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Abstract

In this thesis we investigate Schrédinger operators with unbounded complex poten-
tials on unbounded domains. With the help of general representation theorems we
find closed Neumann realisations with non-empty resolvent sets and construct quasi
boundary triples. Both sectorial and accretive potentials are considered. In the pro-
cess we prove a new version of Kato‘s inequality which applies to the Neumann case.
Depending on the potential we introduce different notions of Dirichlet and Neumann
traces.






Kurzfassung

Diese Arbeit beschiftigt sich mit Schrodinger Operatoren mit unbeschrénkten kom-
plexen Potentialen auf unbeschrankten Gebieten. Mithilfe allgemeiner Darstellungs-
sdtze finden wir abgeschlossene Neumann Realisierungen und konstruieren Quasi Bound-
ary Triples. Sowohl sektorielle als auch akkretive Potentiale werden behandelt. Dabei
beweisen wir eine neue Version von Kato‘s Ungleichung, welche auf den Neumann Fall
angewendet werden kann. Je nach Art des Potentials werden verschiedene Definitionen
von Dirichlet- und Neumann-Spuren eingefiihrt.
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Introduction

Motivation

Schrodinger operators A = —A + ¢ with complex-valued and unbounded potentials
q: Q C R — C arise in various fields of physics and engineering. They occur
in applications such as reversed-time lasers [9], active LRC circuits [28], magnetic
resonance imaging [18| [17], superconductors [1], the damped wave equation [15] and
hydrodynamics [16].

Providing a proper mathematical framework remains challenging though, since the
complex potential leads to non-symmetric operators in L*(2). A discussion of the
theory of non-symmetric operators along with its difficulties is given in [19, [11], 29} [12].

In particular one might be interested in certain restriction of these operators which
model Robin boundary conditions or d-interactions at the boundary. Such bound-
ary conditions occur naturally in problems such as the Block-Torry equation [I7] or
in the Ginzburg-Landau model [I, 2]. One method to analyse such restrictions of
non-symmetric operators are quasi boundary triples for adjoint pairs of operators, as
introduced in [5].

Generalised boundary triples were already constructed for Schrodinger operators
with complex-valued L? potentials on domains with compact boundary, see [4]. There
this approach eventually leads to closed realisations of the operators under Robin
boundary conditions with non-empty resolvent set, and even a explicit resolvent for-
mula can be found.

Motivated by these results, the aim of this work is find quasi boundary triples for
a more general setting, were we also consider unbounded complex-valued Schrédinger
operators on possibly unbounded domains in dimension d > 2.

Representation Theorem and Forms

Chapter [1] gives an overview of preliminary results, such as basics of Sobolev spaces,
traces, tubular mappings, elliptic regularity results and the definition of quasi bound-
ary triples. Furthermore it contains Section about a representation theorem that
will be one of the main tools throughout the work.

Ultimately we are always interested in a closed realisation of the Schrédinger oper-
ator A = —A + ¢ in L*(Q)) with non-empty resolvent set and dense domain in L*((2).
We will start by viewing —A + ¢ as a bounded operator A € B(H1,Hs) with bounded

11



12 Introduction

inverse A~! € B(H1,Hs), where H; and Ho are Hilbert spaces such that there exist
continuous embedding of H, into L*(2) and L*(Q) into H, with dense range. The
operator A will then be the restriction of A to its maximal domain in L?*(2), i.e.

Dom(A) = {f € H,: Af € L*(Q)}. (0.1)

Theorem [I.12.] states that in this setting A fulfils the desired properties mentioned
above.

The operator A € B(Hy,Hs) will be defined via a bounded sesquilinear form

a:GxK—C, a(u,v)=(Vu,Vou)r2 + / quudz, uwegG,vek, (0.2)
Q
as
A:G K, Af=a(f,-). (0.3)

One of the challenges is to choose the form domains G and K in a way such that the
corresponding operator A is bounded and boundedly invertible. Lemma shows
that this operator is well-defined and bounded if the sesquilinear form a is bounded.
In this case the bijectivity of the operator A can be characterised by the conditions

(rfl)

Ja >0 s.t. inf sup alu, v)l > a, (0.4)
0ued ozvex [[ullgllvllx
(rf2)
(a(u,v) =0 Yuedg) = v=0, (0.5)

where holds exaclty if A is injective and has closed range, and holds if and
only if A has dense range in Hy = K*, see Corollary . The boundedness of A~!
follows also from [(rf1)]

From Lemma we see that a sesquilinear form with symmetric form domain
G = K satisfies |(rfl)| and |(rf2)|if it is coercive, i.e. if there exists ¢ > 0 such that

a(u.u)| > clull, weg. (0.6)

Another result for symmetric form domains is Lemmal|l.12.10{ which states that |(rf1)|
and |(rf2)| are satisfied if the form is Almog-Helffer coervice, i.e. if there exist bounded
operators ©1,0, : G — G such that
(AH1)

Ja; >0 st |a(u,u)| + |a(u, ©O1u)| > aqljullg, uw e g, (0.7)

(AH2)
Jaz >0 s.t. |a(v,v)] + [a(Ov,v)] > as|v|lg, vEG. (0.8)
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Sectorial and Almog-Helffer coercive Operators

In Chapter 2 we consider Schrodinger operators on minimally smooth domains with
potentials ¢ € L{ (Q) and Req > 1 a.e. which satisfy one of the following assumptions:

(SEC) g is sectorial, i.e. Req > 1 a.e. and there exists § € [0, §) such that

|Im ¢| < tan(f)Req a.e.. (0.9)

(AHc2) ¢ € W,2°(92) and there exists C' > 0 such that

3
2

[V Img| < C(1+ [Tmgl*)3 (1 + o) (0.10)
In Assumptions there is also a third condition given, though it is
more technical and holds true whenever [(AHc2)| does, see Lemma [2.1.2 While

requires that the imaginary part of the potential is controlled by its imaginary part,
even allows for purely imaginary potentials and only states that the gradient
of the potential has to be controlled.

In this setting we want to consider the space

G=K=V=(H(Q)NnDomlg2,[|- [} = || - |7 + lllal= - I72), (0.11)

and work with the operator AV -V corresponding to the form

a(u,v) = (Vu, Vo) 2 + / quodz, u,v € V. (0.12)
0

If the potential ¢ satifies it can be easily shown that a is coercive, see Lemma
2.5.1] In Lemma we show that a is Almog-Helffer coercive if it satisfies [[AHc2)]

Either way if the assumptions stated above are satisfied we see that A is bounded
with bounded inverse. This allows us to use the representation theorem to obtain
the L? realisation of A, which is a closed operator with non-empty resolvent set and,
after we defined a suitable notion of a Neumann trace, turns out to be the Neumann
realisation of the Schrodinger operator, see Theorem [2.7.2]

Accretive Schrodinger Operators

In Chapter {] we will focus on Schrodinger operators on C*-domains with a potential
qe L} (2),q>1ae. and

loc

1 ifd=2
p{> iftd=2, (0.13)

d .
>d2—Jr2 if d > 3.
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In order to obtain a Neumann realisation of the Schrédinger operator in L? we will
again work with the representation theorem, but in this setting it is not that obvious
to find a suitable form domain. We will eventually work with an operator A from G
to K* = (HY(Q))* with K = H(Q), where G C H*(Q) is only implicitly given, for
details see (4.40)).

Once we have defined a Neumann trace and shown that this operator is boundedly
invertible, we see again that the operator from the representation theorem is in fact
the Neumann realisation of the Schrédinger operator.

However, showing that the operator A is indeed boundedly invertible is challenging.
It is straightforward to show that the corresponding form satisfies , but in order to
show that also we need a suitable version of Kato’s inequality, which we discuss
in Chapter

Kato’s inequality for Neumann boundary conditions

The standard version of Kato’s inequality as introduced in [21] states that for an open,
bounded, non-empty domain Q and u € L{ (Q) with Au € L] () it holds true that

loc loc

/ |u|Apdz > / Re (sgn(u)Au) ¢pdz, ¢ € D(Q), ¢ > 0, (0.14)
Q Q
where
_ i if z # 0,
sgn(z) {O g0 (0.15)

Note that this version only tests with functions from D(€2), which vanish near the
boundary. Thus it is not suitable if we want to use it in Chapter [ for functions with
non-zero Dirichlet trace. Consequently we need Theorem [3.2.2] which states, to the
best of the author’s knowledge, a new inequality which applies also to the Neumann
case. In Chapter [3] we proof this theorem, which is one of the main results of this
thesis.

Theorem A. Let Q be a C*®-domain, u € H'(Q) with Au € LY (Q) for some p > 1,
and assume that

(Vu, Vo) + / Augdz =0, ¢ € C(R?) [q. (0.16)
Q
Then it holds true that

— / V0|ulVedr > / Re [sgn(u)Au] ¢dz, ¢ € C°(RY) g, ¢ > 0. (0.17)
0 0
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Note that in contrast to the standard version of the Kato inequality we need a -
boundary, local integrability up to the boundary and p > 1. The former arises due to
the use of tubular mappings in the C*-setting of differential geometry, the later is a
consequence of the used elliptic regularity results.

Most steps of the proof are rather similar to a proof of the standard version. How-
ever, the main technical difficulty is to find for any given bounded subset G of 2 a
sequence of smooth functions with vanishing normal derivatives such that they con-
verge to u in H'(G) and their Laplacians converge to Au in LP(G). This was obvious
if we needed Kato’s inequality only for test functions from D(£2) since their support is
compact in 2 and thus mollification in a neighbourhood of this support gives the de-
sired functions. In our setting we first have to extend the function u locally to a small
tubular neighbourhood of the boundary. Here we require the previously mentioned
elliptic regularity result in order to guarantee that the Laplacian of the extension is
still in LP (Q). Next one flattens the boundary locally via the tubular mapping, which
requires the C'*°-regularity of the boundary, and mollifies, which leads to a vanishing
normal derivative and smooth local approximations of u. In the end we can put all
the local pieces together with a suitably constructed partition of unity and find the
desired sequence.

Traces

Another challenge for the construction of quasi boundary triples is to find suitable
traces. For accretive operators such as in Chapter [ it is sufficient to consider the
standard definition of the Dirichlet trace vp with its bounded right-inverse &£, and
define the Neumann trace vy : Hz(9) — H™2(99) via

(v, ¥) 4 gt = (A EO) o = (~A+ @), E¥)pe, ¥ € H2(Q),  (0.18)

on the appropriate domain. For ¢ = 0 this reduces to the standard definition of the
Neumann trace, and in any case this notion of a Neumann trace is consistent with the
standard definition on the overlap of their domains, see Lemma[4.6.4, Furthermore in
Lemma we show that this Neumann trace is surjective.

For operators as in Chapter [2| the situation is a bit more complicated since the
operator A maps V into V*. Consequently we want a Dirichlet trace which is surjective
on V and has a bounded right-inverse. This motivates the construction of a boundary
space

W = Ranvp [y, (0.19)
with an appropriate norm which makes it a Hilbert space and the right-inverse £Y
bounded. The corresponding Dirichlet trace will be called 7},.

Using this, we define the Neumann trace 7% : YW — W* in a similar way as in (00.18))

via

(YR, Vhwesow = (A, EV)pesy — (A + @)u, EVY) 2, ¥ € W. (0.20)
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This notion is again in a suitable sense consistent with the standard definition and the
definition above, see Lemma and Lemma Additionally we show in Lemma
that this Neumann trace is also surjective.

Final Results

Once we have obtained all the results described above, we find that in all considered
cases we have closed Neumann realisations of the Schrédinger operators in L? with
non-empty resolvent sets, this is stated in Theorem for the sectorial and Almog-
Helffer coercive potentials and in Theorem [£.8.1] for the accretive potentials.

We use them to construct the desired quasi boundary triples, see Section [2.9] for
the sectorial and Almog-Helffer coercive potentials and Section for the accretive
potentials.



1 Preliminaries

1.1 Notations

In this first section we introduce some notations used throughout this thesis.
For € > 0 and = € R? we denote the open e-ball around z as

B(z) ={y €R?: |z —y| < ¢} (1.1)

For a multi-index o € N¢ we denote its length by

d
| = Za (1.2)

For a, B € N¢ we write 8 < a, if
61' < ay, 1€ {1, ,d} (13)
Furthermore we define the generalised binomial coefficient as
a <l
():H('), 0, B EN B<a. (1.4)
5) ~ g

Let Q@ C R? be open and non-empty. If u € C*(Q), i.e. k-times continuously
differentiable, and o € N¢ with |a| < k, then we denote the partial derivative of order

Q. as

oy,
oy U 1.5
0= Gt o (1.5)

Let K C R? Q C R? be open and non-empty. Then we write K € Q if K is compact
and K C Q.
For two Hilbert spaces Hi, Hs we write its orthogonal sum H as

H:Hl@HQZ{(U,U) : UG/Hl, UGHQ}, (16)
equipped with the inner product

((u1,v1), (w2, v2))p = (U1, ug, )3y + (V1,V2) 35, U1, Uz € Hy, V1,02 € Ha. (1.7)

17



18 1 Preliminaries

For a mapping T" between non-empty sets X and Y we denote its domain by DomT’
and its range by

RanT = {y € Y : 3z € DomT s.t. Tz = y}. (1.8)

Restrictions of a mapping to a subdomain W C DomT" are denoted by T [y .
If T is a linear mapping between normed spaces X and Y we define the kernel of T'

as
kerT' = {x € DomT : Tz = 0}. (1.9)

If T is a closed and densely defined linear operator in a Hilbert space H we denote
its resolvent set as

p(T) ={A e C: (T — \) is bijective and boundedly invertible}. (1.10)

1.2 Weak Derivatives and Sobolev spaces

The aim of this subsection is to define weak derivatives and Sobolev spaces. To this
end we introduce the space of test functions and its dual space, the distributions.

Definition 1.2.1. Let Q € RY be an open and non-empty set. The test functions on )
are the set of infinitely often differentiable functions with compact support in €2, i.e.

C(Q) ={p € C®(Q) : suppp € Q}. (1.11)

If we view C§°(2) as a vector space we will use the notation D(Y) and say that a
sequence (¢n)n C D(Q) is a zero sequence in D(Y) if there exists K € Q such that

supp ¢, C K, n €N, (1.12)
and
sup [0%pn (z)| =250, o € NI, (1.13)

xeQ)
Sequentially continuous and anti-linear functionals on D(Y) are called distributions,
and we denote the space of distributions as D'(2).

A special type of distributions are locally integrable functions.

Definition 1.2.2. Let Q € R? be an open, non-empty set and u : Q — C be measurable.
We say that uw € LY (Q) for p € [1,00] if for every K € Q it holds that

loc

[l o) < 00 (1.14)

We say that u € L¥ (Q) if the same holds for every K € Q.

loc
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Lemma 1.2.3. Let Q € R? be an open, non-empty set and v € LL (Q). Then the
functional T, : D(2) — C defined by

7.(0) = [ ubde, 6 eD(@), (1.15)
1s a distribution.

Proof. The anti-linearity is clear from the linearity of the integral.
Now let (¢,), C D(2) be a zero-sequence. Then there exists K &  such that
supp ¢, C K for all n € N, and consequently

Tu(pn) = /Kuadx < sup |dp ()] /Kd$ 2% 0, (1.16)

e

since K is by assumption bounded. This shows that T}, is sequentially continuous and
thus T;, € D'(92). O

Remark 1.2.4. In the setting of Lemma [1.2.5 we will just write u € D'(Y) instead of
T, for the distribution defined in .

We will now define distributional and weak derivatives.

Definition 1.2.5. Let Q € R? be an open, non-empty set, T € D'() and o € Nd. We
say that S € D'(Q) is the distributional derivative of order o of T if

(S, ¢)prxp = (—1)1°N(T,0%0)prvp, & € D(Q). (1.17)

In this case we write S = 0“T.
Ifu € L .(Q) is a regular distribution and it holds that also 0%u € Li (), then we

loc loc
call 0%u the weak derivative of order o of w.

The following Lemma shows that distributions are infinitely often differentiable in
the sense of Definition [[.2.5

Lemma 1.2.6. Let Q € R? be an open, non-empty set, T € D'(Q) and o € Nd. Then
there exists a unique distribution S € D'(Q) such that S = 0°T.

Proof. For the existence, lets define
T (p) = (—1)|a|(T7 0°P)prxp, ¢ € D). (1.18)

It is clear that this is a anti-linear functional, what remains is to show the sequential
continuity.
To this end, let (¢,,), C D(2) be a zero-sequence. Then there exists a K € €2 such
that
suppo, C K, n €N, (1.19)
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and consequently we see that
supp 0%¢, C supp ¢, C K, n € N. (1.20)

Additionally we can use Schwarz’s theorem for smooth functions to see that for any
B eNg
sup |02 (0% ()| = sup |07 ¢, (x)] =22 0. (1.21)

e e

So (0%¢,),n C D(R) is also a zero-sequence and consequently the sequential continuity
of T € D'(Q2) gives us that

lim 9°T(¢,) = (—1)k lim (7', 8% ¢n) prp = 0, (1.22)

n—oo

which shows that 9T € D'(Q).
The uniqueness is clear, since Definition [1.2.5| gives an explicit formula for distribu-
tional derivatives. N

Remark 1.2.7. Since we can interpret every function u € Li () as a distribution in
the sense of , we will from now on assume that derivatives 0%u are meant in
the distributional sense, which always exists due to Lemma [1.2.6, and explicitly state
whenever they have higher reqularity.

For sufficiently reqular functions the distributional derivatives coincide with the clas-
sical derivative, which is a simple consequence of integration by parts.

After these preparations we are now able to define Sobolev spaces of integer order.

Definition 1.2.8. Let Q C R be open and non-empty, m € N and p € [1,00]. The
Sobolev space WP () is given by

WmP(Q) = {u € LP(Q) : 9% € LP(Q), |a] < m), (1.23)

equipped with the norm

B =

|wllywme = Z 10%u|l}, |, we W™P(Q). (1.24)

laj<m

If p =2, we write W™2(Q) = H™(Q)), and define a inner product via

(u,v)gm = Z (0%, 0%v) 2, u,v € H™(Q). (1.25)
|laj<m

Furthermore we can also define the local Sobolev spaces

WrP(Q) = {u e LL(Q) : ulxe W™P(K)VE € Q). (1.26)

loc loc
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For the definition of Sobolev spaces of fractional order we will consider the Slobodeckij-
seminorm for r € (0,1) and p € [1,00), which is given by

|u|m,,gz( / Qdedy) | (1.27)

|$ _ y|d+pr

Q=

Definition 1.2.9. Let Q C R? be open and non-empty, m € N, r € (0,1),s = m +r
and p € [1,00). The Sobolev space WP (Q) is given by

WHP(Q) = {u € W™P(Q) : |0%,pa < 00, || =m}, (1.28)
with the norm )
lullwer = | lulfms + > [0%uf,q | - (1.29)
|a)l=m

For p = 2 we again write W*?(Q) = H*(2), and the norm is induced by

(u, vy s = (U, vy gm + Z /Q/Q [0*u(x) = Fruly)] [%v(x) - aav(g)]d:zcdy. (1.30)

‘iL‘ _y‘d+2r

|a|=m

The next Lemma states that multiplication with test functions does not change the
regularity of a Sobolev function, which will be a very useful result later on.

Lemma 1.2.10. Let Q C R? be open and non-empty, ¢ € C°(RY) and u € H*(Q).
Then it holds true that ¢pu € H*(2), and for every r € N with |s| < r there exists
C, > 0 such that

lpullas < Crlidllwreo [l s, (1.31)

and it holds true that

0%(pu) = Z (a) 97 p0°Pu, a| < s. (1.32)

B b

Proof. See [25, Theorem 3.20] and [I3| Chapter 5, Theorem 1]. O

The following result gives an insight of how weak and classical derivatives are con-
nected.

