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CrossMark
Abstract
For a second order formally symmetric elliptic differential expression we show
that the knowledge of the Dirichlet-to-Neumann map or Robin-to-Dirichlet map
for suitably many energies on an arbitrarily small open subset of the boundary
determines the self-adjoint operator with a Dirichlet boundary condition or
with a (possibly non-self-adjoint) Robin boundary condition uniquely up to
unitary equivalence. These results hold for general Lipschitz domains, which
can be unbounded and may have a non-compact boundary, and under weak
regularity assumptions on the coefficients of the differential expression.

Keywords: Dirichlet-to-Neumann map, elliptic differential operator,
inverse problem, Calderén problem, Gelfand problem

1. Introduction

Let £ be a uniformly elliptic, formally symmetric differential expression of the form
L==3" gapd+ Y (40— O) +a (L.1)
k=1 j=1

on a possibly unbounded Lipschitz domain 2. For appropriate A € C, the corresponding
Dirichlet-to-Neumann map is given by
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M) : H’“(@Q) — H_]/z(aQ), u)\|ag — 3£u)\|ag,

where uy € H'(Q) solves the differential equation Lu = Au, uy|sq denotes the trace of uy on
the boundary 92 and d,uy|aq is the conormal derivative of uy on 92 with respect to L. In
the present paper it will be shown that the partial knowledge of M(\) on an arbitrarily small
nonempty, relatively open subset w of OS2 for a set of points A with an accumulation point
determines the self-adjoint Dirichlet operator

Apu = Lu, domAp = {u € H'(Q): Lu € L*(Q),ulpq =0},

and other realizations of £ with (possibly non-self-adjoint) Robin boundary conditions
uniquely up to unitary equivalence in L*(€2). We impose weak regularity assumptions on
the coefficients, that is, aj,a; : Q — C are bounded Lipschitz functions, 1 < j,k < n, and
a: ) — R is measurable and bounded. We emphasize that {2 is an unbounded Lipschitz
domain without any additional geometric restrictions, and that w may be a bounded subset of
0%2 even in the case that € is unbounded.

The interplay between elliptic differential operators and their corresponding Dirichlet-
to-Neumann maps is of particular interest for spectral theory and inverse problems, among
them the famous Calderdn problem, the multidimensional Gelfand inverse boundary spectral
problem, and inverse scattering problems on Riemannian manifolds. In his famous paper [20]
Calderdn asked whether the uniformly positive coefficient « in the differential expression
—V -~V on a bounded domain 2 is uniquely determined by the Dirichlet-to-Neumann map
on the boundary 02 or on parts of the boundary; this corresponds to the case aj = Y0,
a;j=a=0in (1.1), and ~ describes the isotropic conductivity of an inhomogeneous body.
There is an extensive literature on this topic and uniqueness of the coefficient v from the
knowledge of M(0) has been shown under rather general regularity assumptions, see, e.g.
[7, 60, 61, 63, 73] and [19, 35, 45, 62] for results with partial data, as well as [3, 23, 55, 71,
72, 74] for the more general case of an anisotropic conductivity (a; = a = 0 in (1.1)) and the
surveys [75-77]. If 2 is an unbounded domain the situation is much more difficult since, very
roughly speaking, the spectrum contains continuous parts. For conductivities that are constant
outside compact sets, special unbounded domains (infinite slabs or transversally anisotropic
geometries), and magnetic Schrddinger operators, uniqueness results were shown in [21, 22,
24, 34, 44, 4648, 53, 54, 56, 65, 69].

In Gelfand’s inverse boundary spectral problem—which is a variant of the inverse prob-
lems discussed in the present paper for bounded domains—one reconstructs from the given
boundary spectral data on a compact manifold (consisting of eigenvalues and boundary data
of eigenfunctions of a self-adjoint elliptic operator) the manifold and its metric (up to gauge
equivalence) with the help of the boundary control method; see [2, 12-15, 41, 42, 50] and
[49, 51] for the non-self-adjoint case. There is also a strong recent interest in closely related
problems in inverse scattering theory on compact and non-compact Riemannian manifolds;
here the main theme is the reconstruction of the manifold and its Riemannian metric from the
knowledge of the scattering matrix for the Laplace—Beltrami operator, see e.g. [15, 3640,
42, 52].

