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1. Introduction

In the analysis of the Cauchy problem for the one dimensional time dependent Schrédinger equation

0 o?
zglll(t,x)— (—@—l—V(t,:v))‘ll(t,gv)7 t>0,z€eR,

U(0,z) = F(x), z € R,

(1.1)

with a given potential V' and initial condition F', one typically wants to express the solution ¥ with the
help of the corresponding Green’s function G(t,x,y) in the form

U(t,x) = /G(t,x,y)F(y)dy. (1.2)
R

To ensure the existence of the integral (1.2) in the usual Lebesgue sense one often imposes strong smoothness
and decay assumptions on the initial condition F. In particular, test or Schwartz functions are a natural
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choice to avoid technical difficulties, see for example the constructions of explicit Green’s functions in
[18,19,23,28,34]. However, if F' does not satisfy such additional requirements, it is necessary to specify in
which sense the integral (1.2) has to be understood.

The main objective of this paper is to propose a new constructive and explicit approach towards integrals
that do not converge in the usual Lebesgue sense, but where the integrand has a fast oscillatory behavior.
Our technique is inspired by the above Cauchy problem and its application in the theory of Aharonov-Berry
superoscillations (a wave phenomenon, where low frequency waves interact almost destructively in such a
way that the resulting wave has a very small amplitude but an arbitrary large frequency; cf. [2,13] for the
physical and mathematical origin of this effect, and [14] for a comprehensive survey), but will be developed
in a general independent framework. To familiarize the reader with our method let us consider (1.1) with
the initial condition

F(y) = e, (1.3)

which is a plane wave with frequency xk € R, the most important initial condition in the above mentioned
application on superoscillations. Typically, the Green’s function in (1.2) does not possess any decay as
y — £oo and thus the integral (1.2) with F' in (1.3) is not absolutely convergent in the Lebesgue sense.
In order to still give meaning to the integral, one may use that the Green’s function of the Schrédinger
equation often admits a decomposition of the form

G(t,z,y) = OV G(t,z,y),

where the functions a and G satisfy certain growth conditions. Using this decomposition turns the integral
(1.2) into

(t,x) = / GOV G, 2, y) Fy)dy. (1.4)
R

Now, one may interpret (1.4) as a generalized Fresnel integral by formally substituting y — ye'® for some
« > 0. This leads to a rotation of the integration path into the complex plane and turns the oscillating term
¢y’ into the Gaussian decaying factor em(t)(y"‘m)z, which may lead to an absolutely convergent integral.
This method typically requires that the integrand extends holomorphically into the complex plane and was
employed in the context of time evolution of superoscillations recently in [3,12,33].

In the present paper we propose a different method, based on iterative integration by parts, to interpret
(1.4) as a limit of absolutely convergent integrals. This avoids the analyticity assumption on the integrand
and replaces it by some C™-regularity. Moreover, the integrand and hence the initial condition is allowed
to grow polynomially at y — +o0o, see Theorem 4.2. In order to sketch the key idea, we note that the
fundamental structure of the integral (1.4) is of the form

o0

/ ¢ f(y)dy, (1.5)

b

where we only consider the integral along the interval [b, 00) with b > 0 and a € R \ {0}. This integral can
be rewritten by formally using integration by parts, as

oo

/emny(y)dy m( zab2fT / my d +/ zay2 f;y)dy) (16)
b b b
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where we have assumed that the evaluation e’ f(y)/y for y — oo vanishes. Thus, instead of the function
f, it suffices to integrate the functions f(y)/y? and f'(y)/y, where the additional decaying factors 1/y? and
1/y lead to better integrability properties at oco. This observation can be made rigorous by inserting the
Gaussian factor e’fyz, and when (1.6) is applied iteratively, it leads to the formula (3.6). It is then shown
in Theorem 3.3, that for n-times continuously differentiable functions f where the n-th derivative grows at
most polynomially with order & < n — 1, we can consider the oscillatory integral as the limit of regularized
integrals

oo oo

o . —er? iau?
[ sy = tim [ o sy (1.7)
b b

In Section 4 this technique and the general results from Section 3 will be applied to the Cauchy problem for
the one dimensional time dependent Schrodinger equation (1.1). In particular, assuming that the Green’s
function satisfies Assumption 4.1, we conclude that for a class of C™-regular initial conditions F' with
polynomial growth, the solution of (1.1) can be expressed as the limit

U(t,x) = 81ir61+ /e*syzG(t,J;,y)F(y)dy, t>0,zeR. (1.8)
R

Here we shall also rely on the Leibniz rule for oscillatory integrals from Theorem 3.7, which in the concrete
situation (1.8) leads to

2

2 O

—_— = i _Ey R

a2 V(62 Elféﬂ/e g2 o yE@)dy,
R

0 2 0

e — = i _Ey -

oY) = lim [ ™ =Gtz y)F(y)dy,
R

and thus shows that ¥ in (1.8) is a solution of the time dependent Schrédinger equation. Furthermore, using
the abstract continuity result Proposition 3.6, it turns out in Theorem 4.3 that ¥ depends continuously
on the initial condition F. As a simple illustration of our general results we consider the free particle in
Section 5, where we also discuss the initial condition (1.3) and compute the moments of the corresponding
Green’s function, i.e. choose the initial conditions F(y) = y™. We also refer to [3-5,12,17,20] for other
explicit examples of Green’s functions and related considerations in the context of superoscillations.

Finally, we briefly connect and relate our investigations to the general theory of oscillatory integrals,
which appear in various branches in mathematics and physics. Note first that the single valued integral
(1.5) is an oscillatory integral of the form

/ €99 f(y)dy, (1.9)

Q

where ) is an open subset of R™. While our method (1.6) of iterative integration by parts uses the term
elav’ to gain additional powers of 1/y in order to make the integral absolutely convergent, typically these
integrals are treated for functions f which are already absolutely integrable. The main interest is mostly on
the asymptotic behavior when a — oo, and the classical tool is the method of stationary phase; we refer the
interested reader to the monographs by Hormander [26, Section 7.7], Sogge [35, Chapter 1] and Steinthe 1
[36, Chapter VIII]. The case when f does not possess any decay at infinity is treated, e.g., in the papers
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[10,11], [24, Section 1.2] and [35, Section 0.5]. There, the oscillatory integral is, similar to (1.7), defined as
the limit of regularized integrals

e—=0*t
Q

lim /p(&y)eim(y)f(y)dya

where p is a function with p(0) = 1, which makes the above integral absolute convergent for every € > 0.
However, the function f still has to have C*°-regularity with growth assumptions on all derivatives, while
in this paper we present an improved integration by parts method which reduces, at least for ¢(y) = 3>
and Gaussian regularizers p(y) = e‘yz, the regularity assumptions to C™, and polynomial boundedness
is only needed for the n-th derivative. Typical examples are the Airy integral in [26, Section 7.6] or the
Stein-Wainger oscillatory integral treated in [29,30,32,38].

Another possible approach to oscillatory integrals, which formally seems closer to the Green’s function
integral (1.4), is to introduce a second parameter x as well as an integral kernel K (z,y) into the integral
(1.9). However, while we still consider this integral as the limit of regularized integrals (1.8), the classical
approach in this case is to consider the integral

/ e K (2, ) (y)dy (1.10)
Q

only for f in a dense subset, and then extend it either as a bounded operator or in the sense of distributions.
Mapping properties in between the spaces LP(2) and L?(Q) are discussed in, e.g., [15,25,27,37]. Such oper-
ators and their applications in the theory of partial differential equations were thoroughly investigated by
Duistermaat and Hérmander in [21,22,24,26]. Typical examples for (1.10) are the standard Fourier trans-
form (¢(x,y) = zy and K(z,y) = 1 on Q = R™), or more general Fourier integral operators, also with
measure-valued kernels K which restrict the integral to a submanifold [16,36,39]. As another important
application we point out that in the papers [6-10] by Albeverio and collaborators, the infinite dimensional
Feynman path integral is treated as the limit of finite dimensional oscillatory integrals.

Acknowledgments. We are indebted to Jean-Claude Cuenin for fruitful discussions and helpful remarks. This
research was funded by the Austrian Science Fund (FWF) Grant-DOI: 10.55776 / P33568 and 10.55776 /
J4685. The research of P.S. is also funded by the European Union—NextGenerationEU.

2. Spaces of polynomially bounded C™-functions

In this preparatory section we introduce and study two families of spaces of n-times continuously differ-
entiable functions, which both play an important role in this paper. First, in Definition 2.1 for & > 0 and
b > 0 we define the space C7([b,0)), where only the n-th derivative is assumed to satisfy a polynomial
bound y* at oco. For functions f from this space we will define the oscillatory integral Z, ;(f) in Theo-
rem 3.3. Second, we consider the space C™(R, r*) with r(y) = 1+ |y| in Definition 2.8, where all derivatives

(63

satisfy the polynomial bound r(y)* at oo. This space turns out to be more convenient when products of

functions appear in the integrals, such as it is the case for the Green’s function and the initial condition in
Theorem 4.2.

Definition 2.1. For b > 0, n € Ny, and a > 0, define the space
O™ ([b, 00)) = { Fecn(h,o00)) | 1F™ (y)| < My® for some M > 0 } (2.1)

equipped with the norm
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L) (n)
I llen(p.ooy) == 720 + sup M; (2.2)
k=0

bnferra ye[b,oo) yoz
. . . —1
here (and in the following) we use the convention ), ~, := 0.