Theorem 1.2.11. Let Q C RY be open and non-empty and let u : Q@ — C be Lipschitz
continuous. Then u is almost everywhere differentiable.

If u is additionally bounded, then u € W1°°(Q), and the weak gradient coincides
with the classical gradient almost everywhere, in particular we have that for the weak

gradient
[Vulle < L, (1.33)

where L > 0 denotes the Lipschitz constant of u.
Proof. See [14, Theorem 3.2 and Theorem 4.5]. O



29 1 Preliminaries

1.3 Mollification

Mollification is a straightforward way to approximate functions in Sobolev spaces by
smooth functions. We will give a definition and summarise properties in this section.
Let us first define the family of standard mollifiers.

Definition 1.3.1. The standard mollifier is a function w : R* — R given by

1
w(z) = Ce =l*  for|z| < 1, (1.34)
0 else,

where C > 0 is chosen such that
/ w(z) = 1. (1.35)
]Rd

The family of standard mollifiers are the functions (w,),0, where

o) = Juo(2). (1.36)

p?\p
Lemma 1.3.2. The standard mollifiers (w,),>0 satisfy the following:

7’) wﬂ € C((])O(Rd)v

i) [gawp(x)de =1,
ii) supp(w,) = EP(O)-
Proof. See [12, Equation (1.1) in Chapter V and remarks afterwards] for property 1).
Property ii) follows simply from change of variables, and property iii) is trivial. O

Theorem 1.3.3. Let Q C R? be open and non-empty, u € LP(Q) for p € [1,00) and @
its zero extension to all of R®. Then it holds that w, x @ € C*(R?) and

o, % @ — ]| o) 2= 0. (1.37)
Proof. See [12, Theorem V.1.5 and remarks before that]. O

Remark 1.3.4. Note that Theorem does not hold for p = oo, as continuous
functions can only converge uniformly towards a continuous function, but we do get
convergence on compact subsets of Q0 if u is also continuous, see [13, Lemma V.1.4].

Theorem 1.3.5. Let Q@ C RY be open and non-empty, v € LL (Q) and 0°uLl (Q) for
some multi-index o € Nd. Then it holds that

w, * (0%u)(x) = 0%(w, x u)(z), =z € Q, dist(z,0Q) > p. (1.38)

Proof. See [12, Theorem V.2.2]. O
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1.4 Sobolev spaces on the boundary

In this section we define Sobolev spaces on the boundary of a domain. To this end we
will need to assume that the domain satisfies regularity conditions known as minimally
smooth.

Definition 1.4.1. We say that x : R? — R? is a rigid body motion if there exists an
orthogonal matriz R € R™? (i.e. RTR = RRT = 1), and a vector t € R? such that

k(z) = Rr +t, xR (1.39)

Definition 1.4.2. An open, non-empty set Q C R? is called a special Lipschitz domain
if there exists a rigid body motion k : R* — RY and a Lipschitz continuous function
£: R 5 R such that

Q={reR: (k(x))a> (K@), -, (K(T))a1)}- (1.40)

We say that an open, non-empty set Q@ C R? is minimally smooth if there exist € >
0,M > 0,N € N and a countable family of open sets (U;);es such that the following
assertions holds true:

i) If x € 09, then B.(x) € U; for some indez j € J.
ii) At most N sets in (U;)jes have non-empty intersection.

iii) For each index j € J there exists a special Lipschitz domain §; defined by a
function &; and rigid body motion k; such that

and
V& || Lo (a-1) < M. (1.42)

If all the functions &; in this definition are in C*(R™1), we say that Q is a C*- domain.
We call the set (U;,&;,K;))jes o Lipschitz atlas for €.

Lemma 1.4.3. Let Q C R? be a minimally smooth domain. Then there exists a count-
able family of open sets (U;)jes which satisfy i)-iii) in Definition such that for
every j € J there exist xj1, x5 € R with

BE(ijl) C Uj C BQE(IJQ), (143)

where € > 0 is as in Definition[1.4.2
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Proof. Since € is minimally smooth there exists countable family (V;);c; which satisfies
i)-iii) in Definition [1.4.2] We define balls

. € . € . .
Bl'l,.n,id = B26 <(’ll%, .“’Zdﬁ)> C Rd, 11, ...,20g € Z, (144)

Uiir,.ig = Vi By, ..

(Uj)jerxza is again a countable family of open sets. We want to show that these sets
satisfy the desired properties.

Since (V;)es satisfies condition iii) in Definition[1.4.2] we see that for each (i, i1, ..., iq) €
I x Z% it holds true that

and the sets
1€ 1,iy,...,0q € Z. (1.45)

Jid

Uiiy.igNQ=ViNB;, .,)N=(V,NQ)N B, .
=VinBi,, i) N2 =U . i, N,

i1,0ria (1.46)

-----

where €); is a special Lipschitz domain defined by a rigid body motion k; and a function
& which satisfies
V&l oo (ra-1y < M, (1.47)

so we see that (U;);erxz¢ satisfies property iii) in Definition .

The balls (B;, .. i,)i,.isez all have the same size and the centres are uniformly
distributed in R, therefore there exists a maximum number K € N of balls which can
have non-empty intersection.

Now let & € RY. Since (V;);e; satisfies condition ii) in Definition x € V; can
hold for at most N indices i € I, w.l.o.g. assume there are N such indices and call
them by, ..,by € 1.

By the same argument, x is contained in at most K balls, w.l.o.g. assume that there
are K such sets and we call their indices ci, ..., cx € Z¢, and so we can conclude that

xTr € Ui,il,...,id = ‘/; N Bil,...,id = 7 € {bl, ...,bN}, (7;17 ...,id) - {Cl, ...,CK}, (148)

which shows that x is contained in NK sets from (U;) erxza-

Since x € R? was arbitrary we see that at most NK of the sets (Uj)jerxze can have
non-empty intersection, so they also satisfy ii) in Definition m

Next we want to show that for an arbitrary point € R¢, the distance to the nearest
center of one of the balls (B;, . i,)i .. ez is less or equal than §.

2
Let # € R?. Clearly there exist numbers i, ..., 14 € Z such that

€ €
lp— — x| < ., kedl, .. d}, 1.49
k\/ﬁ = 2/d { } ( )
and thus
- : ol—62 = —62 1.50
y — < .
\/E(Zla >Zd) T > Ad 47 ( )
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which shows that the distance of = to the center of B;, _;, is at most 5.
Consequently, since all the balls (B, ;,)i...i,cz have radius 2e, we see that for

every x € R? we find at least one ball B, .. i, such that B.(z) C B, ;- Now if

x € 01, one can choose V; such that B.(x) C V;, since (V;);es satisfies i) in Definition

[1.4.2] and consequently

Be(x) e ViN By, iy = Uiy, (1.51)

’id d?

so we see that also (U;),crxza¢ satisfies i) in Definition .

Now we have seen that (Uj);esxz« satisfies all the assumptions in Definition [1.4.2]
and what remains to show is that is satisfied.

It is clear by construction that all the sets (U;);cjxze are contained in some ball
with radius 2¢. In order to ensure that each set also contains some e-ball, we can
simply consider only the subset (U;);es of (U;);erxza of sets who do contain an e-ball
and leave all the others out.

Note that (U;);es does still satisfy all the properties from Definition [1.4.2] since
(Uj)jerxze does: sets which to not contain any e-ball cannot help to satisfy condition
i), so (U;)jes must also satisfy i), the number of maximum intersection in a single
point can only decrease if we leave out sets, so (U;),e, satisfies ii), and finally iii) is a
condition on the individual sets, and (U;);es is a subset of (U;);erxza, it also satisfies
iii). O

Definition 1.4.4. We call Lipschitz atlases ((U;,&j, k;))jes for a minimally smooth
domain Q, where the (U;)jes are as in Lemma[1.45, reqular.

In the following, we introduce fractional Sobolev spaces with exponent p = 2 on the
boundary of minimally smooth domains. First let us consider the simpler case of a
special Lipschitz domain Q C R%! with Lipschitz function ¢ and rigid body motion
k : RT — R? We define the corresponding boundary measure and unit outwards
vector as

do(z') = /1 + |VE&(2))2da’, o' € RTTE,
N VE)), en (152
) 1+|vg<x'>|2( A

which are well-defined since £ is almost everywhere differentiable, see Theorem [1.2.11}]
For uw € L*(0Q,0) = L*(09) (the equality holds since ¢ is Lipschitz and thus has
bounded gradient) we define

upa (') = u(v (2, £(2)), 2 € R (1.53)
For s € [0, 1], we define the corresponding Sobolev space as

H*(09) = {u € L*(09) : ugq € H¥ (R}, (1.54)
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equipped with the inner product

(u, U)Hs(ag) = <Uag, U8Q>H5(Rd—1), u,v € Hs(aﬂ) (155)

For C*~!l.domains this definition extends to s € [0, k], see [25, Chapter 3]. Note
that the definition of the inner product depends on the Lipschitz function £ and the
rigid body motion x used to describe €2, which is not necessarily unique. Nevertheless,
one can show the following result.

Lemma 1.4.5. Let Q) be a special Lipschitz domain. Then the space H*(02) as defined
in is independent of the choice of the defining Lipschitz function and rigid
body motion, and different choices lead to equivalent norms. Moreover, the constants
between those norms only depend on the Lipschitz constants of the functions and the
order s € [0, 1].

Proof. [25, Theorem 3.20 and remarks in the section Sobolev spaces on the Boundary
in Chapter 3]. O

Now we want to generalise this to minimally smooth domains. To that end, we will
first introduce partitions of unity.

Definition 1.4.6. Let Q C R? be open and non-empty. A sequence (¢;)ien C Cg°(R?)
15 called a partition of unity for € if the following assertions hold true:

1. ¢; >0, 1€ N,

2. for every x € Q) there exists an open neighbourhood which intersects with only

finitely many supp ¢,

3.3 2 o(x) =1, x €.
We say that the partition of unity (¢;)ien s subordinate to a given open cover (Uy)xea
of Q with index set A if for every i € N there exists A € A such that supp ¢; C U,.

If S C R? is not open, we call (¢;)ien C C°(RY) a partition of unity for S, if it is
a partition of unity for a open neighbourhood of S.

Lemma 1.4.7. Let Q € R be open and non-empty. For any open cover (Uy)aen with
index set A there exists a partition of unity subordinate to it, with the additional
property that for every K & ) there exists mg € N such that

i(bi(x) =1, ze€kK. (1.56)

If the open cover is countable, w.l.o.qg. A = N, the partition of unity can be chosen
such that o
suppo; C U;, i€ N. (1.57)



1.4 Sobolev spaces on the boundary 27

Proof. See [25, Theorem 3.21] for the existence of a partition of unity subordinate to

(Ux)xen-

Now let K &€ (). By definition of a partition of unity, for every x € K there exists
a open neighbourhood V, of x such that only finitely many functions of the partition
of unity are supported in it. Clearly

Kc v, (1.58)
zeK
and since this is an open cover of a compact set, there exists a finite subcover
J— K
K c |V, (1.59)
j=1
Since on every V. only finitely many ¢; are supported and the union is over a finite
index set, we can conclude that only finitely many ¢; are supported on K. But since

Y dilr) =1, zeQ, (1.60)
i=1

this finally shows that there exists some my € N such that
mg
Y ¢iz)=1, zeK. (1.61)
i=1

For the statement about countable covers see [25, Corollary 3.22]. O

In order to give a good definition of our Sobolev space on the boundary for minimally
smooth domains we will need a partition of unity which also has a uniform bound on
the gradients. To this end we introduce uniformly subordinate partitions of unity.

Definition 1.4.8. Let Q C RY be minimally smooth with a regular Lipschitz atlas
((Uj, &, k) jes- We say that a partition of unity (¢;)jes for OQ is Ct-uniformly
subordinate to the regular Lipschitz atlas if it is subordinate to (U;),ec; and there exists
C > 0 such that

IVojllre < C, €. (1.62)

Lemma 1.4.9. Let Q be minimally smooth. Then for any reqular Lipschitz atlas of €2
there exists a partition of unity which is C*-uniformly subordinate to it.

Proof. Let ((U;,&;,k;))jes be a regular Lipschitz atlas describing 2. We will show
this result by explicitly constructing the partition of unity. Let j € J. First define the
function ¢ : R? — R via

§(x) == dist(z, R\ U;), xR (1.63)
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and observe that it is 1-Lipschitz, since
5() — 8(y)| = | dist(z, R\ Uy) — dist(y, RI\ U)| < [z =, (1.64)

Theorem [1.2.11] therefore shows that the function is first-order weakly differentiable
and
V6] p < 1. (1.65)

In order to obtain a smooth approximation, consider the standard mollifiers (w,),~0
as defined in (1.36]), and define

0P =5 % w,. (1.66)
Lemma shows that 6(”) € C*(R?). From Theorem we see that
VIOl < [ Vel =1 seRL 0, (167)
R
and thus
VP || <1, p>0. (1.68)

Furthermore, using that ¢§ is 1-Lipschitz, we see that for p > 0

590) =8| < [ 16 =) = s@lw,)dy < [ lon(ay <p. (169

Now we pick a function n € C*°(R) such that 0 <7 <1 and

1 forx >3,
x) = - 1.70
n(x) {0 for o < ¢, (1.70)
where € > 0 is as in Definition , and define a function ng :R? — R via
$;(z) =n (5@(93)) , zeR’ (1.71)

It is clear that éj € C*(RY) since it is a composition of smooth functions and by
definition 0 < ¢; < 1.
Moreover, if x ¢ U;, then we have from (1.69)) that

i

5D (z) < S+ 5(2)| = <, (1.72)

1
B~

and thus ¢A>](x) = 0, which shows that supp ¢5j C U; and ¢2j € C°(RY).
By the same argument we obtain that for z € U; with dist(z,R?\ U;) > 2 we have

€

)(2) > 6(x) -

~m

5( > < (1.73)

=~ o
N |
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so we see that

2 1 for dist(z,R?\ U;) > ¢
¢;(x) = or dist(z, RTA U5) 2 % (1.74)
0 forxé¢U;.
Finally we see from the chain rule and ((1.68)) that
1963l < Il 980 2oe < | aoe- (1.75)

After we did this for every j € J with the same function 7 we now want to define
our partition of unity. W.l.o.g. assume that J = N (it is countable by definition of
minimally smooth domains), and define

j—1

¢ =0 [[(1—d), jeN (1.76)

=1

Clearly we have that supp ¢; C supp d;j C Uj, and ¢; € CF(R?) for every j € J.
Since (2 is minimally smooth, there is a maximum number N of sets in (U;),ec; which

may have empty intersection, so at most N functions in (gﬁj) jes can be supported in
a single point, and thus by the product rule we see that

IV@sllze < Nlin'll e, (1.77)

which shows that the gradients of these functions have a uniform bound.
What remains to show is that these functions sum up to one in an open neighbour-
hood of 0f2.

To prove this we first need to show that
k k )
> @) =1-J[1-é)(), zeR, keN. (1.78)
=1 j=1
This is clear for k = 1, since
P1(x) = di(z) =1— (1 - 1)(z), =€R™ (1.79)
Moreover, if (1.78)) holds true for & € N, then

Zcﬁj(ﬂﬂ) = Ppy1(T +Z¢J = ¢ (z )+1_H(1_¢2j)(37)
= pea (@) [J(1 - 6))(@ +1—H<1 —6;)(@) (1.80)

k+1 :
=1-[J0-é)@), zeRr,
j=1
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so (1.78) holds true by induction. Consequently, if there exists j € N such that
¢;(x) =1 for some x € R, then

S @) =1-[J - b)) = 1. (1.81)
j=1 j=1
Now let 2 € R? such that dist(z, 9Q) < £, so since 9 is closed there exists y € 9
such that .
ly —z| < T (1.82)

From the definition of minimally smooth domains we know that there exists j € J
such that B.(y) C U;, and consequently

3

dist(y, R?\ U;) > dist(z, R4\ U;) — |z — y| > it (1.83)

hence ¢;(x) = 1 and
> p(z)=1. (1.84)
j=1

Since this holds for every dist(x, 9§2) < {, we see that (¢;);ecs is a partition of unity

for 0€). ]

Let © C R?! be minimally smooth, choose a regular Lipschitz atlas (U}, &;, k7))jes,
which is possible due to Lemma , and a partition of unity for 9Q which is C!-
uniformly subordinate to the atlas.

We denote the corresponding special Lipschitz domains as in Definition [1.4.2| as
(Q;)jes and define the space H*(0R2) for s € [0, 1] as

H*(09) = {u € L2(09) : (ud;)oq, € H (R*)Vj € J,

(1.85)
> llwg)on, . < oo},
jed
where (u@;)aq, is defined as in (1.53), and we define the inner product via
(u, U>H$(aﬂ) = Z(uqﬁj,Ud)j)Hs(an), u,v € HS(GQ) (186)

jed

The norm of the space H*(052) is the induced norm defined by (|1.86)). The following
Lemma shows that this definition is independent of the chosen regular Lipschitz atlas
and partition of unity.
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Lemma 1.4.10. Let Q C R? be a minimally smooth domain. The space H*(09) as
defined in 1s independent of the choice of the regqular Lipschitz atlas and the
Ct-uniformly subordinate partition of unity.

In particular, if we have two different choices, then the corresponding inner products

as defined in yield equivalent norms.

Proof. Let ((Uj,&;,k;))jes and ((Vi,éi, ki))ier be regular Lipschitz atlases describing
Q, with C'-uniformly subordinate partitions of unity (¢);es and (¢);c;, respectively,
so we have that

supp ¢j - Uju j S JJ

- (1.87)
suppy; C Vi, i€l

We define H5(092) and Hj(02) as the sets of functions defined by (1.85) if we use
the partitions of unity ((U;, €&, k;))jes and ((Vi, &, Ri))ier, respectively.
We need to show that there exists C' > 0 such that for any v € H5(09) it holds

that
D wwi)oa: s a1y < C D (oo, s a1y (1.88)
iel jeJ
In the following, we will use the notations
U; = U¢i, uj = U¢j, 'U,g = U¢z¢z, 7 & I,j S J (189)

Note that by definition of the partition of unity supp(u{ ) € V;NU;. Lemma m
states that different choices of Lipschitz function and rigid body motion yield equiva-
lent H*-norms on the boundary, and the constant between them only depends on the
Lipschitz constants. Since the functions (§;),e; and (fl-el) have a uniform Lipschitz
constant L > 0, we see that there exists C, > 0 such that

H(ug)agzl Hs(R4) S CLH('U[Z)@QJ.HHS(Rd), 1 E I,j c J. (190)

Using that the partitions of unity have a uniform C' bound, we call it Cp > 0, and
using Lemma [1.2.10] we obtain

(1) o, ey < CLll (W hi)oq, || gemey < CpOL||(W )oq, || s ra), rel,jed
(1.91)
Now consider the sets
Ji={jeJ:VinU; #0}, iel. (1.92)

Since we talk about regular Lipschitz atlases, there is a constant €5 > 0 such that every
V; is contained in a ball of size €5, and there exists a constant €; > 0 such that every
set U; contains a ball of that size. Furthermore, only N of the sets U; can intersect
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at a single point, so it is clear that there exists an upper bound M for how many
elements any J; can contain.
Now from supp(u!) C V; N T; we see that u! = 0 for every j ¢ .J;, and consequently

Hst—”Z BQ|Hst—||Z 8Q|

JjeJ J€J;

[ (ui)o, | Hemey i€ (1.93)

and consequently

I (wi)o ey = 1| D (]

Jjed; jeJ;

allis@ey, i€, (1.94)

where we used that for aq,...,a); € R

<Z %) Z aga; < Z (a; + a}) MZai. (1.95)

k=1 k= 1 k=1

Equations (1.91]) and ([1.94) together yield

1 (ui)oo |3 ey < MCpCLY (W )oe, llrszay, i €1, (1.96)

JjeJi

and summation over all ¢ € [ then yields that

Z [ (wi)oo| ?{S(Rd) < MCpCy Z Z ||(Uj)89j| H#(Rd)- (1.97)
iel iel jeJ;
We can now define the set
L={iecl:VinU;#0} (1.98)
and see that by a simple reordering of indices
Z Z (W) o0, || s ety = Z Z (W) aa; || 115 (rey - (1.99)

il jeJ; jeJ i€l

With the same reasoning as before, there exists a constant K € N such that each of
the sets I; contains at most K elements, and consequently we obtain

>l ws)oa, [Fe@ay < MECPCL Y 11w )a0, 1370z (1.100)

icl jeJ

In particular we now see that also u € Hj(0f2). Since both atlases were arbitrary, the
other direction follows analogously, and the space H®(0f2) is therefore well-defined. [



1.5 Traces and Extension Operators 33

1.5 Traces and Extension Operators
Let © € R? be minimally smooth. For ¢ € C5°(R?) [q, the operator
Y : C(Q)NHY(Q) — L*(09), ¢+ ¢ loa, (1.101)

is well-defined and bounded if its domain is equipped with the H'-norm, see [24|,
Chapter 1]. Since C§°(R?) g is dense in H* (), see [24, Chapter 1], 7% can be uniquely
extended to a bounded operator

5o 2 HYQ) = L09), A lemnmm= 15 (1.102)

We call 4p the Dirichlet trace. As the following theorem states we have that
Ranyp C H %(89), therefore we will denote the Dirichlet trace by ~yp if we consider it
as an operator from H'(Q) into Hz(89).

