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In this paper, we develop a systematic approach to treat Dirac operators A, -\ with
singular electrostatic, Lorentz scalar, and anomalous magnetic interactions of strengths
1,7, X € R, respectively, supported on points in R, curves in R, and surfaces in R that
is based on boundary triples and their associated Weyl functions. First, we discuss the
one-dimensional case which also serves as a motivation for the multidimensional setting.
Afterwards, in the two- and three-dimensional situation we construct quasi, generalized,
and ordinary boundary triples and their Weyl functions, and provide a detailed charac-
terization of the associated Sobolev spaces, trace theorems, and the mapping properties
of integral operators which play an important role in the analysis of A, . We make a
substantial step towards more rough interaction supports ¥ and consider general com-
pact Lipschitz hypersurfaces. We derive conditions for the interaction strengths such that
the operators A, - \ are self-adjoint, obtain a Krein-type resolvent formula, and charac-
terize the essential and discrete spectrum. These conditions include purely Lorentz scalar
and purely non-critical anomalous magnetic interactions as well as the confinement case,
the latter having an important application in the mathematical description of graphene.
Using a certain ordinary boundary triple, we also show the self-adjointness of A, - x
for arbitrary critical combinations of the interaction strengths under the condition that
¥ is C*°-smooth and derive its spectral properties. In particular, in the critical case, a
loss of Sobolev regularity in the operator domain and a possible additional point of the
essential spectrum are observed.
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1. Introduction

Dirac operators with singular perturbations supported on points in R, curves in R2,
and surfaces in R? have received a lot of attention recently. This class of operators
appears as an idealized model in the description of relativistic spin-1/2 particles
propagating in strongly localized external potentials. The MIT bag model describing
quark confinement is an example of this sort of physical system [3} 30, 138, |39, [69].
Dirac operators with singular perturbations are also important in the description of
graphene and other innovative materials [1,24} 25| |78]. For a rigorous understanding
of these physical problems a detailed analysis of the involved operators and their
spectral properties is necessary.

1.1. The free Dirac equation

In 1928, Dirac derived in [47] the free Dirac equation to find a quantum mechanical
description of spin-1/2 particles with mass m > 0 propagating in R? with ¢ €
{1,2,3} taking relativistic effects into account. Choosing units such that the speed
of light and Planck’s constant are both equal to one yields the relativistic energy—
momentum relationship

q
E? :Zp§+m2. (1.1)
j=1

To associate it with a linear differential equation, which is of first order in time,
Dirac made the ansatz

q q
E—Zajpj — may E—|—Zajpj +mag | =0. (1.2)
j=1 j=1

Equations (1.1)) and (1.2) are only equivalent, if the coefficients «; satisfy the anti-
commutation relations

araj + ajap = 205y forall k,j € {0,1,...,q}, (1.3)
and hence one has to choose the coefficients matrix-valued, a; € CN*V where
N =2 for g € {1,2} and N = 4 for ¢ = 3, and Iy denotes the N x N-identity

matrix. For ¢ € {1,2} the matrices o; can be chosen as the Pauli spin matrices

and for ¢ = 3 as the Dirac matrices, see (1.17) and (1.18]). Applying the usual
substitution rules i% and fi% for I/ and p;, respectively, in one of the factors in
v J

(1.2), say in the first one, one obtains the free Dirac equation

which describes the propagation of a relativistic particle with spin-1/2 such as an
electron in RY.
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Besides this original motivation another important application of the Dirac
equation was found recently in [1| 78] where it was demonstrated that the two-
dimensional Dirac equation plays an important role in the mathematical description
of graphene. This fact and the importance of graphene in many modern applications
led to an increased interest in the Dirac equation in the last 15 years. In particular,
depending on the way how the graphene is cut out of the planar sheet Dirac opera-
tors with different boundary conditions known as quantum dot boundary conditions
are of interest and were studied in [14} [24] 25| [82]. Since graphene is a hexagonal
lattice, it is of importance that the corresponding operators are investigated on
rough domains, e.g., with Lipschitz boundaries.

1.2. The free Dirac operator

As in the case of the Schriédinger equation, one defines the free Dirac operator as
the right-hand side of the free Dirac equation by

Aof = (=i(a- V) +mag)f, dom Ag = H'(R?;CY), (1.4)

where H*(R%; C") denotes the (L2-based) Sobolev space of k-times weakly differ-
entiable functions and where we use for = (z1,...,z,) € R? the notations

q q P
a-T = a;z; and o V.= o —.
g I 9r

j=1 j=1 J

With the help of the Fourier transform and (|1.3)) it is not difficult to verify that Ag
is self-adjoint in L2(R%; CV), that Ay has purely absolutely continuous spectrum

0(Ap) = dac(Ao) = (—o00, —m] U [m, 00), (1.5)
and that

(Ag — 2)(Ag + 2) = (A +m? — 21y, (1.6)
where —A is the free Laplace operator defined on dom (—A) = H?(R?; C); see [90]
or [93] for details in dimension ¢ = 3. This implies

(Ag — 2)7 !t = (—i(a- V) +mag + zIN)(—A +m? — 22) "y (1.7)

for z € (C\R) U (—=m, m). Using the well-known form of the resolvent of —A, one
finds that (Ap — 2)~! is an integral operator in L2(R?;CV) with integral kernel

G..q(x —y) given by (LI9).

1.3. Coupling of singular potentials

To model the influence of external fields the free Dirac operator Ag is coupled with
potentials. In the following, we consider the physically relevant dimensions g = 2, 3;
motivated by this, similar mathematical expressions are studied also for ¢ = 1.
For a scalar potential ®; and a static electromagnetic potential (®., A,,) taking
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also anomalous magnetic interactions with coupling constant p into account, the
corresponding Dirac operator is given by

Ao+ @y + Psag — (- Ayy) +ipa - VO ) + 1V, (1.8)

where the term V; that contributes to the description of the anomalous magnetic
moment depends on the space dimension ¢ and is given by Vo = (V x A,,)I> for
g=2and V3 =a-(V X Ay,)apa; for ¢ = 3; cf. [62,90)].

In the case of strongly localized potentials that have large values on a small
neighborhood of a set ¥ C R? with measure zero and small values otherwise, it is
often a useful simplification to replace the regular fields by d-potentials supported
on Y. To be more precise, assume in the following that X is the boundary of a
bounded sufficiently smooth domain Q@ C R?, ¢ € {2,3}, with normal vector v
pointing outwards of Q; and set Q_ := R?\Q,. Then, each point z € RY in a
tubular neighborhood of ¥ (which are all points z with dist(z,X) < b) with a
sufficiently small half-width b > 0 has the form z = xyx + tv(xzy) with unique
xy, € ¥ and t € (=b,b). Consider now static electromagnetic and Lorentz scalar
potentials whose strengths depend only on the distance to ¥, that are supported
in the tubular neighborhood of ¥, and where the magnetic field is pointing in the
normal direction, i.e.

D (x) = fs(t), Pel(x)=fo(t), and Ap(z)=v(zg)fn(t), x=zx+tv(zg),

with smooth scalar-valued functions f;, fe, and f,,, supported in (—b,b). For such
potentials one verifies a - V&, = (o - v)f, and V, = 0, and hence the expression

in (|L.8]) simplifies to
AO + feIN + stéo - (CM : V)fm + Z/.L(Oé : I/)Oéofé-

For suitable choices of fe, fs, fm, or pf. one can replace the term f.In by nlnds,
fsao by Tagds, (a-v) fm by w(a-v)ds, or iu(a-v)ag fl by i\(a-v)agds with inter-
action strengths n, 7,w, A € R. From a mathematical point of view it makes sense
to study Dirac operators with all of the above singular potentials simultaneously,
so we arrive at the expression

Ao+ (nIy + T1ag —w(a-v) + iX(a - v)ag)ds;

cf. |45, 826}, 137]. The latter replacement was justified rigorously by approximation
procedures in 37, {74} 75| [88] [92]. We note that, without loss of generality, one can
assume w = 0, since this term can be gauged away by an appropriate unitary trans-
formation, see [37, Theorem 2.1] or [73| Theorems 1.2 and 1.3]. This finally leads
to the main object of interest in this paper: For interaction strengths n, 7, A € R we
will consider Dirac operators A, - » with singular perturbations formally given by

Ay ra= Ao+ NIy + Tag + i - v)ag)ds; (1.9)

here we call nlndy the electrostatic, Tagdy the Lorentz scalar, and i\(« - v)agds
the anomalous magnetic d-shell interaction, respectively.
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The “action” of the d-potential on functions that are sufficiently smooth in €4
such that they admit Dirichlet traces 'yﬁfi, f+:=f [ Q4, on ¥ in a suitable sense
is defined as the anti-linear distribution

Gstop) =5 [(OBFs +p1)pde, o e CFRD.

A formal integration by parts shows that the distribution A, ;  f is regular if and
only if (- V)fy € L?(Q4;CN) and f satisfies the jump condition

i(a-v)(vhfy —pf-) + %(nlzv + Tag +iA(a - v)ao) (v fr +pf-) = 0; (1.10)
cf. [4, 8]. In a similar way, one finds in space dimension ¢ = 1 with ¥ = {0},
Qp = (0,00), - = (—00,0), and v = —1 that A, ;»f is regular if and only if
f+ € HY(Qx;C?) and f fulfills

“ian(£(04) ~ £0-) + S0 + map — o) (FO0+) + FO0-) = 0. (L11)
Hence, we will define A, ;- » on the set of functions that satisfy or (T.11). To do
this in a mathematically rigorous way, it is necessary to study Sobolev spaces that
are suitable for the investigation of Dirac operators and to provide trace theorems
on them. It is one goal in this paper to do this also in the case that X is only a
Lipschitz smooth curve in R? or surface in R3.

The non-relativistic counterpart of , Schrédinger operators with singular
d-potentials, were studied intensively and led to the discovery of several interesting
spectral effects [10} 49, [51], [52} |54]. While the replacement of regular potentials by
d-potentials may simplify the spectral analysis of the Hamiltonian considerably,
it leads to technical difficulties in its mathematically rigorous definition due to
the appearance of jump conditions in the operator domain in a similar vein as
in . One natural way to introduce and study Schrodinger operators with
singular interactions is via the corresponding quadratic form [31} 49} 53, |63} |89], but
also extension theoretic approaches and in particular boundary triple techniques
were successfully applied to investigate these models |9} 21} |22} |72]. Form methods
are not suitable to study Dirac operators with singular interactions due to a lack of
semi-boundedness. However, it seems natural to use boundary triple methods for
this purpose.

1.4. Boundary triples and Weyl functions

Assume that S is a densely defined closed symmetric operator in a Hilbert space H.
Then, an (ordinary) boundary triple {G,T',T'1} consists of a Hilbert space G and
two linear mappings I'g,T'; : dom S* — G such that (Iy,I';)T : dom S* — G x G is
surjective and the so-called “abstract Green’s identity”

(S f,9)n — (f,5"9)n = (T1f,Tog)g — (Tof,T19)g (1.12)

is valid for all f,g € dom S*. To a boundary triple one associates a self-adjoint
reference operator Ag := S* | ker I'g in H and the Weyl function z — M(z) via
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M(z)Tof, =T1f, for f, € ker(S* — 2), z € p(Ap). We note that the Weyl function
is a Nevanlinna function whose values are bounded operators in G. Extensions of .S
are now defined as restrictions of S* by

Ag =9 r ker(F1 - ﬂro),

where the parameter ¢ is a linear operator (or relation) in G. Thus, the functions
f € dom Ay satisfy the abstract boundary condition I'; f = 9Ty f. In the context
of ordinary boundary triples it turns out that Ay is self-adjoint in # if and only if
9 is self-adjoint in G and, moreover, one has an explicit Krein-type formula for the
resolvent of Ay and the spectral properties of Ay are encoded in the parameter ¢
and the Weyl function M. Setting formally B = —9~! the parametrization of the
extensions of .S can also be given in the form

A[B] =5" erl"(ro + BFl),

the other aspects of the theory translate in a straightforward manner; we refer to
the monograph [11] and also Sec. [2| for more details.

In applications to partial differential operators it is natural and desirable to
identify G as an L2-space on the boundary or interface and to choose the boundary
maps ['g and I'; as appropriate trace maps, e.g., Dirichlet and Neumann traces in
the case of second-order elliptic operators, which also implies that the associated
Weyl function is the Dirichlet-to-Neumann map. However, it turns out that the
values of the trace maps on the maximal domain of a partial differential operator
(which is typically dom S*) are often too singular and the classical Green’s identity
cannot be extended onto the full maximal domain. One way to overcome these
problems is to generalize the notion of ordinary boundary triples by defining I'g
and T'; and requiring (1.12) only on a core of S*. This leads to the notion of
quasi boundary triples proposed in [19], which is tailormade for extension problems
involving partial differential operators. We refer also to |20} |22, |23| 4044, [46] for
generalized boundary triples and other extensions of the notion of boundary triples
and their Weyl functions. While there is no one-to-one correspondence of self-adjoint
parameters 1 and extensions Ay for quasi and generalized boundary triples, there
are other criteria that are useful to show the self-adjointness and spectral properties
of Ay, see Sec. 2] for details.

In the present situation of Dirac operators the adjoint operator S* is given as
the unperturbed Dirac operator —i(a- V) +mag on Q. , defined for all L2-functions
f = fi®f_ that satisfy (a-V)fy € L?(Qx;RY). The crucial jump condition
for the definition of the Dirac operator A, . » can be fit in the abstract approach
of quasi boundary triples or generalized boundary triples by using the boundary
mappings

Pof = io- W)(pfs —7pf-) and Taf = S(rpfe+7p/),  (113)

defined on the core dom S* N H*(R?\X; CV) for s € [1,1]. Furthermore, the matrix
B = nly+7ag+Ni(a-v)ag acts as the parameter in the boundary space L2(X; CV).

2350036-6
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Hence, the condition (1.10]) is satisfied by a function f € dom S* N H*(R9\%; CV)
if and only if f € ker(I'g + BI'1). This leads to a rigorous definition of the operator

in as
Aprnf = (=ila-V)fy +maofy) © (—i(a- V) f- +maof-),

(1.14)
dom A7777">\ = ker(Fo + BI‘l)

Depending on the Sobolev regularity of the core dom S* N H*(R%\%; CV) the triple
{L2(2;CN), Ty, T} is a quasi boundary triple for s € (%, 1] and a generalized
boundary triple in the case s = é Note that the convenient choice of the parameter
s is related to the smoothness of 3: while for smooth ¥ the value s = 1 is most
suitable, the smaller value s = % is particularly useful for the case of Lipschitz
smooth ¥, which is considered in this paper. For completeness, we mention that in
the one-dimensional case matters simplify and the one-dimensional analogue of the

boundary maps in (L.13]), that is

Lof = —ien(f(04) = f(0—-)) and T.f = %(f(0+) +f(0-)),  (1.15)

leads to an ordinary boundary triple {C2,Ty,T';}.

1.5. Dirac operators and extension theory

Using boundary triples and closely related techniques, several advances were made
in the recent years in the study of the operator A, ;) in . It turned out
for sufficiently smooth and compact interaction supports % that the operator with
interaction strengths 7, 7, A € R such that

2 .2 2 2
(W—l) A2 £, (1.16)

which is referred to as mon-critical case, has properties as one may expect them
from the model. The essential spectrum coincides with o(Ap) in , there are at
most finitely many discrete eigenvalues in the gap (—m, m) of 0(Ay), and functions
in dom A, , » have H'-smoothness in R?\X. However, in the critical case there is
a lack of Sobolev regularity in dom A, - and there may be additional points or
even intervals in the essential spectrum. Furthermore, it was observed that A, - x
decouples into the orthogonal sum of Dirac operators in L2(Q4;CY) with certain
boundary conditions on X if n? — 72 — A2 = —4; cf. [5, |15} 37, 48] and Sec. This
phenomenon is known as confinement and means that the §-potential is, in this
case, impenetrable for the particle. We note that the above-mentioned boundary
conditions are exactly the quantum dot boundary conditions that appear in the
analysis of graphene and hence, properties of A, . » are of interest in the study of
graphene and similar materials.

Historically, A, - was first studied in the one-dimensional case in [60] and then
further investigated in |2, 29, [33H35] |64} |68, |80]. Using these results and a decom-
position to spherical harmonics, A, ; » was studied in the three-dimensional setting
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for general interaction strengths and ¥ being the sphere in [48]. Then, after 25
years with only little progress in the investigation of A, - » in higher dimensions, an
extension theoretic approach that is closely related to boundary triple techniques
was used in [4] to study the case of non-critical purely electrostatic interactions
(1 = A = 0) supported on the boundary of a bounded C2-domain in dimension
three; with the same approach the authors continued their work in [5], 6] and stud-
ied several spectral properties, Lorentz scalar interactions, and the confinement
case. In [7], quasi boundary triple techniques were used for a qualitative spectral
analysis of A, o for interactions supported on smooth compact surfaces in R? in
the non-critical case; see also [8| [13] 67, [84] [85] for further spectral and scatter-
ing properties of A, ; » in dimension three for compact surfaces ¥ and non-critical
interactions with A = 0. The case of critical electrostatic interactions was first han-
dled in dimension three in |12} [79], where an ordinary boundary triple was used
in [12] and a closely related idea in [79]. In particular, it was shown in [12] that
0 may appear as an additional point in the essential spectrum and that there is a
loss of Sobolev regularity in the operator domain in the critical case under addi-
tional geometrical assumptions. In dimension two, the self-adjointness and spectral
properties of A, - for A = 0 and general C*°-smooth closed curves ¥ were studied
first in [15] — here both the critical and the non-critical case were considered and
it was shown that for critical interactions —mZ belongs to the essential spectrum.
In [26| [37], the magnetic interactions were introduced and the self-adjointness and
spectral properties were discussed also in the critical purely anomalous magnetic
case (n = 7 = 0). In [26] the self-adjointness of A, ;o with critical combinations
of electrostatic and Lorentz scalar interactions supported on C?-smooth surfaces in
R3 was shown, see also [28] for a recent contribution to the study of the essential
spectrum in this situation with smooth interaction supports. The approximation
of A, - » by Dirac operators with scaled regular potentials under different assump-
tions is treated in [18] 37} 74} |75} |88, 92]; surprisingly, a non-trivial rescaling of the
coupling constants appears which was related to Klein’s paradox. Unbounded inter-
action supports were investigated in [17] |18} |26} |57} |83-85]. In this case, spectral
transitions were observed in the sense that bands of continuous spectrum abruptly
change to a single point in the essential spectrum, when the interaction strengths
pass in certain configurations from non-critical to critical ones. Non-smooth interac-
tion supports were treated in [27] |57} [81]. Eventually, we mention that with similar
techniques boundary value problems for Dirac operators appearing in the analysis
of graphene were directly studied in [3} 14} 24}, [25| 36} [50L |65} 70l |87] and similar
effects as for A, r » were observed.

