AN INDEFINITE LAPLACIAN ON A RECTANGLE

By

Jussi BEHRNDT*AND DAVID KREJCIRIK*

Abstract. In this note, we investigate the nonelliptic differential expression
A = —div sgnV

on a rectangular domain Q in the plane. The seemingly simple problem of associ-
ating a self-adjoint operator with the differential expression A in L2(Q) is solved
here. Such indefinite Laplacians arise in mathematical models of metamaterials
characterized by negative electric permittivity and/or negative magnetic permea-
bility.

1 Introduction

Consider the domains Q, = (0,1) x (0,1) and Q_ = (—1,0) x (0, 1), and let
Q =(—1,1) x (0,1) and € = {0} x (0, 1). We study the nonelliptic differential
expression A defined on the rectangle Q2 by

(1.1) Af = —div(sgnVf),

where
13 (X, J’) € Q+a

_19 (xsy)eg—'

sgn(x, y)

Our aim is to associate a self-adjoint operator in L?(2) with Dirichlet boundary
conditions on 0Q to A. Informally speaking, in this seemingly simple toy problem,
this is the partial differential operator

Af = Af = (‘AAf’j ) ,

domA ={ f = J+ : S+ ffi € L*(Qq), Jilag =0, ’
f— f+|(‘3 —f—|€; 6n+f+|€ —6n,f—|(‘3
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where fi denote the restrictions of the function f € L*(Q) onto Q. and the nor-
mal derivatives &,, and &,_ point outward of Q. (and hence in opposite directions
at €). The main peculiarity here is the interface condition

on frle =n_f-le, [ =(fu, f-)" €domA,

for the normal derivatives, which is due to the sign change and discontinuity of the
coefficient sgn at €. Our main result states that (when the Dirichlet and Neumann
traces are properly interpreted) the operator A in (1.2) is self-adjoint in L>(Q).

The non-standard interface condition is responsible for unexpected spectral
properties of A. Although the domain € is bounded, it turns out that the essential
spectrum of A is not empty, namely, O is an isolated eigenvalue of infinite multi-
plicity. The remaining part of the spectrum of A consists of discrete eigenvalues
which accumulate at +oo and —oo. We note that the differential equation Af = Af
can, of course, be solved by separation of variables; the main feature of this note
is the description of the domain of the corresponding self-adjoint operator A with
explicit boundary and interface conditions.

We point out that dom A contains functions which do not belong to any local
Sobolev space H®, s > 0, in a neighbourhood of the interface C. This leads to the
difficulties that Green’s identity is not valid for functions f, g € domA, and the
definition of the (local) Dirichlet and Neumann traces is rather subtle and requires
a particularly careful analysis. Here we employ recent results on the extension of
trace maps onto maximal domains of Laplacians on (quasi-)convex and Lipschitz
domains from [2, 12] and rely on the description of the traces of H*(Q. )-functions
in [13]. Finally, it turns out that the operator A can be viewed as a kind of Krein-
von Neumann extension of a non-semibounded symmetric operator with infinite
defect and domain contained in H2(Q,) x H?(Q_); thus, only the functions in
the infinite dimensional eigenspace ker A do not possess H*-regularity near the
interface C.

We emphasize that our result complements the results in [4], where the related
problem

&4, (xay) € Q+a
—&-, (x,y)€Q,

(1.3) Acf =—div(eV[), &,y =

with ex > 0 was treated under the assumption ¢, # ¢_ with the help of boundary
integral methods on more general domains Q C R?; for related problems, see also
[3, 8,9, 14, 19, 20]. It is shown in [4] that if ¢, # ¢_, the operator

(1.4) Af =Aof, domA, ={f € Hy(Q): A.f € L*(Q)},
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is self-adjoint, has a compact resolvent, and has eigenvalues accumulating to +o00
and —oo. The borderline case ¢, = ¢_ that we investigate in this note was excluded
in [4] and the other works (except for the 1-dimensional situation [20], which is
intrinsically different). We also mention that abstract representation theorems for
indefinite quadratic forms and related form methods in [18] (see also [11, 19]
and [25, 27]) are not directly applicable to the present problem, nor do they lead
to a self-adjoint operator in L*(Q). The eigenvalue problem A.f = Af in our
rectangular geometry was previously considered in [19] with the help of separation
of variables (cf. Section 5), from which it follows that O is an eigenvalue of infinite
multiplicity, provided that ¢, = ¢_.

The indefinite differential expressions (1.1) and (1.3) arise in mathematical
models of metamaterials which are characterized by negative electric permittivity
and/or negative magnetic permeability; see [24, 26] for a physical survey and [5,
7, 10] for a rigorous justification of the models via a homogenization of Maxwell’s
equations in geometrically non-trivial periodic structures. More specifically, our
rectangular model can be thought as simulating an interface between a dielectric
material in Q, and a metamaterial in Q_. It has been known since the seminal
work [8] that the problem of the type A.f = p in Q with a smooth interface is
well-posed in H}(€) if and only if the contrast x := &,/¢_ differs from 1. By
proving that (1.2) is self-adjoint, we provide a correct functional setting for the
problem on a rectangle in the critical situation ¥ = 1. Moreover, we show that the
eigenvalues and eigenfunctions of A, converge to eigenvalues and eigenfunctions
of the operator A as k — 1.

