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Abstract: In this paper we study the spectrum of self-adjoint Schrodinger operators in
L?(R?) with a new type of transmission conditions along a smooth closed curve £ C R?.
Although these oblique transmission conditions are formally similar to §’-conditions on
% (instead of the normal derivative here the Wirtinger derivative is used) the spectral
properties are significantly different: it turns out that for attractive interaction strengths
the discrete spectrum is always unbounded from below. Besides this unexpected spectral
effect we also identify the essential spectrum, and we prove a Krein-type resolvent for-
mula and a Birman-Schwinger principle. Furthermore, we show that these Schrodinger
operators with oblique transmission conditions arise naturally as non-relativistic limits
of Dirac operators with electrostatic and Lorentz scalar §-interactions justifying their
usage as models in quantum mechanics.

1. Introduction

In many quantum mechanical applications one considers particles moving in an external
potential field which is localized near a set ¥ of measure zero. Such strongly localized
fields can be modeled by singular potentials that are supported on ¥ only; of particular
importance in this regard are § and §’-interactions. To be more precise, assume that ¥
splits R2 into a bounded domain €2, and an unbounded domain Q_ = R2\9_+, and
consider the formal Schrodinger differential expressions

Hsow = —A+ady and Hyo=—A+ady, ack. (1.1)

These singular perturbations of the free Schrodinger operator — A are characterized by
certain transmission conditions along the interface X for the functions in the operator
domain. For §-interactions one considers functions f : R — C such that the restrictions
S+ = f | Qu satisfy the transmission conditions

fo=fo and = Z(fot f2) = (8fe —00f-) on . (12)
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while §-interactions are modeled by the transmission conditions

f+—f_=—%(8vf++8,,f_) and 9, fs =3, f onX: (13)

here 9, fi is the normal derivative and v = (vy, v2) the unit normal vector field on
¥ pointing outwards of €2.. The spectra and resonances of the self-adjoint realizations
associated with the formal expressions (1.1) in L2(R?) are well understood, see, e.g.,
[8,9,12,13,15-18,24]. In particular, the essential spectrum is given by [0, co) and the
discrete spectrum consists of at most finitely many points for every interaction strength
a < 0, while there is no negative spectrum if o« > 0.

In contrast to the transmission conditions (1.2) and (1.3) we are interested in a new
type of transmission conditions of the form

Wi +iv)(fe = f-) = —a(dfr +8:f-) and 3 fr =d:f- onZ, (1.4)

where « € R and 97 = %(81 + i) is the Wirtinger derivative. In the sequel such jump
conditions will be referred to as oblique transmission conditions. Note that the conditions
(1.4) can be rewritten as

f+_f—:_%(avf++avf—+i8tf++i8tf—) and 0zf, =0/~ onX, (L5)

where d; denotes the tangential derivative. Thus, on a formal level there is some analogy
to the §'-transmission conditions in (1.3), but it will turn out that the properties of
the corresponding self-adjoint realization in L?(R?) differ significantly from those of
Schrédinger operators with §’-interactions.

To make matters mathematically rigorous, assume that the curve ¥ is the boundary of
abounded and simply connected C*°-domain 2, with open comflement Q_ =RA©\Q,,
denote the L2-based Sobolev space of first order by H', let v, : H'(Q1) — L*(%)
be the Dirichlet trace operators, and define for « € R the Schrédinger operator with
oblique transmission conditions by

Tof = (~Afi) ® (—Af),
domT, = {f e H'(Qn) @ H'(Q) | 0:f, @ 0:f- € H'(B), (L6)

1+ i) (Vg fe = vp £-) = —a (v @ f) + v (31) |

The next theorem is the main result in this paper. We discuss the spectral properties
of the Schrodinger operators T, and, in particular, we show in item (ii) that for every
a < 0 the operator 7, is necessarily unbounded from below and the discrete spectrum
in (—o0, 0) is infinite and accumulates to —oo. In items (iii) and (iv) we shall make use
of the potential operator W;, : L?(X) — L?(R?) and the single layer boundary integral
operator S(}) : L2(X) — L%(X) defined in (2.2) and (2.4), respectively.

Theorem 1.1. For any o € R the operator Ty is self-adjoint in L>(R?) and the essential
spectrum is given by

Oess(T) = [0, 00).
Furthermore, the following statements hold:

(1) If o = 0, then ogisc(Ty) = ¥ and T, is a nonnegative operator in Lz(Rz).



Schrodinger Operators with Oblique Transmission Conditions in R? 3151

(1) If o < 0, then ogisc(Ty) is infinite, unbounded from below, and does not accumulate
to 0. Moreover, for every fixed n € N the n-th discrete eigenvalue A,, € ogisc(Ty)
(ordered non-increasingly) admits the asymptotic expansion

4
An=—— +01) fora — 0",
o

where the dependence on n appears in the O(1)-term.
(iii) For 1 € C\[0, 0o) the Birman-Schwinger principle is valid:

reop(Ty) < 1e€aop(arS0)).

(iv) For » € p(Ty) = C\([0, 00) U 0p(Ty)) the operator I — aiS(A) is boundedly
invertible in L*>(X) and the resolvent formula

(T =07 = (=A =07 oWy (1 — eaS()) W

holds, where — A is the free Schridinger operator defined on H*(R?).