1.6. Content of this paper

It is our main goal to develop a systematic extension theoretic approach to study
the self-adjointness and the spectral properties of Dirac operators with singular
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interactions supported on points in R, compact and closed curves in R? and surfaces
in R3. In particular, we describe self-adjoint realizations of A, ; » also for Lipschitz
smooth interaction supports and study A, . with critical interactions involving
all three parameters 7, 7, A supported on smooth curves and surfaces 3.

As a starting point, we follow the approach in [80] and consider the one-
dimensional case. It will be shown that the boundary maps in give rise to
an ordinary boundary triple {C2,T5,T'1} and the corresponding ~-field and Weyl
function are computed; as a consequence we obtain the self-adjointness and spectral
properties of A, - x.

The construction of boundary mappings and the investigation of the Dirac oper-
ators A, ;  in the two- and three-dimensional setting is more involved and requires
a careful analysis of the underlying function spaces, trace maps, various integral
operators, and their mapping properties. Indeed, it is one goal in this paper to
investigate these objects also in the case that the interaction support is only a
compact and closed Lipschitz smooth curve in R? or surface in R3; cf. Secs.
and [£:2] More precisely, Sobolev spaces associated with the Dirac operator and
the mapping properties of the Dirichlet trace in this context are necessary in our
analysis |12} |15, 24, [79]. In particular, it will turn out that for s € [0,1] func-
tions f € H®(Q4;CY) with (o - V)f € L?(Q4;CY) in the distributional sense
admit Dirichlet traces in suitable Sobolev spaces on % — this is essential for the
rigorous interpretation of the jump condition and the definition of the bound-
ary maps in and, thus, leads to a quasi or generalized boundary triple
{L?(%;CN),Ty,T1} as already indicated in Sec. see Secs. and for more
details. In the further investigations, a potential operator ®, and a strongly singu-
lar boundary integral operator C, associated with the fundamental solution of the
unperturbed Dirac equation play an important role, see also [4} |5, (12} 14} (15} [27, [79],
where various properties of these objects were studied before in different situations.
The map C, is closely related to the Cauchy transform on ¥ in dimension two and
the Riesz transform on ¥ in dimension three; it will be identified as the Weyl func-
tion corresponding to {L?(X;CN),To,I'1} and hence it will play a key role in the
analysis of A, ; x. More detailed properties of C, that are needed for the study of
Ay - » when X is Lipschitz smooth are given in Sec. and when ¥ is C°°-smooth
in Sec. 6l

Using the quasi boundary triples and generalized boundary triples from Sec.
we study the self-adjointness and the spectrum of A, - » for non-critical interaction
strengths in the case that 3 is a Lipschitz smooth closed and compact curve in R?
or surface in R3. When we fix the smoothness index s = % then {L2(%;CN), Ty, 'y}
in becomes a generalized boundary triple and A, ; » can be rigorously defined
as in acting as the unperturbed Dirac operator in Q4 , while its domain
consists of those functions f that have H'/2-smoothness in Q, such that (a - V)
fr€L*(Q4;CN) in the distributional sense, and that satisfy (L.10). We remark
that one cannot expect a better Sobolev regularity in the domain of A, ; x, e.g.,
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dom A, ,» C H'(RI\Z;CY), as it is known for special geometries that this does
not hold; cf. [70, Theorem 1.2(ii)]. In Sec. we derive conditions on 7, 7, A under
which we can describe self-adjoint realizations of A, 7 x, see Theorem [5.6]for details.
While we cannot show the self-adjointness for all non-critical interaction strengths,
the above-mentioned conditions generalize known ones from [27] and include impor-
tant cases as purely Lorentz scalar and non-critical purely anomalous magnetic
interactions and the non-critical confinement case. For at least C'-smooth X our
conditions reduce to all non-critical interaction strengths in . Moreover, we
show under the above-mentioned conditions that the essential spectrum of A, ; y is

chs(An,r,A) = (—00, —=m| U [m, o0),

and that there are at most finitely many discrete eigenvalues in (—m, m). Eventu-
ally, we study in Sec. the confinement case with non-critical and critical interac-
tion strengths in more detail. In particular, we describe self-adjoint realizations and
study the spectral properties for all combinations of the coupling constants in the
confinement case for arbitrary bounded Lipschitz smooth curves in R? and surfaces
in R3. Since graphene is a hexagonal lattice, the associated differential operators
have to be studied on non-smooth domains and thus, our results also contribute to
the study of graphene and similar materials.

In order to handle critical interaction strengths as well, we construct in Sec. [1.3]
in a similar way as in |12} |15, 37] an ordinary boundary triple under the more gen-
eral assumption of a Lipschitz smooth interaction support. The description of A, - x
via this ordinary boundary triple is not as natural as via the above-mentioned quasi
or generalized boundary triple and the corresponding parameter is an unbounded
operator involving also the boundary integral operator C, for z = 0. To show the
self-adjointness and study the spectral properties of A, ; x also for critical interac-
tion strengths even a more detailed analysis of C, is necessary. For this we have to
assume additionally that % is C'°°-smooth. In this case, we show in Theorem
for all interaction strengths the self-adjointness of A, ; ». In particular, it turns out
that in the critical case there is a loss of Sobolev regularity in the domain of A, ; x:
while in the non-critical case it is contained in H*(R%\X; C"), which is for smooth
¥ better than for Lipschitz smooth interaction supports as discussed above, one has
dom A, , ¢ H*(RI\Z;CY) for any s > 0 in the critical case. While the spectral
properties of A, - are known in the non-critical case from the considerations for
less smooth X, we study them in the critical case in Theorem There we prove
that also for critical interaction strengths involving all three parameters 7, 7, A the
point —m% may belong to the essential spectrum of A, ;. While the latter is
always true in dimension two, an additional geometric assumption is required in
dimension three in this paper (we also refer to [28] for a very recent related result
on additional intervals in the essential spectrum for the case A = 0). This is another
step forward in the analysis of A, ; \ for general critical interaction strengths, which
were only analyzed before when A = 0 or when 7 =7 = 0 and \? = 4.
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1.7. Structure of the paper

In Sec. [2| we briefly recall the definition of boundary triples and their Weyl func-
tions from abstract extension theory and provide some related results that will be
needed in the further course. As a warm up, we treat one-dimensional Dirac oper-
ators in Sec. [3] In Sec. [l we construct quasi and ordinary boundary triples and
characterize the necessary function spaces and integral operators. Then, in Sec.
we study Dirac operators with constant electrostatic, Lorentz scalar, and anoma-
lous magnetic d-interactions on Lipschitz hypersurfaces in the case of non-critical
interaction strengths and discuss in Sec.[5.2] the confinement case. Finally, in Sec. [f]
we study critical interaction strengths in the case of smooth curves and surfaces as
interaction supports.

Notations. Unless stated otherwise, we will always assume that @, C R9
q € {2,3}, is a bounded Lipschitz domain and Q_ = R9\Q, is the corresponding
exterior domain with boundary ¥ = 9{_ = 0. The unit normal vector field on
3 pointing outwards of 2 is denoted by v.

Let g € {1,2,3}. For s € R the spaces H*(R%; CV), H*(Q4;CV), and H*(%; CV)
are the standard (L2-based) Sobolev spaces of C¥-valued functions defined on RY,
Q. and X, respectively. Furthermore, we define the space H§(€Q+;C") as the clo-
sure of the space of infinitely times differentiable functions with compact support
Cs°(Q4; CN) in H¥(Q4;CY). We use the notation

O3 (5 CY) = {f | Qs : f € C(RYCY)}.
We denote the restrictions of functions f : R? — C onto Q4 by f4; in this sense we
write H*(R9\X; CN) = H*(Q,;CN)@ H*(Q_; CV) and identify f € H*(RI\%;CV)
with f = f, @ f_, where f+ € H*(Qx;CY). For the Dirichlet trace operator
defined on H*(R9; CY) we write yp : HY(R?;CN) — H'/2(X;CYN), while the trace
map defined on suitable subspaces of H*(Q+;CY), s € [0, 1], is denoted by fy%; cf.
Lemma [I.1] and Corollary [£.6]

Let H and G be two Hilbert spaces. The domain, kernel, and range of a linear
operator T from G to H are denoted by dom T, ker T', and ranT', respectively. The
resolvent set, the spectrum, the essential spectrum, the discrete spectrum, and the
point spectrum of a self-adjoint operator T are denoted by p(T), o(T), Oess(T),
odise(T), and o, (T). Furthermore, the restriction to a subspace Y C domT is
denoted by T | U. If we use for the anti-dual space of H the symbol H', then we
write (-, ) x3 for the sesquilinear duality product. Moreover, we define the anti-
dual operator A’ : G’ — H' of a bounded linear map A : H — G by the relation
<A(p,’(b>g><g/ = <QD, A/’(/J>7.L><7.L/ for all p € H and ¢ € G'.

For ¢ € {1,2} the matrices «; in will be chosen as the 2 x 2 Pauli spin
matrices

0 1 0 —i )
ap =01 = , Qg =09 = , Qg=03= , .
o) TG o) TP o
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and for ¢ = 3 as the 4 x 4 Dirac matrices

0 j I 0
oy = 7 ) j € {17213}7 Qo = ’ . (118)
gi 0 0 —I

Finally, we provide the integral kernel of the resolvent of the free Dirac operator
(Ag — 2)~1, which can be computed with the help of and the known form of
the resolvent of the Laplace operator. For ¢ € {1,2,3} the integral kernel G, 4 is
explicitly given by

Gar(z) = Leik(al (

((z)  sgn(x)
2 )

sgn (z)  ((2)~
_ k)
21

K (—ik(2)|z]) (a-2) L Ko(—ik(2)|a)) (2D + mag),  (1:19)

Gz 2(x) || o

. (a-x 1 e
Cualr) = (Zf4+mozo+(1—zk(z)|z|) (W >) e,

respectively; cf. [2, |15} |90, |93]. Here, we write K; for the modified Bessel functions
of the second kind, set

k(z) =vVz2—m? and ((z) = Z;(_Zgn = \/;4—_777;27 (1.20)

and choose v/w for w € C\[0, 00) such that Im/w > 0.

2. Ordinary, Generalized, and Quasi Boundary Triples

In this section, we briefly recall basic definitions of ordinary, generalized, and quasi
boundary triples, and some related techniques in extension and spectral theory
of symmetric and self-adjoint operators in Hilbert spaces. The concepts will be
presented such that they can be applied directly to Dirac operators with singular
interactions in the next sections. We refer the reader to |11} [19} [20} |32} 45| 46} 61]
for more details on boundary triple techniques.

Throughout this section, H denotes a complex Hilbert space with inner prod-
uct (-, )3 and S is a densely defined closed symmetric operator in H with adjoint S*.

Definition 2.1. Let 7 be a linear operator in H such that 7 = S*. A triple
{G,Ty,T'1} consisting of a Hilbert space G and linear mappings ', 'y : domT — G
is called a quasi boundary triple for S* if the following holds:

(i) For all f,g € domT the abstract Green’s identity

(Tf,9)n— (f,Tg)n = (L1f,Tog)g — (Tof,T19)g

is true.
(ii) The range of I = (I'g,I';) is dense in G x G.
(i) The restriction Ag := T [ ker T'y is a self-adjoint operator in H.
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If (i) and (iii) hold, and the mapping I'y : dom T — G is surjective, then {G,Ty,T'1 }
is called generalized boundary triple; if (i) and (iii) hold, and the mapping I' =
(To,T1) : domT — G x G is surjective, then {G,T'y,T'1 } is called ordinary boundary
triple.

We remark that the above (non-standard) definition of generalized and ordinary
boundary triples is equivalent to the usual one given in, e.g., [11], |32} |45, |46} [61],
see |19 Corollaries 3.2 and 3.7]. In particular, if {G, Ty, '} is an ordinary boundary
triple, then T" = S*. Moreover, each ordinary boundary triple is a generalized and
quasi boundary triple, and each generalized boundary triple is a quasi boundary
triple; cf. [19, Corollary 3.7]. Note that a quasi boundary triple, generalized bound-
ary triple, or ordinary boundary triple for S* exists if and only if the defect numbers
dim ker(S* + i) coincide, i.e. if and only if S admits self-adjoint extensions in H.
Moreover, one has dom S = ker I’y Nker I’y and the operator 7' in Definition [21] is
in general not unique.

Next, we recall the definition of the y-field and the Weyl function associated
with the quasi boundary triple {G, g, T'; }. These mappings will allow us to describe
spectral properties of self-adjoint extensions of S. Let Ag = T | ker I'g. Then, the
direct sum decomposition

dom T = dom Ag+ker(T — z) = ker Tg+ker(T — z), 2z € p(Ao), (2.1)

holds. The definition of the -field and Weyl function for quasi boundary triples is
in accordance with the one for ordinary and generalized boundary triples in [45, [46].

Definition 2.2. Assume that T is a linear operator in H satisfying T = S* and
let {G,T,T'1} be a quasi boundary triple for S*. Then, the corresponding y-field ~
and Weyl function M are defined by

p(Ag) 3 2 = 7(2) = (T [ ker(T — 2))7,
and
p(Ag) 3 2+ M(2) =T (T | ker(T — 2))7*,
respectively.

From ([2.1)), we get that the v-field is well defined and that ran~y(z) = ker(T —z2)
holds for all z € p(Ap). Moreover, dom(z) = ranTy is dense in G by Definition [21]
With the help of the abstract Green’s identity in Definition i) one verifies that

v(2)* =T1(Ag —2)7%, 2z € p(A), (2.2)

which is a bounded and everywhere defined operator from H to G. Therefore, v(2)
is a (in general not everywhere defined) bounded operator; cf. [19, Proposition 2.6]
or [20}, Proposition 6.13]. If {G, Ty, T'1 } is a generalized or ordinary boundary triple,
then 7y(z) is automatically bounded and everywhere defined.

Next, we state some useful properties of the Weyl function M corresponding to
the quasi boundary triple {G,T'g,T'1}; see, e.g., |19, Proposition 2.6] for proofs of
these statements. For any z € p(Ag) the operator M(z) is densely defined in G with
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dom M (z) = ranT'y and ran M (z) C ranT';. Next, one has ranT'y C dom M (z)*
and for all z, u € p(Ap) and ¢ € ranT'y the relation

M(z)e — M(p)" e = (z = my(u)*(2)e (2.3)
holds. Therefore, we see that M(z) C M(Z)* for any z € p(Ap) and hence M(2)
is a closable, but in general unbounded linear operator in G. If {G,Tg,T1} is a
generalized or ordinary boundary triple, then M (z) is bounded and everywhere
defined.

In the main part of the paper, we are going to use ordinary boundary triples,
generalized boundary triples, quasi boundary triples, and their Weyl functions to
define and study self-adjoint extensions of the underlying symmetry S. Let again T
be a linear operator in H such that T = S*, let {G,T',I'1} be a quasi boundary
triple for S*, and let ¥ be a linear operator (or relation) in G. Then, we define the
extension Ay of S by

Aﬁ =T r ker(F1 — 19F0), (24)

i.e. f € domT belongs to dom Ay if and only if f satisfies T’y f = 9T f. If 9 is a
symmetric operator in G, then Green’s identity implies

(Ao f,9)n — (f, Avg)n = (W0 f,Tog)g — (Tof,9T0g)g =0 (2.5)

for all f,g € dom Ay and hence the extension Ay is symmetric in H.

Of course, one is mostly interested in the self-adjointness of Ay. If {G,T9,T'1}
is an ordinary boundary triple, then Ay is self-adjoint in H if and only if ¢ is
self-adjoint in G; cf. Theorem However, if {G, Ty, 1} is a generalized or a
quasi boundary triple, then the self-adjointness of ¥ does, in general, not imply
the self-adjointness of Ay, or vice versa. However, the following theorem, where we
also state an abstract version of the Birman—Schwinger principle in item (i) and
a Krein-type resolvent formula for canonical extensions Ay in assertion (iii), will
allow us to give conditions for the self-adjointness of Ay; for the proof we refer to
[11, Theorems 2.1.3 and 2.6.5; |19, Theorem 2.8; 20, Theorem 6.16].

Theorem 2.3. Let T be a linear operator in H satisfying T = S*, let {G,To,T'1}
be a quasi boundary triple for S* with Ag =T | ker I'g, and denote the associated
v-field and Weyl function by v and M, respectively. Let Ay be the extension of S
associated with an operator (or relation) ¥ in G as in . Then, the following
holds for all z € p(Ap):

(i) z € op(Ay) if and only if 0 € op (¥ — M(2)). Moreover
ker(Ay — z) = {y(2)p : ¢ € ker(¥ — M(2))}.

(i) If z ¢ 0p(Ay), then g € ran(Ay — z) if and only if v(2)*g € ran(¥ — M (z)).
(iii) If z ¢ op(Ay), then

(Ag —2)"tg = (Ao = 2) lg +7(2) (0 = M(2))""v(2)"g
holds for all g € ran(Ay — 2).
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If {G,T9,T'1} is an ordinary boundary triple for S*, then Ay is self-adjoint in H
if and only if ¥ is a self-adjoint operator (or relation) in G and in this case the
following holds for all z € p(Ap):

(iv) z € o(Ay) if and only if 0 € o (¥ — M(2)).
(V) 2z € 0ess(Ay) if and only if 0 € gess(V — M (2)).

Assertion (ii) of the previous theorem shows how the self-adjointness of an exten-
sion Ay can be proven if {G,T'y,T'1} is a generalized or a quasi boundary triple. If ¢
is symmetric in G, then Ay is symmetric in H by , and hence Ay is self-adjoint
if, in addition, ran (4y F i) = H. According to Theorem [2.3(ii), the latter is the
case, if rany(F4)* C ran(d — M (%1)).

In Sec. we are going to use a quasi boundary triple to study properties of
Dirac operators with singular é-shell interactions. However, as indicated in (1.14)),
we will not introduce A4, in the form (2.4, but as

A[B] =T | ker(T'o + BT'y), (2.6)

where {G,T,T'1} is a quasi boundary triple for T = S* and B is a linear operator
in G. Formally, the definition in corresponds to with ¥ = —B~!. With a
similar calculation as in one sees that A[p) is always symmetric in H, if B is
symmetric in G. The following theorem is the counterpart of Theorem for A(py;
a proof follows, e.g., from [20, Theorem 3.7 and Corollary 3.9; |11}, Corollary 2.6.3].
We remark that, in a similar way as above, item (ii) of the following theorem allows
us to show the self-adjointness of an extension Ajp) defined by .