The inverse problems discussed in this paper are of a somewhat more abstract, but also
more general nature. In sections 3 and 4 it will be shown that the knowledge of the Dirichlet-
to-Neumann map for a suitable set of points A with an accumulation point on an arbitrarily
small open subset of the boundary determines the self-adjoint Dirichlet operator and other
non-self-adjoint realizations with mixed Dirichlet—-Robin boundary conditions up to unitary
equivalence. We treat here the general case of an unbounded Lipschitz domain without any
additional geometric restrictions and assume weak regularity assumptions on the coefficients
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of the elliptic differential expression. We emphasize that unitary equivalence determines the
spectral properties, so that, in particular, the isolated and embedded eigenvalues, continuous,
essential, absolutely continuous and singular continuous spectra are uniquely determined by
the partial knowledge of the Dirichlet-to-Neumann map. Finally, in section 5 another variant
of our uniqueness result is provided for self-adjoint Robin realizations, where instead of the
Dirichlet-to-Neumann map a Robin-to-Dirichlet map on an open subset of the boundary is
considered. The main results in this paper complement earlier results for bounded domains
from [9], see also [64], where the uniqueness problem is substantially easier since all spectral
singularities are discrete eigenvalues, and hence poles of the Dirichlet-to-Neumann map. Our
proofs in the present paper are based on more elaborate methods from the extension theory of
symmetric operators and the spectral theory of elliptic operators; related techniques were also
developed and used in [10, 11] for the spectral analysis of Schrodinger and more general ellip-
tic operators. In this context we also refer the reader to [1, 27, 28, 30-33, 57, 58, 66-68] for
some recent related papers on spectral theory of elliptic differential operators, to the classical
contributions [29, 78], and to [4—6, 16—18, 26] for operator-theoretic approaches to Dirichlet-
to-Neumann and Robin-to-Dirichlet maps.

2. Preliminaries

In this section we provide some preliminaries on elliptic differential operators on possibly
unbounded Lipschitz domains. Throughout this paper we assume that Q C R", n > 2, is a
connected Lipschitz domain in the sense of, e.g. [70, VI.3], that is, 2 is an open, connected set
with a nonempty boundary 92 and there exist e > 0, N € N, M > 0 and (finitely or infinitely
many) open sets Uy, Uy, . . . with the following properties.

(i) For each x € 952 there exists j such that the open ball B(x, e) of radius € centered at x is
contained in U;.
(i) No point of R" is contained in more than N of the U;.
(iii) For each j there exists a function ¢ : R"! — R with

GO =GO <Mlx—y], xyeR™,
such that (up to a possible rotation of coordinates) the Lipschitz hypographs

Q= {(x1,.... ;) €R 1 x, < Gt X0m) }
satisfy Uy N Q = U; N €.

We are particularly interested in the case that €2 is unbounded. Note that the boundary 92 may
be noncompact. It can be described by the graphs of countably many Lipschitz functions with
a joint Lipschitz constant.

In the following we denote by H*({2) and H'(0<2) the Sobolev spaces of order s € R on
and of order 7 € [—1, 1] on its boundary 02, respectively. We point out that under the above
assumptions on ) many typical properties of Sobolev spaces on bounded Lipschitz domains
and their boundaries remain true. For instance, by the same proofs as provided in [59, theo-
rem 3.37 and theorem 3.40] for bounded domains, one verifies that there exists a continuous,
surjective trace operator from H'(§2) onto H'/2(9) and that its kernel coincides with HJ(€2),
the closure of C5°(£2) in H'(). In the following we denote the trace of a function u € H'()

by ufsq.
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On 2 let us consider the differential expression £ in (1.1) satisfying the uniform ellipticity
condition

n

Y apW§&=EY & £=(&,...&) €R, x€Q, 2.1)

k=1 k=1

for some E > 0. We assume that

aji, a; - @ — C are bounded Lipschitz functions, 1 <j,k <n, 2.2)

aj(x) = ay(x), xe€Q, (2.3)
and that

a : 0 — R is measurable and bounded. 2.4)

In the following we make use of the conormal derivative (with respect to £). For a function
u € H'(Q) such that Lu € L*(2) in the sense of distributions, the conormal derivative of u
at OS2 with respect to L is defined as the unique ¢ € H~'/2(9€2) which satisfies the identity
afu,v] = (Lu,v)2(0) + (¥, v]a0)on

for all v € H'(2), where (-, -)12(q) is the inner product in L*(9), (-, -)aq denotes the (sesqui-
linear) duality of H~'/2(9Q) and H'/?(0%2), and

alu,v] = / ( > apdhu- 0o+ Y (du -0+ qu - 5o) + auv) d (2.5)
Q

Jk=1 j=1

see [59, lemma 4.3]. We shall use the notation ¢ = d,u|sq.