To illustrate the significance of Theorem 1.1 we show that Schrédinger operators
with oblique transmission conditions arise naturally as non-relativistic limits of Dirac
operators with electrostatic and Lorentz scalar §-interactions. To motivate this, consider
one-dimensional Dirac operators with §'-interactions of strength @ € R supported in the
point ¥ = {0}. These are first order differential operators in L?(R)? and the singular
interaction is modeled by transmission conditions for functions in the operator domain,
which for sufficiently smooth f = (f1, f2) € L?(R)? are given by

J10+) = f1(0-) = i%(f2(0+) +£2(0-)) and f(0+) = f2(0-), (1.7)

where ¢ > 0 is the speed of light. It is known that the associated self-adjoint Dirac
operators converge in the non-relativistic limit to a Schrédinger operator with a §'-
interaction of strength «; cf. [2,19] and also [10, 11] for generalizations. It is not difficult
to see that (1.7) can be rewritten as the transmission conditions associated with a Dirac

operator with a combination of an electrostatic and a Lorentz scalar §-interaction of

2 2 . . . . .
strengths 7 = —%5- and © = %5, respectively, as they were studied in dimension one

recently in [7] and in higher space dimensions in, e.g., [3,5-7].

To find a counterpart of the above result in dimension two, consider a Dirac operator
with electrostatic and Lorentz scalar §-shell interactions of strength 1 and 7, respectively,
supported on X, which is formally given by

.An,f = Ao+ (nlh + 103) 8x; (1.8)

here A is the unperturbed Dirac operator, I is the 2 x 2-identity matrix and o3 € C>*2
is given in (3.1). The differential expression 4, ; gives rise to a self-adjoint operator

Ay in L%(R?)2, see (3.3). If one chooses, as above, n = —“TCZ and T = % and
computes the non-relativistic limit, then instead of a Schrodinger operator with a §'-
interaction one gets the somewhat unexpected limit 7. Of course, this is compatible
with the one-dimensional result described above, as the one-dimensional counterparts
of (1.3) and (1.5) coincide, since there are no tangential derivatives in R. However, in

higher dimensions Schrodinger operators with oblique transmission conditions should
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be viewed as the non-relativistic counterparts of Dirac operators with transmission con-
ditions generalizing (1.7). Related results on non-relativistic limits of three-dimensional
Dirac operators with singular interactions can be found in [4,5,21]. The precise result
about the non-relativistic limit described above is stated in the following theorem and
shown in Sect. 3.

Theorem 1.2. Let « € R. Then for all . € C\R one has

' -1 T, —2)~"0
lim (A—acz/Z,otcz/Q — ()u+52/2)> = (( o 0 ) 0) 5

c—>00

where the convergence is in the operator norm and the convergence rate is O (%)

Notations Throughout this paper €2, € R? is a bounded and simply connected
C*-domain and Q_ = R>\Q, is the corresponding exterior domain with boundary
Y = 0Q2_ = 0Q4. The unit normal vector field on ¥ pointing outwards of €2 is
denoted by v. Moreover, for z € C\[0, c0) we choose the square root ./z such that
Im,/z > 0 holds. The modified Bessel function of order j € Ny is denoted by K ;.

For s > 0 the spaces H*(R?)", H*(Q+)", and H*(X)" are the standard L>-based
Sobolev spaces of C"-valued functions defined on R2, Q4 ,and T, respectively. Ifn = 1
we simply write H* (R?), H*(Q21), and H* (X). For negative s < 0 we define the spaces
H*(R2)" and H* ()" as the anti-dual spaces of H™* (R%)" and H—*(Z)", respectively.
We denote the restrictions of functions f : R> — C” onto Q4 by fx; in this sense
we write H'(R?\X)" = H'(Q)" @ H'(Q_)" and identify f € H!(R*\)" with
f+ ® f-, where fr € H'(Q4)". In the following y; : H'(Q+) — L?*(Z) denote the
Dirichlet trace operators and we shall write yp : H 1 (]Rz) — LZ(E) for the Dirichlet
trace on H' (R?); sometimes these trace operators are also viewed as bounded mappings
to H'/2(%).

For a Hilbert space H we write L(H) for the space of all everywhere defined, linear,
and bounded operators on H. Furthermore, the domain, kernel, and range of a linear
operator T from a Hilbert space G to H are denoted by dom T, ker 7', and ran 7', respec-
tively. The resolvent set, the spectrum, the essential spectrum, the discrete spectrum,
and the point spectrum of a self-adjoint operator T are denoted by p(T'), o (T), 0ess(T),
adisc(T), and op(T). The eigenvalues of compact self-adjoint operators K € L(H) are
denoted by i, (K) and are ordered by their absolute values.

2. Proof of Theorem 1.1

In this section the main result of this paper will be proved. For this, some families of
integral operators are used. Define for A € C\[0, co) the function L, by

. »
LA(X)=;/—;K1(—I\/X|X|)%, x = (x1, x2) € R2\{0}, @.1)

and the operator W, : L3(Z) - L*(R?) by

Wp(x) = fz Li(x — ye(da(y), ¢ € L*(2), x e RA\Z. (2.2)
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Moreover, for A € C\[0, co) we make use of the single layer potential SL(A) : L*(X) —
H l(IRZ) and the single layer boundary integral operator S(A) : LZ(E) — LZ(E) asso-
ciated with —A — A that are defined by

1
SLO)e(x) = fE gKo(—iﬁu—yDgo(y)do(y), peL’(®), xeRAZ, (23)

and
1
S(Me(x) = /E EKO(—iﬁpc —y)e(do(y), ¢eL*(E), xeX. (24

It is known that SL()A) and S()) are bounded and ran S(1) € H!(X); cf. [25, Theo-
rem 6.12 and Theorem 7.2]. In particular, S(}) gives rise to a compact operator in H* (%)
for every s € [0, 1]. Furthermore, S(A) is self-adjoint and positive for A < O (see Step 1
in the proof of Proposition 2.2). Some properties of W, and S(A) that are important in the
proof of Theorem 1.1 are summarized in the following two propositions; cf. Appendix A
for the proof of Propositions 2.1 and 2.2.