Observe that for f € C™([b,00)) only a bound on the highest order derivative f(™ is required. However,
the next Proposition 2.2 also provides bounds for the lower order derivatives, which will be used frequently
in the following. The estimate (2.3) is also useful to verify that C7([b,0)) is a Banach space; this can be
done in the same way as for C"([b, 00)) and is not repeated here.

Proposition 2.2. Let b > 0, n € Ny, and « > 0. Then for any f € Cl([b,o0)) one has

P W < M lonmeony™ ™ y € lboo), ke {0,...,n}. (2.3)

(n)
Proof. Let us set M := sup,cp.o0) \f ya(y)‘ and prove by induction for k € {0,...,n} the stronger inequality

FOy (Z = l+oz > yrre g e fboo). (2.4)
=k

Since f € C7([b,>0)), the inequality (2.4) for k = n follows immediately from the definition of M. For the
induction step k — k — 1, we get

Yy
|FE=D ()| = ‘f(k_l)(b) +/f(k)(z)dz

b

n—1 |f(l) Y
< [FED (@) + (Z P l+a )/z” htag,

- (l) n—k+a+1
< [fb=1) |f L)Y
o (S g o)
Yy n- k+a+1 = |f(l)(b)| n—k+a+1

S (g) Z pn— I+« +M Y

« FO0) S
= iTra + My , y € [b,00).

I=k—1

This shows estimate (2.4), which implies the inequality (2.3). O

In the following we collect four corollaries that are all based on the bound (2.3). The first one is a
continuous embedding result.

Corollary 2.3. Let b > 0, n € No, « > 0, and f € CZ([b,00)). Then for every value ¢ > b one has
flie,00) € Chi([e,00)) and

||f|[c,oo)HCg([c,oo)) < (TL + 1)||f||Cg([b,oo))

Proof. It is clear from the definition of the space (2.1) that f|. ) € Ch([c,00)). Using (2.3) for y = ¢, we
can estimate the norm (2.2) of the restricted function fi; o) by
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/¢ [f(y)]
f [e,o0) lIC2 ([e,00)) —
£ 1,00 ez e,con = E:Cn k+a T e
< I llog qp,oon et TR
< E + sup
cn— ktao y€E[b,00) ya

< (n + Dl fllen b0y O

Corollary 2.4. Let b > 0, n € No, a > 0, and f € C?([b,o0)). Then for every m € {0,...,

fim e Cn=™([b,00)) and

1F ™ N e (qpro0yy < N llenp.00))-

Proof. Using the inequality (2.3), the derivatives of (™) can be estimated by

’dyk £ (y )‘ =[] <N fllen ooyy™ ™ F T, ke{0,...,n—m}.

This estimate shows that f(™) € C?~™([b, 00)), with norm bounded by

I | R ()] | fOmtn=m) ()]

f(m) = + sup
1F™ M cmm ((p.00)) ok T ) ye
:Z Al G BRI )]
pn— k+0¢ yE[b,00) ye
<|fllcn,

n} one has

where the first equation is the definition of the norm (2.2), in the second equation we substituted & — k—m,

and in the last inequality we added the missing terms &k = 0,...,m — 1 in the sum. O

Corollary 2.5. Let b > 0, n,m € Ny, and o, 3 > 0. If n > m and 8 > a+n —m, then one has the inclusion

of the spaces Cf([b,00)) C CF([b, 0)), together with the norm estimate

m+1 n
1oz .00)) < Famamnmm 1/ ez @p.000: f e Cy([b,0)).

Proof. Using the inequality (2.3), we get for every f € C([b,o0)) and k € {0,...,n} the estimate

(k) n—k+a ym—k-i-ﬁ
L) < A fllen(b,00))Y < ||fHCg([b,oo))W7

where in the second inequality y > b and 8 > a+n—m was used. This estimate shows that f € CF([b, 00)),

with norm bounded by

mol| f(k) L @)l
f m = up
1l .00 g b VP

m—1 1 1
< HfHCZ([beO)) b,@—a—n+m + pB—a—n+m

m+1
(b, OO))b[J’ a—n+m’

= [ /1
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In the next result, functions f € C%([b, 00)) are multiplied with monomials y”. In the following we shall
use the convention Hj_:lo =1
Corollary 2.6. Let b > 0, n € Ng, a > 0, and f € CZ([b,00)). Then for every real valued p > 0 one has
y'f € Cgyp([b;00)) and

1V fllcn, , (boo) < (0 +n+1)" || fllen(b,oo))-

Proof. Using the inequality (2.3), we get for every k € {0,...,n} the estimate

)| = ZZ (1) (ZHZ@ ) lariall®]
) ” B (2.5)
< Hf”Cg([b,oo)) g <I;> (jl:[o Ip _j|)yn—k+a+p_

Estimating [p — j| < p+j < p+n — 1, using the largest j-value j <1 —1 <k —1 <n — 1, the inequality
(2.5) becomes

dk
duk

k
k
dy (ypf(y)) < ||f||cg([b,oo)) Z (l) (p +n— 1)lyn7k+a+p
=0

= [[fllen (oo (p+n)Fyn=rretr

for y € [b,00). In the second line we used the binomial formula Zf:o (]lc)fl = (¢ + 1)*. This estimate shows
that y? f € Cf,,([b,o0)), with norm bounded by

L WP W),y s Ly f )]

19 Fllog. , o) = D~ Fn—irats

k=0 y€[b,00) ya+p

n—1
< I fllen b, < Z(P+ n)* + (p+ n)")

k=0

n n
Cr(lboo)) D (k) (p+n)k
k=0

= [ fllen(p,ooy (0 + 1+ 1)",

<|If]

where in the last line we again used the binomial formula. O

The next remark shows that the function spaces C7} in Definition 2.1 do not possess natural multiplication
properties. The main reason for this is that the growth y® in (2.1) is only required for the highest derivative,
while the lower order derivatives may grow faster, see Proposition 2.2.

Remark 2.7. Observe that in general for f € Cg([b,o0)) and g € Cg([b, o0)), v, 3 > 0, one can not conclude
fg € Ch5([b,00)). E.g., for f(y) = e € Cg([b,00)) and g(y) = y"th e Cj([b,0)), Corollary 2.6 only
ensures fg € C7, 5([b, 00)), but since

n k—1

dn . .

PrIGEUEDD @ < AL ”)y”’“”i”e” — O@"*?) asy — o,
k=0 =0
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it is clear that fg ¢ Cj([b,00)) for n # 0.

Next we introduce another family of weighted C™-spaces, which are more natural for treating products
and hence will be used in Section 4, where the product of Green’s function and an initial condition appears
in the integrand. As weights we consider powers of

r(y) =1+ yl,

and in contrast to the Cl-spaces, not only the n-th derivative, but also the lower order derivatives have to
satisfy the same upper bound. However, in Lemma 2.12 it turns out that (modulo restrictions) the spaces
C™(R,r*) can be viewed as a subspace of CZ([b, 00)).

Definition 2.8. For n € Ny and « > 0, define the space
C™"(R,r%) := { feC™(R) ‘ |F®) (y)] < Mr(y)® for some M > 0 and every k € {0,...,n} } ,
equipped with the norm

FARI)]
o 1® )| 2.6
[fllen @ re) kelOn) ook T(y) v

We remark that the space C™(R,r*) is a Banach space, which can be proven in the same way as for
the standard C"-spaces and is not repeated here. Next we collect some useful features of the functions in
C™(R,r*) and start with a natural product property.

Proposition 2.9. Let n € Ny and o, 3 > 0. Then for every f € C*(R,r%) and g € C"(R,r?) one has
fg € C"(R,r**P) and

Il fallen®ratey < 27 fllom® ey |9llon®,re)-

Proof. For every k € {0,...,n} the k-th derivative of the product fg can be estimated by

: k
j?(f(y)g(y))‘ = ’ZZ (’;) FO ()% D ()
=0

k
k
<3 () I llena e lollon oy
1=0
= 2k||f| Cn(R,ru)||g| C"L(R,rﬁ)r(y)a+6'

This estimate shows that fg € C™(R,r**#), with norm bounded by

1fgllon @ retey < | max 2 fllen ey lgllon @ ey = 271 flon @y gl on ey O

ke{0,...,n}
Lemma 2.10. Let n € Ny, a > 0, and f € C*(R,r*). Then the following assertions hold.

(i) For every m € Ny one has y"™ f € C™(R,r**™) and

ly™ fllon @ ratmy < (14m)" || fllon®,re)- (2.7)
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(ii) For every k € R one has e*¥f € C*(R,r®) and
1€ fllon®,ry < (L+ KD | fllon @ rey- (2.8)
Proof. (i) For every k € {0,...,n} the k-th derivative of y™ f(y) can be estimated by

dk
dy*

min{k,m}
(ymf(y))‘ = Z (?) (mﬁi' l)| ym—lf(k—l) (y)

=0

IA

min{k,m} k
> () len et

=0

k
k
<3 (3 lon )+
1=0
= (L+m)*[| fllen® peyr(y) .
This inequality shows that y™ f € C™(R,r**t™), with norm bounded by (2.7).
(ii) For every k € {0,...,n} the k-th derivative of eV f(y) can be estimated by

i (';) (i)' e fED(y)

d” iKY _
@ IW)| =

(K
<3 ()l lenm ey )®
1=0
= (L4 |KD"[IFllom @ reyr(y)*
This inequality shows that ¢*¥ f € C™(R, r®), with norm bounded by (2.8). O

Next, we show that the space C™(R, r®) is invariant with respect to the shift of the function.