Theorem 1.5.1. Let €2 be minimally smooth. Then the Dirichlet trace
vp : H'(Q) = H2(09), (1.103)
15 bounded, surjective and has a bounded right inverse

£:H2(0Q) — H'(Q). (1.104)

Proof. See [24], Theorem 2| for surjectivity and right inverse. For the boundedness,
recall that we already know that

Ap : HY(Q) — L*(09) (1.105)

is bounded. As 7p is well-defined on a closed domain it is sufficient to show that
~vp is closed and conclude boundedness from the Closed Graph Theorem. Consider
(tn)n C HY(Q) such that

Up — uin HY(Q), ypu, — g in H2(99). (1.106)

It is clear that uw € Domyp = H'(Q) as H'(2) is a Hilbert space. Since vpu, con-
verges to g in the Hz(8Q)-norm it also converges in the weaker L2(9Q)-norm, and
consequently

Ypu = Fpu = lim Ypu, =g in L*(99Q), (1.107)
n—oo
which proves that vp is closed and thus bounded. [

Lemma 1.5.2. Let Q be minimally smooth. It holds true that C°(R?) |q is dense in
H'(Q) and Ranyp [ cee(ray,, s dense in H2(09).

Q
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Proof. For the first assertion see [24, Chapter 1]. Now let g € Hz(99) and € > 0.
Theorem states that yp is surjective, so there exists u € H*({2) such that

Ypu = g. (1.108)
Since Cg°(RY) |q is dense in H'(2), for any € > 0 we find ¢ € C;°(R?) | such that
lu—ollm <, (1.109)

and thus by the boundedness of vp, see Theorem we obtain
lg =v0¢ll ;3 = lvo(u =)l ;3 < ellvpll,, 48 (1.110)

in Hz(09). O

Q

which shows the density of Ranyp [ cee (ray

Lemma 1.5.3. Let Q) be a minimally smooth domain. Then there exists a linear,
bounded extension operator

Eq: HY(Q) — H'(RY). (1.111)

Proof. See [24, Chapter 1]. ]
Let us now consider the space
HA(Q) ={uec H (Q): Auc L*(Q)}. (1.112)
On this space we can define the Neumann trace

V& HA(Q) — H™2(Q),

| . (1.113)
(W 9) -3y = (Vu, VEG) 12 + (Au,Eg) 12, g € HZ(09).

We will later encounter different definitions of the Neumann trace. However, we will
see that all those definitions are compatible on the right domains.

1.6 Basic Properties and Calculus of Weak Derivatives

Lemma 1.6.1. Let Q be a non-empty, open domain and f,g € HL,
true that

V(fg)=[fVg+gVl]. (1.114)

(Q). Then it holds
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Proof. Since both functions are in L2 (Q2) we see that fg € LL _(Q) and consequently
a gradient exists in the distributional sense.

By the same reasoning we see that also f9;g,90;f € Li.(Q) for j € {1,...,d}, so
they can be viewed as distributions. Let now ¢ € C§°(€2). Then there exists an open

set K € 2 with supp ¢ C K, and thus it holds true that

(039, 6)prxp = /

Q

(Ojg)fadx: / (@-g)f%d:r, jedl, .. d}. (1.115)

K

Note that (f¢) k€ H}(K), so since C°(K) is dense in H}(K) we can find a
sequence (¢, )neny C C§°(K) such that

U =5 (fO) 1 in HY(K). (1.116)

For an easier notation we will denote the zero-extension to €2 of these functions also
by (¥n)nen C C3°(R2), and it is clear that

U 25 Fo in HY(Q). (1.117)

Now by definition of distributional derivatives we have that

/K(@jg)%dl’ = (09, Yn)p xp = —(9,0%n) D xD

(1.118)
= —/ g0, dxr, neN, je{l,..d}.
K
Since g € H'(K) the convergences in ([1.117) now implies that
[ @)sode = [ go7a)e. e 1,0y (1.119)
K K

Using the Leibniz rule for multiplication with test functions, see Lemma [1.2.10] we
consequently obtain that

[ @afote= [ @orate=- [ a0 [ groa

) B (1.120)
0 Q

or rewritten in terms of distributions

(f0;9+ g0; f,0)prxp = —(f9,0;0)prxp,  J € {1,...,d}. (1.121)

Since this holds for every ¢ € C§°(2) we see by the definition of distributional
derivatives that

V(fg)=[Vg+gVF. (1.122)
O
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Lemma 1.6.2. Let D, D' C R? be non-empty, open sets, let k : D — D' be a C*-
diffeomorphism, Q @ D and Q' = Rank |q, and let u € WHP(Q') for p € [1,00). Then
it holds that wo k € WP(Q) with

V(uor) = (Dr) ((Vu)o k), (1.123)

where Dk denotes the Jacobi matriz of k.
Furthermore, if u, —— u in WHP(Y), then it also holds that u, o k — uo K in
Whr(Q).

Proof. The mapping & is continuously differentiable and hence Lipschitz continuous
on 2 € D. Since continuous functions map compact sets to compact sets it follows
that € is compact. Furthermore since & is a diffeomorphism ! is continuous and
injective, so € can be viewed as the pre-image of the open set Q under ! and is
therefore open. In summary this gives ' € D’ and thus x~! is Lipschitz continuous
on ', so uok € WHP(Q) and follow from [30), Theorem 2.2.2].

Now let (uy), € WP(Q) with u, % « in WP(€). Then it holds true that

it 6 — w0 i 2y = / fun((2)) — u(w(z))|P dz

= [ |un(2') —u()|’ | det D~ (2")|da’ (1.124)
Q/

< || det(DE™)| oo tn — ull ooy = 0,

1

where we used that k=" is Lipschitz continuous and thus has bounded derivative, see

Theorem [L.2.171
Together with ((1.123)) we see by the same arguments that

IV (un 0 1) = V(uo k)| Lro) = /Q (D) () (Vua(k(2)) = Vu(k(2)))]" dz

- N ‘(D/{)T(/{—l(x/)) (Vun(l,/) - VU(ZL‘/)MP | det Dli_1|d:13/ (1.125)

n—0o0

< IDE 7 eyl det D™ oo IV (1 — ) | oy == 0,
which proves that u, o K —— o s in W(Q). O

Remark 1.6.3. The results of Lemmal[1.6.9 can be generalised to W*?(Q) with s € [0, 1].
The proof is analogous.

Lemma 1.6.4. Let D, D' C R? be non-empty, open sets, let k : D — D' be a C?-
diffeomorphism, Q @ D and Q' = Rank |q, and let u € W*P(Q') for p € [1,00). Then
it holds that uwo x € WP(Q).

Furthermore, if u, ~—— w in W*P(SY), then it also holds that u, o k ~—- wo K in
W2P(Q).



1.6 Basic Properties and Calculus of Weak Derivatives 37

Proof. First note that we satisfy all the assumptions of Lemma [1.6.2] so we immedi-
ately have that u o x € WHP(Q) and from ((1.123) we obtain that

M&

diuor) =3 (D) () o k)

<.
Il
-

(1.126)

M~

[((0ir;) o k71) (Oju)] ok, i €{1,...,d}.

<.
Il
-

Note that € € D’ since continuous mappings map compact sets to compact sets.
Consequently, since x is a C?-diffeomorphism, we obtain that

Dror™t e Whe (). (1.127)

Since by assumption u € W??(Q') and thus d;u € W'P(QY') for each i € {1,...,d},
we now see that

d

Z (0ik5) 0 k1) (Qju)] € WHP(CY). (1.128)

Jj=1
This function satisfies the assumptions of Lemma and with we therefore
see that 9;(u o k) € WP(Q) for every i € {1,...,d}, so consequently u o k € W?P(Q).
If w, “=% u in W2P(Q), then it also holds that dju, ———s d;u in WP() for
every j € {1,...,d}, and since we already saw that we can apply Lemma on
d;u, we have 9;(u, o k) > d;(u o k) in W(Q) for every j € {1,...,d}, and hence
Up 0 kK 2225 o K in W2P(Q). O

Lemma 1.6.5. Let D, D' C RY be non-empty, open sets, let k : D — D’ be a C?-

diffeomorphism, Q @ D and Q' = Rank [q, and let v € H () with Au € L? (),
p € [1,00). Then it holds true that if
Q/
for some ¢ € H'(Y), then
o) (1t Dr)I (DR Dr(w)] "V (@o r)w) dy
(1.130)
- / (80) (5(3)) B 0 1) () det (D)) dy,

where Dk denotes the Jacobi matriz of k. Moreover, we also obtain

div [| det(Dk)| ((D/{)T(D/{))f1 V(uo /{)} = | det(Dk)|(Au) ok € L} (€2). (1.131)
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Proof. Let ¢ € H*(Q') such that
Q/
A simple change of coordinates together with Lemma [I.6.2] gives

0= [ (Au)e(w)t)] det( Do)y
= [ (Vs - (V)] det( D)y
= [ () (s))3 o r(w)] det( D)y
+ [ (DR Vo m)) - (D) "9 (@0 w)1) |det(Dr (),

(1.133)

where we used that Dk(y) is everywhere invertible since « is a diffeomorphism. If we
rewrite it slightly we obtain ([1.130]). This shows the first assertion.
For the second one let ¢ € C§°(£2) and define

¢=1or L. (1.134)

Then it holds true that ¢ € C*(2) and, since kK maps compact sets to compact sets, ¢
has compact support, which yields ¢ € Hj ().

By the definition of the Laplacian and the density of C§°(2) in HJ(Q) it is clear
that

Q/

and so by the first part of this Lemma and since ¢) € D()) was arbitrary we obtain
that

0 =/ V(uwor)(y))- (| det(Dr(y))| [(Dr(y)" (Dr(y))] Vﬂ(y)) dy
@ (1.136)

+ [ 1 et (DRI (A0, ¥ € D(Q).

This shows that the second assertion holds in the distributional sense.
Finally note that Dk € L>(£2), since it is a continuous mapping on a compact set,
and thus

| det(Dr)|(Au) o k € LT (Q). (1.137)

loc

]
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Corollary 1.6.6. Let 2, Q) C RY be non-empty, open, bounded sets and let k : RY — RY
be rigid body motion as in Definition|1.4.1. Then it holds that for u,v € H' ()

(uor,vok)2a) = (U,v) L2, (1.138)

and if Au € L (), then
A(uo k) = (Au) o k. (1.139)

Proof. Rigid body motions are mappings of the form
k(r) = Rr+t, x¢cRY (1.140)

where R € R%? is a matrix with RTR = RRT = I and t € R% Consequently the
Jacobi matrix is given by Dk = R, and thus we see that

(Dr)'(DK) =1, |det(Dk)| = 1. (1.141)

The assertion now follows as a consequence of Lemma and (1.131) in Lemma
11.6.9l [

The following Lemma shows that also the Dirichlet trace has a quite natural trans-
formation under change of variables.

Lemma 1.6.7. Let D, D' C R? be non-empty, open sets, let k : D — D' be a C'-
diffeomorphism, let @ € D be a Lipschitz domain, ) = Rank |q, and let uw € H* ().
Then Q' is also a Lipschitz domain, v o x € HY(Q), and it holds true that

vo(uok) = (ypu) ok in H2(9Q). (1.142)

Proof. From Lemma we see that uor € H'(Q). Additionally we can use [20),
Chapter 4.1] to see that €’ is a Lipschitz domain, so the Dirichlet trace on 9 is well
defined.

For u € C(¥) N HY(Y) it thus holds that u o k € C(Q) N HY(Q) and therefore

vp(uok)(zr) =uok(x) = (ypu)ok(z), x &I, (1.143)
holds true pointwise, and so we see that in this case
vo(uo k) = (ypu)ok in Hz (). (1.144)

Next let u € H(). Since C§°(R?) [ is dense in H'(£'), see Lemma|l.5.2) we can
find a sequence (u,), C C5°(R?) o such that

Uy 5w in HY(Q). (1.145)
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Lemma shows that in this case also
Up 0 K 5 wo k in HY(Q). (1.146)

Since (uy,), C CP(RY) [oyC C() N HY(Q') and since the Dirichlet trace on both
and € is continuous, see Theorem [1.5.1] we finally arrive at

vp(uo k)= lim vp(u, o k) = lim (ypu,) ok = (ypu) ok in H%(GQ), (1.147)
n—oo

n—oo

where we used Remark [1.6.3] to show that the limits coincide. n

Next we want to generalise the chain rule to weakly differentiable functions. We
will just consider the case of real-valued functions for now.

Lemma 1.6.8. Let Q C R? open, non-empty and bounded, let f : R — R wuniformly
Lipschitz continuous, p € (1,00) and v € W'P(Q) real-valued. Then it holds that
foueWh(Q) and

i(fou) = f'(u)d;u, je{l,..,d}. (1.148)
If f(0) =0, then the assertion also holds true for unbounded domains Q.
Proof. See [12, Theorem VI.2.1]. O

Lemma 1.6.9. Let Q C RY open and non-empty, let f : R — R uniformly Lipschitz

continuous, p € (1,00) and u € W,oP(Q) real-valued. Then it holds that fou € W52 (Q)
and

0;(fou) = f(Wdu,  je{l,..d} (1.149)

Proof. Follows from applying Lemma [1.6.8] on bounded subsets of €. O]

Above we only considered the chain rule for real-valued functions, since this is
enough for what we require in this thesis. However, we will need the derivative of
the magnitude of complex-valued functions, so we state it explicitly in the following
lemma.

Lemma 1.6.10. Let Q C R? be open, non-empty, and let u € H' (). Then |u| € H(Q)

and
V|u| = Re (sgn(u)Vu), (1.150)
where
= 0
sn(z) = 4| Jorz 70 (1.151)
0  forz=0,

is the complex signum function.
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Proof. See [3, Example 4.5.(a)]. O

Since it holds true for every u € H'(Q) that also |u| € H*(2) we can use the
density of C5°(RY) [q in H'(Q), see Lemma[1.5.2] to approximate |u| with C§°(R?) [qo-
functions. However, since |u| is non-negative, the question arises whether we can
approximate it even with non-negative C5°(R?) [o-functions. The answer is given by
the following lemma.

Lemma 1.6.11. Let Q C R? be minimally smooth and u € HY(Q). Then there exists a
sequence (¢n)n C C°(R?) [ such that

o >0,neEN, ¢, 5 |ul| in H(Q). (1.152)

Proof. First by Lemma we see that there exists a 4 € H'(R?Y) such that @ = u
holds true on Q. Now Lemma [1.6.10| shows that |a| € H'(R?).
We choose a function € Cg°(R?) with 0 < 7 < 1 such that

(2) 1 for |z <1, (1.153)
x) = :
7 0 for |z| > 2,

and define
on = 1(:)al. (1.154)

It is clear that this sequence converges pointwise to |@| and 0 < ¢,, < |a| for all n € N,
so by dominated convergence we see that (¢,,), converges to |i| in L?(R?).
Furthermore using the product rule we obtain

Ven =n(;)VIal + [al 5 (Vn)(;)- (1.155)

The first summand on the right-hand side converges in L*(R%; R?) to V|i| by the same
dominated convergence argument as above. For the second summand we have that

lalz (Yl < IVl lalll. =0, (1.156)

and thus we see that (¢,), converges to |u| in H'(R?).
Now define the functions

0 =, xw, neN, e>0, (1.157)

where (w,)e~o denotes the family of standard mollifiers as defined in ((1.36]). We con-
structed (¢,,), such that supp(¢,) C B(2n) for all n € N, so Lemma shows that

ol e Ce(RY) for all n € N and € > 0.
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From Theorem [[.3.3] and Theorem [[.3.5] we see that

@ =Y o in HY(Q), neN. (1.158)
Therefore we can pick a sequence (€,), C (0,00) such that
1
ol = ullm < =, né€EN, (1.159)
n
and define
¢n =", meN. (1.160)

We now have that (¢, [q)n C C°(R?) | and

160 To —|ulllm@) < I6n — @l @ey = 195 — 8] 1 ey
o) i . (1.161)
< llen™ — enllar@ay + lon — @] g1 @y —— 0.

So it remains to show that ¢, [q> 0 for every n € N. For all z € R? it holds true that

On(z) = /B o en(T—y)we, (y)dy = /B en(o)n(

since all the functions in the integral are non-negative by definition, which concludes
the proof. O

€xr —

y) il (2—y)w, (y)dy = 0, (1.162)

€n

1.7 Domains Divided by a Lipschitz Function

Next we will consider some results for domains which are split into different parts by
the graph of a Lipschitz function. This situation natural occurs when working with
minimally smooth domains, where the boundary can be locally described on domains
(Uj)jes as the graph of a Lipschitz function, see Definition [1.4.2] Throughout this
section we will therefore consider the following situation.

Definition 1.7.1. Let U C R? be a non-empty, open set. We say that U is divided into
three parts U',U",T by a Lipschitz-continuous function & : R — R if

U =Un{(2 2q) € R?: x4 < £(2)},
U'=Un{(z,2q) € R?: x4 > £(2)}, (1.163)
I =Un{(z,2q) € R : 24 = &(a))}.

An illustration of a domain divided into three parts as in Definition is given
in Figure

The problem which arises for domains U’ and U” as in Definition is that they
might not be Lipschitz domains, even if U is. Therefore we cannot guarantee the
existence of a Dirichlet trace on I'. However, as we will see in Lemma we can
ensure that existence of a Dirichlet trace on compact subsets of I'. First we need to
show the following result.
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Figure 1.1: A domain divided into three parts as in Definition m

Lemma 1.7.2. Let U C R? be a non-empty, open set divided into three parts U',U", T
by a Lipschitz-continuous function as in Definition and let 'c C T be compact.
Then for every open neighbourhood V€ U of I'¢c there exists a bounded linear operator

A HYU) — HY(Q), (1.164)
where
Q={zeR: x4 < &(xy,...,xq.1)}, (1.165)
such that A maps C(U’')-functions to C(Q)-functions and
(Auw) lveagr=ulvee, we HY(U), (1.166)
holds true.

Proof. Since V' € U we can find an open neighbourhood W € U of V and a function
n € C5°(R?) such that

1 forzeVnU

= ’ 1.167

(@) {0 for x ¢ W. ( )

The whole setting is illustrated in Figure Lemma [1.2.10[ shows that nu € H'(U")

for every u € HY(U').
Let us now define the extension A : HY(U') — H'(Q) via

/
Ag— e o (1.168)
0  else, ue HY(U).