Proposition 2.1. Let A € C\[0, 00) and let Y, be given by (2.2). Then
W, = —2i9.SL(A) : L>() — L*(R?) (2.5)
is bounded and the following is true:
(i) Wy, gives rise to a bijective mapping V;, : H'/>(£) — H,, where
Hyo={f e HR\D) |o:f+ ® 9z /- € H'(R*), (=A — 1) fr = 0on Q).
(i) W : L>(R?) — L%(%) is a compact operator, Vi = 2iypdz(—A — ML and

ran UF € H'/2(%).
(iii) For all ¢ € HY*(X) the jump relations

i +iv) (Y (¥ae)s — vp (Vip)-) = @,
—i(v}0z(W00)s + vp 0=(Wr9)—) = AS(Me,
hold.

For A < 0 denote by u,(S(L)) the discrete eigenvalues of the positive self-adjoint
operator S(X) ordered non-increasingly and with multiplicities taken into account.

Proposition 2.2. Let S()) be defined by (2.4) and let n € N be fixed. Then the following
holds:

(i) The function (—00,0) > A +— Au,(S(X)) is continuous, strictly monotonically
increasing and

Iim A, (SA) =0 and lim Ap,(S(A)) = —o0.
A—>0~ A—>—00
(i) For a < 0 the unique solution L,(a) € (—o0, 0) of A, (S(X)) = a (see (1)) admits

the asymptotic expansion A, (a) = —4a>+O(1) fora — —oo, where the dependence
on n appears in the O(1)-term.
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Proof of Theorem 1.1. Step 1. We verify that T,, is symmetric in L?(R?). Observe first
that for f € dom T, we have d-f+ € H'(Q1) and Afy = 49,0;f+ € L*(Qx+), and
hence Ty, is well-defined. Moreover, as C§° (Rz\):)) C dom Ty itis also clear that dom 7,
is dense. In order to show that 7;, is symmetric, we note that integration by parts in 4
yields for f, g € dom Ty

(—=Af+, 84) 120y = (—40:07 f+, 8+) 120y
= 4(0z fe, 0284) 1200y F 2(01 — 1v2)Yp B2 fo), v 8+) 1oy, (2.6)
= 43 fa, 0284) 2 () F 2(v5 Bz fe), W1 +iv2)V5 84)) 125

Now, consider (2.6) for f = g and add the equations for €2, and Q_. Then, using
Y59z f+) = vp (87 f-) and the transmission condition for f € dom T, one finds that

(Taf, f)LZ(RZ) = 4(||32f+”%2(9+) + ||82f—||%‘2(g27))
— (b @z fo) +vp Bz f2), Wi +iv)(vp fr = vp 12) 12

= 413z f+ @ OS2 e, +@llyp @O fe) + 75 B ag € R
2.7
Since this holds for all f € dom T, we conclude that 7, is symmetric.

Step 2. Proof of the Birman-Schwinger principle in (iii): To show the first implication,
assume that A € C\[0, co) with 1 € op(AS (L)) and choose ¢ € ker (I —aAS(1))\{0}.
Then it follows from the mapping properties of S(1) that ¢ = aAS(A)g € H/ (%)
holds. Therefore, Proposition 2.1 (i) implies that f = W,p € H, fulfils f # 0,
f e H'(RA\X), d-f+ ® 0-f_ € H'(R?) and, as ¢ € ker (1 — arS(1))\{0}, Proposi-
tion 2.1 (iii) implies

i +iv)(yhfe —vp f=) = ¢ = arSWe = —ia(yp 0z f2) + vp (31-)).

Hence, f € dom Ty. Moreover, as f € H,, we conclude f € ker (7, — A)\{0} and
hence A € op(Ty).

To show the second implication, we assume that A € op,(7y,) is given and we choose
f € ker (T, — 2)\{0}. Then, by Proposition 2.1 (i) there exists a unique ¢ € H'2(%)
such that f = W, . Moreover, using f € dom 7, and Proposition 2.1 (iii) one finds
that

0=i(i+iv)(ypfe —vp fo) +ia(yp@zf) +vp (9f2)) = (I — adS(M))e.

Since ¢ # 0, we conclude 1 € op(axAS(A)).

Step 3. Next, we prove that T, is a self-adjoint operator and the resolvent formula
in (iv). Let A € C\([0, 00) U}, (Ty)) be fixed. First, we show that I —aAS(A) gives rise
to a bijective map in H*(X) for every s € [0, 1]. Recall that S(A) is compact in H®(X).
Since I — aAS(A) is injective for our choice of A by the Birman-Schwinger principle
in (iii), Fredholm’s alternative shows that I — A S(}) is indeed bijective.

Recall that T, is symmetric; cf. Step 1. Hence, to show that T, is self-adjoint, it
suffices to verify that ran(7, — 1) = Lz(Rz) holds for A € C\([0, 0o) U 0;,(Ty,)). Fix

sucha A, let f € L2(R2), and define

g=(A—=20)""f+aW (I —arSQ) VLS, (2.8)
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which is well-defined by the considerations above. Since WX* f € H'2(Z) by Propo-
sition 2.1 (ii) and (I — aAS(A)) ! is bijective in H'/2(%), we conclude with Propo-
sition 2.1 (i) that W, (I — akS(k))’]\DAﬁ f € Hy € H'(R?\X). In particular, with
(—A —1) "' f € H?(R?) this implies that g € H'(R?\¥) and d-g, ® d-g_ € H' (R?).
Moreover, with Proposition 2.1(ii)—(iii) we obtain that

i +iv)(vhesr — vp&—) +ia(yp(0z8+) + vy (9:-))
=a(l —arSO) W — W f — a?AS)UT — arS() T WEf
=a(l —arSO)I —adSO) ' WEf —aWif =0

and hence, g € dom T,. As WV, (I — aAS(A))_l\IJ;f € 'H, by Proposition 2.1 (i), we
conclude

(A =1 ge=(A=2)((—A=N""f) +a(=A—=1) (¥(] —arSO) ' WEf),
=A==V ((A=NT"f) = fe

ie. (Ty —A)g = f.Since f € L2(R?) was arbitrary, we conclude that ran (7, — A) =
L?(R?) and that T}, is self-adjoint. Moreover, the resolvent formula in item (iv) follows
from (2.8).