Lemma 2.11. Let n € Ny, « > 0, and [ € C™(R,r%). Then for every x € R one has f(- +z) € C*"(R,r%)
and

1FC + 2)llen@aey < A+ )| fllon @ re)-

Proof. For every k € {0,...,n} the k-th derivative of f(- 4 x) can be estimated by

dk [ [e3% [e3%
AR = /Py + ) < Ifllon @y (L + 1y + 2D < [ fllom @y (L4 |2])* (L + [y])*

This estimate shows that f(- +z) € C™(R,r%), with norm bounded by

IFC- +2)llen@re) < fllen@esy (A + ]2 O

The following lemma shows, that the function space C7([b,00)) from Definition 2.1 is indeed in some
sense larger then the weighted C"-spaces C™(R, %) from Definition 2.8.
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Lemma 2.12. Let n € Ng, « > 0, and f € C"(R,7*). Then for b > 0 one has f|j,00) € CH([b,00)) and

1 n+ao
I f11b,00) lcm ([b,00)) < (1 + E) If]

Cn(R,re)-

Proof. For every k € {0,...,n} the k-th derivative of f can be estimated by

1\«
Ccn(R,re) (1 + _) yau Y€ [b7 OO)a

P < N Fllen@ ey (T +9)* < |If] A

where 14y < (1+ )y was used for every y > b. This estimate shows that f[p, ) € C2([b, 00)), with norm
bounded by

n—1
FARIO] 1™ ()]
Hflb,oo ||Cg b,00)) — E  hra + sup —
e (o) k=0 b=t yEfb,0) Y

n—1
<N fllen@ ey (1 + %) <Z b”%k + 1)
k=0

1 n+ao
< fllen @ rey (1 + 5) ,

where in the last inequality we used

3
|
—

1 "1 -
pn—Fk +1:anfk SZ
=0 k=

0 k 0

<Z> bn{k =(1+ %)n =

=
i

3. Oscillatory integrals

In this section we want to give meaning to oscillatory integrals of the form

o0

[ sy, (3.1)

b

where a € R\ {0}, b > 0, and the function f : [b,00) — C is not necessarily (absolutely) integrable on
[b,00). The idea is to insert the Gaussian regularizer efs(y*yﬂ)z, e >0, yo € R, into (3.1) and consider the
regularized Lebesgue integral

o

L(f) = /e’s(y’y‘”?emyzf(y)dy- (3.2)

b

The oscillatory integral (3.1) can now be defined as the limit ¢ — 0T of the absolutely convergent integrals
(3.2), namely

oo

. . _ _ 2 ay?
Lop(f) i= lim I30(f) = lim [ 72070 et f(y)dy, (33)
b

for functions f for which this limit exists and is independent of the chosen yy € R. We emphasize that in
the following the notation I;7}°(f) is used for the standard Lebesgue integral (3.2), whereas we shall use the
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calligraphic symbol Z, ;(f) for the limit in (3.3) which, in general, does not exist as an absolute convergent
Lebesgue integral.

Tt will be shown in Theorem 3.3 that for functions in the space C%([b, 00)) of Definition 2.1 with n > a+1,
the limit (3.3) exists. The key idea of the convergence of these oscillatory integrals is presented in the

following Lemma 3.1. Using integration by parts we will derive the identity (3.4) for the regularized integral

€,Y0
Ia b

[2() Theorem 7.7.1], [35, Lemma 0.4.7, Lemma 1.1.2], and [36, Proposition 1 on page 331], where similar

which will then serve as a first step for the more complicated formula (3.6). We also refer to, e.g.,

iterative integration by parts techniques were used.

Lemma 3.1. Let a € R\ {0}, b > 0, € > 0, and yo € R. Then for every f € CL([b,0)), a >0, and k € Ny
one has

/ N R () ! I
[s,yo A R _ 1 I&yo I&yo 3.4
a,b (yg) 2(2(1 _ E) bg,+1 (H + ) a,b ( K,+2> + a,b (y?+l ) ’ ( )

where y. := y + =2 and b, := b+ 24

a—e ia—e "

Formula (3.4) shows, that instead of yx, one can rather integrate the functions y% and . This
procedure is illustrated in the following diagram.
L) — G
fZ,’i’” (ygf“ )
Proof of Lemma 3.1. Using integration by parts we can rewrite the integral (3.2) as
o0
[Z’go< f ) - /ei<1.y2—6(y—.w))2 f(g) dy
e Ye
b
o0
= /i wy?*E(y*yo)Z) fy) dy (3.5)
(ia—¢) ) dy yott
b

1 (ei<11/2—6(.1/—.uo)2 fy)

2ia—2) yoH

> _ iay?—é(y—yo)2i fy)
y=b /6 dy(y?+1)dy ’
b

Since f € CL([b,0)) the boundary term satisfies

1
emyQ—ew—yo)?M‘ < o-ety—yo? Il ey y™
k+1| — |ys|l<,+1

—0 asy— oo,
€

where also (2.3) was used. Therefore, (3.5) simplifies to

f -1 b 70 _ 2 d (f(y)

5o — ia e(b— yo iay®—¢ (y—yo)~ 2 d

ab (ye) 2(ia — ) ¢ bK+ Jr dy(y?“) Y
b

_ -1 iab27<€(bfyo)2 f(b) €,%0 f €,Y%0 f/
~ 2(ia—¢) (e pret D (y"“) e <y?+1) -

€ €
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Next, we repeatedly apply (3.4) to gain multiple powers of y%’ which serve as regularizers of the integrand
at infinity. The formula (3.6) below is the crucial ingredient in Theorem 3.3 to define the oscillatory integral
(3.1) as a limit via (3.3). The following diagram provides a schematic illustration of how (3.4) is repeatedly
applied: Instead of the integral ¥ (f) in the top left corner, one can rather compute the n integrals in the
bottom row and the m + 1 1ntegrals in the right column.

R0 — 1) — = ) = mey)

Y a, ) Yy
! ! !
P ’ -1
() — L) — - L) — ()

i .
! !

L) — 1 () — - — L () — 1030 ()

l
(n—1)

€,Y0
Ia,b

Y

Lemma 3.2. Let a € R\ {0}, 6 >0, >0, yo € R, m € Ny, and n € N. Then for every f € C([b,00)),
a >0, one has

n—1 m ;12 2 m
Ck lezab —e(b—yo) f(k) C 1 f(n)
[E,yo — > n— 6 »Y0 ( )
a,b (f) kg;) ; (ia _ E)k+1+lbk+1+2l + ; (ia — 5 n+l a b yg+2l
. (3.6)
ne
N (R 14 2m)Chn e ( f® )
P (ia _ 5)k+1+m a,b y§+2+2m ’
where ye ==y + 2% and be == b+ 2, and the coefficients Cy; € R are recursively given by
k ke
1y k+1 —1)kGi 4+ 1421
Cho = (_ 5) and  Cyy1 = Z( ) 2;@(+H )cz,l. (3.7)

=0

Proof. Step 1. We fix m = 0 and prove the formula (3.6) inductively for n € N. For the induction start
n = 1, the formula (3.6) reduces to

iab?—e(b—yo)?_Co,0.f () n Co,o I&yo(ﬂ) _ ﬁlsyyo( f )7

(ia —e)be  da—e P \y. ia—e @0 \y2

() =e
a,b yg

and holds by (3.4) with k = 0 and the choice Cy o = —%. For the induction step n — n + 1, we know by
(3.6) with m = 0, that

n—1 i - — n n—1
Is,yg(f) _ Z Ck,oe“lb2 e(b y0)2f(k)(b) Cnfl,o 7590 (f( )) Z k +1 Ck 0 I° yo( f(k) )
R D Ga—eyr o0 Ugp ) = 2 (g — eyt o (i)
Using (3.4) with f and x = n, turns this formula into
0 (f) _ ”21 C’kyoeialﬂie(b*yo) i k +1 Ck 0 - yo( f(k) )
o = (ia— )k+1b’“+1 2 (ia —eyFtt b \ B2
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iab?—e(b—y0)? f(n) ) (n+1)
- .On_l,?,L+1 <e n+1 f (b) - (n+ 1)127;7/0( fn+2) +]Zvi/0<'fn+1 ))
2(ia —€) be T\ TN Ye
z”: C mb —e(b—yo) f(k ( ) N Cn,O o (f(n+1 ) zn: k_|_ 1 CkO Eyo(f(k) )
pa za _ 6 k+1bl€€+1 (ia _ 5)n+1 a,b n+1 0 k+1 a b yé€+2 ’

where in the last line we used the property C), ¢ = *%Cn—l,o of the coefficients.