3. An inverse problem for the Dirichlet operator with partial Dirichlet-to-Neu-
mann data

In this section we prove that the partial knowledge of the Dirichlet-to-Neumann map deter-
mines the Dirichlet realization of £ in L?(£2) uniquely up to unitary equivalence. Recall first
that (2.2)—(2.4) ensure that the Dirichlet operator

Apu = Lu, domAp = {u € H'(Q): Lu € L*(Q),ulpq =0}, (3.1

is a semibounded self-adjoint operator in L?*(2) since it corresponds to the closed semi-
bounded sesquilinear form

ap[u, v] := afu, v], u,v € domap = Hy (1),

via the first representation theorem; see [43, theorem VI.2.1] and [25, chapter VI].

In order to define the Dirichlet-to-Neumann map associated with £ on the boundary of
the unbounded Lipschitz domain €2 we need the following lemma, which is well known for
bounded domains and remains valid in the unbounded case. For the convenience of the reader
we provide a short proof. By p(Ap) we denote the resolvent set of Ap, i.e. the complement of
the spectrum.

Lemma 3.1. For each \ € p(Ap) and each ¢ € H'/?(9R) the boundary value problem
Lu = \u, uloa = ¢, (3.2)

has a unique solution uy € H'(£2).
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Proof. Let \ € p(Ap) and ¢ € H'/2(09). Since the trace map is surjective from H' (1)
to H'/2(0N) there exists (a non-unique) w € H' () with w|pq = . Let a be the symmetric
sesquilinear form on H' (€2) defined in (2.5). It follows from (2.2) and (2.4) that there exists
C > 0 such that

lalu, ]| < Cllullgollolla ), w0 € H'(Q), (3.3)
where || - [|71(q) denotes the norm in H'(Q). In particular, the antilinear mapping
Fuc:Hy(Q) = C, v~ a[w, 0]+ ((w,0)120)

is bounded on H{ () for each ¢ € R; hence F,, ¢ belongs to the antidual of H}(£2). Moreover,
it follows from (3.3) and the ellipticity condition (2.1) that we can fix {y € R such that

alu,v] + Go(u,0) 2 (), w0 € Hy(9), (3.4)

defines an inner product on H}(f2) with an induced norm that is equivalent to the norm
| - 71 (c2) In particular, Hj(€2) equipped with the inner product in (3.4) is a Hilbert space. By
the Fréchet-Riesz theorem there exists a unique ug € H{ () such that

a[uo,v] + CO(MO,U)LZ(Q) = Fw,(o (U) = a[w, U] + Co(w, U)LZ(Q), (S Hé(Q)

Consequently, afug — w,v] + o(uo — w,0)2(q) =0 for all v € Hj(), which implies
L(up —w) + Co(up —w) = 0 in the distributional sense. For A\ € p(Ap) it follows, in par-
ticular, that (£ — \)(up — w) € L*(9). Let us set

uy =ty —w— (Ap — N) "L = N)(up —w) € H'(Q).

Then uy|go = w|sq = ¢ and (£ — A)uy = 0. Thus u, is a solution of (3.2).
In order to prove uniqueness let vy € H'() be a further solution of (3.2). Then we have

L(u,\ — ‘0>\) = /\(u,\ — ZJ)\) and (u,\ — U)\)|aQ = 0,

that is, (uy — vy) € ker(Ap — A). Since A € p(Ap), it follows uy = vy. O

Lemma 3.1 ensures that the Dirichlet-to-Neumann map in the following definition is
well-defined.

Definition 3.2. For A € p(Ap) the Dirichlet-to-Neumann map M()\) is defined by
M(N) : H'2(0Q) = H'2(0Q),  M(Nuxlsg = dzux]sas
for each uy, € H'() satisfying Luy = Auy.
For A € p(Ap) we will also make use of the Poisson operator v(\) defined by
YN H209) = Q) v(Nualoo = ux, 3.5)

for any uy € H'(2) such that Luy = Auy; see lemma 3.1.
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We collect some properties of the Dirichlet-to-Neumann map and the Poisson operator in
the following lemma. Its proof is analogous to the case of a bounded Lipschitz domain carried
outin [9, lemma 2.4].

Lemma 3.3. For A\, i € p(Ap) let y(N\),y(u) be the Poisson operators and let M(X\), M (p)
be the Dirichlet-to-Neumann maps. Then the following assertions hold.

(i) ¥(\) is bounded and its adjoint y(\)* : L*(2) — H~'/2(0R) is given by
YN u= =0z ((Ap — N)"'u) o, u € L*(Q).
(ii) The identity

) = [T+ (A= )b = M)~y
holds.
(iii) M()\) is a bounded operator from H'?(9Q) to H~'/2(9Q), the operator function
A = M(\) is holomorphic on p(Ap), and

(Img) [y (1) @ ll72(0y = —Im(M (1), 9) a2
holds for all p € H'/?(9Q).