Theorem 2.4. Let T be a linear operator in H satisfying T = S*, let {G,To,T1}
be a quasi boundary triple for S* with Ag = T | ker Iy, and denote the associated
y-field and Weyl function by v and M, respectively. Let Aip) be the extension of S
associated with an operator B in G as in . Then, the following holds for all
z € p(Ao):

(i) z € op(A;p)) if and only if 0 € o, (I + BM(z)). Moreover
ker(Ajp) — 2z) = {v(2)¢ : ¢ € ker(I + BM(z))}.

(ii) If z ¢ op(Aqp)), then g € ran(Aip) — 2) if and only if By(Z)*g € ran(I +
(iii) If z ¢ op(Aqp)), then

(Aip —2) g = (Ao — 2) 'g — v(2)(I + BM(2)) ' By(2)"yg

holds for all g € ran(A;p) — z).

3. One-Dimensional Dirac Operators with §-Point Interactions

In this section, we investigate one-dimensional Dirac operators with electrostatic,
Lorentz scalar, and anomalous magnetic d-interactions supported on ¥ = {0}. The
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following results are well known, see for instance [2} [35] |60} |64} |68}, [80], but they
are presented here for the sake of completeness. In particular, the used methods
and the obtained results will serve as a motivation for the analysis of two- and
three-dimensional Dirac operators in the following sections.

Let Q4 = (0,00) and Q_ := (—00,0). Then, ¥ = {0} = 9Q.. Note that, in
contrast to the higher-dimensional setting described in the introduction, 24 is not
bounded; however, the effects seen here are similar, as ¥ is compact. If we set

v = —1 for the normal vector v that is pointing outwards of €2;, we obtain with
10103 = 09 that the one-dimensional realization of (|1.9) is
Ap iy = Ao + (nl2 + 703 — A\o2)ds, (3.1)

where Ag is the self-adjoint free Dirac operator in .

In what follows, we will make use of the orthogonal decomposition L?(R;C?) =
L?((0,00); C?) @ L?*((—00,0); C?) and use for f € L*(R;C?) the notation fy = f |
Q4. Following the usual construction of self-adjoint realizations of the expression
in as in 2], we define first the symmetric operator

Sf = (Z'Ulfxf+ +m03f+> ® <i01£6f— +m03f—>v

dom S := HJ((0,00); C?) @ Hj((—o0,0); C?).

It can be shown that the adjoint operator S* acts in the same way as S, but has
the larger domain

dom S* = H'((0,00); C?) @ H*((—00,0); C?).

In the next step, we want to introduce the expression in as a self-adjoint
extension A,  » of S, i.e. by restricting S* to a suitable operator domain, which
is characterized by imposing the coupling conditions on X = {0}. Motivated
by we introduce the boundary mappings I'g,T'; : dom S* — C? by

Lof = —ioy(f(04) ~ £0-)) and Tif = L(FO04)+ F(0-).  (32)

and the matrix P, . = nla + 703 — Aoz. With these notations we see that ([1.11)
is equivalent to

Lof +Py-2I'1f=0, fedomS™.

In the following proposition, we investigate the maps I'g, ;. In order to formulate
the result, recall that k(z) and ((z), z € p(Ag) = C\((—o0, —m] U [m,0)), are
defined in (1.20).

Proposition 3.1. The triple {C?,Tg,T1} is an ordinary boundary triple for S*.
The value of the associated y-field is given for z € p(Ag) by

z . 2) = Leit@lal ( ¢(2) Sgn(g:)) <§1> T
|:7( )<£2> ( ) 2 sgn(x) C(Z)_l 52 ) ERa
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and the Weyl function is

p(Ag) 2 20— M(z) = % (C(Z) 0 )

Note that the application of v(z) can be viewed as the matrix vector product
of G, 1(x) in and the vector (£1,&2), while the matrix representing M(z)
consists of the columns resulting from applying I'y to the columns of G, 1 (). Similar
operators will appear in the higher-dimensional considerations in the next sections.

Proof of Proposition Integration by parts and a straightforward computa-
tion show that the abstract Green’s identity in Definition [2.1[i) is valid. To show
that (I'g,T';) : dom S* — C* is surjective, consider for (ci,c,cs3,c4) € C* the

function
i (¢ c
flz) = . ( 2) sgn (x)e” 17l + < 3) el zeR.
2 C1 Cq

Then, f € domS*, T'of = (c1,¢2) and T'1f = (c3,¢4) and hence, (T'g,Ty) is sur-
jective. Finally, to show that Definition iii) holds, notice that the restriction
Ag = 5 | ker Ty is the self-adjoint free Dirac operator defined in . Hence, it
follows that the triple {C2,Ty,I'1} is an ordinary boundary triple for S*.

It remains to show the claimed formulas for the y-field and the Weyl function.
Consider the functions

fi(z) = % (Sgifz(l) @l and  fo(x) = % <zg(z)(x3> oik(2)]a]

These functions form a basis of ker(S* — z), z € p(Ap), and T'ofi = (1,0) and
Tof2 = (0,1). Hence

z & T) = T r) = zeik(z)\w\ ( ¢(2) sgn (x)> <€1>
[7( )<£2> () =& fi(x) + &2 fa(x) 5 (@) o) \&)

which is the claimed expression for v(z). Moreover, we have

&\ B &) _i(cz) 0 &
M(z) <§2> = Tyv( )<£2> 5 ( 0 C(2)1> <£2>,

which yields the claimed formula for M (z). This finishes the proof. m|

Using the ordinary boundary triple from Proposition[3.Tand the matrix P,  x =
nls 4+ To3 — Aoa, we define now the operator

A'r],'r,)\ = S* { ker(FO + Pn,T,)\Fl)7 (33)

which is interpreted as the realization of the formal expression (3.1)) in L?(R;C?);
cf. (1.14). In the following theorem, we show the self-adjointness of A, - \ and study
its spectral properties.
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Theorem 3.2. For any n,7,\ € R the operator A, defined in (3.3) is self-
adjoint in L?(R; C?) and for all z € p(Ao) N p(Ay - ) and f € L%(R;C?) one has

(Aprr —2) 71 = (Ao = 2) 7' f = (921, ) 2mic2) <sgr(12()-)> k@)

f ssn () ik(z)]-
- (gz,27f)L2(R;C2) (C(z)—l> e k(=) \’

where g;1,9.,2 are given by
1 _ .
g-,5(x) = 5(([2 + PyaM(2)) Py nGan(—2) ey, z€R, je{1,2},
with e; = (1,0) and e = (0,1). Moreover, the following holds:

(i) UeSS(An,T,A) = UESS(AO) = (*OO, —m] U [ma OO)
(ii) Set d=n?— 72— \? and assume m > 0.

(2) If d = 4, then oaisc(Anr ) = {—25}.
(b) If d # 4, then exactly those points

d d 2
Tt |~ — 14X+ (= +1
nT ‘4 ‘ /\+<4+>

d 2
2

-1

(i)

that obey (d — 4)(mT +nz+) > 0 belong to ogisc(Anr2)-

Z4L =Mm

Proof. First, since the matrix P, ; x = 1l +703 — Aoy is self-adjoint, Theorem [2.4]
implies that the operator A, , \ defined by (3.3)) is self-adjoint in L?*(R; C?). More-
over, by Theorem iii), we have for z € p(A4, ) Np(Ay) and f € L*(R;C?)

(Anrx — Z)ilf = (Ao — 2)71f —(2) (L2 + Pn,TAM(Z))ilpn,T,XV(z)*f~

After a simple calculation using the expressions for (z) and M (z) in Proposition[3.]]
one obtains the claimed resolvent formula. Statement (i) follows from the fact that
both A, - and A are self-adjoint extensions of the operator .S, which has the
finite defect indices (2,2).

It remains to show the claims about the discrete spectrum. For m = 0 we have
Oess(An.72) = R and therefore, o4isc(A4;,-x) = 0. Hence, we assume m > 0 in the
following. Note that (i) and Theorem [2.4(i) imply that z € 0gisc(An,,») if and only
if 0 € o(Ia+ P, - »M(z)). The latter is true if and only if det(Io + P, - AM(z)) =0,
which is equivalent to

(3.5)
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Assume that d = 4. Then, n # 0 and (3.5) implies that ogisc(An 1) = {f%},
which is the claim in item (ii)(a). In the case d # 4, observe that (3.5]) can only be
true if

-1
0<vVm?—22= (Z —1) (mT +nz),

which is the stated restriction for discrete eigenvalues. Squaring both sides in ((3.5)
and rearranging the terms yield

<n2 + (Z - 1) 2) 22+ 2mrnz +m? (7'2 = (Z - 1) 2) =0. (3.6)

Observe that due to
d 2 d 2
n2—72+<4—1> _/\2+(4+1) (3.7)

the discriminant of the quadratic equation (3.6]) is always non-negative and therefore
the two real solutions of (3.6]) are given by zy in item (ii)(b). Thus, all claims are
shown. O

Remark 3.3. For certain interaction strengths, the discrete spectrum can be spec-
ified more explicitly. In the following, we always assume that d = n? — 72 — \? # 4.

(i) If X = 0, then the matrix Iy + P, ;0M(z) is a diagonal matrix and hence,
det(ls + P, ;0M (%)) = 0 if and only if one of its entries is zero. The resulting
equations yield the solutions

4 — 2 _\2
2] = mi(77 +7) and 29 = mig7 7) 4,
A+ (n+7)? (n—7)%+4
and z1 € gqisc(Ap,r ), f N+ 7 <0, and 22 € 0gisc(Ay .+ x) f n—7 > 0.
(ii) If |n| = |7|, then A, - x has at most one discrete eigenvalue and the expression
in (3.4) simplifies to
(A2 +4)2 — 160> .
———— f =
. m()\2_~_4)2+167727 itn=7<0,
161> — (A2 + 4)?
= (A4 d) ifn=—7>0.

62 + (V2 4)%
(iii) If » = 0, then the condition 0 < (d —4)(m7 +nz+) = —m7 (72 + A2 +4) is only
fulfilled if 7 < 0. In this case, the expression in (3.4]) simplifies to
dm d 2
_ 2 ¢
2+ :Fd—4 )\+(4+1).
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(iv) If 7 = 0 and 7 # 0, then the condition 0 < (d — 4)(m7 + nzy) = nze(d —4)
is fulfilled for exactly one of the solutions z4 in (3.4]), which can be simplified
with (3.7) to

d—4

2.
e

4. Boundary Triples for Two- and Three-Dimensional Dirac
Operators with Singular Interactions

m
z = sgn (”)Z

In this section, we use similar boundary mappings as in Sec. [3| to construct bound-
ary triples for Dirac operators with d-shell interactions in R? and R3. However,
by translating these natural boundary mappings in directly to the higher-
dimensional setting one obtains a generalized or quasi boundary triple instead of
an ordinary boundary triple; cf. Sec. In Sec. we introduce an ordinary
boundary triple that can be used to study Dirac operators with singular interac-
tions, but with non-obvious and unbounded parameters. Before we can define the
boundary triples, some preliminaries related to function spaces and trace theorems
are needed. For smooth surfaces similar boundary triples and Sobolev spaces were
used in [7, 8] 12} |67] and |15, [24) [79], respectively, see also |16] for the Lipschitz
case.

Let ¢ € {2,3} be the space dimension and set N := 2[(4+1/2] where [] is the
Gauss bracket. Consequently, we have N = 2 for ¢ = 2 and N = 4 for ¢ = 3. Let
a0, - - ., g be the ¢+ 1 anti-commuting CV*"-valued Dirac matrices introduced in
and . Throughout this section, let 2 C R?, ¢ € {2,3}, be a bounded
Lipschitz domain, set Q_ := R?\Q, and ¥ := 90, = 0Q_. We denote by v the
unit normal vector field at 3 that is pointing outwards of 2. In the following, we
will often denote the restriction of a function f defined on RY onto Q4 by fi and
we will view f as a two component vector f = f, & f_.

4.1. Sobolev spaces for Dirac operators and related trace theorems
Define for s € [0, 1] the space
HE(04:CY) o= {f € H (95;,C) : (o V) f € L3(Qu;CY)},
where the derivatives are understood in the distributional sense and H*(4; CV) is
the standard L?-based Sobolev space of order s of CV-valued functions, and endow
it with the norm
112 (2w ievy = I I uiemy + (@ V) FlIZ2 gy i0m)-

One can show with standard techniques that H2(Q4;CY) is a Hilbert space and
that C§°(Qx;CY) is dense in H2(Q4;CN); cf. [24, Lemma 2.1; 12, Lemma 3.2;
79, Proposition 2.12] for similar arguments. Moreover, with the help of the Fourier
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transform one finds that H2(RY; CY) = HY(R?;C") for any s € [0, 1]. We shall use
the notation

H(RI\S;CY) = H3(Q4CY) @ H(Q_;CY).
Using |71, Chap. 1, Theorem 14.3] it is not difficult to see that the interpolation
property

[Ho(Q4;CY), Ho (a3 CV))1—s = H3 (245 CY) (4.1)
holds for any s € [0,1]. In the following lemma, we state a trace theorem for
HE(Q4;CN) for s > 1.
Lemma 4.1. For s € [4,1] the map C§°(Q4;CN)

> f — flx admits a unique
continuous extension 5 : H(Qy; CN) — Hs~1/2(3;CN).

Proof. For s € (3,1] the claim follows from the classical trace theorem |76, Theo-
rem 3.38], as HS (Qy; (CN) is continuously embedded in H*(Q4;CY). It remains to
verify the claim for s = 5 Consider for s1, s2 € R the Hilbert space

HY2 (g CN) = {f € H(Qu;CV) : Af € H2(Qx;CV)}, (4.2)
endowed with the norm

Hf”?qzlvw(gi;(cN) = ”f“iISl(Qi;CN) + ”AfH?{*z (Q4;CN)-
It follows from |59, Lemma 3.1] that there exists a continuous trace map from
HY* 1 (Q4;CN) to L2(;CN). Since implies (o V)2 = Aly in the distri-
butional sense, H,iﬂ(Qi; C") is continuously embedded in HZ/Q’_l(Qi; CM). This
yields the claim also for s = % O

Using Lemma [£.1] that +v is the unit normal vector field pointing outwards of
Q. and the fact that C5°(Q4; CV) is dense in HE(Q4;CYN) one can show for all
f,g€ H3(Qx;CN), s € [%, 1], the following integration by parts formula:

/ i(a~V)f~§dz::|:/z'(owu)’yﬁf-%daJr fila-V)gdaz. (4.3)
Qi by

In the construction of boundary triples for Dirac operators with singular inter-
actions some families of integral operators related to the fundamental solution G 4,
g = 2,3, given in are required. We introduce for z € C\((—oo0, —m|U [m, c0))
the potential operator @, : L*(3; CYN) — L2(R%;CY) by

/qu 2= Ne)do(y), o€ L2(5CY), zeR\S,  (4.4)

and the strongly singular boundary integral operator C, : L?(X; CV) — L?(%;CY)
acting as

C.o(z) := lim G.qlz—y)e(y)do(y), ¢ L*(Z;CY), zex, (4.5
eENO S\ B(x,e)
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where B(z, €) is the ball of radius € centered at x. Both operators ®, and C, are well
defined and bounded, see |4, Lemmas 2.1 and 3.3] for ¢ = 3 and z = 0; in the other
cases, this can be shown with the same arguments. Moreover, for z € (—m,m) the
operator C, is self-adjoint in L?(X; CY). The operator C, also satisfies the formula

—4(C.(a-v))? =1y, z€C\((—00,—m]U [m,o0)). (4.6)

This result can be found in [5, Lemma 2.2] for z € (—m, m) in the three-dimensional
setting and can be shown in the same way in the other cases. Formula (4.6)) shows
that C, is bijective and that it has the bounded inverse

(€)' = —4(a-v)C.(a-v), z€C\((—00,—m]U[m,o0)). (4.7)
In the next lemma, we improve the mapping properties of @..
Lemma 4.2. For any z € p(Ag) the operator ®, gives rise to a bounded map
&, : L2(2;CN) —» HY2(RI\; CV).

Proof. Let yp : H'(R%;CN) — H'/?(3;CN) be the Dirichlet trace operator. First,
Fubini’s theorem implies that

(‘I’z% f)L2(]R‘1;CN) = (Spa YD (AO - 3)71f) L2(%;CN) (48)

holds for all ¢ € L?(%;CN) and f € L2(R%CY). In the following, we denote by
—A the free Laplace operator defined on H?(RY). Then, it is not difficult to see for
p € C\[0,00) that yp(—A — @)~ : L2(RY) — L*(¥) is bounded. Hence, we can
define the single layer potential

SL(1) 1= (1 (A — 7))+ L3() — LA(RY).

It is known that the single layer potential gives rise to a bounded operator
SL(p) : L2(%) — HY*°(RN\X), where HY/*°(RI\E) is defined as in [E2); cf.
[58, Eq. (2.127)]. Using (1.6), we find with for ¢ € L*(3;CY) and any test
function f € C§°(Q+;CN) C C§°(RY; CN) that

((—ia- V) +mag + 2In)(SL(z* = m*)¢)+, f) 2. icm)
= (SL(2* — m?)y, (Ag + Z)f) L2 (rascN)
= (¢, 70(A0 —2) " (Ao +2) " (Ao + 2) f) L2 (mi0m)
= (¢, 70(A0 = 2) " frzseny = (P29)+, fr2(0. oMy,

where (4.8) was used in the last step. Since this holds for all f € C§°(Q4;CY), we
conclude that

O, = (—ia -V +mag + 2Ix)SL(z2 —m?)p in R\X (4.9)

holds. Therefore, the mapping properties of SL(2? — m?) mentioned above and
(a- V)% = A imply the claim of this lemma. O
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We note that for ¢ € L*(3;CY) the trace of ®,¢p, which is well defined by
Lemmas (.1 and is given by

i
75(@=p)x = Fla - v)p +Caps (4.10)

this can be shown in the same way as in [4, Lemma 3.3] or |15 Proposition 3.4].