Step 4. Next, we show oegs(Ty) = [0, 00). For this fix some A € C\R. Since lll; :

LZ(RZ) — L3(2) is compact by Proposition 2.1 (ii), the resolvent formula in (iv)
implies that (T, —1)~' — (=A — A lisa compact operator in L*(R?). Consequently,
Weyl’s Theorem [27, Theorem XIII.14] yields that oess (Ty) = Oess(—A) = [0, 00).

Step 5. Proof of (i): Let o« > 0. Then, (2.7) implies that 7,, is non-negative and hence,
o (Ty) C [0, 00). Since the latter set coincides with oess(Ty ), see Step 4, we conclude
odisc(Ty) = 0.

Step 6. Proof of (ii): Let ¢ < 0. Since oess(Ty) = [0, 00), it follows from the
Birman-Schwinger principle in (iii) that

0dise(Ta) = [ | n € N} = {,\ <0]3n € N such that Au, (S()) = a—l}

holds. Note that by Proposition 2.2 the equation A, (S(A)) = o 'hasa unique solution
A, for all n € N. Moreover, for any n € N there cannot be infinitely many k 7# n with
An = Ay, since otherwise ™! < 0 would be an eigenvalue with infinite multiplicity
of the self-adjoint and compact operator A, S(A;). Thus ogisc(7,) is indeed an infinite
set. Furthermore, as S(X) is a positive self-adjoint operator in L>(X); cf. Step 1 in
the proof of Proposition 2.2, we have by definition w, (S(})) > ©n+1(S(X)) implying
An(S(A)) < Apn+1(S(X)). Therefore, the monotonicity of the map A — Au,(S(A))
from Proposition 2.2 yields A,4+; < A, for all n € N. This shows that 0 cannot be an
accumulation point of the sequence (1), en and as oegs (T ) N (—00, 0) = @ the sequence
(An)nen has no finite accumulation points, that is, ogisc (7)) must be unbounded from
below.
It remains to prove the asymptotic expansion in item (ii). By the above considerations
Ay is determined as the unique solution of A, (S(})) = a !, Clearly, if « — 07, then
a = a~! — —oo. Hence, it follows from Proposition 2.2 (ii) with @ = «~! that
A = —0212 + O(1) for « — 0~ and that the dependence on n appears in the O(1)-term.
O
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3. Proof of Theorem 1.2

In this section we show that Ty, is the non-relativistic limit of a family of Dirac operators
with electrostatic and Lorentz scalar §-shell potentials formally given by (1.8), whose
interaction strengths are suitably scaled. First, we recall the rigorous definition of the
operator A, ; associated with (1.8), see [5-7] for details. Let

01 0 —i 10
01:<10>’02:<i Ol>,ando3:<0_l> 3.1)

be the Pauli spin matrices and denote the 2 x 2 identity matrix by I5. Furthermore, for
x = (x1, x2) € R? we will use the abbreviations

O-X =01X1 +02Xx2 and o -V = (7131 +0232. (3.2)

We define Dirac operators with electrostatic and Lorentz scalar §-shell interactions of
strengths 7, T € R in L2(R?)? by

6‘2 6'2
Apof = (—ic(a -V) + 303> f+ & (—ic(o -V) + 703) f-,
dom A, , = {f e H'(Q)? @ H'(9-)? | (3.3)
1
iclo-v) (vhfe—vpf-)+ (12 +703) (vpfe+vpf-) = 0}-

It is shown in [6,7] that A, ; is self-adjoint in Lz(Rz)z, whenever 772 — 72 * 4¢?,
and as in [5] one sees that these operators are the self-adjoint realisations of the formal
differential expression (1.8). In the above definition we are using units such that i = 1
and consider the mass m = % but we keep the speed of light ¢ as a parameter for the
discussion of the non-relativistic limit ¢ — oco.

Throughout this section we make use of the self-adjoint free Dirac operator Ao, which
coincides with the operatorAg o given in (3.3) and which is defined on H 1(R%)2. For

A € p(Ag) = C\((—o0, —%] ure, 00)) the integral kernel of the resolvent of A is
given by G, (x — y), where G, (x) is defined for x € Rz\{O} by

G = —— 2 S (=i ) Lo

X)=—— — — —i— — —|x|| —(o-x

& e\ 2 4! 2 4 x|
LI L 02| (A€ (3.4)
— —i|— — —|x - —03 ) .
e 0 2 4 ¢ 2727

cf. [6, equation (3.2)]. With this function we define the two families of integral operators

O p(x) = fz Gi(x — Ye(do(y), ¢ e L*(2)% x e RAZ,

. Y (35)
Cow=lin [ Gitr = e)o). pelPER xex.

2\ B(x,¢)
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where B(x, ¢) is the ball of radius ¢ centered at x. Both operators ®; : L*(2)? —
L2(R%)? and C;, : L2(2)? — L2(%)? are well-defined and bounded; cf. [6, Proposi-
tion 3.3 and equation (3.7)].

In the following lemma, which is a preparation for the proof of Theorem 1.2, we will
use the matrices

10 01 00
M1=<00>, MQZ(OO), and M3=(01);

products of scalar operators and matrices are understood componentwise, e.g.