The next theorem is the main result in this section; one can view it as a generalized variant
of the multidimensional Gelfand inverse boundary spectral problem with partial data on arbi-
trary unbounded Lipschitz domains. Instead of determining coefficients up to gauge equiva-
lence here an operator uniqueness result is obtained. Roughly speaking theorem 3.4 states that
the knowledge of the Dirichlet-to-Neumann map M(\) on a nonempty open subset w of the
boundary 0f2 for sufficiently many A determines the Dirichlet operator uniquely up to unitary
equivalence. For bounded Lipschitz domains such a result was shown in [9], see also [64].

Theorem 3.4. Let Ly, L, be two uniformly elliptic differential expressions on Q) of the
Sform (1.1) with coefficients aj.1,a;1,a1 and a2, a;js, az, respectively, satisfying (2.2)—~(2.4).
Denote by Ap,, Apa and Mi(X\), My(X) the corresponding self-adjoint Dirichlet operators
and Dirichlet-to-Neumann maps, respectively. Assume that w C OS2 is an open, nonempty set
such that

(Mi(N) @, ©)aa = (Ma(N)p, 9)aa, ¢ € HY(9Q), supp ¢ C w, (3.6)
holds for all A\ € D, where D C p(Ap,1) N p(Apyp) is a set with an accumulation point in
p(Ap.1) N p(Apy). Then there exists a unitary operator U in L*(S2) such that

Ap, = UAp, U* 3.7)

holds.

Before we provide a proof of the theorem, let us point out that unitary equivalence of self-
adjoint operators implies that their spectra coincide.

Corollary 3.5. Let the assumptions be as in theorem 3.4. Then u € R belongs to the point
(discrete, essential, continuous, absolutely continuous, singular continuous) spectrum of Ap ;
if and only if u belongs to the point (discrete, essential, continuous, absolutely continuous,
singular continuous) spectrum of Ap,, respectively.
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Proof of theorem 3.4. The proof will be carried out in two steps. In the first step an iso-
metric operator defined on a subspace of L?(£2) is constructed; this step follows the strategy of
the proof of [9, theorem 1.3] but is given here for completeness. In the second step we show
that this operator extends to a unitary operator such that (3.7) holds.

Step 1. Let £;, £, be differential expressions as in the theorem and let Ap;,Ap, and
M;(X), M(\) be the corresponding Dirichlet operators and Dirichlet-to-Neumann maps,
respectively. Moreover, denote by ~;(A) and ~2(\) the corresponding Poisson operators

as in (3.5). Assume that (3.6) holds for all A € D. Since (M;(-)p, ¥)oq is holomorphic on
p(Ap,) for all ¢ € H'/2(982) with supp ¢ C w, i = 1,2, and D has an accumulation point in
p(Ap1) N p(Apy), it follows that

(Mi(N)p, @)oa = (Ma(Ng. 0)aa, ¢ € H'*(09), supp ¢ C w,

holds forall A € p(Ap,1) N p(Ap.). Withlemma 3.3 (iii) forall » € C \ Randallp € H'/2(99)
with supp ¢ C w we obtain

Im(M; (1), 0)oa
Imp

I (M)SOHiZ(Q) ==

3.8)
_ Im(MZ(.u“)QO’ 30)39 _ H ( ) ”2
= Imy = 172 ) Pllr2 ()
Let us define a linear mapping V in L2(Q) on the domain
dom V = span{~(u)p : ¢ € H'2(0Q), suppp C w, p € C\ R} (3.9)
by setting
VY (e = na(w)p, ¢ € H?(09), suppp C w, p € C\R, (3.10)

and extending it by linearity to all of dom V. It follows from (3.8) that V is a well-defined,
isometric operator in L2(£2) with

ranV = span{y(p)p : p € H'2(8Q), suppp C w, pe C\ R}.

Moreover, if we fix A € C \ R then by lemma 3.3 (ii) we have ran(Ap; — \) ™'y (1) € domV
and
_ Ay — ANy —
V(Aps — N~ (1) = v Ne =iy 2(M)e —nw)e
A—p A—p

= (Ap2 — N ")y = (Ap2 — A) "'V (p)e

forall u € C\ R with i £ Aand all ¢ € H'/(9Q) with supp ¢ C w. By linearity this implies
V(Apy = A)"' [ Hx = (Ap2 — A) "'V [ Hy, G.11)
where H) is the subspace of dom V given by
Hy = span{ (1) : ¢ € H'/*(0Q), suppp C w, p € C\ R, 1 # A}. (3.12)

Step 2. Let us show that the linear space dom V in (3.9) is dense in L?(f2). For this choose
a Lipschitz domain € such that  C ©, 9Q\ w C 99, and Q\ Q contains an open ball
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O, and such that £, admits a uniformly elliptic, formally symmetric extension L to Q with
coefficients satisfying (2.2)~(2.4) on €. Let Ap,; denote the self-adjoint Dirichlet operator
associated with £; in L?(Q),