An alternative approach to theoretical studies of metamaterials is to add a small
imaginary number to the negative value of sgn, arguing that “real systems are
always slightly lossy”; see, e.g., [24]. This leads to a complexified differential
expression

la (xay) € Q+a

(1.5) B,f =—=div(e,Vf), e,y = )
—1+in, (x,y)eQ_,

with # > 0, which immediately provides a well-defined operator
(1.6) B,f =B,f, domB, ={f e Hj(Q):B,f € L*(Q)}.

Indeed, the rotated operator e~"("/2~")B, is an m-sectorial operator with vertex 0
and semi-angle 7 /2 — #, which is defined via the associated sectorial form defined
on HO1 (Q); cf. [21, Sec. VI]. It follows that B, is an operator with compact re-
solvent for every # > 0, albeit non-self-adjoint now. Let us note that considering
the complexified problem B, f = p in the limit as # — 0 is a conventional way
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of describing the cloaking effects in metamaterials (of different geometric struc-
ture) through the “anomalous localized resonance”; see [6, 23]. We show that the
eigenvalues and eigenfunctions of B, converge to eigenvalues and eigenfunctions
of our operator A as # — 0. Recall that Af = p is generally ill-posed since O is an
eigenvalue of infinite multiplicity.

This note is organized as follows. In Section 2, we establish a modified version
of Green’s identity and other preliminary results that we frequently use later. In
Section 3, we introduce an auxiliary closed symmetric operator R and study its
properties. We prove the self-adjointness of A in Section 4, considering a gen-
eralized Krein—von Neumann extension of R. In that section, we also discuss
qualitative spectral properties of A. More quantitative results about the spectrum
of A and the aforementioned convergence results are established in Section 5.

2 A generalized Green’s identity on the maximal
domain

The Dirichlet realizations Ap associated to FA in L?>(Q.) play an important role
in the sequel. Recall that

(2.1) Apr =FA, domAps =Hy(Qu) NH*(Qy)

are self-adjoint operators on L?(Q.) with compact resolvents, that Ap, is uni-
formly positive, and that Ap_ is uniformly negative. Here the H>-regularity is a
consequence of Q_ being convex; cf. [15, 16]. Observe that

domAps = {fr € H*(Qu4): ypfe =0},

where yp denotes the Dirichlet trace operator defined on H?(Q..).
The self-adjoint Neumann operators are given by

Ays =FA, domAyi ={fs € H*(Qu): yn.fr =0},

where yy. are the Neumann trace operators defined on H?(Q..) with normal point-
ing outwards €.
We also make use of the spaces

Gn(0Qy) :=rtan (yy, (domApy)) = {yn.fe : fr € H*(Qu), ypfr =0},
9p(0Q) :=ran (yp(domAyy)) = {ypfr : fr € H*(Qu), yn,fr =0},

which were characterized in [12] and denoted by N'/?(6Q.) and N3/?(6Q.), re-
spectively, and also appear in [2] in a more general setting. We equip %y (0Q+)



AN INDEFINITE LAPLACIAN ON A RECTANGLE 505

and ¥ (6Q.1) with the natural norms [12, (6.6) and (6.42)]. If n.. and t denote the
unit normal pointing outwards and a corresponding tangential vector, respectively,
and &, is the tangential derivative on 024, then according to [13, Theorem 3],

(rvofe)te € (H'2(0Qy)?
for all yn, fi+ € ¥y(0Q+), and
(C.ypfe)ng € (Hl/z(agi))z
for all yp f1 € 9p(6Q24), where

12 _ 2 . lp(a) — p(B)I? }
H'?(0Q4) {qoeL(@Qi)./mi/aQila_ﬂlz dadf < oo

The following statement on the decomposition of functions in ¥y (0€2y) and
%5 (0Q4) into two parts with supports on € and Cy := 0Q4\C, respectively, is
a direct consequence of the abovementioned fact.

Lemma 2.1. Every function ¢ € 9n(0Q1) (respectively, ¢ € 9p(0€24)) ad-
mits a decomposition of the form

(2.2) 9 =(ple)” +(ple.)™,

where (ple)” € Yy (0Q41) (respectively, (ple)”~ € 9p(0Qy)) is the extension of ¢|e
to 0Q24 by 0, and (ple.)” € Yn(0Q4) (respectively, (¢le.)” € 9p(0Q4)) is the
extension of ¢le, to 0Q24 by 0.

Consider the symmetric operators S+ = FA, domSy = Hg(Qi), and their
adjoints

(2.3) St =FA, domS% ={firel*(Qu): AfL e L2(Qu)}.
Since 0 & o(Ap,+), one has the direct sum decompositions
(2.4) dom S} =domAp. +ker Si.

In the following, we often decompose functions fi € dom S} accordingly, that is,
we write

(2.5) fe =fpe+ for, fpr €domApy, for €ker Si.

It is also important to note that the spaces ker S5 N H?(Q.) are dense in ker S7,
where the latter spaces are equipped with the L?>-norm (or, equivalently, with the
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graph norm of S} ). This fact can be shown with the help of the density result [12,
(6.30)] for s =0.

Recall from [12, Theorem 6.4] that the Dirichlet traces yp admit continuous
and surjective extensions

7p : domSt — (9n(6Q))",

where dom S is equipped with the graph norm and (¥ (6€21))* is the conjugate
dual space of ¥y (0€21) equipped with the corresponding norm. It is important to
note that

(2.6) ker 7p =ker yp =domAps = Hi(Qx) N H*(Qy),

where the first equality has been shown in [2, Section 4.1] and the other identities
are clear from the above.
We denote the duality pairing between ¥y (6Q2+) and (4y (6€2+))* in the form

G0 (W, P)ayeas), W E N(OQL), ¢ € Gn(0Qy),

and occasionally write /(@) in this situation.