This is clearly linear and maps C(U’)-functions to C(2) functions. Next we need
to show that it is well-defined. To this end let ¢ € C§°(£2). Then it is clear that ¢n is
a smooth function, and furthermore

supp(n¢) C suppnNsuppp CUNQ =T, (1.169)
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Q2

Figure 1.2: Setting of Lemma m

which shows that (¢n) [pr€ C5°(U’). Using this and the definition of weak derivatives
we obtain

AuVpda = Vodr = [ uV(ng)dr — Vn)ed

/Qu¢x /,w? ¢dx /,U (ng)da /,u( n)edx
= — / (Vu)neds — / u(Vn)pda (1.170)
:_/ (Vu +uVn) ¢dz, ue H\(U).

This shows that

\Y \Y U’
V(Au) = VTV on U 1 (1.171)
else, uwe HY(U'),
hence we have Au € H*(f2), so the operator is well-defined.
Lemma shows the existence of a C' > 0 such that
[l = Inulmwn < Clnlwglulmen, we B (L172)
Therefore A is bounded, which concludes the proof. ]

Corollary 1.7.3. In the setting of Lemma let w € HY(U"). Then for every open
neighbourhood V.- € U of I'c we can find a sequence Cauchy sequence (¢n)nen C
Ce(RY) [y in HY(U') such that

On [y = ulyny in HY(U' NV). (1.173)
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Proof. From Lemma we obtain Au € H'(Q2) with
Au=u onV, (1.174)

where 2 is a Lipschitz hypograph. Therefore by Lemma [1.5.2| we obtain a sequence
(¢n)n€N C 080 (Rd) rQ such that

¢n 5 Au in HY(Q). (1.175)
This yields
¢n fomvH—oo> Au rU/m/: u [U’ﬂV in Hl(U, N V), (1.176)

which shows that (¢ [v/)nn C C5°(RY) [y satisfied all the required properties. [

Since 2 as in ([1.165) is a Lipschitz hypograph and thus minimally smooth, the
Dirichlet trace vp : H(Q) — H2(99) is well-defined, see Theorem m
Therefore, in the setting of Lemma [1.7.2], we can define a Dirichlet trace on I'c as

vore t HY(U) = H2(T¢), Yprot = (ypAu) [re, ue HY(U). (1.177)

Lemma 1.7.4. In the setting of Lemma[1.7.9 the Dirichlet trace ypr., from is
well-defined, linear, bounded, independent of the specific choice of A, and satisfies

Yored = ¢lr., ¢€CU)NH(U). (1.178)

Proof. With Theorem [I.5.1 and Lemma [I.7.2] we immediately see that this is a well-
defined, bounded and linear operator.
Let now V' &€ ) be an open neighbourhood of I'c and let A be as in Lemma [1.7.2]

For ¢ € C(U’) we have that A¢ € C(Q), see Lemma[1.7.2, Tt holds true that
Au=u onVnNU, ue HY(U), (1.179)
and consequently since ¢ and A¢ are continuous and I'c C V' also
Ap=¢ onl¢. (1.180)

The Dirichlet trace vp of continuous function up to the boundary is just the restric-
tion to the boundary, see (|1.102)), so we see that

YDre® = (vpA9) It
= ((Ag) laa) Ire= (AQ) [re= & 1. -

It remains to show that vyp r. is independent of the concrete choice of A. To this
end, assume that for two open neighbourhoods V;,V, @ U we have two extension

operators Ay, Ay as in Lemma and let u € H'(U').

(1.181)
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It holds true that Aju, Ayu € H*(Q2), and since ) is minimally smooth there exists
sequences (¢ )nen C C°(R?) [ and (1, € N) C C5°(R?) | such that

b 2 Auin HYQ), ¥, 225 Apu in HY(Q), (1.182)

see Lemma [[.5.2
Also by assumption on Aj, Ay we have that

<A1U> erz u rV17 <A2u) rVQI Uu rVQ . (1183)

Consequently V' =V, NV, of T'¢ is also a open neighbourhood of I'c and it holds true
that
(A1) [v= (Agu) v . (1.184)

We now choose an open neighbourhood V'€ V of I'c and a function n € C5°(RY)
such that

1 forzeV
x) = ’ 1.185
() {0 forx ¢ V. ( )
From ([1.184)) we see that

nAiu = nhqu, (1.186)

and Lemma [1.2.10/ shows that

17(fn = ¥n)llar < llndn — nAyullm + InAvu — nAsullgr + [[nAsu — 0t || m

ns00 (1.187)

< Cllon = Mullan + Clln = Agul[;n —= 0,

with some C' > 0.
Note that n = 1 in an neighbourhood of T'¢, so since 7, (¢n)neny and (¢, )nen are
smooth functions it holds true that

(7D77¢n) ch: (n¢n) ch: ¢n frc: (’qubn) h—‘cv n < N7 (1188)
and

(’7D77¢n) ch: (77%) ch: (8 frcz (7D¢n) [Fc> n e N. (1-189)
With the continuity of the Dirichlet trace, see Theorem [1.5.1], we now conclude that

(A1) Ire = (1m vp6n ) Tre= lim (1p6n Ire) = Tim (vp9en )

n—o0

= nlglgo(,yan” ch) = nlgf)lo(%% ch) = (TLIEEO 7D¢n> ITe (1'190)
= (vpAau) 1,

where the second and the next-to-last equality holds due to Remark [1.6.3] This proves
the uniqueness. O
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Corollary 1.7.5. In the setting of Lemma 4, if we have u,v € HY(U') such that
there exists an open neighbourhood N of I'c wzth u=wv on U NN, then it holds true
that

VDT = YD,roV- (1.191)

Proof. Lemma states that ypr. is independent of the choice of the extension
operator A in . The idea of the proof is to construct an extension operator for
which the assertion follows naturally.

Since N is an open neighbourhood of the compact set I'c we can find an open
neighbourhood N of I'c with N € N. Now we choose 77 € C3°(R%) such that

n(x) = {é g i Z x (1.192)
and define the extension operator
A HYU') — HY(Q) (1.193)
with i
Af = {gf ZII;QU fe U (1.194)

Notice that this is exactly the type of construction for A which we also used in the
proof of Lemma [[.7.2] so by the analogous arguments we see that A is an extension
which does have all the properties claimed in Lemma [1.7.2] and therefore by Lemma
[L7.4] we see that

Yp,re = YDA (1.195)

We have v = v on N and 7 is zero outside of N, thus it follows that Au = Av, so
consequently

Yprott = YpAu=ypAv =pr.v, (1.196)
which concludes the proof. O

Next we want to show how this Dirichlet traces transform under change of variables.
For this to make sense we will be interested in diffeomorphisms which preserve the
structure of the domain, i.e. we want the image to be again divided into three parts
by a Lipschitz function as in Definition [I.7.1]

Definition 1.7.6. Let D, D’ C R? be non-empty, open sets, let U € D be a domain
divided into three parts by a Lipschitz function as in Definition[1.7.1. If x : D — D'
is a C'-diffeomorphism such that V. = Rank [y is also divided into three parts by
a Lipschitz function with V' = Rank [pr, IV) = Rank |r and V" = Rank [y», or
alternatively V' = Rank [yr, IV) = Rank [r and V" = Rank [y, we say that K is
structure preserving for U.



48 1 Preliminaries

A visualisation of a structure preserving diffeomorphism as in Definition is
given in Figure [1.3]

Figure 1.3: Structure preserving diffeomorphism as in Definition m

Lemma 1.7.7. Let D, D' C R? be non-empty, open sets, let U @ D be a domain divided
into three parts by a Lipschitz function as in Definition and let k : D — D' be a
structure preserving C*-diffeomorphism for U.

Then it holds true that for every compact set T'c C T and v € H'(Rank [¢) that
u) o K. (1.197)

YD T (U S /f) = (’YD,Ram[FC

Proof. Since continuous functions map compact sets to compact sets it holds true that
Rank |1, is compact and it is a subset of I'V := Rank [r.
By assumption I'V is part of the graph of a Lipschitz function and it is the boundary
between the sets
V' = Rank [y, V" = Rank [y, (1.198)

so the notion of Dirichlet trace on the left side of makes sense.

In this notation let v € H'(V’). Due to Corollary we can find a Cauchy
sequence (¢,)nsn C C(RY) [v7 in HY(V’) such that in some open neighbourhood N
of I'¢ it holds true that

n—o0

Gn [NAU——> U Napr on HY (N NV). (1.199)

Since it is a Cauchy sequence in H*(V”) is has a limit, and ((1.199) shows that this
limit has to coincide on N N U’ with u, therefore we can use Corollary and the
boundedness of YD,Rankir,, from Lemma to obtain

PYD,RanH[pCU/ = nh_)rgo P)/D,Ral’llﬂrc ¢n = nh—golo ¢n [Ran:‘ih*cﬁ (1200)

where we used in the last step that the Dirichlet trace YD, Ranxir, of continuous functions
is just their restriction to the boundary, see Lemma [1.7.4]
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Now since  is a C'-diffeomorphism we see that (¢, o &)neny C C(U’). Furthermore
Lemma states that (¢, o k)peny C H*(U’) and

bnok = uok on HY(Rank™! [yay). (1.201)

Since N is an open neighbourhood of Rank [, and k is a C'-diffeomorphism, we see
that Rank™! [ is an open neighbourhood of I'c, and so by the same arguments as
above we obtain

Tpre(ue k) = lm yprou(dy o k) = lim ¢, 0k r, . (1.202)

In summary, (1.200) and (|1.202)) together show that

YD,ro ('LL © K) = nh—>nolo ¢n oK frc: nh—>nolo ¢n rRann[rc OR = (VD,Rann[ 'LL) O R, (1203>

T'eo
where the limits coincide due to Remark [1.6.3] O

Next we want to show a special case of the divergence theorem in the weak sense.

Lemma 1.7.8. Let U C R? be a bounded domain divided into three parts as in Definition
and let w € H'(U'). Then for every ¢ € C3°(U) it holds true that supp ¢ N T is

compact and

0j(up)dr = / (Yp.supp eonrw)ovydo (2, 5 € {1,...,d}, (1.204)
U’ supp ¢NI'

where o and v denote the boundary measure and the unit outwards vector from ,

and Ypsuppenr @S as defined in .
Proof. First we need to show that supp ¢ NI is compact. Let
ON={reR: xg=~&(x1,...,74)}, (1.205)
where ¢ : R — R is as in Definition [L.7.1] T is defined as
F'={zeU: x4==E8x1,....,2q)} = U NI, (1.206)
and since supp ¢ C U we see that
supp ¢ N I" = supp ¢ N 0L, (1.207)

which is certainly closed as an intersection of closed sets, and bounded since supp ¢
is, so in conclusion we see that supp ¢ N I' is compact. Therefore the Dirichlet trace
VD .supp o 18 well-defined.
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For now assume that u € C§°(R?) [ and ¢ € C5°(U). For T'c = ' Nsupp ¢ and {2
from ([1.165)) we pick an extension operator A : H(U’') — H'(2) as in Lemma

which satisfies
Av=v on supppnNU’, ve H (U). (1.208)

Notice that by construction in the proof of Lemma (1.7.2, A maps smooth functions to

smooth function. This yields that Au € C*().
Now we define
(Au)gp  fori=j,

0 else,

F9. QR FY = { i,jeq{1,..,d}, (1.209)

where we implicitly assumed a zero-extension of ¢. Since both Au and ¢ are smooth

.....

with compact support and thus we obtain from [25, Theorem 3.34, the case of Lipschitz
hypographs is explicitly treated in the proof] that

/divF(j)dx—/ FY - ydo(2)), je{l,..d}. (1.210)
Q o0

-----

[ onone = [ (ajondot), e {1,y (211)
Q o0
Using (|1.208)) we see that

0j(u¢p)dx :/ ugvido(x')
U’ I'Nsupp ¢ (1212)

— [ Oprramen)ndo@), € {1,.d)
I'Nsupp ¢

where the last equation follows from Lemma [I.7.4] since u is smooth.
Now let w € H'(U'). Due to Corollary we can find a sequence (¥,)nen C
Cs°(R?) [y such that
Y == in HY(U' N supp ¢). (1.213)

From this we see that
0 (Vn®) = 10,0 + dOjtby =5 u0;¢ + dOu = 9;(ug)  in L*(U' Nsupp¢), (1.214)

and therefore also in L*(U’ Nsupp ¢), since supp ¢ is bounded. Furthermore Corollary
[L.7.5 shows that

YD, I'Nsupp ¢>¢n i YD,I'Nsupp ¢ U in H% (supp »nN F)- (1-215>
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Since (|1.212)) holds true for the functions (¢, )nen we finally arrive at

0j(u¢)dr = lim [ 0;(¢n¢)dz = lim (YD,supp enrthn) pr;dor(2)
U n—00 frr n—00 supp ¢NT" (1216)

= [ Opmaruiordots)
supp ¢N

which concludes the proof. O]

The next Lemma shows that functions which are piecewise in H! are H'-functions
if the Dirichlet trace between the pieces agree.

Lemma 1.7.9. Let U € R? be a non-empty, open and bounded set, divided into three
parts as in Definition let p € [2,00] and u € LP(U) with

0,(uly) € LP(UY),  9;(ulyn) € LP(U"), j e {1,...,d}, (1.217)

and assume that for every compact subset I'c of I' we have that

Yore(ulv) =vpre(ulvy)  onTe, (1.218)
with ypry from . Then it holds true that w € W'P(U) and
!/
vy = Vlo) - on U, (1.219)
V(ulyr) onU".

Proof. We will show this directly with the definition of a weak derivative. To this end,

let ¢ € C3°(U). Lemma shows that I' N supp ¢ is compact, hence by (1.218]) we
have that

’YD,Fﬂsuppzﬁ(u rU/) = 7D,Fﬂsupp¢<u fU”) on FC) (1220>

Since p € [2,00] and U is bounded we have that u [;r€ H'(U’), so we can apply
Lemma [1.7.8 to obtain that

V(U rU/ QS)dl’ = / (/VD,Fﬂsuppgb(u rU/))QSVdO‘(Z',). (1221)
u’ supp ¢NI"
Analogously one obtains
V(ulpr §)dz = / (orremps(t o )évdo(2),  (1.222)
u” supp ¢NI'
so with (1.218]) we arrive at
V(uly ¢)dx — V(ulyr ¢)dx = 0. (1.223)

U/ Ull
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Using the product rule and rearranging everything finally gives

/Uqubda: = /lu v Vodr + /”u[Uu Vodz

(1.224)
—— [ Fuiw)sds— [ (Futmods
Since this holds true for every ¢ € C§°(U) this gives
!
vy = § V) on U, (1.225)
V(ulyr) onU”,
and thus u € W?(U) holds true. O

1.8 Differential Geometry, Tubular Mapping and
Reflections along the Normal Vector

In order to state the necessary results to proceed, we need to introduce some basic
notations from differential geometry. To this end, we will mostly follow [23].

Let © C R? be a C* hypograph defined by a function &. Clearly the boundary 9
is an embedded submanifold of R? since it is globally the graph of a smooth function
(although we would only need this property locally). Our global chart from R4! to
the embedding into R? will be

F:R™ = 0Q, F(2')=(a,£)). (1.226)

Since R%! is a (d — 1)-dimensional manifold, its tangent space T,,R?"! at any point
7' € R¥! is also (d — 1)-dimensional and in R4~! a basis is given by

( / |x’> : (1.227)
Ox; i€{l,..,d—1}

,,,,,

see [23, Proposition 3.10 and Proposition 3.15]. Using the transformation rule from
[23, pages 63 and 64], we see that the vectors

(an, (i|x,)) , (1.228)
Ox; ie{l,...d—1}

7777

given by
i) 1 9Fi 9
OF (3_x|m,) - ( ox; 3_U’F(x/)>
’ g=1 "7t (1.229)
0 0& 0 .
—a_yz’F(x’)_'_a_xZ:B’a_y(JF(x’)a 26{17"‘7d_1}7
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form a basis of the tangent space Tr(,)0€). In the canonical embedding into R? we
can write them as vectors (v');eq1,. a—1} With

.....

1 for j =1,
V=9 @) forj=d, i€ {l,..d-1} (1.230)
0 else,

1
B \/1 + ‘Vf(l’l, ...,l’d,1)|2

which is the normal vector at x € 02, see ((1.52)).
A normal bundle to a submanifold M of R? is given by

V(.ZC) (—Vf(xl,...,xd,l),l), (1231)

NM = {(z,v) ER*xR*: x € M, v € N,M}. (1.232)
The normal bundle of 0 is therefore given by

NOQY = {(z,v) e R x R?: 2 € 99, v € N,0Q}

= {(z,cv(z)) e R x RY: € 99, c € R}. (1.233)
Furthermore, we consider mappings
E:NM —R* FE(x,v)=x+v, (1.234)
which in our case is given by
E:N0Q—RY E(x,cv(z))=z+cv(z), ceR. (1.235)

With all of that, we can now define tubular neighbourhoods.

Definition 1.8.1. Let M be a smooth submanifold of R? and assume that there is a
smooth diffeomorphism between the set

V ={(z,v) € NM : |v| < §(z)}, (1.236)

where § : M — R is a positive, continuous function, and its image under E. Then we
call E(V') a tubular neighbourhood of M.

Theorem 1.8.2 (Tubular Neighbourhood Theorem). Every embedded submanifold of
R? has a tubular neighbourhood.

Proof. [23, Theorem 6.24]. O
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Given our particular setting, we can rewrite this Theorem to state the following
result.

Corollary 1.8.3. Let Q C R? be a C™-hypograph defined by a function & : R4~ — R.
Then there exists a continuous, positive function ¢ : R~ — R such that the tubular

mapping
T :DomT = {(2/,t) e R"* xR : |t| < §(2')} — RanT,
T (@' 1) = (2',§(2")) + tv((2',£(2"))),

is a smooth diffeomorphism.

(1.237)

In other words, for a C'*°-hypograph with boundary I', there exists a neighbourhood
in which every point can be uniquely written in the from = +tv(z), where z € I';t € R
and v(z) is the unit normal vector outwards of the hypograph. We can use this in
order to define the reflection along the normal vector in the tubular neighbourhood.

Definition 1.8.4. In the setting of Corollary[1.8.3 the reflection along the normal vector
R is given by

R : DomR = Ran7 — RanT,

o . (1.238)
R(z) =T odiag(l,...,1,—1) o T *(z).

The interpretation is that we take a point in the form x + tv(x), where z € I';t € R
and v(x) is the unit normal vector outwards of the hypograph, and map it to x —tv(x).
So if a point y € DomR was inside the hypograph, then R(y) is outside and vice versa.
The reflection R is illustrated in Figure [L.4]

Some of the basic properties of this reflection will be summarised in the following
Lemma.

Figure 1.4: Reflection across the normal vector R as in Definition m

Lemma 1.8.5. Let R be as in Definition[1.8.4 Then the following assertions hold true.
1. R"'=R.
2. DomR 1is open and R is a smooth diffeomorphism,
3. For all x € I' we have R(z) = z,det(DR(x)) = —1 and DR(x) is orthogonal.
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Proof. 1. Let x € DomR. Then we have that
RoR(z) =T odiag(l,...,1,—1) o Tt o T odiag(l,....,1,—1) o T ()
= T odiag(l,...,1,—1) o diag(1, ..., 1, —1) o T () (1.239)

=To 72_1(:13) =7.

2. By Definition we have that DomR = Ran7 and since 7 is a diffeomorphism,
its range is also open. Since R is defined as a composition of smooth functions,
it is itself smooth and as the first item shows that R™' = R it is a smooth
diffeomorphism.