Apti = L1, domAp, = {u € H'(Q): Lt € L*(Q),7],5 = 0}.
Since ZD,I is semibounded from below, we can assume without loss of generality that this
operator has a positive lower bound 7. In fact, when a constant is added to the zero order term

of £ (and £~1) the linear space dom V' in (3.9) remains the same.
For each ¥ € L?(Q) such that ¥ vanishes on  we define

U,z = (Ap; —p)~'0, peC\R.
Moreover, denote by u,,5 the restriction of #,5 to Q. Then u,z € H'(Q), Liu,5 = pu, 5,

and supp (1, 5/90) C w, that is, with ¢ := u,3/o0 € H'/?(9) we have u,5 = (1) and

supp ¢ C w; in particular, u,5 € domV holds for all x € C\R and all v € L*(Q) with
Olq = 0. ~

Letu € LZ(Q) such that u is orthogonal to dom V. Then the extension u of u by zero to €
satisfies

0 = (uupz)izi) = (@ Avi = 1) 7'0) pg) = ((Aoa — 1) 7'00) 0 5,

for all p € C\ R and all 7 € L*(Q) with 7| = 0. Hence

((Aps — )7 '0)|qo =0, neC\R. 3.13)
Following an idea from [8, section 3] we define the operator semigroup

T(t) = e Vi1 >0,
generated by the square root of ZDJ. Then ¢ — T(#)u is twice differentiable with

OPT(1)ii = Ap, T(1)i, >0,
from which we conclude

(=R +L)T(a=0, x€Q1>0, (3.14)
in the distributional sense. Note that

(x5, 1) = (e7VA1T) (x) € LX(Q % (0,00)).
Since the differential expression £; is uniformly elliptic on Q. regularity theory implies

= leoc(ﬁ x (0, 00))- For any real numbers a, b, a < b, which are no eigenvalues of

ZDJ the Stone formula

~ 1 b~ -1 7 ~1 ~
E\((a,b))u = lim 3 (/ (Apy — (z+ie))  — (Apy — (z—ie)) dz) u

eNO0 271

for the spectral measure Ej(-) of Ap and (3.13) imply (E; ((a, b))u)|g\q = 0. Thus, in par-
ticular, for each t > 0
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(e=Vora) ’5\9 _ ( /n e VAdE, (z)ﬂ) )ﬁ\n —0. (3.15)

By (3.15), e_’\/’;‘ﬁ vanishes on the nonempty, open set O x (0, 00), and (3.14) and unique
continuation yield T(¢)u = 0 identically on  for all # > 0, see, e.g. [79]. Thus, taking the
limit # \, O we obtain # = 0 and, hence, u = 0. Thus dom V is dense in L*(2). Analogously
one shows that ranV is dense in L*(12).

To summarize, the operator V in (3.10) is densely defined and isometric in L*(2) with a dense
range. Hence it extends by continuity to a unitary operator U : L*(2) — L?(£2). Moreover,
note that the space Hy C dom V in (3.12) is dense in L*(2) as well since (y(11)¢, u)12(0) = 0
for all u € C\ R with p, #£ ) and all ¢ € H'/?(92) with supp ¢ C w implies, by continuity,
(v(1)p.u)12(0) =0 for all 4 € C\R and all ¢ € H'/2(09) with suppy C w and hence
u = 0. Therefore the identity (3.11) extends to

U(ADJ — )\)71 = (AD,Z — )\)71[],

which implies UdomAp; = domAp, and Apy = UAp,U*. This completes the proof of
theorem 3.4. O

4. An inverse problem for a mixed non-self-adjoint Dirichlet-Robin operator
with partial Dirichlet-to-Neumann data

In this section we consider non-self-adjoint operators with mixed Dirichlet—~Robin boundary
conditions. We shall provide a variant of theorem 3.4 for m-sectorial elliptic operators satisfy-
ing a Robin boundary condition on an open subset w C 02 and Dirichlet boundary conditions
on 9N \ w. Here the knowledge of the Dirichlet-to-Neumann map is assumed locally at the
same subset w of 92 on which the Robin condition is given.