Note for later use that the Neumann traces yy, admit continuous and surjective

extensions

Yn, s dom St — (9p(0Q4))";
this fact was observed in [12, Theorem 6.10]. Here, again dom S’} is equipped with
the graph norm and (¥p(0€2+))* is the conjugate dual space of ¥ (6L ), equipped
with the corresponding norm.

The next proposition shows that a modified Green’s identity (with the Neumann
trace yn, f+ replaced by the regularized Neumann trace yy, fp+) remains valid
on the maximal domains dom S}. This fact is essentially a consequence of [12,
Theorem 6.4]. We also mention that analogous extensions of Green’s identity are
well known for elliptic operators on smooth domains; see, e.g., [17].

Proposition 2.2. The Green’s identity

(Slf:t: gi)LZ(Qi) - (f:f:a S:T:g:t)LZ(Qi)
= tg, 0. <’7;Df:|:> VNigD:l:>gN(aQi) + %N(BQi)<yNifD:|:’ ?Dg:t>g,v(agi)*
holds for all f+ = fp+ + foxr and g+ = gp+ + go+ in dom S7.

Proof. We show the identity only on L*(Q,); the same argument applies to
the identity on Q_. Let fi = fp+ + fo+, 8§+ = &p+ + o+ € dom S7, and recall from
[12, Theorem 6.4] that the identity

(S5 fe, 8p+) — (frs AD+8D+) = wyc.y (VD [+ YN.ED+) gy 002,
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holds, where (-, -) is the inner product on L*(€,). It is clear that since Ap, is
self-adjoint in L*(Q,),

(Ap+fp+» 8p+) — (fD+>ADs+8gD+) = 0.

Moreover, as fo+, go+ € ker S,

(S:f0+a g0+) - <f0+, S_T_g0+) = O

Taking this into account, we compute

(Sifer8+) — (f+, 518+)
= (Si(fp+ + for), 8o+ + 8o+) — (fp+ + four Si(8gD+ + g04))
= (Ap+fp+» 8o+) + (St foss &D+) — (four Ap+&D+) — (fD+> Si&0+)
= (Ap+fp+» 80+) — (fD+» Sig0+) + (St for, &D+) — (fo4, AD+&D+)
= =4y (02, (YN, [D+s TD80+) g 00,y + Gw@2.) (VD fors YN.&D+) gy 002,
= 4@ (VDf+> YN.8D+) gy 00,) — n@@n (YN SD+> TD8+) gy 00,y >
where we have used ker yp =ker yp from (2.6) in the last identity. (]

Next we consider the subspaces
Gy :={p € Gy(0Q4) : ple =0}

of ¥y (6€21), which consist of functions vanishing on €. Denote by %ﬁ C (Yy(0Q4))*
the corresponding annihilators

Gt ={y e @EQs)" : ylp) =0 forall p € F.}.

Roughly speaking, ¢;- can be viewed as the linear subspaces of functionals from
(9y(0Q))* that vanish on C. = 0Q\C. It is important to note that

2.7) G = (Gv(0Q1)/94)".

In particular, if w(p) = 0 for some ¢ € %y (6Q4) and all y € ¥L, then ¢ = 0 when
identified with elements in the quotient space ¥y (0Q2+)/¥., and hence ¢ € Y4,
that is, p|e =0.

3 An auxiliary symmetric operator R

In the next proposition, we consider a restriction R of the self-adjoint operator
Ap+ ®Ap_ in L*(Q) and determine the adjoint of R. It turns out that the operator
A in (1.2) is a self-adjoint extension of R (and hence a restriction of the adjoint
operator R*).
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Proposition 3.1. The operator

Rf = Af = (‘AA]}_C) :

domR = {f = (?) : fe € HX(Qu) N Hy (Q), yn.frle = VN_f—|e}

is a closed symmetric operator with equal infinite deficiency indices in L*(Q), and
R C Ap: ® Ap_. The adjoint operator is given by

R'f = Af = (‘Aff_c ) ,

1

where the boundary condition yp f+|e = ypf—|e is understood as

domR* = {f = <f+> fe, Afe € LX(Qu), Tpfe € 9L, Tnfile =?Df—|e},

oy (@02 (VD S+s Py 00,y = @y (IDf-s P)ay 0.

Sfor all ¢ € 9n(0Q4) such that p|e, =0.

Proof. The proof consists of three steps. First, we define the operator

Tf = Af = (_AAf{+>,

domT := {f = <J]:+> e, Afe € LX(Qu), Tpfe €95, Infile = ?Df—le} ,

and show in Steps 1 and 2 that 7* = R. In Step 3, we verify that T is closed, so
that R* =7 =T =T.