Finally, in order to further characterize the mapping properties of ®, and C, in
the next section, we need another type of Sobolev spaces. Let U : 3 — CV*V be
a measurable function such that U(z) is a unitary matrix for any = € X. Introduce
for t € [0, 3] the space

HE(Z;CN) = {p e LA(%;CN) : Up € HY(X;CV)}, (4.11)

where H!(3; CV) denotes the standard Sobolev space on X of CV-valued functions.
Moreover, we endow H{(3; CN) with the natural scalar product

(Saa w)H{j(E;CN) = (U@a Uw)H"(E;CN)a 2 1/) € H{J(Ev (CN)
Note that H{(X; CV) = L?(3; CY). By definition, for any t € [0, 1], the multiplica-
tion by U is a unitary map from HY(Z;CV) to HY(X;CY), and the multiplication
operator associated with the measurable function U* : ¥ — CN*N | 2+ U(x)*, is
a unitary map from H!(3;CV) to Hj(Z; CV).
For t € [-3,0], we also make use of the anti-dual spaces
HE(55CY) = (Hy ' (%:CV)) (4.12)
Since for any ¢ € [0,1] the map U* : H'(3;CY) — HE(3;CY) is unitary with
(U*)~! = U, its anti-dual map, that is denoted by U as well, also provides a unitary
map from Hﬁt(Z; CN) to H7*(X; CN); its action is, by definition, constituted by
(U1, V1) Bt (mi0N ) HE (550N) = <9017U*w1>HU’t(E;CN)><H{](E;CN);
for 1 € H;'(3;CN) and 1 € HY(Z;CN). In a similar way, one finds that U* :
H={(%;CN) — Hﬁt(Z; CY) is unitary and the action is given by
<U*<P2,¢2>H6t(g;cN)xHﬁ(z;cN) = <9027Uw2>H*t(E;CN)><Ht(E;CN)a
for o € H7H(Z;CN) and o € HEH(X;CN). Again, by using [71, Chap. 1, Theo-
rem 14.3], it is not difficult to verify the interpolation property
[HY? (8¢, HY(S:C) -y = HYP (€Y, teo,1], (4.13)
and with duality one also gets
[HY(Z5CY), Hy (5 €Ny = HY V2 (eN), teo1] (414)
Mostly, the above construction is applied for U = « - v, and then we will write
H(%5CY) = H, (5;CY).

Since U = « - v is self-adjoint, we get for any ¢ € [—%, %] that the maps

a-v:HY(SZCN) —» HY(S;CN) and a-v: HY(Z;CV) — HL(S;CN)  (4.15)
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are unitary. If ¥ is CH***-smooth for some € > 0, then H! (3;CN) = HY(3;CN);
cf. |14} Lemma A.2].

4.2. Quast boundary triples and generalized boundary triples
for Dirac operators with singular interactions

In this section, we follow ideas from Sec. [3|and introduce a family of quasi boundary
triples for Dirac operators; similar constructions can also be found in (7} [12].
We introduce for s € [0, 1] the operators 7) in L?(R?;CV) by
TOf = (—i(a- V) +mag)fy ® (—ila- V) +mag)f_,
(4.16)
dom T®) = H (0 CV) @ H(2;CY) = HLRI\E:;CY),
and S := T | H}(R9\X; CN), which is given more explicitly by
Sf = (—i(a-V)+mag)f, domS = H}RIN\X;CV).
The operator S is densely defined, closed, and symmetric. Using standard arguments
and distributional derivatives one verifies that

§* =T7® and (T©)* =5; (4.17)

cf. [12, Proposition 3.1] for a similar argument. For s € [}

5, 1], we introduce the
mappings FE)S)J—‘&S) :domT®) — L2(%;CN) by

L6 f =il v)(vhfe —1pf-) and TP f:= %(ﬁ;hﬂgﬁ)- (4.18)

Observe that F(()S) and ng) are both well defined due to Lemma

In the following theorem, we show that the mappings F(()S) and ng) in
give rise to a quasi boundary triple for S* and we compute the associated v-field
and Weyl function. Recall that A is the free Dirac operator defined in , that
®, and C, are the mappings introduced in and ([L.F)), respectively, and that
H:(X;CY) is the space defined in forU=a-v.

Theorem 4.3. Let s € [3,1]. Then, the following holds:

(i) The triple {L?(%; (CN),F(()S),ng)} is a quasi boundary triple for S* = T() with
T() | ker I‘E)S) = Ag, and one has
ran T = H:~1/2(5;CM). (4.19)

In particular, {L*(3; (CN),Fgl/z),Fglm)} is a generalized boundary triple.
(ii) For z € p(Ag) = C\((—o00, —m] U [m, 0)) the values v (z) of the v-field are
gien by
1(2) = . [ HITV2(55C7).
Each v®)(2) is a densely defined bounded operator from the Hilbert space
L2(2;CN) to L?(R%;,CN) and an everywhere defined bounded operator from
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Hi_l/z(E;(CN) to H(RI\X; CN). In particular, v*/?(2) is a bounded and
everywhere defined operator from L*(3;CN) to L?(R%;CN). Moreover,

Y () L2 (R4 CN) — L2 (5 CN)
18 compact.

(iii) For z € p(Ag) = C\((—00,—m] U [m,o0)) the values M) (z) of the Weyl
function are given by

M@ (z)=c, | H: Y2 (3;CN).
Each M) (2) is a densely defined bounded operator in L*(X;CN) and a
bounded everywhere defined operator from Hi_l/Q(E;(CN) to Hs=1/2(2; CN).

In particular, M(l/z)(z) is a bounded and everywhere defined operator in
L2(%;CN).

Proof. (i) Let s € [$,1] be fixed. First, we show that {Lz(E;(CN),I‘((JS),I‘gs)} is
a quasi boundary triple. For this we note that TG) = 70 = g holds, as the
set C5°(Q;CN) @ 02 (Q_;CN) € dom T is dense in HO(R?\X; CV), while the
norm in HO(R?\X;CY) and the graph norm induced by T are equivalent; cf.
the discussion at the beginning of Sec. With this yields 7(s) = 7(0) = §*,

Let us verify the abstract Green’s identity in Definition [2.1](i). For this consider

f=fr@®f, g=gs®g €domT® = H3(Qy;CV) @ H(Q;CV).
Then, integration by parts (4.3)) applied in Q4 yields

((=ila- V) +mao) f+, 9+ ) r2(0sev) — (f+, (—i(a- V) +mao)g+) r2(040v)
=+ (—i(a- V)’Ygfiﬁggi)mz;@vy
By adding these two formulas for 2 and ©_ and using

(FgS)f’ FE)S)Q)U(E;CN) - (F(()S)f’ F§S)9)L2(Z;(CN)

= (;(’75f+ + Vl;f*)vl(a ’ U)(7$g+ - ng))
L2(%;CN)

- (i B S 3 b +750-))
L2(%;CN)

= (=i(e- V)V f4,7D9+) 2oy — (=ila - v)vp f- 7p9-) L2 (e,

one arrives at the abstract Green’s identity.
Next, we verify

Ay =T | ker T{". (4.20)

In fact, the inclusion Ay C T(*) | ker F((JS) in ([4.20]) is clear. On the other hand, the

abstract Green’s identity shown above implies that 7() | ker FE)S) is symmetric. As
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the free Dirac operator Ag is self-adjoint we obtain and hence T) | ker Fés)
is self-adjoint.

It remains to prove that ran(I'{”, (")) is dense in L2(X;CV) x L*(;CN). For
this, we prove

ran(T$) | ker TV) = HY/2(2; V) (4.21)
and
ran(T$®) | ker T(V) = H/2(5; V). (4.22)

To establish the inclusion “C” in we note that any f € ker F(ls) satisfies
vhf+ = —vpf-, which yields that fi & (—f_) € ker Fés) =dom Ay = H'(R%;CV)
and thus, f € HY(Qy; CN; ® H*(Q_;CN). Therefore, the claimed inclusion follows
from the definition of Fés . For the converse inclusion “>” let ¢ € HY/ (m;CN).
Choose fi € H'(Qx;CV) such that v5f+ = F4(a - v)p. Then, f € ker ng) and
I‘E)S) f = ¢, which shows the second inclusion in . To verify note that
the inclusion “C” follows from ker I’E)S) = HY(R%;CY) and the definition of ng).
For the converse inclusion “2” let ¢ € H'/2(%;CN). Choose f € H'(R%; CN) such
that vp f = ¢. Then, f € ker ng) and ng)f = ¢, which shows the other inclusion
in .

Hence, we have shown that {L?(3; (CN),F(()S),ng)} is indeed a quasi boundary
triple for all s € [4,1]. Thus, except for formula assertion (i) has been shown.
Equation will be proved together with items (ii) and (iii).

(ii) & (iii) We verify that v(*)(2)* is compact for all s and all z € p(Ag). For
this purpose, recall that formula implies v(¥)(2)* = T{"(4y — 2)~1. Since
(Ag—%)~ 1 : L2(R%;CN) — H'(R%;CV) is bounded, we see that (*)(2)* is actually
independent of s and furthermore, that (*)(2)* : L?(R%;CN) — HY?(%;CN) is
also bounded. Since H'/2(%; CY) is compactly embedded in L?(3; CV), the claimed
compactness of 7(*)(2)* follows. The remaining assertions will be proved in three
separate steps.

Step 1. Let s = % Consider for ¢ € L?(3;CY) the function f, := ®.p. Then,
by Lemma we have f, € Hé/2§]Rq\Z;(CN) = dom7T(/?) and by we
get F(()l/z)fz = . Therefore, mml"(()1 - L2(X;CY), which is for s = %
Moreover, as G 4 in is a fundamental solution for the Dirac equation the
definition of ®, shows that

(T —2)f, =0 in RI\X.

Hence, 7(1/2)(z) = .. Finally, using the definition of T'\"/? and (Z.10) it follows
that M(1/2)(z) = C, and thus, M/?)(2) is bounded in L?(X;CY). This shows all
claims for s = 3.
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Step 2. Let s = 1. First note that dom 7" = H*(R%\X; CV), the definition of Fgl),
and (4.21) imply ran I‘(()l) = Hg/Q(E; CM). As {L2(x;CN), 1"81), Fgl)} is a restriction
of the triple for s = & we deduce from the already shown results that

2
D (2) =712 (2) [ ranT" = @, | HY?(s;CV)
and

MO (z) = MO (2) ranTV = ¢, | HY/2(S;CN).

Using the closed graph theorem and the fact that Hé/z(E; CY) and H'(R?\%; CV)
are continuously embedded in L?(X;CN) and L?(R%;CY), respectively, one gets
that

v (z) : ran TV = HY2(2;CN) = dom T = HY(RI\%; CV)
is bounded as well. The mapping properties of the trace map yield that also
MW (z): ranl"él) = HY?(x;¢cN) — ranl"gl) = HY?(x;CV)
is bounded. Hence, all claimed statements for s = 1 have been shown.

Step 3. Let s € (%71). First we note that an interpolation argument, which is

applicable due to (4.1) and (4.13]), shows that
O, H7 V(5 CN) = Hi(ROE;CY) = dom T

is bounded. Together with (4.10) this implies that ranFés) = H Y3z cN),
i.e. ([{-19) holds for s € (3,1). Hence, we have v(*)(2) = @, | Hi_l/z(E;(CN) and
the trace theorem shows that

M®) (2) = ng)fy(s)(z) CHEV2(2CN) - HV2(m )

is bounded. Thus, all claims are proved. O

As a consequence of Theorem [£.3] we can construct extensions of ®, and C,
and show their mapping properties. The following result is a generalization of [12,
Proposition 4.4; |79, Theorem 2.2 and Corollary 2.3]. Recall that the multiplication
of o € H71/2(2;CV) by a - v is understood in the sense of ({.15).

Proposition 4.4. Let z € p(Ag) = C\((—o0, —m] U [m, 0)). Then, the following
holds:

(i) The map ®, admits a unique continuous extension
$, : H2(x;CN) —» HO(RN\3;CN)
and ran @, = ker(T® — 2) holds.
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(ii) The map C, admits a unique continuous extension
C.: H'?(z;CN) — H V2 (s, V)
and
<5Z‘P’wH;l/?(z;(cN)xH;”(z;CN) = (@, C¥) -1/a(zienyxmia(sen)  (423)

holds for all p € H=Y2(2;CN) and ¢ € HY*(X;CN).
(iii) The map L*(3;CN) 3 ¢ = 5 (®.9)+ admits a unique continuous extension
to a map from H=Y2(%;CN) to H,;l/Q(E; CM) and

- i -
15(%:9)2 = Fyla-v)p+Cap

holds for all o € H-'/2(x;€N).
(iv) For all 21,2 € p(Ag) the operator C,, — C., : H-'/2(3;CN) — HY?(%;CN)
s bounded.

Proof. (i) Since the map v(!)(2)* = I‘gl)(Ao —2)7t =p(4o —2)71, of. (2.2), is
bounded from L?(R%;CN) to H'Y/?(%; CN) with ker v (2)* = ran(S — Z), we can
define its anti-dual

3, = (YW (2)*) : HTY2(2;CN) — L2(R%CN).

As ran 'y(l)(%v)* = H'2(%;CN) is closed, by the closed range theorem the same is
true for ran ®, and this together with (4.17) implies that

ran®, = (ker 'y(l)(z)*)l = (ran(S —2))* = ker(T(O) —2).

Since the norms in HO(RI\X;CN) and L?(R%;CN) are equivalent on ker(T(®) — z),
the operator ®, has the claimed mapping properties. Furthermore, we have for
o € L?(%;CN) and f € L2(R9;CN) that
(&)z(paf)LQ(Rq;CN) = <90a’7(1)(Z)*f>H*1/2(E;CN)XHl/Z(E;(CN)
= ((‘D, cI)zf)L2(E;CN) = ((I)ZQO, f)LQ(]R‘I;CN)v

which shows that @, is indeed an extension of ®,. Eventually, as . L2(%;CYN) is dense
in H=1/2(%;CY), there can only be one continuous extension ®, of @, defined on
H=12(3;CM).

(ii) Using the result from Theorem [£.3]iii) for s = 1 we can define the anti-dual
map

C.:=(Cz) : HY2(x;CN) = H V2 (2, V).

Then, by definition the relation ([#.23) holds. It remains to show that C. is an
extension of C. For that we note that (2.3) and Theorem [£.3[iii) imply Cz = C..
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Using this and ([£.23) we get for ¢ € L2(Z;CN) and v € HY*(3;CN)

(Cae, w>H;1/2(E;CN)><H},/2(E;(CN ¢ C) =172 (sieV ) 112 (5,0

2P, Y

y =
= (‘Pvcfw)L?(Z;CN)
= ( L2(3;CN)
= (

C.0,0)
Co0, ) g1z (menyx HY 2 ()

which shows that C,¢ = C.¢. This finishes the proof of item (ii).
(iii) By (4.10) we know that

i
V5 (D) s = 3F5(04 V) +Cp

holds for all ¢ € L?(X;CV). Since L?(X;CV) is dense in H~/2(3;CV), item (ii)
and (4.15) show that the right-hand side can be extended to a continuous oper-
ator p > HV/2(3;CN) s 45 (D.0)+ € HJUQ(E;(CN). This shows the claim of
assertion (iii).
(iv) Using (2.3) for the quasi boundary triple {L2(%; C"), Fél/z), Fgl/Q)} we see
C.p —Coy = (21 — 22) 95D,
By continuity and assertions (i) and (ii) this can be extended to
Co —Cap = (21 — 2)PL D,
Taking the mapping properties of :I;ZI and % = 7N (Z3)*, see item (i), into

account, one finds the claimed mapping properties of CNZ1 —C,,. O

Using Theorem Proposition @ , and a simple interpolation argu-
ment, which is applicable due to , @, and , one obtains further
mapping properties of ®, and C,. The next result is a generalization of Propo-
sitions 3.6 and 3.8].

Corollary 4.5. Let z € p(4y) = C\((—o0, —m]U[m, 00)) and let s € (0,3). Then,
the following holds:

(i) The map ®. admits a unique continuous extension
o) . H*71V/2(5;CN) — HE(RN\Z; CV)

and ran ®%) = ker(T®) — 2) holds.
(ii) The map C, admits a unique continuous extension

Cl)  qe V2 (s ) — HETVA (85 C)
and
<C§5)%7/’>H§’1/2(2;<CN)xH;S“”(E;(CN) = (0, Ca) om1/2(mN) xH 241/ ()

holds for all p € H*=Y/2(S;CN) and ¢ € Hy “T/%(x;CN).
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We note that (4.7) can be extended to the extensions C\¥: For any s € [0, 3]
the map C.*) : Hs=Y2(2;CN) — H(i_l/Q(E; CN) is bijective and
(€)™t = —4(a-v)CP(a-v), z€C\(—o0,—m]U[m,o0)),  (4.24)

holds, where the multiplication by « - v is understood in the sense of (4.15)).
Eventually, we note that the result in Proposition [£.4] allows one to extend the
Dirichlet trace operator to Hg(€24;CY) for s € [0, 3).

Corollary 4.6. Let s € [0, %] Then, the Dirichlet trace map admits a unique

continuous extension v : HE(Qy; CN) — Hffl/Q(Z; CcM).

Proof. We prove the assertion for 2, and s = 0; the general statement for Q.

follows from this, Lemma[4.1] and an interpolation argument (see ({.1)) and (£.14)).
For 2_ the result can be shown in the same way.

Consider the continuous embedding operator
s HY(Q4; CY) —» HYRNE;CN), o f = fa0,

let T(® be the operator defined in (&.16) for s = 0 and assume here that m > 0
(this is no restriction; the statement does not depend on m). Since Ay C T® and
0 € p(Ap), the direct sum decomposition

HY(RN\3; CY) = dom T© = dom Ag-+ker T

holds and we see with Proposition (1) that for any f € H2(Q;CY) there exist
unique elements fo € dom Ag = H'(R%CN) and ¢ € H~'/?(3;CN) such that
t1f = fo+ Poy. Hence, in view of Proposition iii) the trace of f can be defined
as

i ~

VEfZZ q/DfO—i(a'u)go—f—cogoeH;l/z(E;(CN). (4.25)
Moreover, as the map
lo HO(Q4;CN) = HYREGCV) x HV2(3:CN),  iof = a(fo + Pow)+ = (fo, ¢),

is closed, it is also continuous. Therefore, the continuity of ¢5 and 50 imply the
continuity of the trace map in (4.25). a

Finally, we mention that Corollary allows us to extend the statement in (4.3)
for f € H'(Q4;CV) and g € H2(Q4;CN) to

(i(a- V), 9)rz20uen) = (frila - V)g) 2. om)
+ (i@ VY5 59) g siemy w2 seny (4:26)
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4.3. An ordinary boundary triple for Dirac operators
with singular interactions

In this section, we introduce an ordinary boundary triple that is suitable for the
investigation of Dirac operators with singular potentials in the so-called critical
case; cf. Sec. [0} For that, the operator A, defined by

Ao f = (—i(a- V) +mag) f+ © (—i(a- V) +mag) f-,
dom Ay = {f € H'RN\S;CN) i v fr = =5 -},

will play an important role. The basic properties of A, are stated in the following

(4.27)

lemma.

Lemma 4.7. The operator Ay, is self-adjoint in L*(R9;CN) and its spectrum is
given by 0(As) = (—o0, —m] U [m, c0).