3. Let x € I'. Then we can write x = (2/,£(2’)) for some 2/ € R4"! and thus we
have that x = T (2/,0), especially z € Ran7. We calculate
R(z) =T odiag(l,...,1,—1) o T ()
= T odiag(l,...,1,—1)(/,0) = T(«/,0) = («/,£(2')) = z,
so R(z) = x.

Let z € ', so we can write it as = (2/,£(2")). By definition it holds true that
for t € R with || < 6(2) that

(1.240)

R(z +tv(z)) = x — tv(x), (1.241)

so we see that
R(x +trv(zx)) — R(x)

DR(z)v(z) = %g% ; = —v(z), (1.242)
so v(z) is an eigenvector of DR(x) with eigenvalue —1.
Now for all ¢ € {1,...,d — 1} we define curves and vectors
YR =R qi(s) = (2 + sei, £(2) + se;)), v = 7}(0), (1.243)

.....

that Rany; C I" for all ¢ € {1,...,d — 1}. Now we see that, since R is just the
identity on I,

d .
ds [R(%(Sm s=0 = %/(0) = v;, i€{l,...,d—1}, (1.244)
and using the chain rule it also holds true that
d .
RO om0 = DROWO)(0) = DR(r)us, i € {1, od — 1), (1.245)
Thus

DR(z)v; =v;, 1€{1,..,d—1}, (1.246)
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and therefore all the v; are eigenvectors of DR with eigenvalue 1.
Finally, we calculate that

1 for j =1,
vl = 0&) forj=d, i€{l,..d—1}, (1.247)
0 else,

1
S T

so DR has only the eigenvalues =1 and we found orthogonal eigenspaces which
together form a basis of R?. Therefore DR is orthogonal.

(_VS(Q:/)’ 1)7 (1.248)

Finally, since the determinant is the product of the eigenvalues, we have
det(DR(z)) = —1. (1.249)
O

The following results about R will be very helpful when we construct extensions of
functions via reflection along the normal vector.

Lemma 1.8.6. Let U C RY be an open, non-empty and connected set, divided into
three parts U',U",T by a C®-function ¢ : R = R as in Deﬁm’tz’on and let
I'c C T be compact. Furthermore let R be the reflection along the normal vector from
Definition[1.84 Then there exists an open neighbourhood V' around T'c such that

1. V€ DomRNU,
2. the Jacobi matriz DR satisfies

|det(DR)|((DR)"DR) ™" [y e Wh(V), (1.250)
3 v (| det(DR(x))\((DR(x))TDR(:L'))_I'U> > L2 veRizeV.
Proof. We can first find open neighbourhoods of I'c which satisfy the all items indi-

vidually, and their intersection will than satisfy all three.

1. It is clear that I' C DomR N U holds true by the definition of I' and the tubular
mapping. Since it is a intersection of two open domains, DomR N U is open and
by the compactness of I'c there exists a open neighbourhood V; of I'c with

Vi € DomR N U. (1.251)
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2. We know from Lemma [I.8.5 that on I'c C T it holds true that DR is orthogonal
with det(DR(x)) = —1.
Since DR is smooth and well-defined in an open neighbourhood around I'c we
see that there exists an open neighbourhood V; of I'c such that DR is invertible
in V5, and in this neighbourhood we consequently have that

| det( DR(2))|(DR(x))" DR(x)) " [,€ C=(Va). (1.252)

Now we can choose any open neighbourhood Vy of T with Vi @ V5 and obtain
that

| det(DR(2))|((DR(2))" DR(x)) " € WH(V2), (1.253)
since continuous functions are bounded on compact sets.
3. Since DR is orthogonal on I'c C I, see Lemma [1.8.5]it holds that

1

|det(DR(2))|((DR(z))"DR(z)) =1, =z €T, (1.254)

and therefore all eigenvalues of | det(DR(av))]((DR(ac))TDR(gc))_1 are 1 on I'c.

In the previous item we concluded that this matrix is continuous in some open
neighbourhood V5 around I'M/V, and so there exists a smaller open neighbourhood
V3 around I'c on which all eigenvalues are larger than %, or in other terms

- 1
7| det(DR(2))|((DR(2)) DR(z)) v > §|v|2 veER Lz e Vs  (1.255)
Finally it is clear that the set V' = V; NV, N V3 satisfies all the properties above. [

Lemma 1.8.7. Let U C R? be an open, non-empty and connected set, divided into
three parts U',U",T by a C®-function & : R™' — R as in Definition m and let
I'c C T be compact. Furthermore let R be the reflection along the normal vector from
Definition |1.8.4). Then for any open neighbourhood W C U N DomR of I'c we have
that the set

V={xeW: ReecW} (1.256)

s also an open neighbourhood of I'c and R [v: V. — V is a bijection and a smooth
diffeomorphism.

Proof. Since W C DomR the set is well defined. From Lemma [I.8.5 we see that R is
just the identity mapping on I'c C W, and hence I'c C V.

What remains to show is that V' is indeed open. To this end, recall from Lemma
that R = R~' and let z € V C W. Since W is open, there exists some open
neighbourhood U, of x such that U, C W.
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By definition of V' we know that R(z) € V' C W, and consequently by the same
argument as above there also exists an open neighbourhood Ug(,) around R(z) which
satisfies Ug(y) C W.

R~' = R is defined on W, and since R is continuous it holds that the preimage
R (Ugr() is an open neighbourhood around x, thus we have that

UL = U, N R (Unw) (1.257)

is also an open neighbourhood around .

For z € U, we have z € U, C W and R(z) € Ug) C W, thus z € V, and so
U! C V, which proves that V' is open.

By the definition of V' it is clear that R maps V into V. Also for y € V' we see that
with x = R(y) € V we have that

R(z) =RoR(y) =RoR *(y) =y, (1.258)
since Lemma states that R = R™!. Therefore R : V' — V is surjective, and since
R? is just the identity mapping it is also injective.

Now we now that R and its inverse are smooth and so is every restriction, thus
R :V — V is a smooth diffeomorphism. O

1.9 Elliptic regularity result
Lemma 1.9.1. Let p € (1,2] and u € HL(R?) with compact essential support and
div[AVu] € LP(RY), (1.259)
where A € WH®(RY) is a d x d-matriz which satisfies the uniform ellipticity condition
36>0: y-Alx)y >0ly|?, Va,y <R (1.260)
Then it holds that v € W*P(R?).

Proof. First note that since u € H'(R?) = W1?(R?) and the essential support of u is
compact, we have that also u € WH(R?). The rest follows from [26, Corollary 2.3],
where we use m = k = 1 and Q = R? and rewrite (HD1) as the ellipticity condition

(L.260). N
1.10 Dual Spaces, Bidual Spaces and Adjoints

In this section we summarise the definitions and basic properties of dual and bidual
spaces. They will play an important role throughout the thesis.
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Definition 1.10.1. Let B be a Banach space. Then its dual space B* s defined as the
space of all anti-linear and bounded functionals on B, i.e.

B*={f:B — C, f anti-linear and bounded}, (1.261)

equipped with the dual norm

fe B (1.262)

We usually write (f,b)p«xp instead of f(b) forb € B and f € B*.

Lemma 1.10.2. Let B be a Banach space. Then B* is a Banach space.
Proof. See [27, Theorem 4.3]. O

Lemma 1.10.3. Let B be a Banach space and b € B. Then there exists f € B* such
that

(f,0)gx5 = b5, N fllse =1. (1.263)
Consequently we have that b = 0 holds if and only if (f,b)pxp = 0 for all f € B*.

Proof. See [27, Corollary of Theorem 3.3]. O
Lemma 1.10.4. Let H be a Hilbert space. Then the mapping
tr:H —=H  (LRU, V) 3wy = (U, V)4, u,v € H, (1.264)

18 an isometric isomorphism, the so called Riesz isomorphism. In particular we see
that H* can be interpreted as a Hilbert space with the inner product

(f,R) = (g foig' By,  fih € H". (1.265)

Proof. See [27, Theorem 12.5]. O

Definition 1.10.5. The bidual space B** of B is the dual space of B*. Furthermore we
define the bidual mapping J : B — B** wvia

(Jb, f)B**XB* = (f, b)B*XB7 f € B*, b e B. (1266)

Lemma 1.10.6. The bidual mapping J from Definition 15 injective, linear, 1s0-
metric and has closed range.
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Proof. See [27, Remarks in Chapter 4.5]. O

The question remains whether J from Definition [1.10.5|is also surjective. In general
this is not true, as remarked in [27, Chapter 4.5], so the following definition makes
sense.

Definition 1.10.7. We call a Banach space B reflexive if the bidual mapping J : B —
B** from Definition 18 an isometric isomorphism.

Lemma 1.10.8. Hilbert spaces are reflexive.

Proof. Let H be a Hilbert space. Then from Lemma |1.10.4] we obtain that there exists
the isometric Riesz isomorphism ¢ which satisfies

(f> U)H*XH = <L]_:ilf7 U>7—[ = <f> LRU>'H* = <LRU7 f>7-l*7 u € Ha f € H* (1267)

Lemma also states that H* is itself a Hilbert space and so there is also another
Riesz isomorphism ¢}, : H* — H**, which satisfies

(L,Rga f)'H**X'H* = <gv f)H*7 g, f S H*y (1268)
and thus with ([1.267)) we obtain that
(Cptrt, [l = (tru, e = (f, Warxn, uweM, feH, (1.269)

which shows that J = ¢zug with the bidual mapping J as in Definition [1.10.5|
Since both Riesz isomorphisms are isomorphic, so is J and thus H is reflexive. [

Definition 1.10.9. Let B,Y be Banach spaces and T : DomT C B — Y be a densely
defined operator. The adjoint T* : DomT™* C Y* — B* of T is given by

DomT* ={feY*: Ine€ B* s.t. (n,b)pxp = (f,Tb)y+xy Vb € B},

1.270
T =n. ( )

Lemma 1.10.10. Let B,Y be Banach spaces and T : DomT C B — Y be a densely
defined operator. If T™ is surjective, then T is injective.

Proof. In this given setting consider b € DomT" with Tb = 0. Then by Lemma [1.10.3
we see that

(f;Tb)y=xy =0, feY™ (1.271)

Since T is surjective, for every g € B* there exists f € DomT™ such that T*f = g, so
we see that

(g, b)B*XB == (T*f, b)B*XB == (f, Tb)y*xy == O, (1272)

and since this holds for every ¢ € B*, Lemma [1.10.3| shows that b = 0, thus T is

injective. O]
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In the same form as we defined a bidual space as the dual of the dual space, we
might also be interested in the adjoint of the adjoint. As the following lemma shows
it has a particularly nice form.

Lemma 1.10.11. Let B,Y be reflexive Banach spaces and T : DomT C B — 'Y be a
densely defined operator. Then T™ is densely defined if and only if T is closable, and
in this case it holds true that

T = NTJg, (1.273)

where Jg : B — B*™ and Jy :' Y — Y™ denote the bidual mappings from Definition
[7.10.5.

Proof. See [12, Theorem I11.1.5]. There a slightly different notation is used, where the
bidual mappings are not written explicitly. O

1.11 Rigged Hilbert spaces

Rigged Hilbert spaces will play an important role in constructing boundary triples
and showing that they satisfy all the properties we need. Therefore, we will introduce
some basic concepts and results, more details can be found in [6].

Definition 1.11.1. Let G, H be Hilbert spaces such that G is continuously and densely
embedded in H. Then we call {G,H,G*} a rigged Hilbert space.

Lemma 1.11.2. Let {G,H,G*} be a rigged Hilbert space and 1 : G — H is the continuous
embedding of G in H with dense range. Then the dual .* : H — G*, defined by

(t"h, g)gexg = (h,19)n, heH, geG, (1.274)
s also a continuous embedding with dense range. Furthermore ** : G — H is given

by
r=0J 7 (1.275)

where J : G — G** is the natural embedding of G into its bidual space from Definition
[7.10.5.

Proof. See [0, Chapter 8.1]. O

Lemma 1.11.3. Let {G,H,G*} be a rigged Hilbert space. Then there exist isometric
tsomorphisms 1y : G — H, v : H — G*, such that

(U, V)grxg = (L_u,t4V)y, uw€EG veEQG. (1.276)

Proof. See [0, Lemma 8.1.2 (ii)]. O
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1.12 Representation Theorem

In the following let us consider Hilbert spaces Hi, H and H, such that there exist
continuous embeddings

L1 : 7‘[1 — H, Lo : H — HQ, (1277)

with dense range. In this situation, we can formulate the following representation
theorem that will be one of our main tools for proving results in later chapters.

Theorem 1.12.1. Let A € B(Hi,Hs) be boundedly invertible. We define an operator
in H by

DomA = {u € Rant; : A7 u € Rans,},

A 1.278
A= At ( )
Then the following holds true:
1. DomA is dense in H and 1 "DomA is dense in H,
2. 0€ p(A) and A
A= AT, (1.279)
3. if one of the embeddings 11, L5 is compact, then A has compact resolvent,
4. the adjoint of A is given by
DomA* = {u € Rant% : A*(:3)"'u € Rant*),
{u e Rancs s 4°(3) ) as0)

AT = (1) AG)

Lemma 1.12.2. Let G, ’H be Hilbert spaces and T : DomT — H, DomT C G be a
continuous operator with dense range. If Go C DomT is a dense subspace of G, then
it holds true that T |g, has dense range.

Proof. Let h € H and € > 0. Since T has dense range, there exists ¢ € DomT C G
with

€
3
Furthermore, we have that G, is dense in G and T is bounded, so there exists gy € Gg
such that

1h = Tgllx < (1.281)

€

19— gollg < 577 (1.282)
2|\

Putting everything together we obtain that

1h = Tgollse < lh =Tyl +Tg0 — Tgllse < |h =Tyl + I Tlll90 — gllg <€, (1.283)

so T'[g, has dense range. ]
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Proof of Theorem[1.12.1. 1. We can also write the domain of A as defined above as
DomA = Raniy Ay, 7' DomA = RanA ™\, (1.284)

By assumption ¢5 has dense range and A1is everywhere defined, continuous and
also has dense range, so by Lemma |1.12.2] we see that RanA~1s, is dense in H,;.

Since (7 is continuous and has dense range, again using Lemma [1.12.2] yields that
DomA is dense in H.

2. Since ¢y and ¢ are everywhere defined and injective, the inverse mappings ¢; and
1o are well-defined, surjective and injective (although not everywhere defined).
Clearly the operator

A= A! (1.285)

is injective as a composition of injective maps.

If h € H, then by surjectiviy of ¢,' there exists hy € H, such that 1y hy = h.
Since also ¢]* is surjective, there exists h; € H such that ] *hy = A~ hy.

Note that by definition h; € Rane; and Aqlhl = hy € Ho, so hy € DomA with
Ahy = 13 AT hy = 15 hy = b, (1.286)
which shows that A is surjective, and the inverse is given by
A~ = A . (1.287)

As a composition of continuous functions the inverse is also continuous, and thus
0 € p(A).

3. This is clear since the inverse is a composition of three continuous operators, so
if one of them is compact, so is A.

4. A simple calculation gives
A = <L;1AL;1> = (YA (1.288)
with the appropriate domain

DomA* = {u € Rand} : A*(:3)"'u € Ranti},
om {u AanLQ (13) " u € Ran}} (1.289)
A= (@) A

O

With Theorem|[1.12.1{in mind, we are interested in conditions under which operators
are boundedly invertible. One of the standard results is the following Lemma.

Lemma 1.12.3. Let H; and Ho be Hilbert spaces. An operator A € B(H1, Hs) is
bijective and boundedly invertible if and only if the following conditions holds true:
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(rl) A
Ja>0 st |JAullu, > oflul|s, u € Hy, (1.290)

(r2) RanA is dense in Hs.
Proof. If holds true, we see that

Au:O:Wmmlgéwhmbzoﬁu:O, (1.291)
so A is injective. Next, we want to show that also implies a closed range. Let

(Un)n C Ranfil be a Cauchy sequence in H, with limit v € H,. Then there exist
(tn)n C DomA such that

Au, =v,, neN. (1.292)
implies that
1 . 1
e = w7 < —l1Aun = )l = Zllvn = vl (1.293)

thus (u,), is a Cauchy sequence in #H;, which has a limit u € H;, and since A is
bounded it follows that

v= lim v, = lim Au, = flu, (1.294)

n—o0 n—o0

thus v € RanA and RanA is closed. But as m states that the range is also dense,
A must also be surjective. The inverse is bounded since A is bounded and bijective
between Banach spaces, see [10, Lemma 1.2.3]. O

We now define sesquilinear forms since they are a helpful tool in analysing whether
certain operators are boundedly invertible.

Definition 1.12.4. A map a : Hy X Ho — C is called a sesquilinear form if for all
U, U1, Uy € Hy, 0,017,039 € Hy and v € C

1. a(uy + uz,v) = a(uy,v) + a(ug, v),
2. a(u,v; + v9) = a(u,vy) + a(u, vy),
3. a(au,v) = aa(u,v),
4. a(u,av) = @a(u,v).

If b:Hy x Ho — C is another sesquilinear form, we an add them via
(a+b)(u,v) = a(u,v) + b(u,v), u € Hy,v € Ha, (1.295)
and for € C we can define a scalar multiplication

(Ba)(u,v) = Pa(u,v), u € Hy,v € Ho. (1.296)
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Furthermore, we also define the adjoint form a* : Hy x Hy — C of a as

a“(v,u) = a(u,v), u € Hi,v € Ho. (1.297)
We call a a bounded sesquilinear form, if there exists C' > 0 such that
la(u, v)| < Cllully, v, u € Hy,v € Ho. (1.298)

Lemma 1.12.5. Let Hy and Hy be Hilbert spaces. Every operator A € B(Hi, Hs)
defines a unique bounded sesquilinear form

a:Hi x Hy = C, a(u,v) = (Au, v)y,. (1.299)

On the other hand, every bounded sesquilinear form a : Hy X Hy — C defines a unique
bounded linear operator A € B(H1, Hz) which satisfies .

Proof. [22, Chapter 1.6.4]. O

Corollary 1.12.6. Let Hi and Hy be Hilbert spaces. An operator A€ B(Hi, Hs) is
bijective if and only if the following conditions on the corresponding form a : HixHs —
C holds true:

(rfl)
Ja >0 s.t. inf  sup _a(wv)] > q, (1.300)
0AUEH 0£veH, Hu”?-h”UHHQ
(rf2)
(a(u,v) =0 YueH,) = v=0. (1.301)

In this case, there also exists a bounded inverse for A.

Proof. We aim to show that |(rfl )= [(r1)| and |(rf2)=1(r2)} Using (1.299) we obtain

. |a(u, v)]
rfl)) < da >0  s.t. inf sup —m—M— >«
— Ao 58, Tl ol
A .
& da>0 st inf  sup M > (1.302)

07uEH 0vey Ul [0l
S 3da>0 st |Aully, > of|ullwy,, u € Hy < |rl)

which proves the first equivalency. For the second we see that
(rfl)| < (a(u,v) =0 YueH;) = v=0
& ((Auvh, =0 YueH) = v=0 (1.303)
& (RanA)*t = {0} < RanA is dense in H, &[]

which concludes the proof. n
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Definition 1.12.7. Let H be a Hilbert space and a : HxH — C be a bounded sesquilinear
form. If there exists a ¢ > 0 such that

ja(uw) = clulfy, e, (1.304)
then we say that a is coercive.

Lemma 1.12.8. Let H be a Hilbert space and a : H X H — C coercive. Then a satisfies

and [(r12)]

Proof. Let a be coercive with coercivity constant ¢ > 0. Then we have that

inf sup a(w, )] > inf |a(u,;¢)] >c>0, (1.305)
otue ozven [[ullnllvllz — oFuer ull3,

S0 is satisfied.