Step 1: R C T*. Fix some f = (f:, f-)7 € domR, and note that f. = fp in
the decomposition (2.4)—(2.5). As both 7" and R are restrictions of the orthogonal
sum S; @S* of the maximal operators in (2.3), it follows from Proposition 2.2 that
for any g € dom T decomposed in the form g+ = gp+ + go+,

(Rf» g)Lz(Q) - (f, Tg)LZ(Q) = ((Si @S, g)LZ(Q) - (f, (S5 @Si)g)u(g)
= (S-:f+a g+)L2(Q+) - (f+’ Sig+)LZ(Q+) + (Sif—’ g—)LZ(Q-) B (f" Sig_)Lz(Q—)
= gy (I f+s yN+gD+>gN(aQ+) — 9y @) (YN, fD+s ?Dg+>gN(g;Q+)*
— gy y (Ipf-, )’N,gD—>gN(ag_) + gy ) (YN_ID-> ?Dg—>gN(og_y

= —gye) (VN S+, 7Dg+>g,v(ag+)* + ey (Y. f-, ?Dg—>g,v(ag_)n
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where in the last step we have used the fact that f+ = fp4, and fi € HOl (Q4) for
f =f+ ® f- € domR, so that ypfi = 0; cf. (2.6). Next we decompose yy, f+ in
the form

(3.1) v = (ynafele) + (yvafeles) s

where both extensions by 0 on the right hand side belong to the space ¥y (0Q4)
(see Lemma 2.1) and, in particular,

(ynofptle,)” € Y.

Since g € dom T, we have ypg € gil; therefore,

gN(aﬂi)<(YNif:t|Gi)Na /J\;Dg:t>gN(agi)» = 0

We conclude that

(3.2) (Rf» g)LZ(Q) - (f» Tg)LZ(Q) = _%(69+)<(VN+f+|G)N’ 7D8+>§¢N(a§z+)*

+ %N(aﬂ_)«VN_f— |C)Na 7Dg—>(§,v(agf)*-

Since f € domR and g € dom T, we obtain

v fele =yn_f-le and ypgile =7ypg—le.

This and (3.2) imply that (Rf, g);2q) — (f> T€)12(@) = 0 holds for all g € domT'.
Therefore, f € domT* and T*f = Rf. We have shown R C T*.

Step 2: T* C R. Observe first that the orthogonal sum of the Dirichlet operator
Ap+ @ Ap_ is a self-adjoint restriction of 7', and hence

(3.3) T C Ap+ ®Ap_ C T.

Let f =(f., f-)T edomT*. Then fi € H*(Q1)N H(}(Qi), and fy = fp+ in the
decomposition (2.4)—(2.5). It remains to show that the boundary condition

(3.4 YN file = yn_f-le

is satisfied. For this, note that by (2.6), we also have yp f+ = 0. For g € domT,
we obtain in the same way as in Step 1 that

0=(T"f, g)LZ(Q) - (£ Tg)LZ(Q)

=~ ) (YN Srs TD&+) gy 00, + 9n0ar) (IN_f=> TD8=) gy 0a_y -
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Next we decompose yy, f+ as in (3.1) and use the fact that ypgs € ¥i. As in
Step 1, this leads to
0 = gy ((rn frle) s Tp8+) gy cay — wwear((vn_f-1e) s Tp&-)yy@a )

forall g = (g4, g_)" € domT. Furthermore, since ypg+|e = 7pg_|e, we obtain

0 = gyoan{(yn frle) —(rnv_fole), VD&+) gy (002,

forall g = (g4,g-)" € domT and hence for all ¥ = ypg, € 4. It now follows
from (2.7) and the observation below (2.7) that the function

(v, fele) —(rn_f-le)”

vanishes on €. Thus the boundary condition (3.4) is satisfied. We have shown
f edomT and hence R* C T.

Step 3: T is closed. Let (f,) C dom T such that f, — f and Tf,, — h for some
f = fOT, h =, h )T € LX(Q). Since T € SF & S* and S @ S* is closed,
f+ € dom S} and S% f+ = hy. It remains to show that the boundary conditions

Ipfr €9 and Jpfile =¥pf-le

are satisfied. But this follows immediately, since f,. — f4 in the graph norm of
S% and yp is continuous with respect to the graph norm, so that yp f, — ypfi in
(9N (0€21))". U

The following lemma states that the Neumann traces of the functions from
ker R* coincide on C. This property is essentially a consequence of the symmetry
of the domain Q and the function sgn(-) with respect to the interface C. For com-
pleteness we mention that the functions

sinh(kz(1 — x)) sin(kzy), (x,y) € Q,,

. . keN={1,2,...},
sinh(kz(1 + x)) sin(kzy), (x,y) € Q_,

(35 forlx,y) = {

span a dense set in ker R*; cf. Proposition 5.1(iv).

Lemma 3.2. Let R and R* be as in Proposition 3.1. Then
(1) the space ker R* is infinite dimensional, and the functions fy € ker R* satisfy

(3.6) v, forle = Pa_fo-le,

that is,

Gp (0Q.,)* <§N+f0+, ¢>gD(aQ+) = Gp(0Q_)* <7N_f0—a (9>(§D(agf)

holds for all ¢ € 9p(0Q.) such that gle, = 0;
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(i) R is invertible and has closed range.