Proof. Consider in L?(R?; CY) the operator U given by

Uf=fr@(=f-), [=/f+&[- €LPRECY).

Then, it is not difficult to see that U is unitary and self-adjoint and A, = UAyU.
Hence, Ao is self-adjoint and 0(A) = 0(Ag) = (—o0, —m] U [m, o0). |

Now, we are prepared to introduce the desired ordinary boundary triple. Let
V % — CV*N be a measurable function such that V(x) is a unitary matrix for
any * € ¥ and let H(tavy)v*(E;CN), te[-1 5 2] be the space defined in
and for U = (a-v)V*. We remark that depending on the type of the blngular
interaction different choices of V' are convenient and hence, we keep it in a general
form here. In particular, when one is interested in combinations of electrostatic and
Lorentz scalar interactions, then V' = Iy is often used, while the choice of V' in
below is convenient when also anomalous magnetic interactions are considered.

By construction of Hf,. v (55 CN) themap V : H.(X;CN) — H(twy)v* (%;CM)
is bijective. Next, let A be a self-adjoint operator in L?(3; CY) which can be viewed
for any s € [—3,0] as an isomorphism from H(S:igf/(E,(CN) to H,. V)V*(Z;(CN).
Note that this ch01ce of A implies that

LDz memwas | memy = (A7 A9 e (4.28)

v (e v
holds for all f € H'/%,.(S;CN) and g € H(/% . (3;CV).

In the statement of the next theorem, the Dirichlet trace operatorb ’yD are
understood in the sense of Corollary [4.6] Recall that T(®) is defined in ) for
s = 0 and that ®, and C, are the extensions of @, and C, from Proposmon
respectively. For simplicity, we assume that m > 0 in the theorem below; the case
m = 0 is commented in Remark
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Theorem 4.8. Let m > 0. Define the maps Yo, Y1 : HY(RI\X; CV) — L2(3;CN)
by
1, 1 _
Tof = iA V(vpf+ +vpf-)s
(4.29)
TS = —AGV(a- )b i —5f) +2V(a- n)Cola- ) s +75f)
Then, {L*(2;CN), Yo, Y1} is an ordinary boundary triple for T©) with T©) |

ker Yo = Ao. Moreover, the y-field B and the Weyl function M associated with
this triple defined on p(As) = C\((—00, —m] U [m, 00)) are given by

p(As) 3 2 = B(2) = =40, (a - v)C.(a - v)V*A
and
p(Aso) 3 2 = M(2) = 4AV (a - v)(C. — Co) (e - v)V*A.

We remark that it is not obvious that all products in the definition of YT; are
well deﬁned This will become more clear in the alternative representation of Y
in Moreover we remark that the Weyl function M(z) is well defined, as
C. — Co HY2(%; (CN) — H'Y/2(2;CN) is bounded by Proposition 1V)

Proof of Theorem First, let us prove the abstract Green’s identity in Def-
inition [2.1{i). For that, we Verify alternative representations of Yo and Y;. Since
A s self adjoint, Ao € T, and 0 € p(As), the direct sum decomposition

dom T = dom A, +ker T

holds. Taking this and Proposition [£.4] into account, there exist for each f €
dom T unique elements fo, € dom Ao, € HY(RI\X;CV) and ¢ € H-V?(%;CV)
such that f = fa 4 ®o&. Using Proposition (iii) and that v} foo + = —Vp foo.—
holds for f, € dom A, we see that

Tof = A'VCE. (4.30)

Similarly, employing Propositionand —4((@-1/)50)2 = Iy, which holds by ,
we get that
T1f = =AYV (1) (75 (foo + B0+ = 7p (foo + D))
+2V(a - v)Co(a - 1) (Vh(foo + o&) 1 + 75 (foo + B0)-))
= —A@V (@ 0) (¥ foort = Vp oo, — i(a-1)€) + 4V ((a - ¥)Co)2E)
= —AiV(a V) (Ypfoort = Vp o).

(4.31)

Now we are prepared to prove the abstract Green’s identity. Fix f = foo + Cbof ,
9= goo + P € dom T with foo, goo € dom A and €,¢ € H-1/2(2;CN). Using
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that ®o¢, ®o¢ € ker T®), see Proposition (i)7 and that A is self-adjoint we get
(T, 9)r2raseyy — (f, T(O)Q)H(Rq;@v)

= (Aco foor BoC) 12macny — (o€, A goo) L2 (RascN)

) i ~
= ( —i(a- V)V foort, —= (a- )¢+ CoC
2 HY(SCN) xS YA (5ieN)

i

+ <Z(Oz ) V)'Vl_)foo,—a B

(a-v)¢ +<7o<>

HY?(S5CN)x HL Y2 (S5,CN)

_ <—;(a V)€ + 505, —i(o- V)’Yggoo,+>

HZ P (S5CN)x HY? (ZiCN)

_ <i(a V)€ + Cof,i(a - V)ngoo7>

2 Ho 2 (50N x HY 2 (50N
where (4.26) in Q4 and Q_ and Proposition ili) were applied in the last step.
Since foo, goo € dom Ay satisfy 7 foo t = —Vp foo,— a0 V0004 = —YpGoo,—» We

find now with (4.30)), (4.31)), and (4.28)) that
(TOf, ) 2@aicry = (F, TV g) L2masem)

- <77;(Oé : V)(VBfOO,—i- - ’VBfOO,—)a COC>H‘1/2(E;(CN)XHJl/Q(E;(CN)
- <50§’ —i(a- V)('er)goo,-‘r - ’YBgOO,—)>H(;1/2(E;CN)><H(1X/2(Z;(CN)

= (=iV(a- V)(’Yﬁfoo,+ —YpJoo,-); VCOOH(I/,Z,,)V*(Z;(CN)XH“/QV*(E;CN)

a (a-v)

~(VCo&, =iV(a- 1) (Vp oot = VpGoo D12 (memyxml/?2 . (meev)

= (Y1f, Yog)r2(zeny — (Yof, Y1ig)r2mienys (4.32)

which is the abstract Green’s identity.

Next, it follows from Green’s identity that T | ker T is symmetric.
Moreover, one directly sees that Ao, € T©) | ker Yy. Since A, is self-adjoint by
Lemma we find Ao = T | ker T.

Next, we show that (Yo, Y1) : domT©® — L2(%;CV) x L2(%; CV) is surjective.
Denote by Ei : HY?(%;CN) — H'(Q4;C"V) the bounded extension operator
defined by 71% (E+p) = . Consider for arbitrary ¢, ¢ € L?(2; CV) the function

f= %((Eﬁ'(a VAT @ (—E_ia - v)V*ATI()

— 49 (a - v)Co(er - v)V*AE € dom Aso + ker T = dom T,

Then, with (4.30) and (4.31)), it is not difficult to see that Tof = & and Y1 f = (.
Hence, (Yo, Y1) is surjective, which finishes the proof that {L?(2;CN), To, Y1} is
an ordinary boundary triple for 7(®) .
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It remains to show the claimed formulas for the «-field and the Weyl function.
First, define for z € p(A) and ¢ € L?(3;CY) the function

fri= =49, (a - v)C.(a - v)V*Agp.
Then, by Proposition (i)7 one has that f, € ker(T(®) — z). Moreover, Proposi-
tion iii) and (4.24)) yield that
Tof. = —4A"VC.(a-v)Co(a- )V Ap = ¢,
which shows the claimed formula for the v-field 5. Furthermore, with the help of
Proposition iii) and (4.24)), the Weyl function can be computed and we get for
¢ € L2(%;CN)
M(2)p = T18(2)p
= —A@@V(a-v)(75(B(2)¢)+ — p(B(2)w)-)
+2V (o~ v)Cola - v)(vH(B(2)9)+ + 75 (B(2)9)-))
= —A(—4iV(a - v)(—i(a-v)(a-v)C.(a- 1)V Ay)
—16V (- v)Co(a - v)(C.(a - v))2V*Ap)
= 4AV(a - v)(C. — Co)(a - v)V* A
Thus, all claims are shown. O
We remark that the boundary triple from the previous theorem can be viewed as
a regularized boundary triple of a quasi boundary triple in the sense of [23]. Indeed,
it is easy to see that {L?(X;CN),V Fgl), VFél)} is a quasi boundary triple that
satisfies the assumptions in [23, Theorem 2.12] and the resulting ordinary bound-
ary triple is exactly {L?(3;CN), Yo, Y1} in Theorem we refer to [12], where

a similar procedure was applied in the context of Dirac operators with singular
interactions.

Remark 4.9. If m = 0, then one can show that for any fixed ( € C\R the maps
Yo, Y1 :dom T — L2(2;CV) defined by

_ 1 -
Tof := §A WS +v5f-),

Yif = —AGV(a- V)b fr = pf-) + Vie-v)(C + Ce)(a-v)(vh f+ +7pS-),

constitute an ordinary boundary triple {L2(3; CN), Yo, T1} for T such that T(© |
ker To = As. Note that p(As) = C\R holds in this case. The corresponding y-field
ﬁ and Weyl function M are given by

p(Ase) 3 2 B(2) = =4, (a - v)Ca(a - V)VFA
and

P(Ax) D 2 M(z) = 4AV (a - v) (52 - %(54 + C})) (a-v)V*A.
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To see the above claims, one can apply |15, Proposition 2.11] with B = A, and
Tf=—iAV(a-v)(vhfs —vpf-), f € dom A, Using that Ay, = TM | ker Fgl)
with Fgl) defined by (4.18) and the associated Krein-type resolvent formula from
Theorem one can employ then a similar construction as in |15}, Proposition 3.5].

5. Dirac Operators with Singular Interactions Supported
on Lipschitz Smooth Curves and Surfaces

In this section, we study Dirac operators with singular interactions supported on
boundaries of compact Lipschitz domains in R? and R3. In Sec. [5.1, we employ
the generalized boundary triple {L?(3; (CN),Félp),Fgl/Q)} from Se to derive
sufficient conditions for the self-adjointness of these operators and to recover their
spectral properties; cf. [4, [5l [7) |8, |16, 26] for similar considerations in dimension
q = 3 under different assumptions on the interaction support 3. We also mention
that in [27] various rough domains and interaction strengths are considered.

In Sec. we investigate Dirac operators with singular interactions in the
confinement case, i.e. for certain combinations of interaction strengths which lead
to a decoupling of these operators into two operators which act independently in
L2(Q4; CN).

Similarly as in Sec. [4] we assume that Q, C RY, ¢ € {2,3}, is a bounded
Lipschitz domain with boundary ¥ and _ = RY\Q,. Moreover, v denotes the
unit normal vector field on ¥ that is pointing outwards of Q4 and «; € CV*¥,

j €40,...,q}, are the Dirac matrices defined in ([1.17) and (1.18).
For n, 7, A\ € R, we set

Py =nly + 1o + Ni(a - V) (5.1)

and define, in a similar way as in (1.14), the symmetric operator A, in
L?*(R9;CN) by

Ay =TV T ker(T§/? + P, T2, (5.2)
The operator A, - » is given more explicitly by
Aprnf = (=ifa- V) +mag)fy ® (~i(a - V) +mag) -,

dom A, ; \ = {f € HY2RN\Z;CN) si(a-v)(vh fr —pf-)

1 _
+ ipn,r,)\(’}/gf-‘r +7Df—) = O}

The symmetry of A, ; » follows in a similar way as in (2.5) from the symmetry of
P, 7 x and the abstract Green’s identity in Definition [2.1i).

2350036-35



J. Behrndt et al.

5.1. Spectral analysis of Dirac operators with singular interactions
on boundaries of compact Lipschitz domains

This section is devoted to the analysis of the self-adjointness and spectral prop-
erties of the symmetric operator A, - . For this purpose, we investigate the map
In+ Py pnMY?2(2) = In + P, + \Cs; cf. Theorems and Thus, we start by
proving preliminary results on Iy + P, 1C., the main results on A, ;) are then
proved in Theorem

Recall that A is the free Dirac operator defined in and that C,, z € p(Ap),
is given by (4.5)). We introduce the operator D, : L?(X; CN) — L*(2; CV) acting as

i(o- (fU—y)) 2 N
D, = lim _— L2 (% 3. .
wpo)i=lim | el W oW e IAHCY), s e (53)

Then, the following holds.

Lemma 5.1. The operator D, defined by (5.3)) is well defined and bounded, and
for all z € p(Ag) the following holds:

(i
(ii
(iii
(iv

C. is compact in L?(%;CN).
aOD + Dy = 0. In particular, agC, + C.aq is compact in L?(3;CN).
D, is self-adjoint.

) D
)
)
) Oess(IDal) C |

4”CZHL2(E;CN)—>L2(E;ICN) ’ ch HLZ(Z;CN)—)L2(Z;CN)].

Proof. First, we verify that R, := D, — C, is a compact operator in L?(X;CY).
We prove this assertion for ¢ = 3, the proof for ¢ = 2 follows the same lines using
the representation of G, 5 in [15, Lemma 3.2].

By and , the integral kernel of R, is given for x,y € X, = # y, by

A — 1 A
— (214 + mag + k(2) (o (@ y))) ek le=yl,
[z —yl ) drlz -yl

It is not difficult to see that |r,(z —y)| = O(|z — y|~!). Hence, one can prove with
the same arguments as in [56, (3.11) Proposition] that R, is a compact operator
in L2(3;CY). Since C, is bounded in L?*(X;CY), see ([4.5) and the text below, we
obtain that D, is well defined and bounded and that assertion (i) is true.

Assertion (ii) is a direct consequence of the anti-commutation relations of the
Dirac matrices in and item (i). Next, let us show the self-adjointness of D,.
Since the relation (r,(z—y))* = rz(y —x) holds for z # y € 3, one has (R,)* = Rz.
Hence, by and Theorem iii), we get

(Da)* = (Cz + Rz)* = CE'i_ RE = Da~
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Finally, we prove assertion (iv). Since R, and Rs are compact in L?(3; CV), the
inclusions

Tess(D2) = Oess(C2Cz) = 0ess(C=C3)
Co(C.C;) C [HC;lszz(z;cN)am(z;(CN)? ”CZH%Z(E;CN)%LZ(E;CN)]
hold. By , we have
IC L2 ey s L2(meny = 4ll(a - v)Ca(a - V)| L2mev) s L2 (mem)
= 4[|C; | L2(zemv ) L2 (ziev)-
Taking the definition of the modulus of a self-adjoint operator into account, one

concludes the claim of item (iv) from the last two displayed formulas. |

In the next lemma, we show another useful connection of the operators C, and
D,. In the following, we denote by ys the characteristic function of a measurable
set § C R.

Lemma 5.2. Let Wax := Max 0ess(| Do)y, Wmin := minoess(|Dal), and define the
function fo, : R — R by

fa(w) == WminX[O,wmm)(w) T WX [Winin @max] (w) + wmaxx(wmax,OO)(w)'

Then, for any z € p(Ag) there exists a self-adjoint unitary operator U which is
independent of z and commutes with fo(|Dy|) and a compact operator K, such that
C.=Ufa(Dul) + K..

Remark 5.3. The definition of f,(|Ds|) and assertion (iv) of Lemma imply
Wmin > 0 and for all g € L?(%;CY) that

wmin”gHQL?(E;CN) < (fa(IDal)g: 9) L2(siomy < wmaXHQH%Q(Z;CN)
holds. In particular, o(fo(|Dal)) C [Wmins Wmax]-

Proof of Lemma Define the functions fo 1(w) := (W — Wmin) X[0,wm5m) (W) and
Ja,2(W) 1= (W = Wmax) X (wmax,00) (@). Then, for any w > 0 the equality

w = fa(w) + fa1(W) + fa2(w)
holds, which implies
Dol = fal|Dal) + fa1(IDal) + fa2(|Dal)-

Next, we show that f,1(|Du|) is compact. We denote the elements of the set
caisc(|Dal) below wpin by 0 < wy < wy < --- . This sequence is either finite or it
converges to wmiy; if it is finite, we extend it by wpi, to an infinite sequence. Define
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for n € N the functions
£ W) 1= (@ = Wmin) X0, (@)

Then, the operators fé”l) (|Dy]) are finite rank operators. Moreover, one has

1 far (1Pal) = FSUPal)ll L2 micv) o L2(5:ev) < Winin — Wn-

Hence, f (|D |) converges to fu,1(|Do|) with respect to the operator norm and
therefore fa’1(|Da|) is compact. In the same way, one gets that fu 2(|Dyl) is com-
pact. Furthermore, if we set U := sgn (D,), with the convention sgn (0) = 1, we
obtain

Dy = U|Da| = Ufa(|Da|) =+ U(fa,1(|Da|) + fa2(|Da|>)

Taking the considerations from above into account, we see with Lemma i) that
K. :=U(fa1(Dal) + fa,2(|Dal)) — Do + C. is compact, which implies the claimed
result. a

The next lemma is devoted to the injectivity of the maps Inx + P, - ,C. and
In +C.P, - x, where P, ; \ is the matrix-valued function defined in (5.1)).

Lemma 5.4. Let n,7,A € R and z € C\R. Then, the mappings I + P, ;\C. and
Iy 4+ C.P, + x are injective in L2(%;CN).

Proof. Throughout the proof, let z € C\R. First, we show that Iy + P, \C. is
injective. Recall that C, = M(*/?)(z), where M(/?) is the Weyl function associated
with the generalized boundary triple {LQ(E;(CN),F(()lm, I‘glm}; cf. Theorem
Since the operator A, ;  in is symmetric, we have z ¢ o,(A4, ;). By The-
orem ) this implies 0 ¢ ap(IN + PyaMY2(2)) = o,(In + Py,2C.), ie
In + P,,J,,\C is injective.

Next, to show the injectivity of In +C. P, rx, we use the formula for the inverse
of C, in and rewrite Iy + C. P, ;  in the form

IN+C.Pyry =C.(—4(a-v)Co(a-v)+ Py 1 2)
= —4C.(a-v)(C. — Py _ 7%)(04 V).

Since T(1/2) | ker(I‘(l/z) ng_l’ zFél/z)) is symmetric by (2.5 ., we conclude
from Theorem [2.3{i) that C, — Pn RIS is injective. Since C, and « - v are bijec-
tive, this and the last dlsplayed formula imply that Iy + C.P, - is injective

as well. |

T
4

In the following proposition, we state conditions under which Iy + P, - ,C.,
z € C\R, is surjective as well. Recall that wpin := min oess(|Da|) and wimax =
max Tess(|Dal)-
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Proposition 5.5. Let n,7,A € R and let d = n?> — 72 — A2 such that one of the
following conditions holds:

(i) 1—dw? #0 for all w € [Wmin, Wmax] and maxwe[wmimwmxﬂﬁ)‘j’d";a;| < 1.
.o 2

(11) A 7é 0 and max e wmin, w“nx]|m| < 1.