Step 2. Now we generalize (3.6) to every m € Ny. The induction start m = 0 was already done in Step 1.
For the induction step m — m + 1, we assume that (3.6) holds for n € N and m € Ny. The computations
will now be split into two parts. In Step 2.1 we verify for every K € {0,...,n — 1} the formula

oo n—1 m C lezab —e(b— yo) f ( ) K-1 Ck7m+16iab27€(b7y0)2f(k)(b)
m K—
Co1d oo ( f™ k‘+3—|—2mC’km+1 , £
+ Z (ia —e)ntl'a I ( n+2z> Z g)k+2+m IZ 7 (W) (3.8)

n—1
. 2Ckmn e FUO ) - Z (k+ 1+ 2m)Ch.m e f® )
(ia_&«)K+1+m a,b yg(+2+2m o a_€k+1+m a,b y§+2+2m :

For K = 0, this formula reads as

Cipae'®?” —=0—w0)” f() () + i Cn—1, ,yo( f )
)k+1+lbk+1+21 P za _ E n+l a,b y'st+2l

n—1

.2CO,m+1 g,yo( 2+2m) Z (k+142m)Ck, m e, yo( f(R) )7

za _ E k+1+m a,b y§+2+2m

=1

and holds, since with Cp pq1 = 1+22m Co,m it is exactly the induction assumption (3.6). For the step K —
K + 1, we use the formula (3.4) with f%) and x = K 4 2 4+ 2m in the induction assumption (3.8), and get

iab?—(y—yo)” (k) (p)

m Ckleiabzfs(y*yoff(k) b Kl Cr mi1€
L =33 SEDNE

)R FHHETIEI T (i — )R mpE RS

n K-1
—l—i Cn-14 vayo( i ) _ Z (k+3+2m)ck,m+1la,yo< f* )
(ia — g)n+i ab yg+2l — (ia — g)k+2+m a,b y§+4+2m
U

Crmp (V) (O () .
(ia — g)K+2+m pEF3+2m — (K +3+2m)I.3° (W)

FUHY) )> - "z*:l (k+1+ Qm)ck’mls’yo( Fk) )

If,yo ( -
a,b y£(+3+2m (za _ €)k+1+m a,b y§+2+2m

k=K+1
The relation Cx mt1 — (K +24+2m)Cri1,m = —2Ck41,m+1 of the coefficients (3.7) simplifies this equation
to the stated formula (3.8), namely

iab®—(y—v0)” £ (k) (p)

f: O A ) i Crm+1€

IZ:;JJO (f) = . k+1+1pk+1+21 . k+2+ k+3+2m
== (ia—e¢) be = (ia—¢) mbe
m n K
+ Cnfl,l [E’yo < f( ) ) . (k + 3 + 2m)0k,m+1 Ie,yo ( f(k) )
Z (ia — gyt b \nt2l kzzo (ia —g)ktztm  ‘wb | F+it2m
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-1
B 2CK+1,m+1 Ia7y0( fFUEHD B nz: (k+1+4+2m)Cx m Ia’y‘)( f®) )
(ia — )K+2+m ab \ K+3+2m s (ia — e)ktitm “wb \| k+2+2m

In Step 2.2 we prove the second part of the induction step m — m+ 1. Choosing the special value K =n—1
in (3.6) gives
n—2

o B m C]c,lembz_e(y_yo)zf(k)(b) Ck,erle
a,b (f) - Z (ia _ E)k+1+lb§+1+2l Z (ia _ E)k+2+mb’;+3+2m

iabz—a(y—yo)2f(k) (b)

k=0
n—2

N i ; Cri_1, y< f ) B (k + 3+ 2m)Chomi1 Iy( F) )

ia — E)n-‘rl a,b y§+2l (ia _ E>k+2+m a,b y§+4+2m

=0 k=0

_ ZCn—l,m—i-l Is,yo( f(nil) )
(,L'a_g)n+m a,b yg+1+2m :

Using a last time (3.4) with (=1 and x = n + 1 + 2m turns this formula into (3.6) with m + 1, namely

n—1 m iab?— 2 n—2 b2
v (f) = Z Cy e —=lw=v0)® f(k) (p) " Z Chom 16190 = W=v0)* £(K) ()
a, £ Lt (o — )kt HpE 1+ 2" ja - ST T

n i Cn-1, Is,yo( £ ) B niz (k434 2m)Ch mi1 75500 (y f® )

(ia — )+l ab Yot (ia — e)k+2+m @b \ ktd+2m

=0 k=0

Cotmp1 (€Y —s—w)® D)) ewo( STV o £
T L S e e A )

3
|

t o leiab%E(yfyo)zf(k)(b) n-l Ch m+1eiab2fe(y7y0)2f(lc)(b)
= Z (ia — )k+1+pE+H1+2 Z (ia — e)Ft2tmpET3+2m

k=0 =0 k=0

m+1 Cn-1, I&yo( fm ) B "21 (k+3+4+2m)Ch m+1 s,yo( fR) ) -

+ T -
(ia — g)nti @b \ynt2l (ia — g)k+2+m wb \yhtdtam

=0 k=0

In the following theorem we will make use of the formula (3.6) to make sense of the integral Z, ,(f) in
(3.3) for functions f in the space C%([b, 0)).
Theorem 3.3. Let a € R\ {0}, b >0, n € N, a > 0, with n > o+ 1. Then for every f € C2([b,00)) the
oscillatory integral
Zop(f) == lim I27°(f) = lim e_g(y_y")zemyzf(y)dy (3.9)

eot @b e—0t
b

exists and is independent of yo € R. Moreover, for every 0 < e <1 one has

112" (N < Dapna

| fllen(ib,00)) and Lo p(f)] < Dapnallfllonb.oo)) (3.10)

where Do pn.a > 0 depends continuously on a,b and admits the asymptotics

1
Dabno = o(m) as |a| — oo. (3.11)
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Proof. Let us fix yp € R and 0 < e < 1. According to (3.6), with the choice m = n — 1, we have the
representation

—1n-—1 . 1
[590(f) = K nz Ck,lembz—s(y—yo)zf(k)(b) +"Z Cr1y IWO( f )
ab == (ia— £ )kt 1kt 1+2l (ia — )t ab ot -
n—1 .
_ Z (k+2n— 1)Ck,n71].5’y0( fk) )
P (ta — g)ktn b \ykten

To show that the limit € — 0% of the right hand side exists it suffices to verify the existence of the limits

lim I° yO(ﬂ) and  lim F’y‘)(ﬂ) kie{0,...,n—1} (3.13)
esor ot \nal i) g R : :

For the first limit in (3.13) we use the upper bound (2.3) and obtain for every [ € {0,...,n—1} the estimate

fm I fllenb,00) ¥ - lia — "2 fll o (b,00)) - lia — e[ T2 fll o (1b,00)) -
n+2l — |y€|n+21 — |a|n+2lyn+217a — |a|n+2lb2lyn7a ’ ( . )
where in the second inequality we used
€ ay — e(y —
e = ‘ Yo ’ _ liay . (y — vo)| > _Ialy . (3.15)
a—¢ lia — € lia — €]

)
Since n — a > 1 by assumption, the estimate (3.14) shows that fyn +(§{) is integrable on [b, 00). Moreover, for

every 0 < € <1 we can estimate |ia — | < |a| + 1 and make the upper bound (3.14) independent of €. Then
the dominated convergence theorem implies the existence of the limit

(n) o, 2 f() (y) T 2 f(™)(y)
li IE’yO( / ) — 1 iay” —e(y—yo) d :/ iay d
e e E_%Erb ¢ ot Yy e g2l Yy
Moreover, from (3.14) we obtain the upper bound
™\ _ lia— e floppoen [ 1 i — "2 o
Is,yo( f ) < 2 (b)) du — 2 (b)) (3.16)
ab \yn¥ar )| = o[ +2ip2 yn=a T (n —a — 1)|a[rr2lp2ln—a—t :

b

To show the existence of the second limit in (3.13) we estimate in the same way as in (3.14) for every
ke{0,....,n—1}

I fllenoony™ ¥ lia — " 27| fllon ((b,0o)) < lia — e[*2| fllon 00)

|y€|k+2n — ak+2ny2k+n—o¢ — ak+2nb2k} n—o

’ S

(317)

£k
Since n — a > 1 by assumption, this estimate shows that yk = Is integrable on [b, 00), and the dominated
convergence theorem gives the existence of the limit

oo

(k) , (k) T, W
i 153 () = tim [ et LW gy o [ ot 20,

0+ y§+2n yk+2n
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Moreover, from (3.17) we obtain the upper bound

Ie,yo( f(k) )‘ < |’L& B E|k+2n‘|f|‘03([b,oo)) / 1 dy = |2a - 5|k+2n||f||02([b,w)) ) (318)
b yéc—&-Zn |a|k+2nb2k yn—o (n — a — 1)|a|f+2np2ktn—a-1
Now (3.13) implies that also the limit of the sum (3.12) exists and is given by
. Eyo n—ln— C,, lezab f k) n—1 C,_ 1 ) y2 f(n)(,y)
Laa(f) = hm+ Lo Z Z (ia) k+1+lbk+1+2z Z a)nt ynt2l dy
k=0 1= 1=
’ (3.19)

. (k +2n — l)ck,n—l /eiay2 f(k)(y)d
— (ia)kJrn yk+2n

With the estimates (3.15), (3.16), (3.18), with | £ (b)] < || f[lcn (p,00)) 0™ ¥ by (2.3), and with |b.| > |;|b5|
as in (3.15), we can also estimate (3.12) by

n—1ln—1 n—1

. l . l

ISIGED S |Ck,lk||m — gl ||f||_c;;_([b,oo)) S |Crn—1,]lia — €] ||f||Cg([i,oo_))

|a| +1+21b2k+2l n—a-+1 — (n —a— 1)|a|n+2lb2l+n a—1
k=0 1=0 =

(k+2n = 1)|Cr n-1llia — €| | fllon (b,00))
n_a_1)|a|k+2nb2k+n a—1

M |

»—IC

n—1

|Cal(Ja] +1)" |Crum1,|(Ja] + 1)!
, N ,
2 (

n
< ( |afFH T2 2R 2 —n—artT n—a— 1)|a[rt2p2ltn—a-1
k=0 1=0 1=0

n—1

(k+2n —1)|Ck n-1](la| +1)" T
n—a— 1)|afkt2npktn—a-1 g ([b,00))>

+

i

where in the second inequality we used € < 1 to estimate |ia —¢| < |a| + 1. This estimate shows (3.10) with
Dy b n,o being the term inside the parentheses. The continuous dependency on a and b of this coefficient is
obvious. Since n > o+ 1 > 1, one also obtains the convergence

) ‘CO,0| bn+a—1
|al|linoo(|“|D“’b*”’“):bfnfaﬂ: 2

and hence we conclude the asymptotics Dg pn,o = O(ﬁ) as la] - oo. O

Next, we will illustrate for the function f(y) = €%, k € R, how the integral Z, ;,(e**¥) in (3.9) can be
computed. Here we shall make use of the error function

z

erf(z) = % / e€d,  zeC, (3.20)

0

and we agree to cut the complex square root along the negative real axis, so that Re(y/z) > 0 for every

z € C\ (—00,0].