Proof. (i) As Apy @ Ap_ C R* and O & o(Ap,), we have the direct sum
decomposition domR* = dom (Ap, @ Ap_) +ker R*. Together with (2.6), this
yields that the mapping

(37)  Tpker R — Gy(0Qy) x Q). fo= (70— (7004
fo- Vb fo-

is invertible. Suppose now that fo = (fo+, fo—)' € ker R* and assume, in addition,
that fo. € H*(Q). Then A fo. = 0, and the boundary conditions have the explicit
form

(3.8) ypfotle. =0 and ypforle = ypfo-le;

here, yp is the Dirichlet trace operator defined on H 2(Q4). It follows that the
function A(x,y) := for(—x,y), x € (=1,0), y € (0, 1), belongs to L?(Q_) and
satisfies Ah =0, yphle = ypfo+le and yph|e_ = 0. Hence (fo., h)T e ker R*; but
as the map IN"D in (3.7) is invertible, we conclude fy— = h. In particular, we obtain

yn_fo—le = yn_hle = yn, fo+le,

where yy, denotes the Neumann trace operator on H>(2.). As Jy, are extensions
of yn,, this yields g,@q,) (v, fo+» ¢>%(ag+) = gpa_y (In_fo-» ¢>%(an,) for all
@ € 9p(0€24) such that p|le, = 0. We have shown that any function f; € ker R*
possessing the additional property for € H 2(Q.) satisfies the condition (3.6). The
general case follows from the facts that R* C S7@S* and ker S1NH?(Q) is dense
in ker S} and the continuity of the extended Neumann trace maps 7y, .

(i1) Since R C Ap: @Ap_ C R* and O & o(Ap., ), it follows that ker R = {0}.
To see that ran R is closed, assume that Rf,, — g, n — 00, for some g € L>(Q). It
is clear that also (Ap+ ®Ap_)f, — g, n — o0; and from 0 & o(Ap, ), we conclude
that

fu— fi=(Apt @Apl g, n— oo.

Since R is closed, f € domR and Rf =g. U

4 The self-adjoint operator A and its qualitative
spectral properties

In this section, we present the main result of this note. The operator A (informally
written in (1.2)) is now defined rigorously with explicit boundary conditions as a
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restriction of the maximal operator S; @ S*. It is shown that A is self-adjoint in
L*(Q), and it turns out that A can be viewed as a generalized Krein-von Neumann
extension of the non-semibounded symmetric operator R; see also Proposition 4.2
below.

Theorem 4.1. The operator

Af =Af = (_AAff ) ,

domA ={ f = o). I Afy € LA(Qy), 7Df:tegia
f=) vpfile =vpf-le, PN file =Vn_f-le |’

is self-adjoint in L*(Q) and coincides with the operator R* | dom R +ker R*. The
boundary conditions yp frle =ypf-le and yn, file = yn_f-|c are understood as

4.1)

Gy (@0, (VD [+, (/’>gN(aQ+) = gvea ) (Vnf-, (P>gN(aQ_)

Sforall p € 9y (0Q) such that p|c, =0, and

Gp(6€2,)* <7Nf+a ‘!’>%(ag+) = 9p(6Q-) (?Nf—a ‘!’>%(ag_)

Jorall w € 9p(0Q21) such that y|e, =0, respectively.

Proof. We first show that A C A*. Since A C R* C S; & S*, for f, g € domA
decomposed in the usual form fi = fpy + fo+r, g+ = gp+ + gox (see (2.4)—(2.5)),
(Af. g)L2(Q) = (£ Ag)LZ(Q) = (St @S, g)LZ(Q) — (£ (82 @Si)g)u(g)
= 4y @) (7DSes IN.8D+) gy 00,) — w020 (NS D> TD&+) ey 002,
— gy ) (IDSf=> IN_8D—) g 00y + 9n @) (YN_fD—> TDE=) g, 00 )+
cf. Proposition 2.2 and Step 1 of the proof of Proposition 3.1. Taking into account

that yp f+, Ypg+ € gf and decomposing yy, fp+ and yy, gp+ as

yvafpe = (yvafoele)” + (ynaforle.) s

yn.&pt = (Yno&pxle) + (yvigpxles)
where the extensions by O on the right-hand side belong to the spaces ¥y (0Q2..) by
Lemma 2.1, we find that
(Af, g)LZ(Q) - (£ Ag)LZ(Q) = gy (7pf+s (VN+8D+|G)~>s¢N(aQ+)
— gy ((nSpele) s Tp8+) gy a.y — wveay (Tof-» (In_8p—1e) Deayca)

+ %,(aQJ((VN,fD—'G)N, ?Dg—MN(aQ_)*-
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As f, g € domA, we also have p fi|le = 7pf-|e and ypg+le = Ypg—|e, and hence
the terms on the right-hand side simplify to

42) av@ay (7pfes (yn.8p+le) — (VN_gD—|€)~>gN(5Q+)

— agvean((nfoele) — (yv_fp-le) s Tp&+) gy aa,y-

According to Lemma 3.2(ii), the functions fox, gox € ker R* satisfy yu, fo+le =
yn_fo—le and yn,go+le = yn_go-|e. Thus

0 =N, fele — vnv_f-le = ¥n.(fp+ + fo)le — yn_(fo— + fo)le
= yn,fo+le — yn_fo-le

and

0 =7n,8+le — ¥n_g-le = Vn.(gp+ + go)le — Pn_(gp— + go-)le

=yn,&p+le — yn_gp—le,

and hence the corresponding entries in (4.2) vanish, that is,

(Af) g)LZ(Q) - (f, Ag)LZ(Q) = 0, f, g (S dOH’lA.

We have shown that A C A*.

