Vg is invertible in B(R%~1), i.e.

Re(2) = (I + B.(2)Vq) ™t
This concludes the proof since we already know that R.(z) is uniformly bounded
in BO(RY~1). O
APPENDIX A. ADDITIONAL RESULTS FOR SECTION 4.4.2

In this section we provide results which are used in Section 4.4.2. We begin by
stating a convenient version of the Schur test.

Lemma A.1. Let k be a measurable function in RI=1 x RO~ with values in CV*N
and k € LY(R%~1) such that

lk(2',y)| < k(z' —y') for ae. 2,y € RO,
Then, the operator K : L>(R%~Y; CN) — LR, CV) acting as

i) = [ ey

is well-defined and bounded and ||K||p2gro-1,08 ) 2@o-1,08) < ||E||L1(Re—1). More-
over, if additionally k € C*(R%~! x RO~ CN*N) and
0-1

d
Z‘@k(fhﬂ/)
=1 !

then K also acts as bounded operator from L*(R%~%CN) to HY(R~1;CYN) and
1K |2 mo—1,08)— mrre—1,08y < C|lK]| L1 o1y

<k(@ —y) forae 2,y e RO

Proof. The first assertion is an immediate consequence of the Schur test, see for
instance [21, Chapter III, Example 2.4]. Next, let us prove the second assertion.
We start by choosing g € D(R?~1;CV). Since k € C1(R?~! x R/~ CV>*V) and
g is compactly supported, dominated convergence shows that Kg is differentiable

and
A(Kg)(a') = / gy dy.

RO-1 d.]?;
Hence, applying the Schur test shows

Vgl o,y < Ol o oo,y
The rest follows from the fact that D(R?~1;C¥) is dense in L?(R°~!;CV), the
completeness of H!(R?~1;CY), and the continuity of K in L2(R’~!;CV). O

In the upcoming proposition we construct a partition of unity for R®~! such that
the functions have uniformly bounded derivatives.

Proposition A.2. There exists a partition of unity (¢n:)prezo—1 for RET subor-
dinate to (B(n',1))prcze—1 such that max, cze— HanfHW;O(Rg,I) < 00. Moreover,
there exists a sequence of functions (Opn/),ezo—1 with supp ¢,y C B(n',3), 0 <
I <1, 9 =1 on B(n',2) for alln’ € 2971 and max,, czo1 [9n Ml o1y < 00
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Proof. Note that since § € {2,3}, the family (B(n',3/4)),/czo-1 is also an open
cover of R?~1. We start by choosing a function ¢ € C*°(R%~1) such that 0 < ¢ < 1,
¢ = 1 on B(0,3/4) and supp ¢ C B(0,1). Furthermore, we set ¢ := ¢(- — /)
for n’ € Z=1. Then, 0 < ¢ < 1, ¢ = 1 on B(n/,3/4) and supp ¢,y C B(n’, 1).

Next, we fix a bijection Z : N — Z?~1 and set ¢z(1) = ¢z(1) and

Pz = (1 - 52(1)) s (1= 52(%1))%2@), jeN\{1}.

Then, supp ¢,y C supp $n,, 0 < ¢ppr <1 for n' € Z°~' and one gets via induction
for j € N
i j ~
Z¢z(k) =1- H(l — bzr))-
k=1 k=1
This implies Y-,/ cz0-1 dnr(2') = 372, ¢z(j)(2') = 1 for 2’ € R’~'. Furthermore,
let j €N, l€{l,...,0 —1}, and 2’ € R~ We estimate

i1
9192) ()] = |0z (@) [T (1 = Sz (')
k=1
Jj-1 ~ j—1 B
=Y 02, @) @Bz @) [] (1= bz ()]
k=1 r=1,r#k

J J
< Z 019z ()] = Z |01z (2)]
k=1 k=1,2'€B(Z(k),1)
<291 019l oo (o1,

where we used that 2/ € R~ can be in at most 2°~! balls of the form B(n’,1)
with n’ € Z9~1. This shows that the derivatives of the ¢,’s are uniformly bounded
by 20_1”¢HW010(]R9*1;R)' Next we construct the sequence (9,/),czo-1. To do so,
we choose ¥ € C°(R%~!) such that 0 < ¢ < 1, § = 1 on B(0,2) and supp 9 C
B(0,3). Then, we define 9,,; := ¥(-—n’). The constructed sequence has the claimed
properties. (I

Our next goal is to use the functions ¥,, n’ € Z, from Proposition A.2 to
construct operators based on a uniformly bounded sequence of operators. We start
by providing an useful variant of the Cotlar-Stein lemma.