Example 3.4. For x € R consider the exponential function f(y) := e¥¥. The derivatives are given by
f(y) = (ik)"e™¥ and hence f € CF([b,00)) for every n € Ny. Choosing in particular n > 2, the
oscillatory integral (3.9) is for every a € R\ {0}, b > 0 well defined, and has the explicit value



J. Behrndt, P. Schlosser / J. Math. Anal. Appl. 543 (2025) 129022 17

oo

; . - . ik
Top(e")= lim [ e <y giay +mydy = lim VT ———¢ - erf (y\/s —ia — 7)
e—0+ e—=0t 24/ —ia 2ve —1ia

b

oo

y=b

Since Arg(ve —ia) € (=7, §), the above error function converges to 1 when y — oo, see, e.g., [1, Eq. 7.1.16].
Hence we obtain for the oscillatory integral

) e w2 - 1K
Top(eY) = i @ (1 e (be—ia - )
o) = i = et (ove —ia = S =

_ 2\/\/_77_me4,a (1 ~ erf (bv/~ia - \/_—m)>

We note that Z, ,(e**¥) is the natural generalization of the absolutely convergent Gauss integral

o0

7ay2+i/<ay _ \/E 7% _ _ iK
/e dy = e (1 erf (b\/_ —2\/E>)’ Re(a) > 0,
b

2/a
to purely imaginary values a = —ia € iR \ {0}.

Corollary 3.5. Let a € R\ {0}, b >0, n € N, a > 0, with n > o+ 1, and assume that f € CI([b,0))
satisfies for every k € {0,...,n — 1} the asymptotic condition

f(k')(y) = o(ka) as y — oo. (3.21)

Then the oscillatory integral Lo »(f) in (3.9) can be represented as the improper Riemann integral

Proof. The formula (3.6) with m =n — 1 and yp =0, i.e. y. =y and b, = b, is given by

—1m—1 . 2 -1
o Gl @ By e O f
€,0 o k,l n—1,1 €,0
Ia,b(f) - Z (ia — g)k+1+pk+1+2l + ; (ia — )n+l Ia,b (yn+21)

o (3.22)
_ ni: (k—1+42n)C n1 Ie,o( f® )
P (ia _ E)k—i—n a,b yk+2n
Let now R > b, and subtract the identity (3.22) from the same one with b replaced by R. This gives
/ (ia—e¢) €,0 €, 0 == Ck l e(ia_s)b2f(k)(b) e(ia_E)sz(k)(R)
/ Vfdy =1 ap(F) = 1o = Z (ia — e)b+1+ ( pHit2l Rkt )
) k=0 1=0

i S ()
n 1,1 ia—e)y?
Z n+l/ tia=e) oy (L]
— J y

=0
n—1 " (k)
_ Z (k —1 + 2”)0]@7”—1 6(ia76)y2 f (y) d
(ia — e+ evan

k=0 b
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Since the integration intervals are all finite, each integrand is absolutely integrable also for € = 0. Thus, the
limit € — 0T exists and has the form

R

o n—ln—1 Ch 6iab2f(k)(b) eiaRZf(k) (R)
/ Iy Z (ia)F+1+ ( pk+1+20 T pk+1+2 )
. k=0 1=0
n—1 B
+ / n+2l y (323)
=0 b
net 7 (k)
Z k+2n*10kn 1 iay2f (y)d
(ia)ktn © Ty
k=0

From (2.3) and n > a+ 1 it follows that n+zl ) Jc(Tkz)n € LY([b,>)), for every I,k € {0,...,n— 1}, and hence

[ L P LT
. ia o iay? " Y
ngnoo/ v yn+2l dy_ /6 Y yn+2l dy
b

b

as well as

[ FP) [ i FPW)
. iay? Yy _ iay? Yy
};}L“;o/e ’ yk+2ndy—b/e Ve W

b

From the asymptotic conditions (3.21) we obtain

fH(R) _
ngnocw—o, k,lG{O,...,n—l},

and therefore (3.23) in the limit R — oo becomes

R

n—1ln—1 2 —
. Ck lezab k) n L , f(n) (y)
Rh_{%o ¢V f(y)dy = Z Z (ia) k+1+lbk+1+2l Z )+l / “ il dy
b k=0 I= 1=0 Y

1 )
(k +2n — I)Ckm—l /eiay2 f(k) (y) d
Z (ia)k+n yk+an

Finally, since the above expression coincides with the representation (3.19) of the oscillatory integral Z, (f)
we conclude

R—o0

R
i [ e f(y)dy = Tua($) = Yim 1507) = lim [ e fpay. o
b
In the next proposition we show that for a convergent sequence of functions (f,)m also the sequence of

oscillatory integrals Z, »(f,,) converges.

Proposition 3.6. Let a € R\{0},b>0,n € N, a > 0 withn > a+1, and assume that f, (fm)m € CI([b,0))
are such that
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lim [f = flloppeen =0

Then also the oscillatory integrals Lo p(fm) converge and one has

Toa(f) = Top( im fn) = Tim Zop(fm).

m—o0

Proof. For every m € N and 0 < € < 1 we obtain from (3.10) the e-uniform convergence

11530 (fm) = I (O = 8 (fn = D) € Daponallf = fllon(boo)) =0 as m — oo,

Hence we are allowed to interchange the limits m — oo and € — 07, and get

3 — i 3 €,Y0 — N 3 €:Y0 — 1 €,Y0 —
Jim Te(fn) = Jim_ T T8 (F) = lim i 0(F) = T 120(9) = Tual). D

The following Theorem 3.7 provides conditions under which the oscillatory integral (3.9) is absolutely
continuous with respect to an additional parameter s, and we obtain a formula for its derivative (defined
almost everywhere). Recall, that a function f : I — C, defined on some open interval I C R, is said to be
absolutely continuous if there exists g € L{, _(I), such that

52

f(s2) — f(s1) = /g(s)ds7 s1<sg €l

S1

In this case the function f is differentiable almost everywhere with derivative f’ = g. We shall denote the
space of absolutely continuous functions on I by AC(I).

Theorem 3.7. Let I C R be an open interval and a,b € AC(I) with a(s) # 0 and b(s) > by > 0 for every
s € I and some positive constant by. Assume that f : I x [bg,00) — C satisfies the following two conditions.

(i) f(-,y) € AC(I) for every y € [bg,0);
(ii) There existn € N, a > 0 with n > a+ 3, such that

of

f(s,+) € Ch([bo, 0)) and B

(5,-) € Chyo([bo,0)), fae sel,

and the norms || f(s,")|lon (jbe,00)) and H%(s, ez, 5 ((bo,00)) are locally bounded on I.

Then the oscillatory integral

o0

0(8) = Tus) (s (f(5,-)) = lim 1520, (f(s,)) = lim / e Wmv0)* i)V £ (s 4 dy (3.24)

eot  a(5):0(s) e—0t

b(s)

exists for every s € I, is independent of yo € R, and defines a function p € AC(I). Furthermore, the
derivative of ¢ exists for almost every s € I and is given by

o0

d - 2 2 d . 2
Ew(s) = —b/(s)em(s)b(s) f(s,b(s)) + lim /eig(yfy(’) E(em(s)y f(s,y))dy.

e—0*t

b(s)
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Proof. Since the oscillatory integrals are independent of the choice of yy € R (see Theorem 3.3) we will
choose yo = 0 in this proof. For almost every s € I, we can split the s-derivative of the integrand in (3.24)
into

d

P (€9 f(s,y)) = €9 g(s,y),  where g(s,y) == ia'(s)y>f(5,9) + g‘z(&y)« (3.25)

As f(s,-) € C%([by, ) it follows from Corollary 2.6 that y*f(s,-) € C 4([bo,o0)), with norm bound

152 £ (s, Mlen, y(orse)) < (04 3)"1£(5,)llen (ibo,00))-

Together with the assumption %(s,) € Cl 5([bo,0)) we conclude g(s,-) € C 5([bo,00)), with norm

bounded by

n 0
(5, Mo, atiosen < @+ 31565, ez osen + | 2e(s:0)

C2 4 5([bo,00))

Since || f(s; )l cn ((bo,00)) and ||%(s, lee,, ([bo.00)) are locally bounded by assumption, and since a’ € L (D)
due to a € AC(), it follows that the norm [|g(s, - )|[cn,
By Corollary 2.3 we have g(s,-) € Cl, 5 ([b(s),00)), with locally integrable upper bound

[bo,00)) admits a locally integrable upper bound.