Next we verify that the operator Ry := R* | domR +ker R* is contained in
A. The inclusion domR C domA is obvious; hence it remains to show that
ker R* C domA. It is clear from the definition of dom R* that any function
fo = (fos, fo—) € ker R* satisfies the boundary conditions for functions in domA,
with the exception of the condition yy, forle = 7n_fo—|ec. But this last condition
holds by Lemma 3.2(i). Therefore, Ry C A. We claim that Ry is self-adjoint. In
fact, Rg is symmetric since for f = fz + fo € dom R +ker R*,

Rof, Nz = (Ro(fr + fo), fr +f0)Lz(Q) = (Rfr, fR)12(0)-

Moreover, by Lemma 3.2(ii), O is a point of regular type of R, that is, ker R = {0}
and ran R is closed. This leads to the direct sum decomposition

ran (Ry — x) =ran(R — p)+ker R* =L*(Q), u e C\R,

from which we then conclude that Ry is a self-adjoint operator in L>(€2). In sum-
mary, we have shown that A is a symmetric operator which contains the self-
adjoint operator Ry, so A = Ry is self-adjoint. O

Finally we state a result on the spectral properties of the operator A. Our proof
is a variant of that of [1, Lemma 2.3]; see also [22].
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Proposition 4.2. Let A be the self-adjoint operator from Theorem 4.1. Then O
is an isolated eigenvalue of infinite multiplicity, and the corresponding eigenspace
is given by ker R*. The spectrum in R\{0} is discrete (i.e., composed of isolated
eigenvalues of finite multiplicities) and accumulates at +co and —oo.

Proof. Itis clear that the eigenspace ker A = ker R* is an infinite dimensional
closed subspace of L?>(2). Moreover,

4.3) K :=ranA = (ker A)* = (ker R*)* =ranR

is closed, according to Lemma 3.2(ii). In the following, we denote the orthogonal
projection onto the subspace J by P and the embedding of 3 into L>(Q2) by 1. We
denote the restriction of A to H by A’. Note that A’ is a bijective self-adjoint oper-
ator on the Hilbert space H, so that 0 ¢ a(A"). With respect to the decomposition
L’(Q) =H @ HL, wehave A = A’ @0, and hence

4.4) Af =1APf,  f e domA.

We also use below the facts that the orthogonal sum Ap = Ap, @ Ap_ of the
Dirichlet operators Ap is a self-adjoint operator on L*(Q) and that 0 & 6(Ap).

Now let f = fr + fo € domA, where fr € domR and f € ker A. AsR C Ap
and R C A, we have

[ =Tfr+fo =Ap'Rfr+fo = Ap'Afe + fo = Ap'AS + fo,
and hence
Pf =P(Ap'Af + fo) = PAR'Af = PA;LIA'PY,
where we have used (4.4) in the last equality. This leads to
ATYA'Pf) = Pf = PAR'(A'PS);

and as 0 ¢ o(A’), we conclude that A’~! = PA;'1. Since Ap! is a compact operator
on L>(Q), A’~! is a compact operator on H. Moreover, for g € K,

(4.5) (A~'g, 8)3c = (PAR"1g, )3 = (Ap'18,19)120)-
Since S, & S_ C R, we conclude that for all f1 € domS. = H&(Qi),
(S+f+, 0)' eranR =H and (O, S_f_)—r eranR = H.

It follows that both the spaces J{ N L*(Q.) are infinite dimensional. It is clear
that the form on the right-hand side of (4.5) is positive (negative) for functions in
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H N L*(Q,) (respectively, 7 N L?>(Q_)). This implies that both the positive and
negative spectra of A’~! are infinite. It now follows from the compactness that
the spectrum of A’ (and hence of A) in R\{0} is discrete and accumulates at +oo
and —oo. O

5 Quantitive spectral properties of the self-adjoint
operator A

According to Proposition 4.2, the spectrum of the self-adjoint operator A consists
of eigenvalues which accumulate at +oco and —oo. The eigenvalue O is of infinite
multiplicity and the multiplicities of the nonzero eigenvalues are finite. In the
next proposition, we identify the eigenvalues of A with the roots of an elementary
algebraic equation and specify the eigenfunctions of A.

Proposition 5.1. Let A be the self-adjoint operator from Theorem 4.1. Then
(1) the spectrum of A is symmetric with respect to 0;
(i) o(A) = U2 Un—ocd Aum}, where { Ay mYmez for each fixed n € N is an
increasing sequence of simple roots of the algebraic equation

tanh\/A + (nm)? _ tan /A — (nz)?
Va+mr? A — (nn)?
for ). # £(nm)?; we arrange the sequence in such a way that A, =0 (0 is a
solution of (5.1) for any n € N).
(iii) for each n € N, (5.1) has no root in (—(nm)?, 0) U (0, (nx)?); in particular,
([—7[2, 0) U (0, 7r2]) No(A) =9,
(iv) the eigenfunction of A corresponding to A, ,, is given by

(5.1)

fn,m(x: y) = Wn,m(x))(n(y):
where y,(y) = V2 sin(nzy) and

Ny sinh /Z,n + (n7)? sin (\/1,,,,4, — R (1 —x)) , x>0,
Ny sin /Ay, — (nm)? sinh («//1,,,,,, + (nm)? (1 +x)> , x<0,

with any N, ,, € C\ {0}, with the normalization constants N, ,, satisfying

(52) l//n,m(x) = {

1 sin (2y/ 2 — ()?)
INp | =2 =sinh? \/Aym + (n7)? | = —
, ’ 2 4 V /ln,m - (nn')2

| sinh (2\//1,,,,” + (mt)2)
+sin® /Ay — ()2 | —= +
2 4/ Dpm + (n7)?
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the functions f, , (n € N, m € Z) form a complete orthonormal set in L*(Q).