(—A =) 'M; = ((_A ; »7! 8) . L2(R%)? - L2(R%)2.

Lemma 3.1. Let & € C\R. Then there exists a constant K > 0, depending only on A
and X, such that the estimates

(A0 — o+ ¢2/2)) ' = (=A ="My | < g (3.6a)
le®;e2pM3 — W Ma | < g (3.6b)
|eMs@}, o, — M) W5 < g (3.6¢)

> M3Cy i 02 o M3 — AS(OM3 || < g (3.6d)

are valid for all sufficiently large ¢ > 0.

Proof. We use a similar strategy as in the proof of [4, Proposition 5.2]. In the following

let A € C\R be fixed. Then A + % € C\R and hence all operators in (3.6a)—(3.6d) are
well-defined. One verifies by direct calculation that for sufficiently large ¢ > 0 and all
t €[0,1]

1 A2 3 1 A2
0<—)ﬁ‘5 P 5—‘«5‘ and ~Imva <TIm,/h+1=  (3.7)
2 2 2 2 c?

hold. With the well-known asymptotic expansions of the modified Bessel functions and
K{ (z) = —Ko(2) — %Kl (2), (see [1]) one shows that there exist constants K, k, R > 0,
depending only on X, such that

. 22 = [|xI7!, for|x| <R

. _ — < ’
K; z,/x+z62 X < K3 ool for el = R, (3.8)

e = [ |x]72, for x| < R

/! . ’ s
K| z,/“t—cz X || = R Y ool for x| = R, (3.9)

hold for all x € Rz\{O}, j €10, 1}, ¢t € [0, 1], and sufficiently large ¢ > 0.

and
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Next, with G, , 2, defined by (3.4) we find

1 A2 . A2 |
G)L_H,Z/Z(X)ZE )\.+C—2K1 —1 A+C—2|x| m(a-x)
1 ) A2 A
+—Ko | =i/ X+ —|x]| —Lh+cM; ). (3.10)
2rc c? c

Uy (x) = %Ko(—i«/ﬂxl), x € R2\{0},

Let

be the integral kernel of the resolvent of the free Laplace operator; cf. [28, Chapter 7.5].
Then

G2 p(x) = Up(x)My = t1(x) + 12(x) + 13(x)

holds, where the matrix-valued functions 71, >, and 3 are given by

He) = — o )\+X2|| g-x

xX) = — — —i x| | —,

! 27c 2! c2 |x]
1 , 22 ,

nx)==— | Ko | —i\/x+ = Ix| | = Ko(=ivAlx]) | M1,
2 c

13(x) * K ' x+’\2| R

X) = —1 — |X .

3 27 c? 0 c? 2

With (3.7) and (3.8) applied with # = 1 one finds that there exist constants k1, k, R > 0,
depending only on A, such that for j € {1, 3} and sufficiently large ¢ > O one has

11,00| < ki [|x|7!, for |x| <R,
J = ¢ | e ™™, for|x| > R.

To estimate 1, we use K, 6 = — K| and obtain with the fundamental theorem of calculus,
(3.7), and (3.8)

22 a 22
Ko | —iifn+ 2 x| —KO(—iﬁ|x|) 5/ L kol =iifn+tZixl ]| ar
c? o |dt c?
PPl . 22
= —ﬁ Kl —1 A+tc—2|x| dt
0 ’,/)ﬁtﬁ—;

ky [ 1, for |x| < R,
c2 e_%l)“, for [x| > R,

(3.11)
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IR

5 » then

with a constant k» which depends only on A. Thus, if we define k3 = 2k; +

k3 [ |x|~Y, for|x| <R,
]thz/z(x) B UA(X)MI‘ = c {e‘glx, for |x| > R.

This estimation for the integral kernel yields with the Schur test; cf. [4, Proposition A.3]
for a similar argument,

- K
(Ao — O +c2/2) ' = (=a =1~ M| < =
for all sufficiently large ¢ > 0, which is the first claimed estimate (3.6a).
Next, we prove (3.6b). Recall that the integral kernel L, of W, is given by (2.1).

Using that o1 M3 = M3, oo M3 = —iM>, and M1 M3 = 0, we obtain with (3.10) the
decomposition

cGyie2p(x)M3 — Ly (x)M2 = 11(x) + 12(x) + 73(x)

1 A2 A2 X1 —ix
1) = — | Ja+ S =V | ki [ =i+ 5 x) | —22 M,
2 c? c? |x]

. e . x| —ixp
Ky | =iy 2+ Slxl | = Ki(=ivilx]) | =———Ma,
c? x|
A . A2
n(x) = —Ko | =i,/ 1+ —2|x| Ms.
2mce c

Similar as above it can be shown that there exists a k4 > 0, depending only on A, such
that for all j € {1, 2, 3}

with

(x) =

e

ky { Ix|~, for |x| < R,

Ti(x)| <
[7i(0] < e 2% for |x| > R;

c
to see the estimate for 7o one has to use (3.9). With the help of the Schur test the
estimate (3.6b) follows (see also [4, Proposition A.4] for a similar argument); the constant
k4 depends in this case on A and X. The estimate in (3.6¢) follows by taking adjoints.