Lemma A.3. Let H and G be Hilbert spaces, let (Ay:)yezo—1 be a family of uni-
formly bounded operators acting from H to G. Moreover, assume that there exists a
number N € N such that for everyn’ € Z9~" exist at most N indices m' € 7971 such
A Ay and Ap AY, are nonzero operators. Then, the sum Zn/629*1,|n’|<n Ay
converges for n — oo in the strong sense to a bounded operator A (which is also
denoted by Zj:/.eze—l Ay ). Moreover, its norm can be estimated by

lAlnag <N sup [ An|n—sg-
n/€z7f-1

Proof. Our assumptions guarantee

* 1/2
sup Y A A 15 SN sup (| Awllresg

n'€ZO=Y T n/€Zo=1
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and
1/2
sup Z ||AZ,.Am/HH/HH <N s%) 1 | A |7 —g-
n' €29~

n/€zo—1 m'ezo—1

Hence, the assertions follow form the Cotlar-Stein lemma, see [16, Lemma 18.6.5].
O

Proposition A.4. Let a € (0,b) for a b > 0, (¥ )peze-1 be the sequence from
Proposition A.2, 92, = 19n/(é) forn' € 2971, and (Ap)peze—1 be a sequence of

uniformly bounded operators in B°(R~1). Then,

st.
A= > 9% A0

n’€Z9-1

is a well-defined operator in B°(R®~1) with || Aljo—o < 1197 sup,czo—1 [|[An[lg_so-
Moreover, if (Ap/)pezo—1 is also a family of uniformly bounded operators acting
from BY(R%~1) to BY(R?~1), then A acts also as a bounded operator from B°(R~1)
to BYRO™Y) and || Al gy < Esuppreze1 [|[An g1, where C > 0 does not depend
on a € (0,b).

Proof. Let us start by proving the assertion where we consider A and A,/, n’ €
791, as operators acting from B°(R%~1) to B°(R%~1). We set A, := 9%, A, 9%,.
Since a fixed ball B(an’, 3a) overlaps with at most 119~! balls of the type B(am’, 3a),
m/ € 7971, there exist for every n’ € Z~! at most N = 117! indices m’ € Z9~!
such that A, A%, # 0 and A*,A,,» # 0. Moreover, we have for all n’ € Z%~1

[Anllo—o < 95 [lo—oll An lo—o 195 loo < [l Ans[lo—o-

Thus, by Lemma A.3 we conclude ||Allo—o < 1197 sup,,czo-1 [|[An]lg_o-

Next, we assume that A,, n’ € Z9~1, act as uniformly bounded operators from
BY(RO~1) to BY(RP~!). Using again the fact that a fixed ball B(an’,3a) over-
laps with at most 11°~! balls of the type B(am’,3a), m’ € Z°~!, shows that
there exist for every n’ € Z°~! at most N = 119~! indices m’ € Z?~! such that
Ap A% £ 0 and A% A, # 0, where the expressions A%t and A,/ %! denote
the adjoint operators of A, and A,,:, respectively, considered as operators mapping
from B°(R?~1) to BY(R?~!). Furthermore, for all n’ € Z~! the inequality

[Anllo—1 < |95 [l1-1 | An lo—1 |95 llo—o
< ||19’?L/||1‘>1||An,||0‘>1
< O llw o) Anllo—1

C
< EWn'ngo(RGfl)HAn’HOal
C
< —[[Anflo—1
a
is valid. Thus, Lemma A.3 yields [|A]lo_; < € sup,iezo-1 [|Anllg_y;- O
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