Now let v € H be such that
a(u,v) =0 YueH. (1.306)

Then we especially have for the choice u = v

1

ol < ~a(v,v) =0, (1.307)
so v = 0, which proves that also holds true. O

Definition 1.12.9. Let H be a Hilbert space and a : H x H — C a bounded sesquilinear
form. If there exist operators ©1,05 € B(H) such that

(AH1)
Jag >0 st |a(u,u)| + |a(u, ©1u)| > aq||lull3, ueH, (1.308)

(AH?2)
Jag >0 s.t. |a(v,0)] + |a(Oqv,v)| > asllv]3, v € H, (1.309)

then we call a Almog-Helffer-coercive.

Lemma 1.12.10. Let H be a Hilbert space and a : H x H — C be Almog-Helffer
coercive. Then a satisfies |(rfl)| and ((vf2)|, in particular (AH1|) = |(rfl)| and =

2]

Proof. We first show that (A1) = [(xf)] Let u € H, u # 0. Define

o = sgn(a(u, u))u + sgn(a(u, ©1u))O;u, (1.310)
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where sgn is the complex-valued signum function

ER 0,
sgn(z):{oz| e(;::# (1.311)

Then due to (AHI)) it holds true that

a(u,u) = sgn(a(u, u))a(u, u) + sgn(a(u, O1u))a(u, O1u) (1312)
= la(u, )| +la(u, ©ru)| = aullull3; > 0,
in particular this also shows u # 0. Furthermore it holds true that

[all3 = || sgn(alu, u))u + sgn(a(u, ©1u))Orullx

(1.313)
< lulla + [1©1ull2 < (1 + [|O1]]) ][4

Together this shows that

la(u, v)| _ |a(u, @) _ aaflully

sup (1.314)

orven vl Al T L0

and since this holds true for every 0 # u € H follows.
Now assume that (AH2) holds true and let v € H be such that

a(u,v) =0, wueH. (1.315)

This especially holds true for the choices u = v and u = O9v, and thus (AH2|) gives

asllvll3, < la(v,v)| + |a(@qv,v)| = 0, (1.316)
so v = 0 and we see that |(rf2)| holds true. O

1.13 Quasi Boundary Triples for Dual Pairs

Definition 1.13.1. Let H be a separable Hilbert space and S,S closed and densely
defined operators in ‘H such that

Scsr, Scs (1.317)

Then we call (S, S) a dual pair. We call operators T C S*, T C S* cores of S* and
S* if they satisfy
=S8, T*=285. (1.318)
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Definition 1.13.2. Let~(S,~§) be a dual pair in H with cores T, T of S*, S*, respectively.
A triple (G, (T'o,T'1), (To, 1)), consisting of a Hilbert space G and linear mappings

[y, Iy : DomT — G, Ty, Ty:DomT — G, (1.319)

is called a quasi boundary triple for the dual pair (S, S), if it satisfies the following
properties:
(G) (Tf.9)n%— (. Tg)u = (T1f.Tog)g — (Tof.Tr9)g, f € DomT, g € DomT,
(DD) Ran(Ty,T1)T and Ran(Ty,Ty)7 are dense in G & G,
(M) the operators Ay =T [xerr, and Ay=T ery SQLISSY

Al = Ay, A= A,.

It is often more convenient to begin with the cores T' and T and construct the
boundary triple without explicitly introducing a dual pair (S, S). The following the-
orem states that, under suitable assumptions, the resulting construction nevertheless
produces a dual pair.

Theorem 1.13.3. Let H and G be Hilbert spaces and T,T be operators in H. Let the
tr’iple (g7 (F()? F1>7 (F07 Fl)) with

Io,I'y : DomT — G, T,y :DomT — G, (1.320)

satisfy (DD) and and assume that ker Ty Nker Ty and ker Ty Nker Ty are

dense in H. Then the pair of operators (S, 5), defined by

Sf :Tf7 fe DomS:kerfoﬂkerfl,

. . (1.321)
Sf=Tf, fe&DomS=kerl'yNkerl',

are closed and form an dual pair, such that (G, (Do, T'1), (Do, 1)) form a quasi boundary
triple for it.

Proof. See [0, Theorem 2.7]. O



2 Sectorial and Almog-Helffer Coercive
Schriédinger Operators

2.1 Assumptions

In this chapter we want to consider sectorial and Almog-Helffer coercive Schrédinger
operators, i.e. we want that the following assumptions are satisfied.

Assumption 2.1.1. Let Q C R? be minimally smooth, ¢ € L{_(Q) and Req > 1 a.e.,
such that it fulfils one of the following conditions:

(SEC) g is sectorial, i.e. Req > 1 a.e. and there exists 6 € [0, 7) such that

|Im ¢| < tan(f) Req a.e.. (2.1)

(AHcl) There exists a real-valued ¢ € L>(2) such that V¢ € L2 (),

loc
V| < C(lq +1)3, (2:2)

for some C' > 0 there exists a measurable function W : Q@ — [0,00) and
constants Cy > 0, o > 0, ey € (0,1] such that for all f € H'(€2) N Dom|q|
it holds true that

/leqd)\f\?dxz@/gumq\\f\?dx—/gwu\?dw, (2.3)

and

1 1
11 £ <Co (7132 + IV FI2: + | Real £122)

o (2.4)
+ (1 = ew)all[ Tmg|> f]|7..
(AHc2) g € W,5°(92) and there exists C' > 0 such that
[VImg| < C(1+ |Tmgl*)2(1+ Jq])*. (2.5)

Lemma 2.1.2. The assumption implies [(AHcl),.

69
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Proof. First define the real-valued function

Imgqg

ek 2.6
(1+ (Img)?)> 20

o=

Clearly it holds true that |¢| < 1, thus ¢ € L*>(€2). In order to calculate the gradient of
this function, note that Imgq € I/VlfJCOO(Q) C H.(Q), and therefore we can use Lemma
to calculate that

Vimg (Imgq)*VImg Vimg

N - = C 1 '
VT W mmg?E (o (map) O tmgyE @D

so Vo € L2 () and consequently ¢ : Q — R satisfies (2.2)). Furthermore we have
that

1 2 1
(Img) e >lmg/-1, (28

(1+ (Img)?)> (1+ (Img)?)>

so we see that with W = 1 all the assumptions in are fulfilled, which concludes
the proof. O

ol

¢plmg = = (1+ (Imq)?)

2.2 Form Domain Y

Under Assumptions let us consider the space
i 1
V= (H9) 0 Domlgl, 1 1 = I I3+l - 132). (29)

where ) )
Domlg|? = {f € LX(Q) : |ql*] € LX)}, (2.10)

Lemma 2.2.1. The space V together with the inner product
(u,v)yy = (u,v) —|—/ lq|luvdz, w,v €V, (2.11)
Q

is a Hilbert space, the inner product induces the norm in , CRY g CV and V
is dense in L*(2).

Proof. First note that
1
(u, u)y = [lullf + /Q lallul*dz = [lullf +Illal2ullzz,  weV, (2.12)

so this inner product indeed induces the norm in (2.9)).
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We need to show that the space is complete. To this end, let (f,,), C V be a Cauchy
sequence. Then we see by definition of the norms that

“fn_meH1 < an—mevmo» (2'13)

and since H'(Q) is a Hilbert spaces, there exists a limit f = lim,, o, f,, in H*(Q).
From [7, Example 4.3.3] we see that the multiplication operator

lq|2 : Doml|q|z C L*(Q) — L*(2) (2.14)

is self-adjoint in L?(£2) and thus closed, so Dom|q|% together with the graph-norm is
complete. Consequently, using

5 (1 = Fullze + Ml = follzz) < o= Fully 2" 0, (215)

we conclude that there also exists a limit f’ = lim,,_,, f,, in the graph norm induced
. . . 1 .
by the multiplication operator |¢|z. Finally, as

an - fHL2 < ”fn - fHH17

, , . , (2.16)
o= Fllez < [1fa = Fllez + llal2(fa = )2, neN,
we see that f = lim, . fn = f in L?(Q), so we obtain f = f" and
1fa = F1% = I = Flli + llal2 (fo = N7z =0, (2.17)

which proves the completeness.

Next we want to show that V is dense in L?(Q2). Since C5°(Q) is dense in L*(Q), it
suffices if we can show that C§°(2) C V.

To this end, let ¢ € C§°(R2), so there exists K € Q with supp ¢ C K. Then it holds
true that

[ Nlaief e = [ lallorar < lalouollol o (218)
s0 ¢ € Domlg|z and thus since C3°(Q) € H(Q) we conclude that ¢ € V. O
Lemma 2.2.2. The space C°(RY) [q is dense in V.
Proof. Let f € V. We want to show that there exists a sequence (¢,), C C5°(R?) [q
with ¢, —— f in V.

Without loss of generality, we can assume that f is real-valued, since by definition
of ¥V we have that also f € V, and thus

Ref=S(f+F) eV, mf=o(f-FeV, (2.19)
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so it suffices to approximate real and imaginary part individually.

Lemma gives us an extension f € H L(R?) with f lo= f. Without loss of
generality we can also assume that it is real-valued (just ignore any possible imaginary
part from the extension operator).

Next we try to find approximations of f which have compact support and are in
L>*(R%). To this end consider functions ¢, : R — R with

—n  for x € (—o0, —n),
on(x) =< for x € [—n,n|, (2.20)

n for x € (n, 00),

and a cut-off function v € C°(R?), 0 < ¢ < 1, with

1 f B
o) = or x € B41(0), (2.21)
0 for z ¢ By(0),
We define our approximations as

It is easy to see that |f,| < n and supp f, C Ba,(0). ) )
By definition of these functions it is also clear that f,, converges pointwise to f and
that | f,| < |f|, so dominated convergence shows that

fo = fin LX(RY). (2.23)
Note that
1 -
o (x) = orzel-nnl, oy (2.24)
0 else,

Therefore with Lemma [1.6.9 and with the product rule we see that

Vi = DTG + el HIVE)G)

B 1 - (2.25)
= Xfe[fn,n}(vf)@b(ﬁ) + Eépn(f)(vl/’)(ﬁ);
where
Xielonn (%) = {(1) S;ef @elmnl e (2.26)

The first summand converges pointwise to V f , and the second summand is zero
inside B,,(0), since 1 is constant on B;(0), and consequently converges pointwise to 0.
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Furthermore, we find that

_ _ 1 _
IV fal = Wfeona) (VI E) + (A (VO) N < IVA+ IV, (227)

which is an L*integrable upper bound, so Vf, € L*(R% R%) and by dominated con-

vergence B R
Vf, 222 Vf in L*(R%RY). (2.28)

Similarly, on Q we have that |g|2|f.| < |g2|f] = |q|2|f], and |g|2f, converges
pointwise to ]q|% f, so dominated convergence gives us

gl fu 10" Jg|2 f in L(2). (2:29)
Putting everything together, we obtain that
Fulo™=> fin V. (2.30)

The next step is to mollify the functions fn in order to have smooth approximations.
To this end, let n € N be fixed and define

¢7(1p) = fn * Wy, P> 0, (231)

where (w,),>0 is the family of standard mollifiers as defined in (1.36]).
Theorem [[.3.3 and Theorem [L.3.5] show that

o0 P70 F i HY(RY). (2.32)

In particular we can choose a subsequence which converges pointwise to fn, w.l.o.g.
assume that the whole sequence does.
It holds true that

0@ = [ Gl = iy

< fallz=llwpllor < I fallze, = € R, p € (0,1).

(2.33)

Since supp f, C B2, (0), it follows for all p € (0,1) that supp <b7({)) C Boni1(0),
and since convolutions with mollifiers are smooth, see Theorem [1.3.3] we have that
(¢$1p))pe(0,1),neN C 080<Rd)a and

Lli=opPas= [ i - oPan peon. 23
Q Qﬂ]BQnJrl(O)
Since 2 N By, 41(0) is bounded and ¢ € L} (), we see that

loc

lallfa = ¢ < 4l fullZ<lal € L1 (2N B2asa(0)), (2.35)
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so we have an integrable upper bound, thus the pointwise convergence for p — 07 and
dominated convergence gives

alf 6P 2= JglBfuin L3(Q), (2.36)
Putting everything together, we finally see that

p—0t

o 10" fule  inV, (2.37)

which concludes the proof. O

2.3 Dirichlet Trace 7

Next we define suitable spaces on the boundary. As seen in Theorem [I.5.1]the Dirichlet
trace vp from HY(Q) to Hz(99Q) is bounded, surjective and has a bounded right-
inverse. Our goal is to define a space VW on the boundary such that the Dirichlet trace
from V C H*() to W also satisfies these properties.

In order to guarantee surjectivity we will focus on the set

W = RanyD fy, (238)

and we need to find a proper norm such that both the Dirichlet trace and a bounded
right-inverse are bounded.
First note that the following holds true.

Lemma 2.3.1. The space W is dense in Hz(0).

Proof. As C°(RY) | is dense in H(Q), see [24, Chapter 1], and vp is bounded and

surjective, see Theorem [1.5.1} it follows that Ranyp [ e gay,, 18 dense in H %(OQ).
Lemma shows that Cg°(R?) g C V and therefore by Lemma W =

Ranvyp |y is also dense in Hz(99). O

We will from now on work with the surjective Dirichlet trace
oV =W, ~bf=9pf, feEV. (2.39)

Lemma 2.3.2. [t holds true that ker~Y, is closed, and therefore we can write the form
domain V as
V = kerv), @ (kerv))*. (2.40)
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Proof. We want to show that the kernel is closed, the decomposition then follows from
[27, Theorem 12.4].

To this end, let (f,), C kerv) be a Cauchy sequence in V. Since V is a Hilbert
space, see Lemma [2.2.1] the existence of a limit f € V is clear.

Now note that

[fo = fllr < lfo = fllv, neN, (2.41)

by definition of the norm, so (f,), converges also in H! to f. Since 7p is continuous
in H', see Theorem we obtain that

o1l 4 oy = 10 lvnf =10 fall 14 50 = 0 (2.42)

thus v5f = vpf = 0, which proves f € ker~), and it follows that the kernel is
closed. O]

Lemma 2.3.3. The mapping
vh : (keryp)t — W (2.43)

15 a bijection.

Proof. Let v € W = Ran(v)). Then there exists f € V with 75 f = 1. Due to
Lemma there exist fi, fo such that

f=fH+/f, fe ker’yg, fa € (kerfyg)l, (2.44)
and therefore we see that
fe =vpf — b =0f =, (2.45)

so we found f, € (ker v}t with «¥ f, =+, which shows the surjectivity.
Now assume that v}, f = 0 for f € (kery%)+. This immediately shows

f € kerv% N (kery)p)* = {0}, (2.46)
which proves the injectivity. O]

Due to Lemma [2.3.3| we see that the mapping

-1
& W=V, = () lgey) v vEW, (247)

is a well-defined and linear bijection. Consequently, we can define the inner product
(u,v)y = (EVu, EYv)y, u,v €W, (2.48)

on W.
With these spaces we can finally show our desired result.
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Theorem 2.3.4. The space W is a Hilbert space, the Dirichlet trace
WiV =W (2.49)
is surjective, bounded and £ as in is a bounded right-inverse for vY,.
Proof. The inner product from ([2.48)) induces the norm
lullw = 1€ ullv, (2.50)

so we see that £V is by definition a isometric isomorphism between W and (ker v%)+,
and since the later is a closed subspace of a Hilbert space, we see that W is closed and
hence a Hilbert space.

By construction v}, is surjective and €Y a right-inverse with

IEV Il = [¢lw, & eW. (2.51)

What remains to show is that v}, is bounded. Let f € V. Due to Lemma there
exist fi, fo such that

f=rh+fs fi€kerqp, fo€ (keryp)’. (2.52)
Then we have that
fe=v0f = b fi =11, (2.53)
with fo € (kerv))*. Clearly this yields
EpI) = (2.54)
and so
b flbw = 1EY (B NI = I fallv < I fallv + [ fallv = (I £1lv, (2.55)
which concludes the proof. [

Corollary 2.3.5. It holds true that Ranvy), [ose(ra)yg @5 dense in WV,

Proof. Let ¢ € W and € > 0. Since C°(R?) | is dense in V, see Lemma [2.2.2) there
exists ¢ € C5°(RY) | such that

1€V — ol < e. (2.56)
Theorem [2.3.4] shows that the Dirichlet trace is bounded, and thus
14 = vpelw = [I7pEY Y — vpelw < ellvpll. (2.57)

Since v5¢ € Ranvyy [cge (ray, this concludes the proof. ]
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Lemma 2.3.6. The natural embeddings of W in Hz(8Q) and L2(0Q) are continuous
and have dense range.

Proof. The space W is by definition contained in H2(09) and thus L2(99), so the

embeddings exist.
Lemma already shows that W is dense in H2(99Q). We can view the natural
embedding as

LW = H2(0Q),  of = vpoEVS, (2.58)
with the natural embedding ¢o : V — H'(2). Clearly it holds that
leof [l = [1f e < 1Sy, (2.59)

hence ¢g is continuous, and so is ¢ as composition of continuous mappings. Conse-
quently the embedding of W into H 3 (092) is continuous with dense range.

Since the same holds true for the embedding of Hz(9Q) into L2(952), we see that
W is also continuously and densely embedded into L?(952). ]

2.4 Neumann Trace 7}

We define a sesquilinear form
a:VxV—C, a(u,v)=(Vu,Vu)rz + / quvdz, wu,v €V, (2.60)
Q

and the corresponding operator
AV oV (flu,v)y*xy =a(u,v), wu,ve. (2.61)

Additionally, let

AC Y 5V (Acu, V)yexy = a(v,u) = (Vu, Vo) 2 + / quudx, u,v e V. (2.62)
Q
These forms and operators are of course motivated by the definition of the (—A+¢q)u
in the distributional sense for © € V. However, in order to define a Neumann trace we
need also a L2-realisation of (—A+ q)u, similar to the definition of the usual Neumann
trace 74 in (1.113)), where we needed L? realisations of the Laplacian. To this end we
define the operators

DomT ={ueV: (-A+queL*Q)}, Tu=(—-A+qu, u€DomT,

- - - 2.63
DomT ={ueV: (-A+queL*Q)}, Tu=(-A+qu, u€cDomT. (2:63)

We want that the Neumann trace % maps Dom7 into W*. In order to ensure that
we will need the following Lemma.
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Lemma 2.4.1. Let ©w € DomT'. Then it holds true that

‘(Au7 ng)V*XV - <TU, 5vw>L2

< Qllully + 1 Tullz2)llolw, ¢ ew. (2.64)

The analogous statement holds true for u € DomT, T and A°,

Proof. Let u € DomT and v € W. Straightforward estimates show that

‘ (Auv 5V¢)v* 2 <TU, ng>L2

< |(Au, £ )y

+ [(Tu, EV4) 12|
< ‘(Vu, V5V¢>Lz} + ‘/ quEVpd| + |<TU,5V¢>L2‘ (2.65)
Q

1 1
< ulle 1Y%l + lllalzullzlllgl2 €7 | 2 + 1Tl 2| €V | 2.

Now note that by definition of the norm on V we have that
1
[oll> < [lollar < lollv, al>vll < lvlly, v eV, (2.66)

and consequently

’(Au, EVP)yxy — (Tu, E¥) 12| < 2llully + I Tull2) €7y (2.67)
Finally we know from that
1€ %l = [[¢lw (2.68)
and thus
\(Au,svwwv — (Tu, E¥) 12| < (2llully + [Tl z2) ¢ lIw. (2.69)
The statement for u € Dom7T follows analogously. ]

With these preparations we can finally define a Neumann trace.