It remains to prove (3.6d). Taking M3 (o - x) M3 = 0, which holds for any x € RZ,
and (3.11) into account we obtain that

|C2M3G)L+CZ/2()C)M3 - A’U)\,(X)MS}

A . 22 . ks
= o [Ko [ =iy/a+ =5l — Ko(—iv2lx]) <5

holds for all x € R?\{0}. Using the dominated convergence theorem, one sees that

(P M3Cya2 s M f) (x) = fz AM3G e p(x — VM3 f(y)do (y)
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holds for all f € L>(£)? and x € %, i.e. the integral does not have to be understood as
principal value. Thus we obtain with the Schur test [23, ITII. Example 2.4] that

5 K
|e*MsCrimer M3 = 2SOMs]| < .
In this case, the constant K depends on A and X. This yields (3.6d) and finishes the proof

of this lemma. O

Now we are prepared to prove Theorem 1.2 and show that A_, 2 ;.2 converges
in the non-relativistic limit to 7, defined in (1.6).

Proof of Theorem 1.2. Let . € C\R be fixed. Then it follows from [7, Lemma 5.4,
Proposition 5.5, Theorem 5.6, and Lemma 5.9] (see also [6, Theorem 4.6]) that the
operator Iy — ac®?M3C; 2/ @ L*(£)* — L*(£)? is boundedly invertible and the
resolvent of A_y 25 o2/ — c?/2 is given by

(A_ye o2 p— 0o+ 2/2)) " = (Ao — (L4 2/2)) !
_ (3.12)

1
+ @02 (I - aC2M3Ck+c2/2> ac2M3d>;+02/2.

Because of M3 = M32 it follows from [26, Proposition 2.1.8] that
O(M3CA+L'2/2) U {O} = O'(M3C)L+C2/2M3) U {0}

In particular, this yields that the operator I — ac?M3C; , 2 /2M3 is boundedly invertible
in L2(X)2 for all ¢ > 0 and a direct calculation shows

(I —ac®M3C;,20) "' M3 = M3(I — ac® M3Cy, 2 M3) ™" (3.13)

Recall that for A € C\R also I — aAS(A) is boundedly invertible in L%(2); cf. Theo-
rem 1.1 (iv). Hence, we obtain from Lemma 3.1 and [23, IV. Theorem 1.16] that

K
|(I = e M3Cy 2 pM3) ™! — (1 — arSGOM3) | < — (3.14)

holds for all sufficiently large ¢ > 0 with a constant K > 0 which depends only on A,
o, and 2.
To conclude, note that (3.12) and (3.13) yield
2 -1 2 -1
(AiaCZ/z)ac2/2—()\.+C /2)) = (A() - ()\.+C /2))
+c®; 2 My(I — ac? MsCyy 2y M3) " ac M3 OF, P
while Theorem 1.1 (iv) and MaM3 M = M, show
(Ty =) "My = (=A =) 7'M + 0,1 — akS(x))—la\y;Ml
= (A= N)7"My+ W My(I — ahSA)M3) " a My WE.

Using Lemma 3.1 and (3.14) the last two displayed formulae finally lead to the claimed
convergence result and it also follows that the order of convergence is (’)(%). |
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A. Proof of Propositions 2.1 and 2.2

Recall that for A € C\[0, co) the operators W;, SL(A), and S(A) are defined by
(2.2), (2.3), and (2.4), respectively. First, we collect some properties of the single
layer potential SL (1) that are needed in the following. It is well-known that SL(}) :
H'2(%) — H*(R?\X) gives rise to a bounded operator, that (—A — 1)SL(X)¢ = 0
in R?\ X, and that for ¢ € H'/>(Z) the jump relations

Vo (SLM@)+ = v (SLA@)— and 3,(SL(A)@)+ — W (SLAM@)- =¢  (A.])

hold; cf. [25] or [22, Section 3.3]. Furthermore, for the single layer boundary integral
operator S(A) from (2.4) we have S(A) = ypSL(A) and for all ¢ € L?(X) the repre-
sentations

SLVg = (—A—2)"'ype and SWe = yp(—A — 1) ype (A.2)

hold (see [22,25]); here yp : H'(R?) — L*(¥) and y}, : L*(£) — H~'(R?) is the
anti-dual operator.

Proof of Proposition 2.1. First, we prove item (ii). For . € C\[0, co) define the operator
U, = —2iypd=(—A — 1)~ L. (A.3)

Since (—A —)~': LA([R?) — H*(R?) and yp : H'(R?) — H'/?(X) are bounded,
we get that W, L2(R?) — HY2(X) is well-defined and bounded. Furthermore,
as H'/? (¥) is compactly embedded in L%(%) by Rellich’s embedding theorem, the
operator U, : L2(R?) — LX) is compact. Note that W, is an integral operator with
integral kernel

k(x,y) = —2io; Ko(—l\f|x — y|)

Vi = X1 —y1+ilxy—
=—K1(—iﬂ|x—y|) 1= y1+i(x—y2)
2 lx =yl

=L,y —x),
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where we used K) = —K in the second step and 7 = —+/% in the last step (recall
that Imﬁ > 0 for w € C\[0, 00)). Hence, we conclude that

W, = LA(3D) - LA(RY)
is bounded and that all claims in item (ii) are true.
Next, we show (2.5). Let ¢ € LZ(E)_and f € HY(R?). Since A = 48:9, = 49.0-,
we see that 3=(—A — 1)~ f = (—A — 1)~18: f. Hence, item (ii) and (A.2) imply
W, Pras) = (9, =2iypdz(=A = 07" f) 2oy
= (¢, “2iyp(=A = D)7 f) 2 o)
= ( - 2’8ZSL()L)‘P» f)Lz(RZ)'
Since H'! (Rz) is dense in LZ(RZ), we conclude that (2.5) is true. In particular, this and
the properties of the single layer potential mentioned at the beginning of this appendix

imply that
v, H'2(2) > H' (R%\®) (A.4)

is bounded and for ¢ € H'/?>(X) we have
. 1 A
10z (Wrp)x = 20:0; (SL(M) @)+ = EA SLM@)s = 5 SLM@)L.  (AS5)