In order to define the operators under consideration, let us set

HY? = {p € H'/2(9Q) : suppp C w},
where the closure is taken in H'/2(9Q). Let § € L*=°(99) be a complex-valued function such
that 6|50\, = 0, and consider the quadratic form
g1, v] = alu, v] + (Ouloq,v|on)oq, domag, = {M € HI(Q) s ulpn € Hul/z}’
where a is given in (2.5). One verifies that ay, is a densely defined, sectorial, closed form in
L?(£2) and gives rise to the m-sectorial operator
Apou = Lu,

domAg,, = {u € H'(Q) : Lu € L*(Q),0zulw, + Oul, = 0,ulpq € HL/Z};
4.1)
this operator realization of £ in L?(€2) is subject to a Dirichlet boundary condition on 9 \ w
and the Robin boundary condition du|,, + Ou|,, = 0 on w, which is understood as

(8gu|ag + Oulsq, w)aﬂ =0, pE Hl/z(aQ), supp ¢ C w. 4.2)

Note also that for a real-valued 6 € L (9€2) such that 6|5\, = O the operator A, in (4.1) is
self-adjoint in L?(€2) and semibounded from below.
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Theorem 4.1. Let Ly, L, be two uniformly elliptic differential expressions on Q of the form
(1.1) with coefficients a1, a;1, a1 and aj 2, aj», az, respectively, satisfying (2.2)—(2.4), and let
M (N\), My(\) be the corresponding Dirichlet-to-Neumann maps. Assume that w C 0§) is an
open, nonempty set such that

(Mi(N)p, )oa = (Ma(N)g.0)aa, ¢ € H/*(09Q),suppp Cw,  (4.3)

holds for all X € D, where D C p(Ap1) N p(Apyp) is a set with an accumulation point in
p(Ap1) N p(Apy). Let 6 € L>(09Q) be a complex-valued function such that 0|pq\,, = 0 and
denote by Ag 1 and Ag,» the m-sectorial operators associated with L1 and L,, respectively,
as in (4.1). Then there exists a unitary operator U in L*()) (the same as in theorem 3.4) such
that

AO,w,Z - UAG,w,lU*

holds.

Theorem 4.1 is essentially a consequence of theorem 3.4 and the following proposition,
which relates the resolvent of the Dirichlet operator Ap in (3.1) to the resolvent of the operator
Ay, via a perturbation term containg the Dirichlet-to-Neumann map and the function 6. We

shall restrict elements in H~'/2(9Q) to w and use the operator
Py HV2(00) = (Y], € H2(09)},  Putp = ¥l (4.4)

here the restriction 1|, is defined by (¥|.,¢) := (¥, p)aq for all ¢ € H'/2(0Q) with
supp ¢ C w. One can view P, as the dual of the embedding operator from HL/ %into H/ 2(092).

Proposition 4.2. Let w C 0 be an open, nonempty set, let § € L= (0Q) be a complex-
valued function such that 0|sq\., = 0, and let Ag,, be the m-sectorial operator defined in

(4.1). Then the operator P, (0 +M(N)) THY? is injective for all A € p(Agw) N p(Ap) and
the identity

(Ao = 27" = (Ap = 1) 7"+ 9N (Pu(0 + M) THY?) T Py(R)* 45)
holds for all \ € p(Ag.) N p(Ap).

Proof. We verify first that P, (6 + M()\)) THY? s injective for A € p(Ag,,) N p(Ap). In-
deed, assume that ¥ € HLI,J/2 is such that P, (6 + M(\))y = 0, that is,

((9 +M(N)Y, go)aQ =0, pé€ Hl/z((’?Q), supp ¢ C w.

Then uy, := v(\) satisfies Luy = Auy, uxloq € HL/z, and

(Burloq + Ozulon. @) oy =0, @ € H'?(99), suppyp C w,

which implies uy € ker(Ag., — A) by (4.1) and (4.2). Together with A € p(Ay,,) it follows
uy = 0 and, thus, ¥ = M)\laQ =0.

Let us now come to the proof of (4.5). For this let v € L?(£) be arbitrary. Since
X € p(Ag,,) N p(Ap), we can define

u=(Agy — N '0—(Ap — N0 and z= (Ag., — N 0. (4.6)

10
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Then u € H'(Q) with Lu = Au, z € dom Ay, and ulsq = z|an € HY*. Moreover,

dculoq = Oczloa — Oz ((Ap — A)7'0)|ag = 8zlaq +¥(N)*0

by lemma 3.3 (i). For all ¢ € Hl/z(aﬂ) with supp ¢ C w we then obtain

(v(N)*v, ¢)BQ = (Oculoq — 0¢Z|aﬂ,1/1)39
= (M(Nuloa — 9c2lo0. V) 5o, = (M(N) + 0)z]00,v) 0

Hence P, y(A)*0 = Py, (0 + M(\))z|oq, that is, P,v(X)*v € ran(P,, (0 + M(N)) 'HY?) and

(Pu(0 +M(N) THY?) ™ Puy(3) 0 = 2]o0 = ulso.