lg(s, Men, s .00n < (n+Dlgs:)llen,, (bo,00))-

Our assumption n > («+2) 4+ 1 ensures that Theorem 3.3 can be applied in the present situation and hence
we conclude for almost every s € I the existence of the oscillatory integral

o

: 1a(s)— 2
Tugoaco{(s:) = tim, T2 (s, = Jim [ et g(s,g)dy,
b(s)
and for every 0 < € < 1 we have the estimate
IZ((;) b(s )(9(57 ' ))| < Da(s),b(s),n,a-&-Q(n + 1)”9(57 : )|‘C’g+2([bo,oo))' (3'26)

It follows from the continuity of a(s),b(s) and the continuous dependency of Dg ppn.at2 o0 a,b in Theo-
rem 3.3, that s — Dg(s),b(s),n,a+2 i continuous. In particular, it follows that the right hand side of (3.26) is
locally integrable over any compact subset [sg,s1] C I. The dominated convergence theorem then ensures
that

S1 S1 S1

/Ia(s),b(s)(g(sv -))ds = /sli%h Ij(i) b(s)( g(s,-))ds = lim IZ((;) b(s)( g(s,-))ds. (3.27)

e—0+
S0 So S0

Next, the derivative of an integral with parameter dependent integrand and boundary is given by

o0

d 7 —eq? d ia(s)y?
ds / 2 {5, y)dy = b (5)eD D’ (5, b(s)) + / e (I f (s ) dy
(s) b(s)

= —b/(s) (ia(s)=)b(s)” f(5,0(s)) + IZ(?;) b(s)( (5,7))-

Hence, equation (3.27) can be rewritten as
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S1 S1 oo

/Ia(s),b(s)(g(&-))ds: lim <b'(8)6(w(s)_5)b(s)2f(s,b(S))+ — /e(”(s)_g)ff(s,y)dy>ds
e—0+ ds

S0 S0 b(s)

S1

:/b’(s)em(s)b(s)2f(s,b( ))ds + hm [/em )= £ (s y)dy]
b(s)

S=8¢o

S1

= /b’(s)em(s)b(s)zf(s, b(s))ds + 1(s)

S0

S1

)

S=S8o

where in the last equation we used the definition of ¥(s), and in the second equation we were allowed to
carry the limit ¢ — 07 inside the first integral because we integrate a continuous function over the compact
interval [so, s1]. This equation now shows that ¢ € AC(I) and together with (3.25) we conclude that the
derivative is almost everywhere given by

d . 2
£¢(5) = 7b/(5)ela(5)b(8) f(57b(5)) +Ia(s),b(s)(g(sa ' ))
= —b/(5)e 7 £(s,b(s)) + lim, /e (1 f(s,y))dy. D
b(s)

The next result is of a similar nature as the previous theorem. Here we provide conditions on a function
f:U x [b,c0) — C such that the oscillatory integral Z, ;(f(z,-)) is holomorphic as a function in z.

Theorem 3.8. Let U C C be open, a € R\ {0}, and b > 0. Assume that f : U x [b,00) — C satisfies the
following conditions (i) and (ii).

(i) f(-,y) is holomorphic on U for every y € [b,o0);
(ii) There existn € N, a > 0 with n > a+ 1, such that f(z,-) € C?([b,00)) for every z € U and the norm

1/ (z:-)]

Cn([b,o0)) 8 locally bounded on U.

Then the oscillatory integral

¥(2) = Lap(f(z,-)) = lim L3P (f(2,)) = lim —em0) i £z y)dy (3.28)
b

exists for every z € U, is independent of yo € R, and defines a holomorphic function 1.

Proof. Assumption (ii) and Theorem 3.3 show that the limit in (3.28) exists for every z € U, is independent
of yo € R, and for every 0 < € < 1 one has the estimate

1180 (2 DI < Dapn,all £ (25 ) lem(p,00))- (3.29)

In order to show that the resulting function 1 is holomorphic, we integrate 1) along the boundary of an
arbitrary closed triangle A C U, i.e. we consider

—0+ ’ e—0+ ’
OA

fuorz= § tim 120G )i =t f G
A 0A
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= lim ]{/efa(yfyo)gemff(z,y)dydz, (3.30)

e—0+
OA b

where in the second equality we were allowed to interchange the limit and integral since the right hand side
of the e-uniform estimate (3.29) is integrable over the compact boundary OA by assumption (ii). Next, for
every € > 0, using (2.3) we can estimate

2 . 2 2
‘e—s(y—yo) ¢ f(z,y)| < e=eW=v)" || £ (2, Menwoony™ z € 0A, y € [b,0).

Since the right hand side is integrable over JA X [b,00) we are also allowed to interchange the order of
integration in (3.30). Hence, we conclude

§ ootz =t [t (f )=
e—0t
OA b OA

where we have used faA f(z,y)dz = 0 as f(-,y) is holomorphic on U by assumption (i). Now Morera’s
theorem implies that the function 4 is holomorphic on U. O

4. The one dimensional time dependent Schrédinger equation

In this section we will use the general theory from Section 3 to express the solution of the time dependent
Schrédinger equation

2

) )
iUt ) = (— o+ V(t,x))@(m), fae te (0,T), z€R,

U(0,z) = F(x), r €R,

(4.1)

for some measurable potential V : (0,7) x R — C, T € (0, 00|, via an oscillatory integral involving the
Green’s function G and the initial condition F'; cf. Theorem 4.2 below. For our purposes it is convenient to
use the space

AC15((0,T) x R) = { T:(0,T) xR — C

(-, z) € AC((0,T)), v € R
\Ij(tv')a %(tv') € AC(R)’ te (OaT) ’

which was also considered in [3] (and in a similar form in [33]). In fact, in [3,33] the solution of (4.1) is
also represented as an integral of the form (4.6), but only for holomorphic Green’s functions and initial
conditions. Theorem 4.2 and Theorem 4.3 below can be viewed as improvements in the sense that the
regularity requirements on the Green’s function in Assumption 4.1 and the initial condition in Theorem 4.2
and Theorem 4.3 are less restrictive.

Assumption 4.1. Let T € (0, co] and suppose that the Green’s function
G:(0,T)xRxR—=C
satisfies the following conditions (i)—(iii).

(i) For every y € R the function G(-,-,y) € AC;2((0,7) x R) is a solution of the time dependent
Schrodinger equation in (4.1);
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(ii) For every zg > 0 and ¢ € C'([—xo, z0]) one has
i [ itz ey = pla),  x € (<0,20); (4.2

t—0+
o

(iii) For some a € AC((0,T)) with a(t) > 0, ¢ € (0,T), and lim; ,¢+ a(t) = oo one has the decomposition
G(t,x,y) = em(t)(y_x)zé(t,x, Y), te (0,7), z,y € R, (4.3)

with a function é, which for some a > 0, n € N with n > a + 3 satisfies

G(t,z, ) € C"(R,r%), (4.4a)
G.(t,z,-) € C"(R,roFh), (4.4b)
Gao(t,x,), Gy(t,z,-) € C™(R,rF2). (4.4¢)

Moreover, the norms ||G(t,z,- Men®,re)s |Ga(t, z, - Men® raty, |G e (t, 2, - Men® rat2y, and
|Gi(t,z,-)||cn (R, rat2) are locally bounded on (0,7) x R and

ét, ,' n ro
lim || (t,x )||c Rr) _

lim o 0. (4.5)

The next theorem is the main result of this section.

Theorem 4.2. Let T € (0,00] and G : (0,T) Xx R x R — C be as in Assumption 4.1, where (4.4) holds for
some a >0, n € N withn > o+ 3. Then for every F € C"(R,7%), 0 < 8 <n —a — 3, the limit

U(t2):= lim [ VG ay)F)dy,  t€(0.7), 7R, (4.6)
R

exists and yields a solution ¥ € AC; 2((0,T) x R) of the Schrodinger equation (4.1).
Proof. As a preparation for the main part of the proof, we set

Gt 2,y) == OV G(t,2,y) = 2O 220G ¢, z,y), (4.7)

which is, beside (4.3), another decomposition of the function G. We will prove that

G(t,z,-) € C™(R, "), (4.8a)
Go(t,z,-) € C*(R,r*th) (4.8b)
@t(tvxa')7é$m(taxa') S Cn(R7Ta+2)7 (480)

where the corresponding norms ||@(t,x, Men® oy ||@m(t,w, Men @, retry, ||§t(t, z,- )|l on (R, rat2), and
|G aa(t, 2, - )llcn (r,ret2y are locally bounded on (0,7") x R.

Since G(t,z,-) € C™(R,r®) by (4.4a) we also have G(t,z,-) € C"(R,r®) by Lemma 2.10 (i), with norm
bounded by

Gty Y on® ey < (14 2a(t)|z))"|G(t, 2, )| on (R ros
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thus (4.8a) is clear. Since a is continuous and ||G(t, z, - Mlcn(r,rey is assumed to be locally bounded on
(0,T) x R, also ||G(t,,-)||cr(®r,re) is locally bounded on (0,7') x R. For the proof of (4.8b), we first
compute the z-derivative of G in (4.7), namely

Go(t,z,y) = 2ia(t)(x — y)G(t, z,y) + O "2DG (1,2, y).

Since we have already shown @(t,x, )

€ C™(R,r*) and since Gy(t,z,-) € C*(R,r**!) by assumption
(4.4b), it follows from Lemma 2.10 that G, (¢, x, -

) € O*(R,r**h), with

~

Cn(R,rotl) < 2a(t)||(:1: - y)G(tv L,- )‘ Cn(R,ret1) T+ He—Qia(t)xyéz(t’ €T, - )‘
< 2a(t)([e| + 2)|G(t, 2, Yl on@ore) + (1 + 2a(0) )" |Gt 2, )l on(gresny.