4)d+4] (1 wmax | A)w2,,

(i) A2 # 4 and 4 7= | >\z|(1+4°|Jm|,)n) < 1.

(iv) p=7=0 and/\27é4.

V) I+l + A < -
: d

(1) Il + 1]+ 1M 0 and el > .

Then, for any z € C\R the operator Ix + P, ;,C. is bijective in L?(%; CcM).

We remark that in items (i) and (ii) in the previous proposition the interval
[wmm,wmdx] can be replaced by the (in general smaller) set oess(|Dql), cf. .,

, and Lemma

Proof of Proposition By Lemmal[5.4] the operator Iy + P, - zC- is injective.
To show its surjectivity we study in all cases a product of the form

F:= L(In + P, +Cz) (5.4)

with a suitable injective and bounded operator L in L2(X;CY). We show that F is
a Fredholm operator with index zero, which shows that F' is bijective. This implies
that L is surjective as well, which yields its bijectivity. Therefore, also

IN+Py-\C.=L'F

is surjective, which implies the claim. Hence, it suffices to show in all cases that
for a suitable injective and bounded operator L the map F' is a Fredholm operator
with index zero.

(i) Set L = (In —C.P,,—+,—») and note, that L is injective by Lemma Using
that implies that P, _- _zP, - = dly, we find that

F=1Iy- dCf +iMCo(a-v)ag + (a-v)agC,) 4+ T(apC, + C.ap)
= Iy — dC? 4 idag(C.(a - v) — (a - v)C.) + K, (5.5)

where K7 := (aoC, + C,a0)(TIny — iA(« - v)) is compact by Lemma ii). Using
that C. = U fo(|Dal) + K. holds by Lemma [5.2] we get

= fa(IDal)* + K2
with the compact operator Ks := U fo(|Do|)K, + K. U fol(|Da|) + K2 and
ap(Cz(a-v) — (- v)C:) = ao(U fa(|Dal) (- v) = (a- 1)U fa(|Dal)) + K

with the compact operator K3 := ag(K,(a - v) — (a - v)K,). Define the bounded
operators Ay := Iy —df,(|Da|)? and By = iAag(U fo(|Dal)(a-v)—(a-v)U fu(|Dal))
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and the compact operator K, := K7 — dK3 + iAK3. Then, (5.5) simplifies to
F = Iy — dfa(|Dal)? +idao(U fa(|Dal) (@ v) — (- 1)U fo(|Dal)) + K4
= A+ By + Ky. (5.6)

It follows from Lemma Remark and the assumption in this point that A,
is invertible and

1
AT |22 (mien) - L2(mi0n) < MAX el wm] 1= dw?|’
w (5.7)

1 Bill L2 (sievy— L2 mievy < 2| A [Wmax-
Hence, the assumption in (i) implies that ||AI1B1HLQ(Z;CN)A)LQ(E;CN) < 1 and thus,
Ay + By is bijective in L2(%; CY), which yields that F is a Fredholm operator with
index zero.
(ii) We follow a similar strategy as in the proof under assumption (i). Consider
the injective operator L = (Iy —C,P, _, _»), and use that Lemmas and ii)
and formula imply

F =1Iy—dC?+idagC.(a-v)(In +4C%) + K,

= In — dfo(|Du|)? + iU fo(|Dal) (@ - v)(In + 4fa(|Dal)?) + Ks

= A+ By + Kj5 (5.8)
with By := iAagU fo(|Dal) (o - v)(IN + 4fa(|Dal)?), A1 and K; defined as in the
proof under assumption (i), and K5 = K7 + K¢ with Kg being a compact operator
resulting from a product of K, from Lemma [5.2| and bounded operators. Note that
B, is invertible by Remark [5.9] with

Byt = =i (In + 4fa(|Dal)?) @ v) fa(|Dal) " Uao.

Hence, Lemma [5.2] and Remark [5.3] imply that

A1 2 (08 )= L2(55,08) < MAX e fuin wma] [T — W],

1 (5.9)
[Mwmin (1 + 4w? . )

min)

|‘Bgl ||L2(Z;CN)HL2(E;CN) <

Thus, assumption (ii) yields ||B2_1A1||L2(E;CN)_>L2(E;(CN) < 1. Therefore, in this
case, I is a Fredholm operator with index zero.

(iii) We choose L = (In — C.Py02)(InN — C.P, 7 —»). Due to Lemmas
and ii) and , one finds with that the expression reads as

F=(In—C.Pyox)((IN +idagCs(a-v))(IN +4C2) — (d + 4)C2 + K;)

4
4
:A2—83+K8

(In +4C2) — (d+4)(In — C.Poo)C? + K7
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with As := %(IN +4fa(|Dal)?), Bs := (d+4)In — U fo(|Dal)Poo.r) fa(|Dal)?
and the compact operator K; from above. Moreover, K7 and Kg are the compact
maps given by K; := (In — C;Po0) K1 + iXaoCs + Coap) (- v)(Iy + 4C2) and
Kg := K; + Ky, where Ky is a compact operator resulting from a product of
K. in Lemma and bounded operators. It follows again from Lemma and
Remark [B.3] that

4
1 +4wmm) (510)

147 22 (miem) pamieny < 4= a2)(

1Bs || 208y r2(sieny < Jd + 4](1 + winax | ADwE o

Therefore, the assumption (iii) implies || 45" Bsl|L2(sicvy— 22(mevy < 1. Hence, F
is a Fredholm operator with index zero.
(iv) Choose L = In—Py 0, 1C; in (5.4) and note that L is injective by Lemma
Then
F=(In—PoorC)IN+ Po,0,C:)

4 — )2

= In + ) (a-v)aC.(a-v)agC, = Iy + Ko,

where K1 := A2(a-v)aoC.(a-v)(aoC, +C.ap) is a compact operator in L(3; CV).
Thus, F'is again a Fredholm operator with index zero.
(v) Choose L = Iy as the identity. Then, with Lemma we get

F= IN + Pn,T,)\Cz — IN + P’I’],’T,)\Ufa(|DOt|) + K117
where K11 = P, ;K. is compact by Lemma Since

1 Pn e U fo(IDal)ll L2 (mievy— p2mievy < (Inf + 7] + A wmax < 1,

we conclude with the Neumann formula that F' is a Fredholm operator with index
Z€ero.

(vi) Since P, ; xP,,—-—» = dIn, our assumptions imply that P, - » is bijective in
L2(3;CN) and its inverse is given by 2P, _- . Using (4.6) and (1.3, we conclude
that

In + Pny.,-,)\cz = Pn’-r’)\(a . V) (IN + P_ﬂ7_%,_gcz)(a . I/)CZ (511)

By the assumptions in (vi) and the result from (v) the operator Iy+P_ i _ar _ax C.
is bijective. Moreover, as P, r x, o - v, and C, are bijective, we conclude that the
map Iy + P, ,C; is bijective as well. O

In the following theorem, we state the main result of this section on the self-
adjointness and the spectral properties of the operator A, ; defined in (5.2).
Recall that Ay is the free Dirac operator given by (1.4), that P, .. ,\ ib introduced

in (5.1), and that ®. and C., z € p(Ay), are the operators defined in ([4.4) and (4.5)),
respectively.

2350036-41



J. Behrndt et al.

Theorem 5.6. Let ¥ be the boundary of a bounded Lipschitz domain and let
7,7, A € R such that one of the assumptions (i)—(vi) in Proposition is fulfilled.
Then, Ay . is self-adjoint in L*(RG;CN) and for all z € p(Ag) N p(Ay7.0) the
resolvent is given by

(Anm)\ - 3)71 = (AO - Z)71 - ‘I’Z(IN + Pn,T,ACz)%anA‘I% (5-12)
Moreover, the following holds:

(1) Uess(An,T,A) = Uess(AO) = (—007 —m] U [m, OO)
(11) O—disc(An,T’)J 18 ﬁmte
(i) For z € (—m,m) one has that z € op( Ay 7 2) if and only if =1 € op(Py,+2Cz).

Proof. By Theorem ii), Lemma and Proposition we have
ran(A, .\ — 2) = L*(R:;CY) Vze C\R.

Thus, the symmetric operator A, ;  is self-adjoint. The resolvent formula and
assertion (iii) are direct consequences of Theorems and

In order to show item (i) we notice that ®% = v(1/2)(2)* is compact as a map-
ping from L?(R%;C") to L?(3;CV); cf. Theorem [4.3(ii). Therefore, by (5.12)), the
difference (A, ;x —2z)~' — (4 — z)~! is compact, implying

Uess(An,T,/\) = Jess(AO) = U(AO) = (_007 _m] U [m7 OO)
Finally, to see that item (ii) holds, one can follow line by line the proofs of

[15, Proposition 3.8] for ¢ = 2 and [14, Theorem 5.4(ii)] for ¢ = 3; this is possible,
as dom A, , , C HY2(R\X;CN). O

Remark 5.7. Assume that A = 0 and that the number d = n? — 72 satisfies

1

d (5.13)

< 2
||CZ HLQ(Z;CN)—)L2(Z;CN)

thus, the condition in Proposition i) is fulfilled. Similarly, if

for a z € p(Ao). As Wmax < ||C2llL2(sicn)—12(sion), this implies w2, d < 1 and

d > 16]C: )1 22 (zicmy s r2(mem) (5.14)

holds for some z € p(Ag), then wpin > , which follows from

4I|CZ”L2(E;CN)—>L2(E;CN)
Lemma iv), implies dw?, > 1 and again the condition in Proposition i) is
satisfied. In particular, if or hold, then all assertions in Theorem
are true. We remark that (5.13]) and coincide with the conditions (b) and
(a) in |27, Remark 4.4], respectively, and hence, these results are contained in the

analysis in this paper as well.

In the following corollary, we present some special cases for which Theorem
can be applied and which are of particular interest: purely Lorentz scalar inter-
actions (i.e. n = A\ = 0), non-critical purely anomalous magnetic interactions (i.e.
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n =1 =0 and A\? # 4), and the non-critical confinement case (i.e. d = —4 and
A2 # 4). The confinement case is discussed in greater detail in Sec. while the
result on the purely Lorentz scalar case is also contained in [16]. The following
corollary is an immediate consequence of Proposition i), (iii), (iv) and Theo-
rem [0.6l

Corollary 5.8. Assume that one of the following conditions is satisfied:

(i) p=X=0.
(i) n=7=0 and \2 # 4.
(ili) d = —4 and \? # 4.

Then, all assertions in Theorem [5.6] hold.

In the following lemma, we consider the special case when (« - v)C, + C,(a - v)
is compact in Lz(E;(CN). It turns out that then the quantities wmin, Wmax in
Lemma are both equal to % and hence, the conditions in Proposition
reduce to

(1 — Z)Q — A2 £0, (5.15)

i.e. that the interaction strengths are non-critical. Furthermore, we prove that for
Ct-smooth boundaries (- v)C, + C.(a - v) is indeed compact in L?(3; CV).

Lemma 5.9. Assume that (o - v)C, + C.(a - v) is compact in L*(Z;CN) and
that holds. Then, In + P, - \C is isomorphic in L*(%; CY) for = € C\R and
all statements in Theorem[5.6| hold. In particular, (a-v)C, +C.(a - v) is compact if
¥ is the boundary of a C'-domain.

Proof. If (a-v)C, + C,(« - v) is compact, then by (4.6)

In —4C% = —4C. (- v)C, + Co(a - v)) (- v)

and thus, Iy — 4C? is compact as well. Hence, by Lemma also Iy — 4D? is
compact. Since Iy +2|D, | is self-adjoint and bounded from below by 1, the operator
Iy +2|D,| is bijective and its inverse is bounded in L?(3; CY). Therefore,

In —2|Do| = (In +2|Do|) *(In — 4D2)
is compact. Thus, the quantities wmin, Wmax iN Lemmasatisfy Wmin = Wmax = %
Consequently, the conditions in Proposition i) & (ii) yield for A # 0

d
1-2

4
T 1.
|7

If A =0, then the condition in Proposition i) reads
d
1——|#0
=gl
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which is equivalent to with A = 0. Hence, Proposition yields that the
operator Iy + P, 7 AC, is bijective and thus, Theorem can be applied.
Eventually, it can be shown in the same way as in [55, Theorem 1.2(c)] that
(a-v)C, + Cy(a - v) is compact in L?(3;CY) if ¥ is the boundary of a compact
Cl-domain, see also [4, Remark 3.6] for a similar discussion for ¢ = 3. In dimension
three one can also apply [27, Lemma 4.1], as (H1) in [27, IV.A] is fulfilled for the
boundary of a compact C*-domain. |

We finish this section by presenting a statement about the discrete spectrum of
Ay -, when ¢ = 3.

Proposition 5.10. Let g = 3 and define the number

M+ = sup ||CZHL2(E;(C4)%L2(E;C4)'
z€(—m,m)

Then, My is finite. Moreover, assume that one of the following holds:
@) [l + |71+ A < 577
. d

Then, A, - satisfies all claims in Theorem and ogisc(Ay,rx) = 0.

Proof. The finiteness of M, is shown in [5, Lemma 3.2 and Remark 2.4].
Moreover, as

Wmax < ||Cz ||L2(E;(C4)—>L2(E;(C4)

holds for any z € C\((—o0o, —m] U [m, c0)), cf. Lemma [5.1[iv), we get wmax < M.
Hence, assumption (i) implies the assumption in Proposition [5.5{v), while (ii) yields
the assumption in Proposition vi). In particular, Theorem |5 m 5.6 can be applied.

To show the claim about the discrete spectrum, which is, by Theorem
contained in (—m,m), we fix z € (—m,m) in the following. Let us start with (i).
The definition of P, - » in and the triangle inequality imply

1Py 7 ACellr2 sty 2 sicty < (Inl + 7] + [ADIIC: | L2 (micy L2 (mieny < 1

Hence, —1 ¢ o,(P, +2C.), which yields with Theorem iii) that z ¢ oqisc(An,7 1)
Next, we turn to (ii). Due to our assumptions, we can write

14 + P777T’)‘CZ = P1777—7A(04 ' V) (I4 + Pf%af%’f%cz)(a ' V)Cz;

cf. (5.11). Now, the assumptions in (ii) and the result from (i) show that the map
I,+P_ in s _a C. is injective. Moreover, the other terms in the last displayed for-
mula are 1nJect1ve Hence, 0 ¢ o, (144 P, - AC), which implies with Theorem [5.6f -(111

that z ¢ Udlsc(An,r,)\)~ a
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5.2. Confinement

In this section, we show that for some special combinations of interaction strengths
the operator A, - » introduced in decomposes into two Dirac operators acting
in L2(4; CV) with boundary conditions. From a physical point of view, this means
that a particle that is located in one of the domains Q4 will remain in Q4 for
all times, i.e. X is impenetrable for the particle. Moreover, in all situations in the
confinement case we describe self-adjoint realizations of A, ; x, which is a novelty
when all three parameters 7,7, A are present, and we can treat the case, where %
is only Lipschitz smooth. The phenomenon of confinement was already observed in
the case that 3 C R? is a sphere in [48] and then for C?-smooth surfaces ¥ C R? in
various situations in [5} 8} |14, [26} 27] and for C*°-smooth ¥ C R? in |15} 37]. Recall
that P, - is defined by . The starting point is the following observation.

Lemma 5.11. Let n,7,A € R, set d = n> — 7% — X2, and let A, ; » be defined as
in (5.2). Then, the following holds:

(i) If d # —4, then there exists a matriz-valued function Q. : ¥ — CN*N
depending on the parameters 1,7, A such that Qy - x is pointwise invertible and
fedomA, ;- if and only if f € Hé/Q(Rq\E;(CN) and

Vo f+ = Qurnvp /- (5.16)

(ii) If d = —4, then A, - = A;T,A &) A;T’/\, where AiT,A are the operators acting
in L?(Q1; CN) given by
AT\ f = (=i(a- V) +mao)f,

(5.17)
dom A\ = {f € HY/*(Qw;CN) : 2y Fia - v)Pyra)v5f = 0.

Proof. (i) Define the function R : ¥ — CN¥*V by
R:= %(a V)P = %(a -v)(nIy + Tag + Ni(a - v)ag).
Then, the transmission condition for f € dom A4, ; » is equivalent to
(In = R)vpf+ = (In + R)vp - (5.18)
With the anti-commutation relations it is not difficult to see that R? = —%I N-
Hence, if d # —4, then Iy + R is invertible and is equivalent to

VBt = Uy = R Un + Rpf- = (I + RPp

which is (5.16) with @, = %H(IN + R)? and shows item (i).
(ii) If d = —4, then (Ix F R)(In £ R) = 0. Hence, if f € dom A, , , then

(In F R)*75f+ = 2(In F RS f+ = 0.

2350036-45



J. Behrndt et al.

On the other hand, if f+ € dom Air, > then clearly (5.18) holds, as the left and
the right-hand side in (5.18)) are zero, and thus, f1 @ f_ € dom A, ; x. This finishes
the proof of item (ii). a

Remark 5.12. Assume that 1,7, A € R are such that d = 1% — 72 — \2 = —4. Let
v=(v1,...,v,), define the function N : X2 — CN/2xN/2 1y

N:{Vl'i‘il/% q:23

o, q =3,

(o N*)
oV =
N 0

holds. Then, the boundary conditions for f € dom Aiﬂ , can be rewritten as

and note that

0 = (2In + Aag Fila - v)(nln + To))Vp f

Fi+nN  CFNInp ) P

ie. f=(fi,f2) € domA;_ with fi, fo € L*(Q+;CN/?) if and only if (f1, f2) €
HY*(Q4;CN) and

(5.19)

2+ MNvphA Filn— 1IN Y5 f2=0,

Fi(n +TINVEfL + (2 F A5 f2 = 0.
If A> # 4, then d = —4 implies n* # 72 and hence d = —4 and NN* = Iy
yield that the two equations in (5.20) are equivalent to each other. Thus, in the

latter case, one of the equations in (5.20) is sufficient to check if f € H;/Q(Qi; CcM)
belongs to dom A:T \-

(5.20)

In the following two propositions, we discuss the (essential) self-adjointness of
Ay - in the confinement case. First, we discuss the non-critical case, i.e. when
(% —1)2 — A2 £ 0. Using d = —4, we see that the condition for being non-critical
is, in the confinement case, equivalent to A? # 4. We note that the Dirac operators
with the same boundary conditions as AiT , were studied in the non-critical case
in space dimension ¢ = 2 in [24] |81] and in dimension ¢ = 3 in [14].

Proposition 5.13. Let n,7,\ € R such that d = —4 and N> # 4 and let A;ET 5\ be
defined by (5.17). Then, Af]:’ﬂ)\ is self-adjoint in L*(Qx;CN) and the following is
true:

(i) o4,

7,7\

(ii) oess(A, ;1) = (=00, =m] U [m,00) and oaisc(4, ;) is finite.