Since SL(M)¢ € H'(R?) it follows that 3= (W;.¢), @ 8- (W,¢)_ € H'(R?) holds for
any ¢ € H'/2(%).
Now, we show (iii). Let ¢ € H'/2(X). With (A.5) we see that

—i (yHo(Wip)s +vp 9:(Wr9)—) = AypSL(M¢ = 1S(L)¢
holds. Moreover, we obtain with SL(L)¢ € H>(R*\X)
i1 +iv)yp (=200:SLO)@). = 3y (SL(V)@) 4 — id; (SL(W)@) .

where ; is the tangential derivative on . As SL(A)¢ € H'(R?), one has the relation
0 (SL(AM)¢@), = 0, (SL(L)ep)_ and consequently with (A.1)

i1 +iv2) (Yp(Wa@)s — vp (Wap)—) = 3y (SL(V)), — 3y (SLV@)_ = ¢.

This finishes the proof of (iii).
It remains to prove item (i). By applying the Wirtinger derivative 9, to (A.5) one gets
with (2.5) that

—A (Vrp)y = —40;07 (WVap)y = =203, (SL(A)@)x = A (Vap) x

holds for all ¢ € Lz(E) in the distributional sense. This, (A.4), (A.5), and the properties
of SL(A) described at the beginning of this appendix show that W, ¢ € H, forall ¢ €
H'/ 2(E) and therefore the mapping ¥, : H 1/ 2(E) — 'H, is well-defined. Moreover,
it follows from (iii) that this mapping is injective. To prove that ¥ : H'/2(2) — H,
is surjective, let f € H;, be fixed. Define ¢ = i (vi +iv2)(y) fr —vp f-) € H'2(%)
and g = W, ¢ € 'H,. By (iii) we have that

volf =+ —vp(f =8 - =vpfr —vp [-+i(vi —iv)e =0.



Schrodinger Operators with Oblique Transmission Conditions in R? 3163

This shows f — g € H'(R?). Moreover, due to f, g € H; we have that 3-(f — g) €
H'(R?), which implies f — g € H>(R?). Combining this with f, g € H; we find that
f—geker(—A —1) ={0},ie f =g = Wp. Thus ¥, : H/2(X) — H, is also
surjective and all claims in assertion (i) are shown. |

Proof of Proposition 2.2. The proof of item (i) is divided into 3 separate steps. In Step 1
we show that the map (—00,0) 3 A — u,(S(A)) € (0, 0o) is continuous and strictly
monotonically increasing, and in Step 2 we verify that the same is true for the map
(—00,0) 2 A = Ay (S(X)) € (—o0, 0). Using these results, we complete the proof of
assertion (i) in Step 3.

Step 1. Let n € N. We show that the map (—00,0) > A — &, (S(A)) € (0, 00)
is continuous and strictly monotonically increasing. To verify that w, (S(%)) > 0 for
A € (—00, 0), it suffices to prove that S(A) is a positive self-adjoint operator. From the
definition of S()) in (2.4) it follows that S(A) is self-adjoint. Next, let ¢ € L?(X) with
¢ # 0and set f := SL(M)¢. Using the properties of SL(A) described at the beginning
of this appendix one finds that f # 0 and

(S()‘-)wv w)LZ(Z) = (nyv o fr — avf*)LZ(E)
= (fis Af4) ppany IV FellT oy + (=0 AF) paoy IV -2 g
> (f+a Af+)L2(Q+) + (f—v Af—)LZ(Qi) = —)\"f”%z(Rz) > O

Therefore, , (S(1)) > 0 must be true.

Next, we show that (—00, 0) 3 A — wu, (S(1)) € (0, 0o0) is monotonically increasing
and continuous. With (A.2) one sees that S(-) : C\[0, c0) — L(LA(T)) is holomorphic
and that %S(A) = yp(—A — A)_zyl’) holds. In particular, for any ¢ € L%(%) the
function (=00, 0) > A > (S(A)@, ¢)2(x) is continuously differentiable and

d 1 -1
5 (509.0) 25y = (A =D ype. (A =17 ¥pe) 12,
= ISLW)@I> g2y = 0

is true. Thus, the min—max principle implies that the map (—oc0,0) > A — u,(S(1))
is monotonically increasing for every n € N. Furthermore, due to the holomorphy of
S(-) : C\[0, 00) — L(L*(X)) and the estimate

ln (S(M) — ua (SN = ISG) = S, 0,2 <0,

(see [29, Satz 3.17]), we find that (—o0, 0) 3 A — 1, (S(}))) is continuous for n € N.

It remains to show that the latter map is strictly monotonically increasing. Define
for & € R\{0} the operator-valued function By : C\[0, 0c0) — L(L*(X)) by Bi(») =
I — aS(1). By the properties of S(1) it is easy to see that B is holomorphic and B (1)
is a Fredholm operator with index O for any fixed A, since S(A) is compact in L?(X).
Moreover, by [18, Theorem 1.2] there exists a constant K > 0 such that

K |1
ISl = ﬁln 2+ ok L € C\[0, 00). (A.6)

Hence, there exists Ao < O such that ||S(A)|| < ||~ " is valid forall A < Aq. This implies
that Bi(A) is boundedly invertible for every A < Ag. Therefore, by [20, Chapter XI.,
Corollary 8.4] the set

Meg,1 = {r € C\[0, 00) | Bi(A) = I — aS(}) is not invertible}
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is at most countable and does not have an accumulation point in C\ [0, co). Now assume
that A1 < A2 < O satisfy w,(S(A1)) = u,(S(hp)) =: a~! for some n € N. Then
it follows from the monotonicity of A — 1w, (S(A)) that [A1, A2] & My, 1, which is
a contradiction to the fact that M, 1 is at most countable. Therefore, the mapping
(—=00,0) > A — wu,(S(1)) is continuous and strictly monotonically increasing for
neN.