It follows

YN (P (0 + M(N) THY?) T Py(N) o = 4(Nuloa = u.
which, together with the definition of u in (4.6), completes the proof of (4.5). O

Proof of theorem 4.1. Let U be the unitary operator in L?(£2) constructed in the proof of
theorem 3.4, which satisfies

Un(p)p = n(p)e (4.7)
forall u € C\ R and all ¢ € H'/2(99Q) with supp ¢ C w as well as
UAp) —N) "= (App —N)'U (4.8)

for A € p(Ap,1) N p(Apy2). Let us fix A € (C\ R) N p(Agw,1) N p(Agw2). Then with P, in
(4.4) the identity

Poyi(A)* = Puma(N)"U 4.9)
holds. In fact, for u € L*(2) and ¢ € H'/?(99) with supp 1) C w we have
(MmN ) aa = (N2 = (U UM ) @) = (12(0) Ut ) s
taking into account (4.7); this yields (4.9). Using proposition 4.2, (4.8), the assumption (4.3),
and (4.9), we obtain
U(Apun — N = UlApy — )7+ Ui (3) (Pu(0 + Mi(N) THY?) ™ Pumi (V)
= (Ap2 = )70 + (V) (Pu(0 + Mo(V) THY?) ™ Purn (V)" U

= (Agwr — N)'U.

This yields Ag,,» = UAg,., 1 U* and completes the proof. O

1
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5. An inverse problem for a self-adjoint Robin operator with partial Robin-to-
Dirichlet data

In this section we turn to an inverse problem for elliptic differential operators with Robin
boundary conditions on the whole boundary of the unbounded Lipschitz domain €. In contrast
to the previous section we restrict ourselves to self-adjoint boundary conditions. More specifi-
cally, for a real-valued function § € L>(9€2) we consider the densely defined, semibounded,
closed form

aglu, v] = afu,v] + (Ouloq, v|sq)sq, domag = HI(Q),
in L*(Q) and the corresponding semibounded, self-adjoint Robin operator

Agu = Lu, domAg = {uecH(Q): Luec L*(Q),0zuloq + Oulspn =0} .

Our aim is to prove that this operator is determined uniquely up to unitary equivalence by the
knowledge of a corresponding Robin-to-Dirichlet map on any nonempty, open subset of the
boundary.

The following lemma prepares the definition of the Robin-to-Dirichlet map. It can be
proved analogously to lemma 3.1.

Lemma 5.1.  For each \ € p(Ag) and each «p € H~'/>(9) the boundary value problem
Lu=u,  Oculoa + Oulaq = b,

has a unique solution uy € H'(Q).
Due to lemma 5.1 the following definition makes sense.

Definition 5.2. For A € p(Ay) the Robin-to-Dirichlet map My(\) is defined by
My(N) : H‘I/Z(GQ) — Hl/z(aﬂ), My(X\) (8514)\‘39 + 9u,\|ag) = ux|sq,

for each uy € H'() satisfying Luy = Auy.
For A € p(Ay) we also define the Poisson operator for the Robin problem () by
Yo(N) : H7'2(0Q) = L2(Q),  79(A) (Ocualo + Ourlon) = ux, (5.1)

for any uy € H'(2) such that Luy = Auy.

In order to prove the main result of this section we collect some properties of vg(\) and
My(X), which are analogs of the statements in lemma 3.3. Their proofs are similar to those in
[9, lemma 2.4] and are not repeated here.

Lemma5.3. For\ u € p(Ap) let v (), o (1) be the Poisson operators for the Robin prob-
lem and let Mg(\), Mg (1) be the Robin-to-Dirichlet maps. Then the following assertions hold.

(i) vo () is bounded and the identity
Y0 (N) = (I + (X = ) (A9 — X)) v0(1)

holds.
(ii) Mg(\) is a bounded operator from H~'/?(0Q) to H'/*(0Q), the operator function
A = My(N) is holomorphic on p(Ay), and

12
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(Imp) |y (1)1 720y = Im(Mo (1), 9)o02
holds for all o € H='/?(05).

Forp € H™'/2(9Q)and anopensetv C 9 we shall say that ¢ vanishes on v if (¢, 7)aq = 0
for all € H'/2(92) with suppn C v. As usual, we define the support supp ¢ C 92 of ¢ to
be the complement of the union of all open sets on which ¢ vanishes.

The main result of this section is the following.

Theorem 5.4. Let L, L, be two uniformly elliptic differential expressions on Q of the
form (1.1) with coefficients aj.1,a;1,a1 and a2, a;2, az, respectively, satisfying (2.2)—(2.4).
Let 01,0, € L= (9Q) be real-valued and let Ag, Ag, and Mg, (\), My, () denote the corre-
sponding self-adjoint Robin operators and Robin-to-Dirichlet maps, respectively. Assume that
w C 0N is an open, nonempty set such that

(Mo, (M), 0)oa = (Mo,(N)p,@)oq. € H/2(9Q), suppyp Cw,  (5.2)

holds for all A € D, where D C p(Ag,) N p(Ag,) is a set with an accumulation point in
p(Ag,) N p(Ap,). Then there exists a unitary operator U in L*()) such that

Ap, = UAp, U”
holds.