) is purely discrete.
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Proof. By Proposition iii) and Theorem the operator A, - is self-adjoint
in L2(R4;CN), Oess(An,ra) = (—00, —m]U[m, 00), and oqisc(Ay, 7,1) is finite. Taking
Lemmainto account, this can only be true if Ainh is self-adjoint in L2(24; CY)
and, since dom A:;T’)\ C HY?(Q;CN) is compactly embedded in L?*(Qy;CN), if

items (i) and (ii) are true. m|
In the following proposition, we discuss the case of confinement d = —4, when
the interaction strengths 1,7, A € R are critical, i.e. when A\? = 4. Note that the

latter two conditions imply 7% = 72.

Proposition 5.14. Let n,7,\ € R such that d = —4 and \?> = 4 and let Aiﬂ)\ be
defined by (5.17)). Then, the following holds:

(i) Forn =17 =0 and \*> = 4 the operators A(TO,A are essentially self-adjoint in
L?(Q4; CN) and the following is true:

(a) —sgn(A\)m is an eigenvalue of A(T,O) with infinite multiplicity and

U(AJOA)\{—sgn (MN)m} is purely discrete.
(b) O'(A(;,()?A) = (—o0,—m] U [m, c0).

(ii) For n? = 72 # 0 and A\* = 4 one has A" ("™ = Agggg\nﬂ) and there exist

7,7\ ,
1,7, X € R such that d :== 72 — 72 — \2 = —4, (4—1)2 # A2, and A;STg; () _
—sgn (nTA)
Aﬁ,ﬂﬂ '

We remark that the operators Aoi7072 and 143[707_2 are Dirac operators with zigzag-
type boundary conditions and their spectra without +m are closely related to the
spectra of the Dirichlet Laplacians in Q4. We refer to [50, |65 87] for studies on
Dirac operators with zigzag-type boundary conditions. It is remarkable that in the
situation A2 = 4 and n%? = A? # 0 one of the operators Af;ﬂ , is a Dirac operator
with zigzag-type boundary conditions, while the other one is a Dirac operator with
boundary conditions, as they are treated in Proposition[5.13] In particular, the spec-
tral properties of Air) y in the critical confinement case can be understood with the
help of the Dirac operator with zigzag boundary conditions in Proposition [5.14i)
and Proposition and in all cases Arjztm y is essentially self-adjoint.

Proof of Proposition Throughout the proof, we often use for f €
L?(Q4;CN) the notation f = (fy, f2) with fi1, fo € L?(Q4;CN/2). We sketch the
proof of item (i) for A = 2, for details see also [65| 87] or |37, Theorem 2.4]; the
proof for A\ = —2 follows the same lines. We make use of the differential expressions
that are given by

p._{“al“@)v =2 e {i(amaz), 0=2,

) ) (5.21)
—i(o- V), q=3, —i(o - V), qg=3.
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With the help of these expressions, we can write

mly/s D* )

(5.22)
D —mIN/2

—i(a- V) +moay = (

By (5:20), a function f = (f1,f2) € Ha/*(24;CN) belongs to dom Af, if and
only if
Yhfi =0, (5.23)
while there are no boundary conditions for fo. Let f = (f1, f2) € dom Aa—,o,? Then,
it follows from f € HY?*(Q4;CN) and (5.22) that f1, fo € HY2(Q,;CN/2) and
Df1,D*f, € L?(Q,;CN/2). We claim that one even has f; € H(Q,;CN/?). To
see this, define the function g, := (f1,0). Since Df; € L*(Qy;CN/?), it follows
from (5.22)) that g4 € Hol/2(§2+;(CN) and hence, g := g+ ®0 € Hcly/2(]Rq\E;(CN).
Since f € domAar,O)27 we have ’ygfl = 0 and thus, g € ker Fol 2 = dom Ay =
H(R%;CV); cf. Theorem Hence, f1 € H}(Q4;CN/2) and we conclude that
dom A o5 = Hy(Q4;CN/2) & {f € HY/2(Q4;CN/2) . D* f € L*(Q4;CV/2)}
(5.24)

Recall that D, D* are given by and define the operator
Tf=Df, domT = H}(Qy;CN?).
It is not difficult to see that 7T is closed and that its adjoint is given by
T*f=Df, domT* ={f e L*Q.;CN?): D" f e L*(Q;CN/?)\.

Let P be the projection in L2(Q;;C"N) defined for f = (f1, f2) € L?(Q,;CY) by
P(f1,f2) = (0, f2). Then, dom T* ~ PH?(Q,;C") and thus, as C5°(Q;CV) is
dense in H2 (2, ;CN), also Cg°(Q; CV/?) is dense in dom 7* with respect to the
graph norm. Therefore, we conclude from and that

A(‘)FO L= mIN/2 T* .
7 T —mIN/2

In particular, Aaf 0,2 has a supersymmetric structure, cf. [65, Appendix A], and thus

A(J)r,o,z is self-adjoint. Next, choose ¢1,co € R such that x1 —izg — (¢1 — icg) # 0 for
all z = (z1,...,24) € Q4, and define for n > 2 the functions

fa(@) = (21 —iw2 — a1 Hico) "en, x=(T1,...,34) € Ay, (5.25)

where ey is the Nth canonical basis vector in CV. Then, a direct calculation shows
that f, € ker(ASjO’Qer), i.e. —m is an eigenvalue of 143"072 with infinite multiplicity.
Finally, one shows in a similar way as in [65, Theorem 3.4] with the help of [65]
Proposition A.2] that O’(m) ={-mju{tvm2+z:z € U(—A%*)}, where
—A%* is the Dirichlet Laplacian in €2, and hence, as 24 is a bounded Lipschitz
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domain, J(Aa:072)\{—m} is purely discrete; cf. [50, Theorem 2.1 and Remark 2.3]
as well. Hence, item (i)(a) is shown.

To see the claims of assertion (i)(b), note that the boundary conditions for
Ag o2 are 2(Iy — ag)ypf = 0. Therefore, one can conclude all claims with sim-
ilar arguments as above; cf. |65, Theorem 3.4] for details in dimension three. In
particular, as Q_ is an exterior domain it follows from [50, Theorem 2.1] that

0(Agpo) = {mpuU{Evm? +2:2€0(~ A ")} = (=00, —m] U [m, 00).

Let us prove item (ii). In this case, we have A? = 4 and n? = 72 and thus, the

boundary conditions in are equivalent to

2(1+sgn Ay f1 F in(1 —sgn (n7))N ™75 f2 = 0,
Fin(1l 4 sgn (UT))N’Y%fl +2(1 F sgn )\)’Y%fg =0.

In the following, we consider n = 7 # 0 and A = 2; in the other cases the proof is sim-

(5.26)

ilar. In this situation, the boundary conditions for A;,",n,g are v}, f1 = 0, while there
are no boundary conditions for f5. Hence, we conclude A;," 2= Ao 0,2 ¢f. -
Moreover, by (5.26)), the boundary conditions for f = (fl, f2) € dom A, , are

2iNnyp fr +4ypf2 = 0. (5.27)
Choose 7,7, A € R such that n = 2;”';, d:=72—72 - X2 = —4, and \2 # 4.

Then, with the help of -, it is not difficult to see that (5.27)) is equivalent to
the boundary conditions for A~ 5 This finishes the proof of this proposition. O

3Ty

Remark 5.15. In dimension two one has that m is an eigenvalue of A g 5 of infinite
multiplicity. Indeed, let 9 = (0,1, %0,2) € Q4. Then, in a similar way as in (5.25),
one defines the functions

gn(x) = (1 +ix2 — 20,1 — iT02) €1, x = (z1,22) € Q_,

where e; is the first canonical basis vector in R?, and shows via a direct calculation
that g, € ker(Ag, —m); cf. [37, Theorem 2.4]. Similarly, one gets that —m is

an eigenvalue of Ay, _, of infinite multiplicity. However, this argument fails in
dimension q = 3.

6. Dirac Operators with Singular Interactions Supported
on Smooth Curves and Surfaces

In this section, we study the self-adjointness of Dirac operators with singular §-shell
interactions also in the case of critical interaction strengths. However, since the
proofs of some necessary auxiliary results are very technical and long, we only state
them here and refer to [66] for details. In [66], the operator C, in is analyzed
in a more detailed way, the main ingredients there are periodic pseudodifferential
operators in dimension ¢ = 2, cf. [86], and the theory of pseudo-homogeneous kernels
for ¢ = 3, see [77]. Parts of the results presented below are contained in |12} |79]
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for ¢ = 3 with purely electrostatic critical interaction strengths, in [15] for ¢ = 2
with combinations of electrostatic and Lorentz scalar interactions, and in [26] [27]
for ¢ = 3 with combinations of electrostatic and Lorentz scalar interactions, see also
[28] for a recent contribution to the study of the essential spectrum under the latter
assumptions. The proofs of the results in this section make heavily use of Schur
complement techniques — a strategy which was first used in this context in [15].

Throughout this section, let 2, C R? be a bounded and simply connected C°°-
domain and let, as usual, Q_ := RN\Q, and ¥ := 9Q,, i.e. ¥ is a C*°-smooth
bounded and closed curve in R? or a C*-smooth closed and compact surface in
R3. Note that in this situation the spaces H3(3;CY), s € [~ 3, 1], defined in
and with U = « - v coincide with H*(X;CY). Moreover, we assume in this
section that m > 0, as the bounded perturbation mag does not influence the self-
adjointness and interesting spectral properties only appear for m > 0.

In a similar way as in we define for 7,7, A € R the operator

Byoaf = (=i(a-V)+mag) f+ © (—i(a- V) +mag) f-,

domBn,T,/\ = {f € Hg(Rq\E;CN) : Z.(O‘ ' V)(’ny_;,_ - VBf—) (61)

1 _
+ 5Pn,f,x(’v$f+ +pf-) = 0},

where *yﬁ are the Dirichlet trace operators defined in Corollary and P, is
given by . Note that the operator B, ; » is defined on a larger set as A, - x
in (5.2)). However, it will turn out that in the non-critical case A2 # (4 —1)2, which
includes all combinations of interaction strengths treated in Sec. one always
has dom B,, , » C H'(R?\X;C") and hence, A, » = By ;; cf. Theorem [6.2

In order to show the self-adjointness and to study the spectral properties of
By, - » for all values of n,7,A € R we make use of the ordinary boundary triple
{L2(2;CN), Yo, Y1} from Theorem and the associated notations. For the oper-
ators A and V appearing in the boundary triple in Theorem we make specific
choices. We will introduce A as an operator acting on scalar-valued functions, but
we will identify it with Alp; which acts on vector-valued functions for various val-
ues of M € N. In space dimension ¢ = 2, we write T := R/Z ~ [0,1), and denote
by D(T) and D'(T) the sets of all 1-periodic test functions and distributions in R,
respectively, by £ the length of 3, by v : [0,¢] — R? an arc length parametrization of
¥, and we introduce the mappings e, (t) = €™t n € Z, and U : D'(X) — D'(T) by

Uf,0)pmxpm = (Lol Y 1)) psyxps), ¢ € D(T),

where () x/xx denotes the sesquilinear duality product in X’ x X for a Hilbert
space X. Then, we define for a constant ¢y > 0 and ¢t € R the map

B An t/2
Atu =U ! <€) Z(CA + |n|)t/2<Uu, en>'D’(T)><D(T)ena u e D/(E) (62)

neZ
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If ¢ = 3, we denote by S the single layer boundary integral operator associated
with —A + 1 that is acting on ¢ € C*(%;C) by

e—lz—yl
Sp(x) = /2 mgﬁ(y)do'(y), T e X

It is known that for any s € R this map can be extended to a bounded operator
S: H*(3;C) — H*1(X;C); cf. [76, Theorem 7.2]. Define now with ¢y > 0

A= (S +¢p)Y2 (6.3)

In both cases ¢ € {2,3} the operator A gives rise to a bijective operator from
H*(%;C) to H*~Y/2(%;C) for all s € R, see [66] for details. Moreover, the realization
of A in L?(%;C) is self-adjoint with dom A = H/2(X;C), one has A > cjl\/Q, and,
since A~1 is compact by Rellich’s embedding theorem, this realization in L?(X;C)
satisfies gegs(A) = 0.

Next, the map V appearing in the definition of the boundary triple in Theo-

rem is defined, depending on the space dimension, by

1 0 Iy 0
V= _ ) forg=2 and V = _ for ¢ = 3.
0 —i(vy —ivg) 0 —i(o-v)

(6.4)
Moreover, we introduce the matrix B € CN*¥ by
B ((77 +7) N2 My/2 )
M2 (n—7)Inys2
Then, we have P, ; » = V*BV. Define in L?(3;C") the operator © by
Op = A(B — 4V (a - v)Co(a - v)V*)Ag, 65)

dom® = {p € L*(2;CY) : (B—4V(a - v)Co(a - v)V*)Ap € H'/?(2;CN)1,
where 50 is defined as in Proposition Using the relations P, , » = V*BV and

1 - x
5(75f+ +9pf-) = VAT f,

i(a-v) (V5 fr —vpf-) = VAL f —4(a- V)Colar - v)V*AYo f,

it is not difficult to see that the transmission conditions in the definition of B, - x
are equivalent to T1f — @Yo f =0, i.e. we have

dom B, - » = dom 7O} ker(T; — ©Yy). (6.6)
Therefore, to understand the properties of B, - x, in view of Theorem @ it suffices
to study the associated parameter ©. In order to show the self-adjointness of O, a

detailed analysis of the involved integral operators is required. Define the operator
R by

Re(z) = lim r(z,y)e(y)do(y), ¢ e C®(%CN?), (6.7)
eENO 3\ B(z,e)
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where the integral kernel r is given by

2 n(y) +ive(y)

— - —, ifg=2,
(2.9) T a1+ iz — (y1 + iy2)
r(z,y) =
o-(z—y) :
_— . f :3.
7T|ZL' — y‘g (U V(y))a 1Iq

Note that for ¢ = 2 the operator R is a multiple of the Cauchy transform, while
for ¢ = 3 the map R is closely related to the Riesz transform. We define also the
formal adjoint of R with respect to the inner product in L?(X; CN/2) by

Rp(z) = lim r(y, z)"e(y)do(y).
ENO S\ B(x,e)
For any s € [—%, %], one can show that R and R* give rise to bounded operators
in H*(X;CN/2) that satisfy for all ¢ € H*(X;CN/2) and ¢ € H~%(X;CN/?) the
relation
<R§07w>HS(Z;CN/2)><H*S(E;(CN/2) = <<p7R*¢>HS(Z;(CN/2)xH*S(Z;CN/"’)a

see [66], and we denote their realizations in H~1/2(3; CN/2) by R and R*, respec-
tively. Then, we have the following result [66].

Proposition 6.1. Let R and R* be defined as above and let M be the Weyl func-
tion associated with the boundary triple in Theorem[d.8l Then, the following holds:

(i) For z € (—m,m) there exists a self-adjoint and compact operator Ki in
L2(%;CYN) such that

I Vi R*
@M(Z)A<(77+T) N2 Mg+ )A

Mp2 + R (- T)n/2

z—m)l 0
NGO .
0 (z + m)IN/2
(i) The operator R — R* : H=Y/2(%;CN/2) — HY/2(2; CN/2) is bounded.
(iii) One has R? = 4In/o. In particular, this implies that
ﬁﬁ* _ 4IN/2 _ ﬁ(ﬁ* _ ﬁ) . H71/2(E;CN/2) N Hl/Q(E;CN/Q)
s bounded.
(iv) There exist a compact operator Ko : H™'V/2(X;CN/2) — HY2(%;CN/?2)
and closed subspaces Hy of H™'/2(%;CN/2) satisfying dimH, = dimH_,
H=Y2(5;,CN2) = Hyd+H_, and He ¢ H*(X;CN/2) for any s > —1 such

2
that the realization of R + R* in the space H‘l/Q(E; (CN/Q) can be written as

R+R* =4P, —4P_ + Ka,

where Py is the projection onto H. Moreover, for any ¢ € H'Y/?(%;CN/2)
one has Pyp € H'Y?(%;CN/?).
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Now, we are prepared to prove the self-adjointness of B, . We remark that
the result in the non-critical case (% —1)2 — A2 #£ 0 has been obtained in space
dimension ¢ = 2 with a different proof in [37].

Theorem 6.2. The operator By, is self-adjoint in L*(R%; CN) and the following
holds:

—1)2 = A2 £ 0, then dom B, , » C H}(R1\Z; CV).
—1)2 = A2 =0, then dom B, ; » ¢ H*(RI\X;C") for all s > 0.

Proof. In view of Theorem and , the operator B, ;  is self-adjoint in
L?(R4;CN) if and only if © is self-adjoint in L?(3;CY). Using Proposition [6.1] and
M(0) = 0, we see that this is the case if and only if the operator
= _ (77+T)IN/2 )\IN/Q"'ﬁ* Agp

Myjp+R  (n—"7)Ins2 ,

m+71) N2 My + R*

domE:{goELQ(Z;(CN):A< =
Myjp+R (n—7)Ins2

> Ap e LQ(Z;(CN)} ,
is self-adjoint in L?(X;CY), as © — = is a bounded and self-adjoint operator in
L?(%;CN). We are going to prove the self-adjointness of = for 4+ 7 # 0, the other
cases will be commented at the end of the proof. We will make use of the restriction
E =2 H'(Z;CN). (6.8)

Using standard arguments as, e.g., in Steps 1 and 3 in the proof of [12, Lemma 5.4],
it is not difficult to show that =; is symmetric, 2 C =, and that = is closed. So
in order to show the self-adjointness of =, it suffices to prove = C Z;. For that, we
consider the Schur complements associated with = and =1, respectively. Recall that
we assume 1 + 7 # 0. We claim that the representation

B Ino 0 (n+7)A* 0
(77+T)71A()\IN/2 +7€)A71 IN/2 0 5

(Iny2 (77+7)71A71(/\IN/2+7€*)A
0 Inga '

(1]

(6.9)

with the maximal realization of the Schur complement
sp = (n = 7)A* = (7 +7) "M y/s + R) (M2 + RY) A,
doms = {p e L*(2;CN/?) .
(1= 7)A% = (0 +7) ' AQIyy2 + R)(Mja + RN )p € L3 CV2)),

holds and that the domain of = can be characterized as

dom = = {p = (¢1,p2) € L*(X;CV) : g € doms,
- (6.10)
o1+ (n+7) AT (Myye + RY)Apy € H' (Z;CV/2))
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Indeed, the right-hand side in is contained in dom =, as the application of
the product on the right-hand side in on elements in this set gives an element
in L2(32;CY) and coincides with the application of Z. On the other hand, as the
first factor on the right-hand side in is a bijective mapping in L?(X;CV) and
dom A? = H'(X;CN/?), also the second inclusion in holds. Using Proposi-
tion we see that

s=n+7) A2 =72 = M) Iyjs — RR* — AR +R*))A
=+7) A =77 = N —4) Iy —AN(Py — P_))A+ A (6.11)
=4+7)A((d -4 —4\)Py + (d— 4+ 4)\)P)A + A,

where A is a bounded operator in L?(3; (CN/Q) and Py are the projections onto the
spaces H4 in Proposition iv). Under the assumption in (i) the last equation
implies for ¢ = (¢1, p2) € dom E that

(d—4—4N)PyApy + (d — 44 4X)P_Apy € HY2(2;CN/2).