Héw(tvxv . )|

Cn (R, ro+1)

In particular, this norm is locally bounded on (0,7") x R. For the proof of (4.8¢c) we compute the ¢- and the
second z-derivative

Gi(t,x,y) = id' (t)(2? — 22)G(t, z,y) + O =20 G, (¢, 2, y),
Gua(t,z,) = 2a(t) (2a(t)(x — y)? + 1) G(t, 2,y) + dia(t)(x — 1) Gy (t, v, y) + D@22 G (L 2 y).

Similarly, also these functions satisfy ét(tw,-),ém(tw,-) € O"(R,7**2) by Lemma 2.10, with norms
which are locally bounded on (0,7") x R. Hence we have proven all three properties (4.8).

For the main part of the proof we first fix some arbitrary b > 0, and note that it is sufficient to verify
the assertions for x € (—b,b) only. Let us split up for every € > 0 the integral in (4.6) into

[ atamrwy = [ 6@ (4.92)
R b
b
+ / e~V G(t, 2, y) F(y)dy (4.9b)
—b
—b
+/e_8y2G(t,m,y)F(y)dy. (4.9¢)

The proof will now be done in four steps. In first three steps we prove that the limits ¢ — 07 in (4.9a),
(4.9b), and (4.9¢) exist and are solutions of the Schréodinger equation in (4.1). In Step 4 we will verify the
initial condition in (4.1).

Step 1. In the first step we will use Theorem 3.7 to show that the limit

o0

Uy(t,z) ;= lim eiEyQG(t,x,y)F(y)dy, te(0,7), zeR, (4.10)

exists, and that we are allowed to carry the ¢- and x-derivatives inside the integral. Plugging in the function
G from (4.7), we rewrite

/ VGt ) Fy)dy = / = G, ) F(y)dy = 155 ,(f(L2,)), (4.11)
b b
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using the function

f(t,a,y) = G(t,z,y)F(y). (4.12)

Let us now fix x € (—b,b) and verify that the function f(-,x,-) satisfies conditions (i) and (ii) in
Theorem 3.7. In fact, for (i) recall that G(-,-,y) € AC;2((0,T) x R) by Assumption 4.1 (i), so that
G(-,z,y) € AC((0,T)) and hence also f(-,z,y) € AC((0,T)). For condition (ii) in Theorem 3.7, note
that G(t,z,-) € C"(R,r®) and F € C"™(R,r?). It then follows from Proposition 2.9 and Lemma 2.12 that

f(t,x,-) € C 4([b,00)), with norm bounded by

1\ nta+ps
1f 2, )llon, ooy < (1 + E) £t 2, on®, ratsy
1\ nta+p o A
<(1+3) 7 2UGE D Yo IFllcn @) (4.13)
Since ||G(t, z, - )lcn (R ,re) is locally bounded on (0,7) xR, the same is true for || f(¢,2,-)l[cn, ,(1b,0c))- Similar

estimates as in (4.13) show that also

L t.) = Gultyr, V() € Clpyalltno0),

with locally bounded norm ||%(t, x,-) y)- Since n > o+ B + 3, the assumptions of Theorem 3.7

[N
are satisfied, and it follows that the limit (4.10) exists, namely

Ia(t%b(f(t,l‘,')) = lim I°9 (f(t,$,~))

e—0*t a(t),b
= lim e_EyzG(t,x,y)F(y)dy (4.14)

e—0t
b

= \Ijl(t7x)a

and leads to a function ¥y (-, x) € AC((0,T)) with derivative

oo

0 2
_ 1 —ey
8t\111(t, x) = 51—1>I(I)1+ e Y Gi(t,z,y)F(y)dy. (4.15)
b

In order to show that ¥, is differentiable with respect to x, we will again verify conditions (i) and (ii) in
Theorem 3.7, this time for f(¢,-,-) in (4.12) with ¢ € (0,T) fixed. Condition (i) in this context reads as
f(t,-,y) € AC(R), and holds since G(-,-,y) € AC12((0,T) x R) and consequently G(t,-,y) € AC(R). We
have already shown that f(t,z,-) € C}, 5([b, 00)), and the corresponding norm bound (4.13) is also locally

integrable in x. Similar estimates as in (4.13) show that the z-derivative satisfies
of =

%(t,x,~) = Gw<t=$7')F(') € Cg+ﬁ+1([b7oo))7

with locally bounded norm ||%(t,x, a1
continuity ¥y (t,-) € AC(R), with z-derivative given by

cn b.oo))- Hence, from Theorem 3.7 there follows the absolute
ot pr1([b,00))

oo

0 2

— = li &y

axllfl(t,x) E1_1%1+ eV Gyt x,y)F(y)dy. (4.16)
b
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For the second z-derivative, we have to differentiate (4.16) once more and in a similar way as above we

verify 83‘1;1 (t,-) € AC(R) and obtain

92 T
@\I}l(t,x) = 51_1>r61+ e~ Guo(t,z,y)F(y)dy. (4.17)
b

Combining now (4.15) and (4.17), and the fact that G is a solution of the Schrédinger equation (4.1), shows
U, € Acl’g((O,T) X ]R) and

0 0?

ig\lll(t,m) = (— 92 + V(t7x)>\I/1(t,x), fae te(0,T), z €R.

Step 2. In the second step we consider the integral (4.9¢). If we substitute y — —y, we conclude in the same
way as in Step 1 that

—b 0
U_i(t,x) := lim 6_53’2G(t, x,y)F(y)dy = lim e_EyQG(t, x,—y)F(—y)dy (4.18)

e—0t e—0Tt
— 00 b

exists, and that ¥_; € ACy2((0,T) x R) satisfies

2

.0 0
zﬁ\ll,l(t,x) = (— 902 + V(tm))lll,l(t,:r), fae te(0,T), zeR.

Step 3. For the integral (4.9b), we note that the integrand is continuous and the integration interval [—b, b]
is compact. Hence the limit

b b
Uo(t,x) := Elir(r]l+ e_EyQG(t,x, y)F(y)dy = /G(t,x,y)F(y)dy (4.19)
S —b

exists. Next, the ¢-derivative of the Green’s function, in the decomposition (4.7), can be estimated using
Lemma 2.10 (i) by

||Gt(tvx7 : )|

on (@ otz = ||id Oy Gtz ) + Gilt, 2, )| oo gy

<3 (OGE 2, )on@rey + |Gt 2, )l on @ rat2).-

Since @/ € L} _((0,T)) because of a € AC((0,T)), and since both norms Hé(t,x,’)||0n(R7ra) and
|Ge(t, 2, )|lcn(r,ret2y are locally bounded on (0,7) x R by (4.4a) and (4.4c), the right hand side of this
inequality is integrable over [tg,t1] X [—b,b] for every compact interval [to,¢1] C (0,7). Interchanging the

order of integration then gives

7<jGt(t,x,y)F(y)dy)dt:/b< tl@(t,x,y)dt)F(y)dy
to —b bt
= /b Glt.o.p) PO
—b
- mO(t’ x) ztslzt
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This proves that Uo(-,2) € AC((0,T)) with ¢-derivative

b
9wt 1) = [ Giltx)F ). (4.20)
b

In the same way one also verifies Wy (t, - ), 220 (¢,.) € AC(R) with second z-derivative

ox
0? /
—b

Combining now (4.20) and (4.21) shows ¥y € AC; 5((0,7) x R) and

2

.0 0
zg‘llo(t,a:) = ( ) + V(t,x))\lfo(t,m), fa.e. te€ (0,T), z € R,

From the considerations in Step 1, 2, and 3 above, it now follows that the limit
U(t,z) = lim e_EyZG(t, z,y)F(y)dy = Ui(t,z) + o (t,z) + ¥_1(t,x) (4.22)

e—0t
R

in (4.6) exists, and ¥ € AC;2((0,T) x R) is a solution of the Schrédinger equation in (4.1).

Step 4. Now the initial condition in (4.1) will be verified, again for the three functions ¥y, ¥y and ¥_,
separately. We start with ¥y in (4.14) and note that by Theorem 3.3 with yo = = and (4.7) the oscillatory
integral can also be written in the form

o0
\I/l(t7 gj) = Elir(r)l-# e(ia(t)—E)(y—x)’z é(t, .. y)F(y)dy
b
= lim e(m(t)fs)y?é(t, x,y+x)F(y+ z)dy (4.23)
e—0t
b—x

= a(t)7b71(g(t7 Zz,: ))7

using the function

g(t,z,y) =Gt x,y+z)F(y + ).

Note that g(t, z,-) € Cly, 5([b—=,00)) (this is clear from the norm estimate below) and since we have assumed
x € (—b,b) the lower integration bound b — x > 0 in Z,),—, is positive. From é(t, x,-) € C™"(R,r*) and
F € C*(R,r?) we conclude together with Lemma 2.12, Proposition 2.9, and Lemma 2.11 that

1 nto+p
gt 2, Miem,sv-noen < (1+77==) " lglt.2.Mlcnmmro)
1 n+a+p ~
<(1+7—=)  2UGEzz+ o IF@+ len@r)
1
b—x

n+a+,6’n atB
<(1+:=—) 2+ UGE 2, llon e | Fllon o).
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With (3.10) we can now estimate the function ¥4 in (4.23) by

1

n+a+3 ~
(W1 (¢, 2)| < Do) p—z,n,0+8 (1 + m) 2 (1 + [z * NG, 2, )l on @) 1 F llon ®,r8) -

Since lim; o a(t) = 0o we have limsup,_, ., a(t)Da(t),h—zn,a,8 < 00 by (3.11). Together with the assumption

(4.5) we then conclude

t—0+t

For the same reason one also has

lim ¥_,(¢t,z) =0.

t—0t

Eventually, it follows from (4.2) that

b
tgrél+ Uo(t,z) = tli%i/a(t’x’ y)F(y)dy = F(x),
b

and hence the initial condition in (4.1) is clear from the decomposition (4.22). O

The next result complements Theorem 4.2 and shows that the solution of the time dependent Schrédinger
equation depends continuously on the initial condition. In order to emphasize the initial condition we will
denote the solution of (4.1) by ¥(-,-; F).