Proof. The proof of theorem 5.4 is a modification of the proof of theorem 3.4 and we will
leave some details to the reader. For any p € C\ R and let 7y, (1) be the Poisson operator for
the Robin problem as defined in (5.1), i = 1, 2. We define a linear mapping V in L?(2) on the
domain

dom V = span{, (u)¢ : ¢ € H~/2(9Q), suppp C w, pu € C\ R}
setting

Vo, ()¢ = 70, ()¢, ¢ € H'/2(0Q), suppp Cw, p € C\R,
and extending this operator by linearity to all of dom V. Clearly, we have

ranV = span{~y, (n)¢ : ¢ € H™'2(6Q), suppyp C w, p e C\ R}.

As in Step 1 of the proof of theorem 3.4 we conclude from (5.2) with the help of lemma 5.3
(i) and (ii) (instead of lemma 3.3 (ii) and (iii)) that V is well-defined, isometric, and satisfies

V(Ag, = N)7! [ Hy = (Ag, = N)™'V | Hy (5.3)
for each fixed A € C \ R, where H) is the subspace of dom V given by
Hy, = span{~g, (u)p : ¢ € H'/*(9Q), suppp C w, j € C\ R, pu # A}.

Let us now check that dom V is dense in L(2). Let Qand £, be defined as in Step 2 of the
proof of theorem 3.4 above with the additional condition that there exist wg C 0f2 such that

Wo C w and still 9 \ wy C HQ. Define the real-valued function 0, € L>=(99) by

13
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b 61 on 9N\ wo,
"7 10 otherwise.

Then the operator

Agii= Ly, domAj = {@eH (Q): Liui € LX(Q), 9z,il| o5 + 011l o5 = 0}

in L?(€2) is self-adjoint and semibounded from below; as in the proof of theorem 3.4 one
argues that ‘251 can be assumed to be uniformly positive. For each v € Lz(ﬁ) such that ©
vanishes on 2, we define

U,5 = (Xgl w9, peC\R

Moreover, we denote by u,,5 the restriction of u,5 to €. Then Lyu,, 5 = uu, 3 and by con-
struction

supp (9z,u, 500 + O1u,zl00) C @ C w. (5.4)

In fact, to justify (5.4) consider x € 9Q \ @y, choose an open set v C 9N \ gy with x € v, and
let p € H'/2(99Q) with supp ¢ C v. The first inclusion in (5.4) follows if we show

(Or,u, 5100 + 01u,5]00, v)aq = 0. (5.5)

Choose w € H'(Q) with w|pq = ¢ so that, in particular, w|,, = 0. Hence the extension w by
zero of w onto § satisfies w € H'(€2) and supp (W|,5) C 99\ wo. Now it follows from the
definition of the conormal derivative that
(O, u, 5100 + 011,500, ©) o0
= —(Liuyz w)r20) + ofu,z w] + (011,500, wlea)oa
= — (Lt W)@y + 8l W]+ (01,5056, Wlog) on
= O, 03l a5 + 015l Wlo)sa = 0:

which proves (5.5) and therefore (5.4) holds. Now it follows in the same way as in the proof of

theorem 3.4 that u,,; € dom V for all o € C\ R and all © € L*(2) with 7| = 0.
If we choose u € L?(£2) being orthogonal to dom V and denote by % the extension of u by
zero to €) then we obtain

0 = (l/l, I/lﬁﬁ)LZ(Q) = (ﬁ’ (Zal 7ﬁ)71’6)l‘2(§) = ((Z(?l - u)71ﬁ75)L2(§)

for all p € C\ R and all ¥ € L*(Q) which vanish on €, that is,
(A5, =) D)o =0
for all 4 € C\ R. Proceeding further as in Step 2 of the proof of theorem 3.4 it can be con-

cluded that e "V*@7 vanishes on an open, nonempty subset of Q x (0,00) and by unique

continuation it follows e 'V Agl'tl =0 on § for each t > 0. Hence, u = 0, which implies that
dom V is dense in L?(£2). Analogously one shows that ranV is dense in L*(12).

14
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Now it follows in the same way as in the end of Step 2 of the proof of theorem 3.4 that the
isometric operator V extends by continuity to a unitary operator U : L?(2) — L*(2) and that
(5.3) extends to

U(Ag, —\) ' = (4, = N)'U.

This yields Ap, = UAg, U* and hence completes the proof of the theorem. O
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