Proof. The eigenvalues 4 and the corresponding eigenfunctions f of A can
be obtained as nontrivial solutions of the differential equations FAfy = Afy in
Q., subject to the boundary and interface conditions determined in (4.1). From
this boundary transmission problem, it is immediately seen that if 1 is an eigen-
value of A (with eigenfunction f(x, y)), then —21 is also an eigenvalue of A (with
eigenfunction f(—x, y)). This establishes (i).

The other properties (ii)—(iv) are obtained by a separation of variables. Decom-

posing any eigenfunction f € L*(Q) of A into the transverse orthonormal Dirichlet

[eS]
n=1°

basis { y, i.e., writing

o0
£ = @), xa() = V2sin(nry),
n=1
we easily obtain from the boundary transmission problem in Q that for eachn € N,
the function v, = (W,e, w—)' € L*((0, 1)) x L?*((—1, 0)) is a nontrivial solution
of the problem

—yl, =(A— () in (0, 1),

53
e w_ =+ mm))y,— in (=1,0),

subject to the boundary and interface conditions

5D YD) = Y (=1) =0, 1,0 (0) = y,_(0), and ¥/, (0) = —y/,_(0).

Solving the differential equations in (5.3) in terms of exponentials and subjecting
the latter to the boundary and interface conditions (5.4), we find that any non-
trivial solution y,, is of the form (5.2) with the constraint that the eigenvalue A
solves (5.1). There are infinitely many such solutions because (5.1) always con-
tains an oscillatory tangent function for large values of 1. For each fixed n € N, we
arrange the roots of (5.1) in an increasing sequence { 4, }mez such that 4,0 = 0.
Notice that A = Z(nr)? are not admissible solutions of (5.3) for any n € N.
This is consistent with (5.1), because the limit A — =(nx)? casts (5.1) into
tanh \/ 2(nw?) = \/ 2(nz?), which is never satisfied for nonzero n. We have thus

proved (ii), except for the simplicity of the roots of (5.1), which will be established

at the end of this proof.

As for (iv), it remains only to recall that eigenfunctions of a self-adjoint oper-
ator with pure point spectrum form a complete orthonormal set when normalized
properly (N, is chosen so that all v, ,, have norm 1 in L*((—=1, 1)) and y, are
already normalized to 1 in L*((0, 1))).
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Now we turn to (iii). Recall that we already know that no eigenvalue can equal
+(nr)? with n € N. To show that (5.1) has no root in (0, (n7)?), it suffices to show
that the function

A+ (nw)? B V(nm)? — 2
" tanh /2 + (nm)? tanh+/(nw)? — A

does not vanish in (0, (n7)?). This follows since G(0) = 0 and

oy L[5 (2VEFGaR) - 2V G2
”ﬂl T+ G sint? L+ G?
smh@v@ﬁﬁii)—2¢657:7
T oy = 7 sinh® oy — 1 ]>°’

for 2 € (0, (nm)?), where the crucial inequality is due to the elementary bound

G(4)

sinh(x) > x, valid for all x > 0. Since (5.1) is symmetric with respect to the trans-
formation A — —1, the claim on the absence of roots extends to the symmetric set
(—(nm)?, 0) U (0, (n)?).

It remains to prove the simplicity of roots stated in (ii). By symmetry of (5.1),
it again suffices to show it for non-negative roots 4,_,, only. Define

tanh \/m tan \/m

Viten? A=)
Then 4, ,, is a root of (5.1) if and only if F(4,,) = 0. Using this identity, it is
straightforward to cast the derivative of F at 4, ,, into the form

2 \/72 2 \/72
F') = _tanh Anm + (nTT) N (nm) tanh \/ A, + (n7) 1
’ Anm + (n7)? A2 — (no)* V Anm + (nm)?

We know by (iii) that if 4, ,, > O, then 4,, ,,, > (nm)?. Using the elementary bound

(5.5) F() =

tanh(x) < x for all x > 0, we thus obtain

tanh® /2, 2
F'(p) < —20 m* ()

A + (n)?

On the other hand, employing standard algebraic expressions for hyperbolic func-
tions, it is easy to check that the formula for F'(4,,,) above reduces for 1,0 =0
to

>

F'(0) = 2nw — sinh(22n7r)

2(nm)3 cosh*(nr)
where the inequality follows by the elementary bound used above in the proof
of (iii). In summary, F’(1) # O whenever F (1) = 0, which proves the simplicity
of the roots of (5.1) and completes the proof of the proposition. (]
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The simplicity of roots of (5.1) stated in point (ii) of the above proposition does
not mean that all the eigenvalues of A are simple. Indeed, we already know from
Proposition 4.2 that O is an eigenvalue of infinite multiplicity.

In order to establish the convergence results announced in the Introduction in
a unified way, we consider now the more general differential expression

19 (xay) EQ+:

_ﬁa (xa)’)EQ—,

(5.6) Tsf =—div@as Vf), as(x,y) = {

where J is an arbitrary complex number with |§] < 1. We also introduce the
associated operator

(5.7) Tsf =Tsf, domTs ={f € Hy(Q): Tsf € L*(Q)}.

Clearly, by choosing J appropriately, we can cast the eigenvalue problems for
the self-adjoint operator A, from (1.4) and the (up to a rotation) m-sectorial op-
erator B, from (1.6) into the form of the eigenvalue problem for T;5. The latter
reads

—Afi =Afs in Q,,

(5.8)
Af— =(1+d)Af- in Q_,

where, in addition, f = (fi, f-)T € domTs C HJ(Q) satisfies the interface con-
dition

(5.9) (1+06)0n, frle =on_f-le .