Applying Py, which is by Proposition amap in H'/2(%;CN/2), to this equation
yields PyApy € HY/2(%;CN/2), which gives finally o, € H'(X; CN/2). Taking the
mapping properties of A and R* into account, the second condition in shows
for ¢ = (¢1,92) € domZ that ¢, € H'(Z;CN/?). Hence, we obtain domZE =
H'(Z;CN) and thus, Z = =;.

On the other hand, under the assumption in (ii) at least one of the terms with Py
in the last line in is zero. For instance, if A = % —1, then there is no condition
on Py Ay in doms, i.e. any ¢ € L*(X;CN/2) with P_Ap € H'/?(%;CN/2) belongs
to doms. Since H, ¢ H*(X;CN/?) for any s > —% by Proposition iv), this
implies that doms ¢ H*(¥; CN/?) for any s > 0 and thus, also dom E ¢ H*(%;CV)
for any s > 0. Clearly, a similar statement holds, if A = —% + 1.

To see now that = C Zp also under the assumption in (ii), we use [91, Theo-
rem 2.2.14], which implies that

domE; = {p = (p1,92) € L*(Z;CV) : ¢y € dom 3y,
o1+ (+7) AT (M2 + RY) Az € HY (5;,CN/2)},

where 57 is the Schur complement associated with Z; and given by s1 = s |
H'(3;CN/2). Suppose that A = % — 1; the arguments for A = —% + 1 follow the
same lines. Let ¢ € dom s and choose ¢,, C H*(¥; CN/2) such that Py Ag,, converge
to PyAp in H='/2(32;CN/?) and P_Ay, = P_Ap. Then, ¢, — ¢ in L*(X;CN/?)
and by also s1¢, — sp. Hence, ¢ € doms; and s = s¢, which shows that
also in this case s C §7 and then with that = C Z,. Hence, in all cases =
and thus also © is self-adjoint in L?(¥;C"), which implies with Theorem [2.3| the
self-adjointness of B, ; x.

It remains to see the statements on the Sobolev regularity in dom B,, - ». For this
purpose, we use that 3(z)e € HS(RI\X;CY) if and only if ¢ € H*(X;CY) holds
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for any s € [0,1], where 8 denotes the 7-field associated with the boundary triple
{L2(3;CN), Yo, Y1} cf. Theorem Indeed, if ¢ € H*(X;CY), then the mapping
properties of ®, and C, in Theorem Proposition and Corollary and A
imply that

B(2)p = 4. (o - v)Ca (- V)V*Ap € HE (RI\Z; CN).

Conversely, if 8(z)p € H2(R?\X;CY), then the mapping properties of the trace
operator in Lemma [4.1)and Corollary [4.6| and Proposition [4.4iii) show that
VHB(R)e)+ +15(B(2)p) - = =8(Ca(a - )V Ap = 2V*Ap € H*H/*(5;CV).
This implies that Ap € H*~Y/2(%;CN), ie. p € H5(Z;CV).
Recall that for z € C\R the formula

(Bra = 2) 71 = (Ao = 2) 7+ B(2)(© = M(2)) 7' B(2)° (6.12)

holds, see Theorem Hence, under the assumption in item (i) we conclude that
dom Ay, C HY(RY\X;CV) and dom © = H(Z;CV) imply

dom B, ;.\ C dom Ay, + B(2)(H*(Z;CN)) ¢ HY(RIN\X; CV).

With similar arguments we see that, under the assumption of statement (ii), the
relation dom© ¢ H*(X;CY) implies dom B, ;. ¢ H*(R1\X;CV) for any s > 0.
This finishes the proof of the theorem in the case n + 7 # 0.

If n = —7 # 0, then a similar strategy as in the case n + 7 # 0 leads to
the conclusion of the claimed results. Indeed, in this case one can make a similar
construction as in , but with the Schur complement being in the upper left
corner in the operator matrix in the middle of the product in instead of the
lower right corner.

Finally, assume n = 7 = 0 and A # 0. Using Proposition iv), one sees that
= can be written as

0 My + R*
=—A _ h A
My +R 0
1~ ~. 1~ =~
0 )\IN/2+§(R+R)+§(R -R)
=A ) ) A
)\IN/2+§(R+R*)+§(R—R*) 0
0 A+2)P. 4+ (A —2)P_
_A (A+2)P +( ) A+ B,
A+2)P. +(A—2)P_ 0

where B is a bounded operator in L?(X;CV). The representation in the third line
of the last equation and Proposition [6.1] show as above that for A # £2 one has
domZ= = H'(%;C¥) and thus, £ = Z; is self-adjoint. On the other hand, for
A = +£2 one has no restrictions for one of the spaces H, which implies with a
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similar argument as before in the case n + 7 # 0 that =, = = is again self-adjoint,
but dom= ¢ H*(%;CV) for any s > 0. Moreover, one finds in a similar way as
above with the help of Krein’s resolvent formula in the claimed results about
the Sobolev regularity in dom By o ». This finishes the proof of this theorem. a

Remark 6.3. Let (¢ — 1)2 — A\? = 0. Then, the representation of dom © = dom =
in and together with Krein’s resolvent formula in gives a way
how the singular part in dom B, r can be characterized with the help of the
projections Py from Proposition

Remark 6.4. Note that for (¢ —1)2 — A2 = 0 and 7, A # 0 the assumptions in
[27, Definition 3.1] are not fulfilled due to the appearance of the projections Pi.
Hence, Theorem is not contained in the results in [27].

In the non-critical case, i.e. if (%—1)2—/\2 # 0, we already have from Theorem
and Corollary a complete picture of the qualitative spectral properties of B;, - x.
In particular, a Krein-type resolvent formula and a Birman—Schwinger principle are
established there. In the following proposition, similar formulas are provided also in
the critical case. Recall that Ag is the free Dirac operator defined in , P, s
introduced in , C~Z and :132 are the extensions of C, and &, from Proposition
M(z) is given as in Theorem [1.8 and © is defined in (6.5)). For similar results when
A = 0 we refer to |12, Theorem 5.7;|15, Theorems 4.11 and 4.13; 26, Proposition 4.1
and Lemma 4.1].

Proposition 6.5. Let n, 7, A € R such that (% —1)2 = A2 = 0. Then, the following
holds:

(i) For all z € p(Ag) N p(By,r2) the map In + PmT,)\CNZ admits a bounded inverse
from HY?(Z;CN) to H-Y/2(%;CN) and

(Bprx—2)""=(Ag—2)"" — (EZ(IN + Pn,ryA(?z)_lpn’.ry)\(I);

(i) For z € (—m,m) one has that z € op,(By 7.2) if and only if —1 € O'p(Pn’-,—,)\gz).
(i) For z € (—m,m) one has that z € 0ess(By 1) if and only if

0 € Tess (0 — M(2)) = Tess(AM(B — 4V (o - v)C.(a - 1) V*)A).
Remark 6.6. The statement in Proposition iii) can be formulated for any

choice of V satisfying the assumptions in Sec. That means for z € (—m, m) one
has that z € gess(By ,x) if and only if

0 € 0ess(© — M(2)) = Oess(AV (P70 — 4(ca-v)Co(a - v))VTA). (6.13)

Indeed, the self-adjointness of B,, - » was shown in Theorem Hence, the abstract
results in Theorem [2.3] are true for the boundary triple in Theorem [.§| constructed
with any general V' and the parameter © is given for this triple by

O = AV (P, rx — 4l - v)Cola - v)) VA,
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defined on its maximal domain in L?(3;CY). In particular, if one sets V = o - v
in (6.13)), then one recovers the result in |26, Lemma 4.1] that was shown for A = 0.

Proof of Proposition[6.5] Throughout the proof, let z € C\((—o0, —m]U[m, 00)).
First, we observe that the definitions of © in (6.5) and M(z) in Theorem {4.8|yield

O —M(2) = A(B—4V(a - v)Cala- v)VF)A

= —4AV(In + Py rC) (- v)Colar - v)VFA, (6.14)

where B = VP, ; \V* and (4.24]) were used.

To show item (i) let z € p(Aoo) N p(By,r2) be fixed and note that o(A) =
o(Ap) holds by Lemma Then, by Theorem [2.3(iv), the operator © — M(z)
has a bounded inverse in L?(3;CY). Therefore, we conclude from (6.14) and the
mapping properties of A,V, and « - v that Ixy + P, ,C. has a bounded inverse
from H'Y/?(%;CN) to H-1/2(2;CVN). Next, one gets from Theorems iii) and
and (6.14)) that

(Bpra = 2) 7" = (As = 2) 71+ B(2)(0 = M(2)) 7' B(2)
= (Ao — 2) 1 =43, (Iy + Py rnC.) " Ha - v)Ci(a - v)®E (6.15)
To proceed, we note that the operator A, defined in (4.27) can be described with

the quasi boundary triple {L?(%;CY), F(()l), Fgl)} from Theorem with s =1 as
Ao =TW | ker I‘gl). Hence, we can apply Theorem iii) and get

(Aso —2) P =(Ag —2) 1 = ®,(C.) 1 0L = (Ag — 2) ' +4P.(a - v)C.(a - V)DL
Combining this with and using the resolvent identity, C; = C,, which holds
by and Theorem iii), and we get

(Bprx—2)"'=(4g—2)"' +49,(a - v)C.(a - v)PZ
— A8, (Iy + Py rnCe) " o v)Cala - v) D%
= (Ao —2) " = D.(In + Py rnC) 1Py o P,

which is the claimed formula.

Ttem (ii) is a consequence of the Birman—Schwinger principle in Theorem [2.3(i)
and , as the maps A, V, (« - v), and C. are bijective. Finally, assertion (iii) is
a direct consequence of Theorem v) and the representations of © in and
M(z) in Theorem 4.8 m|

In the following, we will study the essential spectrum of B, - in the critical
case. In the critical confinement case, i.e. when d = —4 and A\?> = 4, the spectral
properties are fully described in Proposition Hence, in the following, we will
focus on the case (4 —1)> — X2 = 0 and d # —4. In this situation, we will see
that there may be an additional point in the essential spectrum of B;, - x. In order

to show the corresponding result, additional knowledge about the operators R
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and R* defined in (6.7) is necessary. Recall that H4 are the spaces introduced in
Proposition iv).

Proposition 6.7. For the operators 7%, R* and the choice of A in (6.2)) and (6.3)),
the following holds:

(i) For q =2, the operator A(RR* —AI1)A is compact in L2(%;C), for any n € N
one has APy = PL A", and Py are orthogonal projections in H*(%; C) for all
seR.

(ii) For q = 3, assume that there exists an open set Y9 C X such that Xg is
contained in a plane. Then, there exists a sequence (@) C L?(3;C?) such that
lonllz2(sic2) = 1, @n converges weakly to zero, and A(RR* —4L)Ag, — 0 in
L2(%;C?). It is possible to choose this sequence such that (Ap,) C H.

(iii) The operator A=2R — RA~2 : H—1/2(2; CN/2) — HY2(%;CN/2) is compact.

Now, we are prepared to state and prove the following result about the essential
spectrum of B, ; .

Theorem 6.8. Let n,7,\A € R be such that (% —1)> = X\? =0 and d # —4. Then,
the following holds:

(i) If g =2, then ess(By,rx) = (=00, =m|] U {—=7m} U [m, c0).
(i1) If g = 3, assume that there exists an open set Xg C X such that g is contained
in a plane. Then, (—oco, —m] U {—%m} U [m, 00) C Tess(Byr2)-

We also refer to [28] for a very recent result in a similar spirit, where the three-
dimensional Dirac operator with a combination of electrostatic and Lorentz scalar
d-shell interactions supported on the boundary of a bounded C'*°-domain was con-
sidered in the critical case (i.e. when n, 7 € R with n? —72 = 4 and A = 0). With the
help of pseudodifferential techniques, it was shown there that a whole new interval
of essential spectrum centered at f%m appears in this situation. In particular, in
this special case the inclusion in Theorem ii) is in general not an equality.

Proof of Theorem We note first that with the same singular sequences as in
the proof of [12, Theorem 5.7(i)] one shows that (—oco, —m]U[m, c0) C Tess(By,r.2)-
Hence, it remains to study oess(By,r,x) N (—m,m).

We use that z € gess(By,7,2) N (—m,m) if and only if 0 € 0ess(© — M(2)); cf.
Proposition iii). By Proposition the latter is true if and only if 0 belongs
to the essential spectrum of

+ ) My + R* —m)I 0
(T v Al Y RS . (6.16)
Myp+R (n—7)Ins 0 (z+m)Iny2

[

—

defined on its maximal domain domZ = dom®, as © — = is a compact and self-
adjoint operator that does not influence the essential spectrum. We note that the
assumptions (4 —1)2 — A2 = 0 and d # —4 imply that || # ||, hence, one can
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choose the constant cp in (6.2]) and (6.3)) sufficiently large such that
0€p((n+71)A% —4(z — m)Iny2).

Then, it follows from [91, Theorem 2.4.6] that 0 € Uess(é> if and only if 0 € 0ess(5),
where § is the Schur complement associated with Z given by

5= (n—T7)A* —4(z+m)In/>
— A g + R)A((n + 7)A2 = 4(z — m)In/2) " A(M /o + R¥A,
doms = {p € L*(%; (CN/Q) c(n—T1)A%0 —4(z +m)p — A(M /o + ﬁ)A((n +7)A2
— 4(z —m)Inso) AN nyo + RY)Ap € L2(;CNV/2)}.
By iterating the resolvent identity twice, one finds for w € p(A?) that
(A2 —w) P = A2 4 wA2(A%2 —w) P = AT wA T P AT3(A% —w) AT
holds. Applying this formula with w = 4(z — m)/(n + 7), we find that

“ 1 ~ ~
5= (n—T7)A° —4(z+m)Iy/2 — M—TA(/\IN/Q + R)(Mnj2 + R)A

zZ—m ~ ~
—4 UEESE AN Inj2 + R)A*(Mnjo + RY)A + K,
where
(z—m)2 SN A =2/ A2 —1\—1 S %
K= —16mA()\IN/2 +RIATHA" =4z —m)(n+7)" ) (Myj2 +R*)A

is due to the mapping properties of A specified at the beginning of this section
bounded from L?(%; CN/2) to H'(3;CN/?) and hence, by Rellich’s embedding the-
orem compact in L?(%; CN/2). Taking Propositions (iv) and (iii) into account
and making a similar calculation as in , there exist compact operators Ko, K3
in L?(%; CN/?) such that we can rewrite

1 1 o~
A((d—4)I —ANP. — P_)A+ ——A(41 — RR"A
T M@= Dlge = NP = PO+ Ay = RR)

5=

zZ—m

mAfl()\fN/Q +R) A2+ RN+ Ko

—4(z+m)In/, —4

1 1 ~ ~
= A(d =4Iy —ANPy — P_)) A+ ——A(4In/ s — RRYA
M@= s — AP~ PA+ ATy - RR)

z—m
(n+7)?
In the following, we consider the case when 4\ = d — 4, the case 4\ = 4 — d can be
handled similarly. For 4\ = d — 4, the expression for § simplifies to

—4(z+m)Iyjp —4 ATH(N2 4+ 4)Injo + 4N(Py — PO)A + Ks.

77 —1 T 1 S *
A(d—4)P_A -8 A + - P A+ —A(4] — RRYA
( ) <z nm) o . (41n/2 )

g:
n+T n+r
—4A! FTM N2 P_A . 1
(z+m+(n+7)2()\ d+8)) K (6.17)
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Now, there exists a sequence (¢,) with (Ap,) C Hy such that [[¢n | p2(s,onv2) = 1,
¢, converges weakly to zero, and A(RR*—4)Ag,, — 0 in L2(3; CN/2); for ¢ = 3 this
is stated in Proposition ii), while for ¢ = 2 this is true as by Proposition i)
A(ﬁﬁ* — 4)A is compact in L?(3;C) and compact operators turn any weakly
convergent sequence into a strongly convergent one. With the help of this sequence,
we see that 0 € gegs(8) if 2 = —7m, which shows that 0 € Oess(© — M(—%m)) and
hence, —%m € Oess(By,r,2). In particular, for ¢ = 3 all claims are shown.

Let ¢ = 2, then it remains to show that gess(By - x) N (—m,m) = {—%m}.
Assume that this is not the case. Then, following the arguments at the beginning
of this proof there is z € (—m, m)\{—%m} such that 0 € 0egs(5). Thus, there
exists a singular sequence, i.e. there exists a sequence (p,) C doms such that
lonllz2(s:c) = 1, pn converges weakly to zero, and 5p, — 0. Consider first the case
4\ =d—4 # 0. Since A(41; —ﬁﬁ*)A is compact in L?(3;C), PLA = APy, and Py
are orthogonal projections, see Proposition i)7 the representation of § in
can be simplified to

n+T 7
2 — _
+P_(: 8M_4(z+m+‘z7”(V—d+&»fL+K@

+7 (n+7)°

where K4 is a compact operator in L?(X;C). Since Py are orthogonal projections
in L?(3;C) by Proposition i), these maps are bounded in L?(3;C), and thus,
an application of P, to the last displayed formula shows that Py, — 0. Hence,

5=-8

(P_¢y,) is a singular sequence for

20=8 )2y <z+m+2_m()\2 d+8)> + Ky
n+T (n+7)2

However, the definition of A in implies that the essential spectrum of A? is

empty, which is finally a contradiction. This finishes the proof of this theorem in

the case 4\ = d — 4 # 0. The case 4A\ = —d + 4 # 0 can be handled similarly.

Eventually, if 4\ = d — 4 = 0, then the expression in can be simplified to

5=-8 " (z+Tm>+IC4
n

n+T7
and hence, z = —%m is the only point with 0 € 0ess(5). Therefore, we have shown
in all cases that z = —%m is the only possible point such that 0 € ges5(5), i.e.
Uess(Br/,T,)\) N (_m,m) = {—%m} 0
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