Definition 2.4.2. The Neumann traces 7% : DomT — W* and v% : DomT — W* are
defined via

(qu\fuﬂvz))W*XW = <VU7 v‘S‘V¢>L2 + /ﬂ qumdx + <<_A + Q)u7ng>L2

= (Au, EVY)ypexy — (Tu, EV) 12, u € DomT, o) € W,

(2.70)

and

(YRut)wesw = (Vu, VEVY) 12 + /ﬂaumdx + (A +Qu, EVY) 12

= (ACu, EYY)ypexy — (Tu, EV) 12, u € DomT, ¢ € W,

(2.71)

respectively.
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The following Lemma will show that these definitions of Neumann traces coincide
with the standard definition whenever both definitions make sense.

Lemma 2.4.3. Assume that v € DomT and Au € L*(2). Then it holds true that
(’Y]%uaw)H—%(aQ)xH%(aQ) = (YN V)wesw, P EW, (2.72)

where v5 denotes the standard definition of the Neumann trace given by as defined
in and € a the bounded right-inverse of the usual Dirichlet trace yp as in
Theorem [L.5. 1.

The analogous statement holds for u € Dom7.
Proof. First note that by definition we have that

V&Y =t = ypEVYY = ypEV, Y € W. (2.73)

Since u € V C HY(Q) and Au € L*(Q), the Neumann trace y5u is well-defined, and
therefore we obtain

<VU, V5¢>L2 + <AU, g¢>L2 = (7]%/“7 ¢)
— (VAU’ rYngl/))H_%(aQ)xH%(aQ) (2.74)
= <VU, V(C/’V¢>L2 + <Au7 5v¢>L27 77Z) EW.

H™ 3 (0Q)x H? (59)

Using that we finally see that
(7]%“7 w)H—%(aQ)XH%(ag) = <Vu, VSIML? + <Au7 5w>L2

= (Vu, VE ) 12 + (Au, EV) 2 + / quEVpda — / quEVpda
Q Q

(2.75)
= (Vu, VEVY) 12 + / quEVpda — ((—A + q)u, EYY) 12
Q
= (VWU V)wew, € W.
The statement for v € DomT follows analogously. ]

Remark 2.4.4. Note that the Dirichlet trace vY, only depends on the space V and thus
the modulus |q|, whereas the Neumann trace v3 can also depend on the argument of q.

2.5 Invertibility of A in the Sectorial Case

Our goal is now to use the Theorem in order to find Neumann realisations with
non-empty resolvent sets for (—A+g¢). To this end, we need to show that A is bounded
and bijective with a bounded inverse.

We will start with the sectorial case, which is rather straightforward.
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Lemma 2.5.1. If q satisfies then the operator A from is bounded and

boundedly invertible.

Proof. Using Cauchy Schwartz and Hoélder inequalities it is easy to see that the
sesquilinear form a satisfies

1 1
< lullallollar + gz ullz2 gl o] 22

la(u,v)| = ‘(Vu, V)2 + / quudz
0

(2.76)
< 2ullvllolly, wveV.

So be Lemma |1.12.5( we see that the associated operator A is bounded.

With Req > 1 we obtain that
(190t + [ luPar)
Q

1
—/Req|u]2dx (2.77)
2 Jo

la(u,u)| = ‘<VU,VU>L2+/Q|U|2d$ > Re
Q

1
— [Vuls + [ Reglufde > [Vuls + 5 ulds +
0
Lo 1 2
> —||ullz: + = | Reglu|“dz, ue.
2 Ja
Now using the triangle inequality and the assumption shows that

gl < |Req|+[Img| < (1 + tan(0)) Reg, (2.78)

so consequently we obtain

1
)l 2 5 (Wl + gy [ lllufae)

1
> - .
2 o0 T ranay b wEY

(2.79)

So we see that a is coercive and thus Lemma |1.12.8] and Corollary [1.12.6|show that A
is boundedly invertible. O

2.6 Invertibility of A in the Almog-Helffer Coercive Case

In order to show the same result also for potentials satisfying we will need the
following Lemma.

Lemma 2.6.1. Let ¢ € L _(Q), ¢ € L=(Q) with V¢ € L2 (Q), and C > 0 such that
Vo] < Cllal + 1)z (2.80)

Then the corresponding multiplication operator ® : V — V is well-defined and bounded.
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Proof. Let f € V. First note that

I#V6lE = [ 17PIVoPas < [ P+ DIsPar < 1, @)
Q Q

and

169 £ = / IV Fdz < (6]l L2 (2.82)

Note that L>(Q2) C L (), hence we can use the product rule form Lemma
to see that

V(of)=fVo+oVf. (2.83)
By definition of the norm on V this then yields

10F13 = [V (0F)]12 + [ 6F1% + / qlléfPde
<2 (If V6|2 + 16V FI2:) + |61 + / dllofPde

(2.84)
< 2C%||f1I3 + ol (QHVinz +[I£11Z2 + /Q |CIHf|2dl“)
< 2(C% + |18l 7)) £ 113
so @ : YV — V is well-defined and bounded. O

Lemma 2.6.2. If q satisfies then the operator A is bounded and boundedly
invertible.

Proof. That the form a is bounded was already shown in the proof of Lemma [2.5.1]
We will now show that the form a in satisfies (AHI1|), and analogously it then follows

that it also satisfies (AH2)). Together with Lemma [1.12.10] and Corollary [1.12.6| this

proves that the associated operator A is bounded and boundedly invertible.
Let f € Cg°(R?) Jq. Since Reg > 1 it holds true that

a(f, /)| = [Realf, /)] = [V FI% + / Reg|f|*de
: (2.85)

Vv

1
3 (19518 + [ Reqisias+ 113 )

Lemma 2.6.1] shows that ¢ f € VV and that the corresponding multiplication operator
®:V — V is bounded. Thus we obtain that for every § > 0

a(f, 4o)| = Ima(f, §6f) — Im (mw, Vior)s+5 | q¢|f|2das)
(2.86)

Im (Wf, PV + V5.0 )+ [ q¢|f|2d:v> |
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Note that ¢ is by assumption real-valued, thus the second summand in the last line is
real, and so we obtain

a(f, 56f)] > Im B(V S, fV6) 1z + B /Q Im | *d. (2.87)

In order to proceed we need estimates on both terms on the right-hand side. First
from
2ab < a® + b, a,b e R, (2.88)

we see that for every 6 > 0

i 509, Vo)l < B Aol 19012 = 8 (5319 012) (571911 )

5 ) (2.89)
< 5§WV¢”%2 + ﬁ%HVfH%?-
From ([2.81]) we see that there exists M > 0 such that
1FVlle < Ml fllv, (2.90)

and consequently we obtain

4] 1
—B=M| £l = B= IVl I *da. :
a7 001 = ~BZMIfIG = A5Vl + 5 [ Imaolffar. (200)

Note that |¢| < |Im¢| + Regq, so we see that

1712 = IV F12 + 17112 + / gllfPde
2 (2.92)
< IV + IR + / Reg|f[2dz + / | Tm gl fPdz,
Q Q
and thus

)
als o) = = 033 (1971 + 11+ [ Realffao+ [ [mgllffac)
| @ @ (2.93)
— B—|IVfI%2 I 2da.
o5V A1+ 8 [ tmaolsPao

For the last term ([2.3]) gives that

[ maolfPds > a [ JtmgllfPde - [ wisPd, (2.94)
Q Q Q
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and combined with (2.4) this shows that
[ ol fPds zaar [ [l sz
¢ ¢ (2.95)
= Cur (IV A8 + 1713 + [ RealfPds)
Plugging (2.95)) into (2.93)) and rearranging everything then gives
5
als. o) 26 (acw = M3 [ [mgllfPae
Q
1 o 9
—p 2_6+M§+CW IV £I72 (2.96)
o
~(arg ) (171 + [ RealsPac).
Q
This holds for all § > 0, so we can choose
5= O‘];W >0 (2.97)
in order to obtain
Qe M e
alf, 80| 265 [ |tmallsds - 5 (5o + 53 + Cw ) IV
2 Jo 20eeyy 2
. (2.98)
-6 (%5 ) (112 + [ Realsar).
Now we choose the parameter 3 as
1/ M -
f=3 <2aew + O‘;W + CW) >0 (2.99)
and so see that
Qe 1
als. o) 26%5 [ tmallrPas - 3 (1971 + 171 + [ RealsPas)
(2.100)
Together with ([2.85]) this yields
Qe
alf, 1)l +la(f. 56| 2675 [ |mgll P
¢ (2.101)

1
+ 5 (1971 + 171 + [ Realfas)
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so with

m = min (%, BO‘ZW) >0 (2.102)

we see that
a(f, )l + [a(f, Bof)| >m||V fII72 +m] f]7:

) , (2.103)
+m/Req|f| dx—l—m/|1mq||f| dz,
Q Q

and now |¢| < |Imgq| + | Reg| yields that

a(f, NI+ lalf, Bof)l = m (HVflliz +I£172 + /Q Iqllf\de> =m|fI}-  (2.104)

Since C5°(R?) g is dense in V and both a and the multiplication operator ® are
bounded the result holds true for every f € V, which shows that a satisfies (AH1|) and
thus concludes the proof. ]

2.7 Neumann Realisation Ay of (—A + ¢)

All together, Lemma Lemma [2.6.2] and Lemma show the following result.

Corollary 2.7.1. If q satisfies Assumptions then the operator A is bounded and
boundedly invertible.

Now we define the operator

DomAy ={f €V: (-A+q)f € L*(Q), 7% f = 0},

Avf=(-A+q)f. (2.105)

As we will see in the following Theorem, Ay is the L?-realisation of the operator A

from ([2.61]) which we obtain from Theorem [1.12.1} Furthermore it is clear by definition
that
DomAy = ker %, (2.106)

so it is what we call the Neumann realisation of the Schrédinger operator.

Theorem 2.7.2. Let Ay be as in . Then DomAy is dense inV and L*(Q) and
An is a closed operator with 0 € p(Ay). Furthermore, the adjoint is given by

DomAy ={feV: (~A+7q)f € L*(Q), v&f =0},

2.107
Ay = (D40 21
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Proof. From Lemma we know that V is a dense subset of L?(2), and by the
definition of the norm on V it is clear that the natural embedding embedding of V into
L?(2) is continuous.

Lemma then shows that L?(Q) is consequently a dense subset of the dual
space V*, and the embedding is also continuous.

Since Corollary states that A € B (V,V*), we can use Theorem to obtain

an operator
DomA = {feV:IneL*Q): n,v) = (Af,0)pxy Yo € V],
Af =,

which is closed, satisfies 0 € p(A) and DomA is dense in both V and L*((2).
The goal is now to show that Ay = A. To this end, let f € DomA. Since D(Q2) C
CP(RY) o C V, see Lemma 2.2.1) we have

(2.108)

<Af7 ¢>L2 = (Afa ¢)V*><V = a(f7 (b) = <Vf, V¢>L2 + /;Qfadx, ¢ c D(Q) (2109)
Therefore
Af=(-A+q)f inD'(Q), (2.110)
and thus (—A + q)f € L*(Q), so f € DomT. Furthermore, since EY4 € V for every
Y €W, we see from that
(VoS OIwesw = (A, E)vexy = (A +a) [, V) 2
= (Af, € vexy = (Af,EVP) 2 =0, Y EW,

and therefore 7%, f = 0. This shows that f € DomAy and Ay f = Af.
If on the other hand f € DomAy, one sets

(2.111)

n=Anf=(-A+q)f € L*(Q) (2.112)
and obtains from (2.70) with ~% f = 0 that

(0, 0)r2 = (A +q) f,v)12 = (Af, 0)vexy — (V& f. B0 )wesew

. 2.113
= (Af, U)y*xv7 Ve V, ( )

so consequently f € DomA and Af = Ay f, which proves Ay = A.
Now consider the operator
DomB ={f € V: (-A+7q)f € L*(Q), 7% f = 0},

Bf =(-A+7q)f, f€DomB. (2.114)

We want to show that B = Aj.



86 2 Sectorial and Almog-Helffer Coercive Schridinger Operators

Let f € DomAY%,. By definition of the adjoint this means that there exists n € L?(£2)
such that

<?7,1)>L2 = <ANU, f)LQ = (flv,f)v*xv, v E DOH’IAN, (2115)

and since we already saw that DomAy is dense in both L?(Q) and V), this also yields
that

(777 U>L2 = (AU, f)V*XV = a(v, f)7 veWV. (2116>
Now we can use again that D(Q2) C Cg°(R?) | C V, see Lemma to see that

n, oYz = a(o, f) =(Vf, V)2 + /quadx, ¢ € D(Q), (2.117)
which gives
(—A+79)f=ne L*Q). (2.118)
Additionally it holds true that

(Vs P)wesew = M)V*xv A+ DS EW)re (2.119)

= a(nga f) - <T]f7 ng>L2 - 07 ¢ S W7

so 7% f = 0 and thus f € DomB, Bf = A% f.
If on the other hand f € DomB, then it holds true that

(_A + a)fu U>L2 = (Acfa U)V*XV
a(v, f) - (A’U, f)V*XV7 v e V?

(B, vl (2.120)

and since DomAy C V this yields that also
(Bf,v)r2 = (AU, Pivexy = (Anv, f)r2, v € DomAy, (2.121)
so in this case we see that f € DomA} with Ay f = Bf, so in conclusion Ay = B. O

Corollary 2.7.3. Let v} be as in . Then RanvyY, [pomay has dense range in W.

Proof. Let 1 € W. Using the right-inverse we obtain f = £Y¢ € V with 745 f = 1.
Theorem [2.7.2) states that DomAy is dense in V, so there exists (f,,), C DomAy with
n—oo

fon—— fin V.
Due to the boundedness of the Dirichlet trace we see that

v S = lw = D (fa = Hllw < IVDllvowll fa = Fllv === 0, (2.122)

which concludes the proof since (7% fn)n € Ranvy) [pomay - N
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2.8 Surjectivity of the Neumann Trace 7%

Lemma 2.8.1. The Neumann trace 73 : DomT — W* from is surjective.

Proof. Let ¢ € W*. We need to find f € DomT such that 7%, f = . To this end,
consider

F(v) = (9, 7pv)wexw, v EV. (2.123)

This is clearly anti-linear and since the Dirichlet trace ) is bounded this yields

[F@)| < llellw-Inpvlw < lvplllelw-lvlly, v eV, (2.124)

which shows that F' € V*. R
_ Corollary states that A is surjective, therefore we can find u € V such that
Au=F, i.e.

(Au? U)V*XV = F(”) = (Qpaﬁy%v)W*XV\/a vev. (2125>
By the definition of A it thus holds that
(Vu, V) + / quidz = (0, Y50 ey, v E V. (2.126)
Q

Since we have D(Q) C V, see Lemma [2.2.1] this yields
(Vu,Vo)rz + / qupdr =0, ¢ € D(Q), (2.127)
Q

and hence (—A + ¢q)u = 0 € L*(Q), which shows v € DomT. Furthermore we have
that

(’Y?vuﬂﬂ)vv*xw = (AU, gvlﬂ)v*xv - <(—A + Q)U, 5V¢>L2

= (Au, E7)yxv = (2, YHE e xw (2.128)
= (spaw)W*XWa %U € Wa
which proves that 7%« = ¢ and thus concludes the proof. O]

2.9 Quasi Boundary Triple for Sectorial and
Almog-Helffer Coercive Schrodinger Operators

We now want to find a quasi boundary triple for the operators T and T as defined in
(12.63)).

Note that there exists a dense and continuous embedding of W into L?(052), see
Lemma [2.3.6) and thus by Lemma [1.11.3| we find isometric isomorphisms ¢, : W —
L2(2), v : W* — L*(09), which satisfy

(L_uytqv)r2 = (U, V)W, © €W veW. (2.129)
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We define mappings

(Lo, FI)T : DomT" — L2(89> D Lz(aQ), (o, F1>Tf = (LJYzqvfa L+’V¥)f)T7
(Do, T1)" - DomT — LX(09) @ L2(99),  (To, D) f = (1% f,ei9pf)7. (2:130)

In order to construct a quasi boundary triple, we need a few more Lemmas.

Lemma 2.9.1. Let f € DomT or f € DomT and n € C3°(QY). Then it holds true that
nf € keryi NkervY or nf € kerv% NkervY,, respectively.

Proof. Let f € DomT. From f € H'(Q2) we see by [1.2.10| that nf € H'(Q2). Addition-
ally we have that

1 1
lal>nfllez < lnllze<lllal? f1l 2, (2.131)

so it follows that f € V. We can use the product rule in the distributional sense to
see that

(A +q)(nf) = —-Amf) +anf = (=An)f = VnVf —nAf +aqnf

— (—An)f = VgV f 4 (=D +q)f. (2.152)

Since by f € DomT we have that f € H'(Q) and (—A + q)f € L*(Q), it follows
that

(—A+qg)nf € L*(Q), (2.133)

so nf € DomT.

The density of C5°(RY) [q in H'(Q) shows that there exists (¢,), C C5(R?) g
which converges in H' to f. But this yields that (n¢,), C C5°(Q) converges to nf,
and thus nf € H}(S), which shows that it has zero Dirichlet trace.

It remains to show is that 7% (nf) = 0. To this end, note that for every ¢ €
Cs°(R?) | it holds that ¢ € C5°(€2), and thus we obtain from the definition of the
Neumann trace that

+ 2(Vf, oV 2 + (f, 9AT) 12 (2.134)
:(fu VﬁVQZS)'D/X'D - (f7 v(ﬁv¢))D’XD + (f; A(ﬁgb))D’XD
- 2<f7 v<¢vﬁ))D’xD + (f, ¢Aﬁ)p/x'z) =0.

Thus the density of Cg°(R?) [g in V, see Lemma [2.2.2} this yields that v3,(nf) = 0.
The statement for f € DomT follows analogously. ]
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Lemma 2.9.2. Let G, H, Ho be inner product spaces and
Y0:G — Ho, 21 g— Hq, (2135)

such that Yo and 31 [kers, have dense range. Then it holds that (X, El)T has dense
range in Ho S H.

Proof. Let (u,v)T € Ho® H; and € > 0. By density of RanYy we can find f, € G such
that
120 fu — ulln, <€ (2.136)

Next by density of Ran¥ [y, we can find f, € G with X, f, = 0 such that

1Z1fo = (v =21 )l < e (2.137)

This now shows that f = f, + f, € G satisfies

IS0, 20" = (u,0) g, = B0 (fu + fo) = ullz, + 1B2(fu + fo) = vll3,,

2.138
— 1Z0fu — ulldy + I20fu — (w— Sif), < 2, (2.138)
which concludes the proof. n

With these preparations we can now state our final result.

Theorem 2.9.3. Let T, T be as in (2. 63) and (L*(99), (To, T'1)7, (To, T1)7) as in .
Then (L*(09), (T, T1)T, (To,T'1)T) is a quasi boundary triple for the dual pair

S = T [ker TonkerI'y» S=T [ker FonkerI'y - (2139)

Proof. We will use Theorem [1.13.3]
We start by showing property (M) in the definition of quasi boundary triples. Since
t_ is by definition an isometry, it holds true that

ker I’y = ker(v_~%) = ker 7%, (2.140)
so it is easy to see that Ay as defined in (2.105)) satisfies
Av =T fker»y;{,: T fkerrm (2-141)
Analogously it follows with Theorem that

AN = Tl = T lierty (2.142)
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Note that Theorem [2.7.2) also states that Ay is closed in L?(£2), therefore
AT\? - AN =T rkerl"o . (2143)

All together this know shows that

(T Terre)” = (AN)* =T heortr (T Tearto)” = AN =T TierTos (2.144)

which is property (M).

Next we want to show property (DD). We will show the density of Ran(Ty, )7 in
L2(09Q) @ L*(09), the density of Ran(T'y, ;)T follows then analogously.