Theorem 4.3. Let T € (0,00] and G : (0,T) Xx R x R — C be as in Assumption 4.1, where (4.4) holds for
some a >0, n € N withn > a+ 3. Assume that F,(Fp,), € C*(R,77), 0 < 8 <n—a—3, are such that

lim ||F - FmHCn(]R’TB) =0.
m— o0
Then also the corresponding solutions of (4.1) satisfy

lim U(t, x; F,,) = ¥(t,x; F),

m—roo

where the convergence is locally uniform on (0,T) x R.

Proof. Using the decomposition (4.22), it suffices to prove the convergence for the three functions ¥y, ¥q
and ¥U_ in (4.10), (4.19) and (4.18), respectively. For ¥; we write similarly as in (4.11)

oo

Wity @5 Frn) = U (f 3 F) = lim, 9O C(t, 2, y)(Fy) — Fly))dy
E—
b

= lim 1670 (fm(t7x7))7

e—0*t a‘(t)7b

where we have set fp,(t,z,y) = é(t,x,y)(Fm(y) — F(y)). Following the same reasoning as in (4.13), we
obtain the norm bound

1\ nta+p A
[ fm(t 2, llen, ,(boo) < (1 + —) 2"|G(t 2, )llen® o) 1 Fm = Fllon®,rs)-

b
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Using the bound (3.10) for the oscillatory integral, we conclude

|\I/1(t7x7Fm) - \D1<t,l‘,F)‘ < Da(t),b,n,a+ﬁ||fm(t7xa . )l

C£+5([b700))

1\ ntot+s ~
< Da(t),b,n,0+8 (1 + g) "G, )llen ® e[ B = Fllon ®,re) — 0,
as m — o0o. Since the coefficient Dy 1) b.n,a44 is continuous in ¢ and IG(t, z, - Mlcn(®,rey is locally bounded
on (0,7T) x R by Assumption 4.1 (iii), this limit is locally uniform on (0,7") x R. The same reasoning shows
that also W_q(-,-; F),) converges locally uniformly on (0,7) xR to U_y(-,-; F). For ¥y in (4.19) we again
use (4.3), and by the definition of the norm (2.6), we estimate

b

Wt F) — Wot, 23 Fyn)| = ‘ [ e G ) () - Fm<y>>dy‘
b

b
< 1@t 2, Yen@en IF — Fullongrs) / r(y)* By — 0
b

as m — 0o. Since the norm ||G(t, z, - )||cn (R,ro) is locally bounded, this convergence is also locally uniform
on (0,7)xR. O

5. An example: The free particle

In this section we illustrate and apply Theorem 4.2 to the special case of the free particle, i.e. the potential
V(t,z) = 0 in the Schrédinger equation (4.1). The wave function W(¢, x), defined via the oscillatory integral
(4.6), will be computed for the plane wave initial condition F(y) = e**¥ in Example 5.2 and for monomials
F(y) = y™ in Example 5.3. We refer to [3-5,12,17,20] for many other explicit examples of Green’s functions
and related considerations in the context of supershifts and superoscillations.

Corollary 5.1. For every initial condition F € C™(R,7?), withn >4, 0 < 8 <n — 3, the limit

1 i(y—a)?
lim [ e~ e e F(y)dy, t€(0,00), x €R, (5.1)

W(t =
(¢,2) 2\/imt e—0+
R

exists and defines a solution U € ACy2((0,T) x R) of the time dependent Schrédinger equation

2
i%‘l’(t,aﬂ) = _ai—wlf(tym), fae.te(0,00), z €R,
lim ¥ =F R.
150 (t, ) (@), v

Proof. The result follows from Theorem 4.2, if we verify that the Green’s function

1 i(y—n)?
4

e a te (0,00), x,y € R,
2v/imt ( ) Y

satisfies Assumption 4.1 for @« = 0 and every n > 4. It is easy to see that for every y € R the function

G(t,z,y) =

G(-,-,y) € ACy2((0,00) x R) is a solution of the time dependent Schrédinger equation

2

.0 0
zaG(t,x,y) = —@G(t,w,y), t € (0,00), z € R.
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In order to verify the initial condition (4.2), we choose xg > 0 and ¢ € C'([—xg,0]). Then for every
x € (—xg,x0) we use the error function (3.20) to write
xo

i(y—=)?

/ G(t,x,yw(y)dy:ﬁ / "5 o(y)dy

—x0

Zo

=% / %erf(g\/g)w(y)dy

—xz0

= %erf (‘Z:/g)w(y

Zo

) zoz_xa - % / erf (z;:/g)w’(y)dy-

—x0

Using the limit lim,_,o+ erf (;!\Zl_t) = sgn(y — ), we can now compute the initial condition

xo Zo
. 1 zo 1
lim [ G(t,z,y)p(y)dy = - sgn(y — x)p(y) - = / sgn(y — )¢’ (y)dy
t—0+ 2 Yy=—xo 2
—o —o
1 2o 1 x 1 2o
= =sgn(y — x)e(y) + s9(y) - ¢()
2 y=—=x0 2 y=—=x0 2 y=x
= p(z),

so that Assumption 4.1 (i) holds. Next, the decomposition G(t,z,y) = e “OE=>G(¢, z,y) in (4.3) is
satisfied with

1 ~ 1
)= — d Gty = .
a(t) and  G(try)= 5=

Since G is independent of y, it is clear that é(t, x,-) € C*(R, %), with norm given by

~ 1
Gt7x7. n T e —2
IG .. enmm = 3=

In particular, this norm is locally bounded on (0,00) x R and one has

IG(t 2, lom@any _ 2VE _

li 0
et a(?) Jr
that is, (4.5) is satisfied. Moreover, the t- and a-derivatives of G are explicitly given by
é(tmy)—O G (t,z,y) =0 and é(tx )—_71
x\ly Ly ’ xx\ly Ly ’ t\L, T, Y 4\/7,>7Tt% .
Clearly, ér(t,x, ) € C™(R,r!) and @m(t,x, ), @t(t,x, ) € C™(R, r?), with norms given by
|Gt ) 0, [Genlt, )] 0. and [ Gultx,-)] 1
z\l, T,y - n(R,rl) = U, zx\ly T+ n(R,r2) = U, an s Ly n(R,r2) = 3
Ccn(R,r1) Ccn(R,r2) t Ccn(R,r2) TS

and hence all three norms are locally bounded on (0, 00) X R. Therefore, also Assumption 4.1 (iii) is satisfied
and the assertions follow from Theorem 4.2. O
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In the next example we compute the wave function (5.1) of the free particle with a plane wave initial
condition F(y) = e*¥ of frequency x € R.

Example 5.2. Plugging the initial condition F(y) = e**¥ into the oscillatory integral (5.1) gives

; ]. 2 i(y— z) .
U(t, xz;e"Y) = lim e Ve @ "Y(d
(8,25 €™) = o= lim, / Y

R

=" lm e~ (e—dp)y Hi(h— ydy
2Vimt e—0F

In order to solve this integral for fixed € > 0 we use the explicit value of the absolutely convergent Gauss
integral [1, Equation 7.4.2]

/e—kyzﬁ-uydy —

u?

ex, A, € C with Re(A) > 0.

S

5

R
Indeed, choosing A = ¢ — §; and p = i(k — 3;) shows that the wave function has the following explicit form
w? e g?
\I’(t,x;ei'{y) = e i ﬁ 4(5—7) _ einzfin%.
2vimt e—0t _ L

Now we turn to the moments of the free particle Green’s function; here we also refer the reader to [31],
where the moments of the Green’s function also appear in the context of the time evolution of superoscil-
lations.

Example 5.3. As initial conditions we now consider the monomials F(y) = y™. This leads to the moments

o2 My—2)?
e Ve m yMdy

gm(t,x) = W(t, 2;y™) = L
QMEHOR

of the Green’s function. Substituting y — y + in this integral gives

1+4z€t

_ex? i 2 T m
m(t i Ttdict —(e—21)y ( ) d
gm{t,7) = 2\/ e € /e Yt T diet) Y

R
= 1m T+4iet _— t
2 the 2o\ k J\T+ diet ¢ v
- R

1 Ui m m—k QN2
—_— z™7F lim [ em a0 gk gy,
2\/i7‘l'tkz_0<k> e—0+ yay

- R

For the remaining integral we will now use the moments of the Gaussian

/ e 0, if k£ is odd, 0
e " ytdy = N e Re(A) > 0,
—=vT_ if k is even,

R (naniva RO
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where for odd k the integral vanishes due to the antisymmetric integrand and for even k the value is given
in [1, Equation 7.4.4]. Hence we get

U |
gm(t,z) = 1, > <’Z)xm—k lim kym

DO (ke - f)E e -
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