Proposition 5.2. Let Ty be the operator introduced in (5.7). There exists an
absolute constant ¢ > 0 such that for |d| < c,
(1) op(Ts) = Us2i Unme— ool 22,0}, where {23, }mez for each fixed n € N is a

n,m

sequence of roots of the algebraic equation
tanh /(1 +0)A + (nm)? _ tan /. — (nm)?
V(1 + A+ (n)? VA — (nm)?

for ). # (nm)? and ) # —(nm)? /(1 +5);
(i1) the eigenfunction of Ts corresponding to lﬁ,m is given by

(5.10) 1+9)

F2n, ) =¥, (00 (),

where y,(y) = ﬁsin(mty) and
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(5.11)

_ N2,y sinh\/(1+6)23,, + (n)? sin (, [23 ., — (nm)2 (1 —x)) , x>0,
YVaumX) = :
’ N2, sin\[2,,, = ()2 sinh ((/(L+6)2,,, + (a1 +9)) . x <0,

with any N,i n € C\ {0}, with the normalization constants N,f; o satisfying

N1 72 = [ sinh (\/(1+6)43,, + ) |
sinh (21m \/2,,, = (17)?)  sin (2Re /23, — (n7)?)
x —_—
4Im /A3, — (nx)? 4Re /A3, — (nm)?

+ ‘sin ( Aom — (nn)z) ‘2

[ sin (21m \[(1+ 043, + ()
o |
4Tm \/(1 +0)A2,, + (n7)?

+

sinh (2 Re \/(1 +8)A3,, + (mr)2) 1
4Re \/(1 +0)0+ (x|

the functions f,i n (n €N, m € Z) are normalized to 1 in L*(Q).

Proof. The results follow by the separation of variables, as in the proof of
Proposition 5.1. Contrary to the symmetric situation 6 = 0, however, (5.10) can
have solutions 1 = (n7)?> and 1 = —(n7)?/(1 + §). Compatibility conditions for
the existence of such solutions are

tanh /2 +0)(nx? 1 tanh /335 (nm)? s
V(2 + 6)(nr)? 1+6° 240 ()2 ’

1+0

(5.12)

respectively, (they can be obtained from (5.10) after the limit 1 — (n7)? and
A = —(nm)*/(1 + 5), respectively). We claim that these “exceptional” solutions
do not exist for all 6 small in the absolute value, uniformly in n € N. This can
be proved straightforwardly by comparing the real parts of the left- and right-hand
sides of (5.12). More specifically, we have

‘Re <tanhz)‘ =i
z |z|2

for all z = z; +iz; € C with z; = Rez # 0, where the right hand side is decreasing
as a function of |z;|. Employing the elementary inequality |Re /&| > |/Reé|

71 sinh(2z1) + z5 sin(2z,) - 1 sinh(2|z(]) + 1
cosh(2z1) + cos(2z2) | ~ lz1l cosh2|z1|) — 1
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(valid for every ¢ € C with Re¢ > 0) and |d]| < 1, we estimate

‘Re \/(2+5)(n7r)2‘ > ’\/(2+ Reé)(mr)z‘ > 7,

240 1+ Reod
R 2 1 2
eV ise M \/( +1+2Re5+|5|2>(””)

Consequently, a necessary condition for equality to hold in (5.12) is
1 sinh2z) + 1 ) 1 1 —10]
032~ ———— > Re| —<),Re(1+0)p > ———
ncosh(27r)—1_mm{ e<1+5>’ e )}—(1+|5|)2’
which is clearly impossible if |d] is small enough (the present estimates yield ¢ >
0.38). 0

We are now in a position to establish the convergence of the eigenvalues and

> >T.

eigenfunctions of T to the eigenvalues and eigenfunctions of A as 6 — 0. In
the next theorem, we show, in particular, that the operators A, and B, in the
Introduction represent an “approximation” of the self-adjoint operator A, at least
on the spectral level. However, the resolvents of A, and B, are compact for all
x # 1 and > 0, while the resolvent of A is not compact (O is an eigenvalue of
infinite multiplicity).

Theorem 5.3. Forn € Nand m € Z, let 1, and y, , be the eigenvalues
and eigenfunctions, respectively, of A specified in Proposition 5.1, and let if;jm
and l//ﬁm be the eigenvalues and eigenfunctions, respectively, of Ts specified in
Proposition 5.2. For any n € N, the sequence {/lf,,m}mez can be arranged so that

lim 29 s = Znm| =0 and lim W0 = Wnm|| ey =0

Proof. The convergence of the eigenvalues follows by the Implicit Function
Theorem applied to

HOLS) = (14 tanh /(1 + &) + (nm)? _tany/4 — (nn')2.
V(1 + )4+ (nr)? VA — (nm)?
Clearly, H(4,0) = F(4), where F is introduced in (5.5) based on (5.1). Hence
H(Apm,0) = 0. We need only to check that the derivative 6,H (4, ,,0) does not
vanish. However, 61H (Aym,0) = F'(Anm) # 0, due to the proof of simplicity of
the roots of (5.1) established in the proof of Proposition 5.1. The convergence of
the eigenfunctions is then clear from the expressions (5.2) and (5.11). O
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