Step 2. To show the continuity and strict monotonicity of the map (—o00,0) > A —
An (S(A)) for all n € N, we note first that the continuity follows from the continuity of
the map A — , (S(L)) shownin Step I.In order to prove the monotonicity, we use again
%S(A) = yp(—A — A)_2yl’) and compute for a fixed ¢ € L*(¥) and A € (—00, 0)
with the help of (2.5) and (A.2)

d _
T (ASWe, @) 2(z) = (SR + Ay (=A =) 2rpe, ¢) 1oy,

= (—4yp(=A =)7"0:0.(=A =) vpe. 0) oy,
= 19200172 g2, = 0.

Thus, the min-max principle yields the monotonicity of the mapping (—o00,0) > A —
An (S(A)). To see the strict monotonicity, we use a similar strategy as in Step I and
define for @ € R\{0} the holomorphic mapping B, : C\[0, 00) — L(L*(X)) by
By(A) = I —aAS()). Again, B (1) is a Fredholm operator with index zero for any fixed
A and it follows from (A.6) that there exists A3 < 0 such that [AS(X)| < |e|~! holds for
all & € (A3, 0). In particular, B, (1) is boundedly invertible for all 1 € (A3, 0). It follows
from [20, Chapter XI., Corollary 8.4] that the set

Mg = {r € C\[0,00) | Bo(A) = I — aAS(}) is not invertible }

is at most countable and does not have an accumulation point in C\[0, co). Now the same
argument as in Step I shows that (—o0,0) > A > A, (S(A)) is strictly monotonously
increasing.

Step 3. To study the limiting behaviour of Au,(S(1)) for A — 0, note that (A.6)
implies ||AS(A)|| — O for A — 0~ and hence,

lim i (SG) =0 neN. (A7)
A—0—

Next, we consider the limit of A, (S(X)) for A — —oo. For this purpose, results on
Schrodinger operators with §-interactions will be used. Define for o < 0 the sesquilinear
form

hS,a[fv g] = (Vf, Vg)LZ(]RZ) +O[()/Df, yDg)Lz(E)’ fv S domh&a = HI(RZ)

By [9,14] the form b o is semi-bounded and closed, and one can show for the self-adjoint
operator Hs o, which is associated with b5 o by the first representation theorem, that
Oess (Hs o) = [0, 00), that its discrete spectrum ogisc (Hs,¢ ) 1s finite, and for A € (—o0, 0)
one has that

A€ op(Hsy) = —1€op(@SQ)); (A.8)

see for instance [9, Lemma 2.3 and Theorem 4.2] and [8, Theorems 3.5 and 3.14]. Recall
that the eigenvalues p,, (S(A)) are ordered non-increasingly with multiplicities taken into
account. If we order the discrete eigenvalues of Hs , in an increasing way then the strict



Schrodinger Operators with Oblique Transmission Conditions in R? 3165

monotonicity of A +— u,(S(A)) implies that the k-th discrete eigenvalue Ej (o) (if it
exists) satisfies the equation —1 = o (S(Ex())).

Letn € N. Then by [14, Theorem 1] the operator Hs o has at least n negative discrete
eigenvalues (counted with multiplicities) if —« > 0 is sufficiently large, and the n-th
discrete eigenvalue E, () of Hs o admits the asymptotic expansion

2
E,(a) = —“Z +un(H)+ 0@ ' Inlal), o — —o0. (A.9)
Here H is a fixed semibounded differential operator on ¥ that is independent of & and
has purely discrete spectrum w1 (H) < puz(H) < .... Thus for « — —oo we obtain
with (A.8) that
H)|+1 E H)|+1
@ DI @SB @) = — 22 < @ UL )
4 o o 4 o
This shows
Alim Aty (S(A)) = —o0 (A.11)
——00

and finishes the proof of item (i).

To show item (ii), we note first that by (A.7), (A.11), and the strict monotonicity
and continuity of the mapping A +— A, (S(A)) it is clear that for any a < O there is a
unique solution A, (a) of A, (S(})) = a. Let u,, (H) be as in (A.9), define the numbers
ki = £(u,(H)| + 1) and let

atr = —2|a| <,/1+k—§+1> =—4|a|—k—i+fi(a) (A.12)
a la|

with some functions fi(a) = O(a=3) for large |a| > 0, where the latter representation
holds due to a Taylor series expansion. Then one has

k
a=BE_E (A.13)
4 ot

and it follows with (A.10) that

o pa(H)[+1

En (o) un (S(Ep(as))) < 1 " =a = (@) (S(y(a))

and

o |ua(H)[+1
_+—

An(@)pn(S(Ap(a)) =a = 2
o_

< En(a-)un(S(Ep(a-))).
Since A — A, (S(X)) is monotone we find
Ey(oy) < An(a) < Eq(a-). (A.14)
From (A.12) we obtain
iai = 4a* +2ky + g1 (a)
with functions g4 (a) = O(a~2) for large |a| > 0 and hence (A.9) implies

|En(aa) +4a® +2ky + g (a) — iy (H)| < Ci|oi! Injay]| (A.15)
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for some constant C; > 0. Note that there exist positive constants C», C3 > 0 such that
Cslal < |a+| < Czla| holds for large |a| > 0. With this we conclude from (A.15) that

|Eq(ax) +4a® + 2ky — pty(H)| < Cala™" In|al| (A.16)

holds for some constant C4 > 0 and for large |a| > 0. Taking (A.14) and (A.16) into
account, one concludes finally that

(@) +4a%| < 3| (H)|+2+O@ ' Inlal) = O(1) fora — —oo.
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