Let f € L?(09). Then it holds that .;'f € W, and since Rany}) [poma, has dense
range in W, see Corollary , there exists a sequence (u,) C Ranvy) [poma, such
that

U, 50N in W (2.145)

But ¢ is an isometric isomorphism, so this shows that

n—o0

lesttn = fllz2o0) = llun — 137 I == 0, (2.146)

which shows that I'y [pomay= I'1 [Tker, has dense range in L2(Q). Since 73, is surjec-
tive, see Lemma [2.8.1] and ¢ is an isomorphism, Iy is surjective. Lemma [2.9.2] now
states that (I'g,I';)” has dense range, so (DD) is fulfilled.

Next we use the definition of the Neumann traces to find that

<Tfag>L2(Q) —(f, Tg>L2(Q) =(Tf, 9>L2(Q) - <Tg> f>L2(Q)
= (Af,9)vev — (V& Fbg)ew=xw — (A%, Flvew + (Va9 VB ewsow (
= —(lof, 1;19>L2(39) + (Tog, [y f)r2e0) +alf,g) —a(f, g)
= (T1f,T0g) r200) — (Tof, T19) 1200

which shows (G).

What remains is to prove that ker 'y Nker I'; and ker [y Nker I’y are dense in L3(92).
We will show the density of the first, the later follows analogously.

It holds true that

2.147)

ker Ty Nker T'; = ker v, Nker v%. (2.148)

From Theorem we see that DomAy is dense in L?*(€2), so it suffices if we can
show that ker 'y Nker I'; is dense in DomAy with respect to the L?-norm.

Let f € DomAy C DomT. Define cut-off functions (1,,), C C§°(Q) with 0 <7, <1
and

1 f i Q) >1
() = { or |z| <n and dist(x,d8) > -, CneN. (2.149)

0 for |z] > 2n and dist(x,00) < 5,



2.9 Quasi Boundary Triple for Sectorial and Almog-Helfter Coercive Schrédinger

Operators Il

Lemma [2.9.1] shows that
Nnf € kery) Nkery% = kerToNkerT'y, n € N. (2.150)

Furthermore we have by definition that (n,f), converges pointwise to f and also
In.f| < |f|, so dominated convergence gives

mf =5 f in L3(Q), (2.151)

so we proved the density of ker g Nker I'; in L?*(§2), which concludes the proof.  [J






3 Kato’s Inequality in the Neumann
Case

3.1 Motivation and Standard Version of Kato’s Inequality
We recall the standard version of Kato’s inequality.

Theorem 3.1.1. Let u € Li () such that Au € L _(Q). Then it holds that

loc loc

Alu| > Re[sgn(uw)Au]  in D'(Q), (3.1)
so more explicitly
/ |u| Apdz > / Re [sgn(w)Au] pdz, ¢ € D(Q), ¢ > 0, (3.2)
Q Q
where
e 0
sgn(z) = ¢ A 7270, (3.3)
0, else.
Proof. See [21]. O

Kato’s inequality as stated above only tests with D(€2), which makes it useful for
functions with zero Dirichlet trace. In detail, consider Q C R? open and non-empty,
u € HY(Q) with Au = Vu for some potential V' € L (Q) with ReV > 1 such that

loc

also Au = Vu € L (). Then from Theorem we see that
/ |u|Apdz > / Re [sgn(u)Vu] pdz > / lulpdx, ¢ € D(Q), ¢ > 0. (3.4)
Q 0 Q

Since u € Hy(2), we have also that |u| € Hg(f2), and thus we can find a sequence
(tn)n C D(R) with u, > 0 and lim,, o u, = u in H'(2). We then see that

/\u|Aundaz:—/V\u|Vund:z:2/\u|undx, neN, (3.5)
0 0 0

93
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and thus

Nl = [ VlulVielde + [ fufas
Q Q

= lim [/ V|u\Vund:B—|—/ \u|undx] <0,

which shows u = 0.
The important point here is that we can approximate u in Hy (2) with test functions.
If we assume only v in H*(€2), then this will no longer be possible.

3.2 Kato’s Inequality in the Neumann Case

In this chapter we want to give a new version of Kato’s inequality for the case where
we have zero Neumann trace in the sense of (a rigorous definition of a Neumann
trace is not needed here). More specifically, we want to consider a scenario where the
following assumptions are fulfilled.

Assumption 3.2.1. Let Q C R? be a C*-domain as in Definition [1.4.2) u € H'(Q),

Au € L7 (Q) for p € (1,2] and assume that

(Vu, Vo) 2 + /Q Augdz =0, ¢ € C(RY) Jq. (3.7)

In this setting we can prove the following theorem.

Theorem 3.2.2. Let Q) and u satisfy Assumption|3.2.1. Then it holds true that

— / V|u|Vodr > / Re [sgn(u)Au] ¢pdz, ¢ € C’(‘)’O(Rd) la, ¢ >0, (3.8)
Q Q
where

= afz#£0

3.3 Local Approximation of H'-functions with weak
Laplacian

As a technical tool for the proof of Theorem we will need to approximate functions
which satisfy Assumptions by smooth functions with vanishing normal derivatives
locally. The aim of this section is to prove the following theorem.
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Theorem 3.3.1. Let Assumptions be satisfied and G C  be open and bounded.
Then u g € WP(G) and there exists a sequence (¢y,), C C(RY) with

Vou(x) v(z)=0, z€dQ, neN, (3.10)
and
ol ulg in HY(GQ), énla—3ulg in W*P(Q). (3.11)

Since €2 is a C*°-domain, the boundary can locally be described with C'*°-hypographs.
In order to prove Theorem [3.3.1} we will construct the approximations locally and glue
them together via a suitable partition of unity. The following lemma shows that we
can extend the function locally near the boundary.

Lemma 3.3.2. Let U € R? be open, non-empty and bounded, divided into three parts
U', U" and T by a C*®-function & as in Definition|1.7.1. Let w € HY(U') be such that
Au € LP(U") for some p € (1,2] and

(Vu,Vo)2@wn + [ Aupdr =0, ¢ € C(U), (3.12)
U/
and let U'c C T" be compact. Then there exists a open neighbourhood W € U of I'c such
that R [w: W — W is bijective and there exists a function @ € HL(R?) N W?2P(R?)
such that

(3.13)

N u in W nU,
u =
uoR imWnNU",

where R s the reflection across the neighbourhood corresponding to the C'*°-graph given
by & as in Definition |1.8.4).

Proof. The plan to construct the function @ is to extend u to U” by projecting the
function values on U’ across the normal vector in a tubular neighbourhood and then
use a suitable cut-off.
In order to make the proof better understandable, Figure [3.1] illustrates the setting.
To this end, we will use the reflection across the normal vector as defined in Def-
inition [1.8.4 We can now use Lemma to obtain a neighbourhood V of I'c for
which it holds true that

e VeDomRNU,
e the Jacobi matrix DR satisfies

1

|det(DR)|((DR)"DR) " [ve WhHe(V), (3.14)

° - <| det(DR(a:))|((DR(x))TDR(x))AzO > 12 veRYLzeV,
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Figure 3.1: Setting in the proof of Lemma m

and Lemma [[.8.7] shows that it can even be chosen such that additionally
ezcV & R(x)eV,
e R:V — V is a bijection and a smooth diffeomorphism.

We now define an extended function on V via

(3.15)

o inU'NV,
u =
wuoR mU"NV.

Note that due to x € V < R(z) € V and the fact that R by its definition maps
points above the boundary to points below the boundary (and vice versa), so

Rlpav: U NV =U"NYV,

LT / (316)
Rlvmey: U'OV = U NV,

are smooth diffeomorphisms. Thus u is well-defined.

Next we need to show that @ € H'(V). Since u € H'(U’), it is clear that @ [grqy=
uly€ HY(U'NV) and from Lemma we see that 4 [pray= uoR [grry€ HY(U'NV)
with

V(ilymay) = (DR)Y(Vu) o R lymay - (3.17)

Lemma states that R = I on I'. Note that due to (3.16) R is structure
preserving for U in the sense of Definition [1.7.6] Therefore we can apply Lemma [1.7.7]
to see that on every compact set ', C I' it holds true that

Yo, () = prc (uo R) = (YpRanRir, w) © R = Yp,ru = Yo (@ler),  (3.18)

where vp 1, denotes the Dirichlet trace on compact subsets of the boundary as defined

in (1.177). By Lemma this shows that 4 € H'(V).
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Next we want to obtain a result for the weak second derivatives. To this end consider
¢ € DIV ) Since V€ U we know that for the zero extension ¢ it holds true that
¢ € DU). From - we have that

<VU V¢>L2 u'nv) (Vu V¢>L2 Uy = — /, AUZdZL‘ = —/U Aug_bdx (319)

"nv

Since by definition of V' we know that R : V' — V is bijective, we can define
dx)=poR ' (z), zeV. (3.20)

As R is smooth and hence maps compact sets to compact sets, we see that also
¢ € D(V), so we can repeat the arguments from above to obtain that

<VU V(¢ oR™ )>L2 U'nv) <VU v¢>L2 Unv) / AUQASd.’E
vnv (3.21)
= — Augp o R-1dx.

unv

The coordinate transformation y = R‘l(:c) due to Lemma m gives
/U an(w : (y det(DR(y))l((DR(y))TDR(y))*lvg(yD d
- / Ve R)) - (|4st(DR)I((DRW)) DRW) Vo)) dy (322

- _ / | det(DR)|Au(R(y))ody.
unv

Adding (3.19) and (3.22)) and the fact that ¢ € D(V) was arbitrary then show that

/ Vi) - (A(x)Ve(z)) dz = — /V w(@)d@), 6DV, (323)
where
! forzeU'NV,
e {i det( DR(2))|((DR(x))" DR(z)) " for z € U NV, (3:24)
and
Au onU'NYV,
N {\ det(DR)|(Au) o R  on U"NV. (3.25)

Since R is smooth, all its derivatives are bounded on V' € Dom7R, so we have that
w € LP(V), and consequently

div(AVa) = w € LP(V). (3.26)
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The goal is now to apply Lemma to conclude that all weak second derivatives
are in LP(V). This requires an extension of both @ and A to R%. To this end, choose
W eW;, @ Wy @V with'e € W and W such that R [yw: W — W is bijective, which
is possible due to Lemma |1.8.

Define 1, 7o € C5°(R?) with

1 forxeW, 1 for x € Wy,
= , = 3.27
(@) {0 for = ¢ Wi, "1(@) {O for x ¢ Wh. (3.27)
Now we can define the extensions to R?
o mu onV, 7 i A+ (1 —mn)l onV, (3.28)
0 else, 1 else.

Multiplication with functions from C§°(R?) does not change the regularity, see
Lemma [1.2.10, and since mu is compactly supported in V' it holds true that u €
H(RY). Furthermore, since A= Aon W, and @ is only supported on Wi, we also see
that o € W(R?) and

| div(AVa)| = | div(AVa)| < | div(n AVu)| + | div(uAVn,)|

3.29
< V1 - (AV)] + i div(AVW)| + [V - (AV)| + udiv(AV)], )

which shows with (3.26]) that div(AVa) € LP(R?) with
| div(AVa)] s 550

< 2[|AV || |Vl o 4 (|11l oo | div(AVE) || 2o + || div(AVD) || oo [Ju]] Lo

Since 1 = 1 on W we also see that we still have

U in wnu'
S : 3.31
@lw=alw {uoR in WnU”. ( )

By assumption on V' we had that

v (y det(DR(a:))\((DR(x))TDR(x))_lv> > 2 veRLzeV, (3.32)

1
2
and therefore

v (Av) = v - |ma(a)| det(DR(@)) | ((DR(2)) DR(x)) ™" + (1 = ma(a))] | v) (3.33)

1
> (3m(z) + 1 —m(x)) Jo|* > §]v|2 veRYz eV,

and outside of V we have that A = I, so A is uniformly elliptic.
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It remains to show that A is W (R%). By assumption on V we have already that
| det(DR(+))| ((DT\’,(-))TDR(-))f1 € Whee(V N U"), therefore we obtain also

Alyrp= 1 € WV nU'),

. 1 . (3.34)
Alyrun= | det(DRO)I((DR()TDR()) " € Wh=(v nu")
Since DR is orthogonal on the boundary I', see Lemma [1.8.5] we obtain
A rVﬂU”: |d€t(DR)‘ ((DR)TDR)_I =I=A rVﬂU’ on F? (335>

and therefore, by Lemma we see that A € WH(V).

Since supp(n2) C V' we know that A = I in some neighbourhood of 9V and conse-
quently we also have that A € WH°(R9).

Now we satisfy all the conditions of Lemma [1.9.1], which yields the desired result
@ € W?P(R?), and together with @ € H}(R?) and this concludes the proof. [

Corollary 3.3.3. In the setting of Lemma there exists an open neighbourhood

V €U of I'c and there exists a sequence (¢p,), C C(V') with

Vou(z) - v(z)=0, ze€l'NnV,neN, (3.36)
and
O =25 0 in HYV), ¢ =25 @1 in WHP(V). (3.37)

In particular, since t = w in V NU’, it holds that

On 25w in HY(V AU, ¢ —5u in WPV NAU). (3.38)

Proof. Usually one obtains smooth approximations in Sobolev norms via mollification.
In our case the problem is that we also want zero normal derivative. We defined # in
a way such that it is symmetric across the normal vector, i.e. holds true in W,
where W is as in Lemma but the standard mollifiers do not satisfy this.

To circumvent this problem, we will make a change of coordinates based on the
tubular mapping, where the boundary is given by R? x {0}. Here the mollifiers are
symmetric around the boundary, and thus we can mollify and then transform back.

First note that in Lemma we had that W € DomR = RanT, where T is the
tubular mapping as defined in , so consequently the set

Tw =T (W) (3.39)

is well-defined and open. We now pick an open neighbourhood V& W of I'c. Since
T is smooth it maps compact sets to compact sets, thus

Ty =T V) € Tw, (3.40)
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and
The function
v==aoT (3.42)
is well-defined on Ty, and since T is smooth we see by Lemma [1.6.2] and [I.6.4] that
ve H (Tw), ve WP (Ty). (3.43)
Now let
o) i=vxw, pe(0,p), (3.44)

where (w,),>0 is the family of standard mollifiers as defined in ([1.36)).
These functions are well-defined on Ty as py = dist(0Tw, Ty). Theorem shows
that

v = (9°v)P) = (0°v) *w,, |a| <2, p€(0,p), (3.45)
and hence by Theorem [1.3.3| we see that
0@ 2 i HY(TY), 0@ 220y in WRP(Ty). (3.46)

Next we want to show that the normal derivatives at the boundary vanish. By the
definition of 7 in ([1.237)) we see that

T*W D) = {(z1,...., 24-1,0) € R : (21, ..., wq_1, & (1, ..., 2q_1)) € W}, (3.47)

so the normal derivative at the boundary is just the z4-derivative.
The standard mollifiers from ((1.36)) are defined in a way such that their value only
depends on the modulus of the argument, therefore it is clear that
w, (7', 2q) = w, (2, —x4), p>0,2 €R" z5€R. (3.48)
From Lemma we know that &« = 2o R on W and RanR [y= W, therefore it
holds true that
v=doT =@oRoT =io (T odiag(l,..,1,-1)oT o T

3.49
=uo T odiag(l,...,1,—-1) =vodiag(l,...,1,-1), (3.49)
and so with these symmetries and one change of variables we obtain
U(p) (xlv $d) = / U($, - y/a XTq — yd)wp<y/a yd)d(yla yd)
B,(0)
[ ol =yt v i)

B,(0)

(3.50)

v(a' =y, —xq — Ya)wo(y's —¥a)d(Y', Ya)

I
o

B,(0)

/

(' =y, —xa — Ya)w, (V' Y)Y, Ya)

B,(0)
=02, —zy), (¢',xq) € Ty, (2',—xq) € Ty, p € (0, po).
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Lemma shows that v(?) € C>®(Ty), so it holds true that

O (2 h) — v (g —h)
(p) (! — T v (I ) ) v (LL’ )
Qv 0) = iy 20

Now choose any zero sequence (py,), C (0, po), and define

=0, («,0)eTyv,pe(0,p). (3.51)

vy, 1= 0P, (3.52)
Then it is clear by the previous observations that (v,), C C>=(Ty),
vp 225 v in HY(Ty), v, =2 v in WP(Ty), (3.53)
and
Dqvn(2',0) = 0, (2',0) € Ty. (3.54)
Now we transform these function back to our original domain V| i.e. let
On (1) := v, (T H(z)), €V (3.55)

Since T is a smooth diffeomorphism we have that (¢,), € C*(V), so by Lemma
6.2 and Lemma [[.6.4 with v = @ o T we also see that

bn 2 Gin HY(V),  én == @ in W22(V). (3.56)
Note that
T Yo+ hv(x)) =T Ya — hv(x))

(DT (x))v(x) = lim

h—0 2h
iy @51 = (@ —hv(x)) (3.57)
h—0 2h

=(0,...,0,1)7, r= (2, &) eT,
so finally from the chain rule we obtain that
Vou(a) v(z) = (DT} (2))" Vo (T (2))] -
= [(DT @) ()] - Vua(z) = (0> 0, )T Vo, (T (2)) (3.58)
= 0qvn (T H(2)) = Ogun (w1, ..., 24-1,0) = 0, rel'NV,neN,

I/]?

which concludes the proof. O

Lemma 3.3.4. In the setting of Corollary there exists an open neighbourhood
W eV of ¢ and a cut-off function n € C3°(U) with 0 <n <1 and

{1 forx e W, (3.59)

0 forxgV,

such that
Vn(z) - v(z) =0, rel. (3.60)
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Proof. From Lemma we see that there exists an open neighbourhood V C V' of
I'c such that R [: V — V is bijective, w.l.o.g. assume that V = V.

Also due to Lemma [1.8.7] we can find an open neighbourhood W & V of I'¢ such
that R [w: W — W is bijective. Then we can choose a function ¢ € C§°(U) with

0 < ¢ <1 such that
1 forzeW
= ’ 3.61
o) {0 for x ¢ V. (3.61)
Since R [y: V — V is a smooth diffeomorphism we see that

~ poR forxelV,
Ha) = (362)
0 else,
also satisfies quﬁ e CPU),0< qg <1 and
. 1 f RanR [yw= W,
d(x) = or x € RanR [w ; (3.63)
0 forxzgV.
Therefore if we now define n € C§°(U) as
1 A
W@) = H(() + dla)). w €. (3.64)
we see that 0 <7 <1 and
1 forxzeW,
= ’ 3.65
(@) {O forx ¢ V. (3.65)

It remains to show that the normal derivatives vanish. To this end, first note that
by the construction of R in Definition there exists for every x € I a hg > 0 such
that

R(x+ hv(x)) =T odiag(l,...,1,—1) o T (z + hv(x))
=T odiag(l,...,1, =1)(xy, ..., x4_1, h) (3.66)
:T(l‘l,...’ajd,b—h):iU—hV(.I'), |h” <h07

and consequently

n(x + hv(x)) = ¢(z + hv(z)) + oz + hv(z))
=¢(x + hv(z)) + ¢(R(x + hv(x))) = ¢(x + hv(x)) + ¢(x — hv(x)) (3.67)
=n(x — hv(x)), |h| < hy.
Therefore the definition of the normal derivative for smooth functions shows that

forevery x e I'NV

Vo) ) = g 1O 0l ) _ .

which concludes the proof. ]




3.3 Local Approximation of H'-functions with weak Laplacian 103

Proof of Theorem[3.3.1 In order to make the proof better understandable we will
divide it into steps.

Step 1: Dividing into local sub problems

Let € > 0 as in Definition Since €2 is a C"° domain we can choose a regular
C>-atlas ((U;, &, k:))ien of Q as in Definition [1.4.4] By the definition of regular atlases
we have that the (U;),en are all bounded and include at least some e-ball.

There is a global limit for how many U; may intersect at any given point, so only
finitely many U; can intersect with the compact set G. W.lo.g. let those sets be

)L,
Now define compact parts of the boundary

T = {x € dNNU; : dist(z, OU;) > %} , ie{l,. N} (3.69)

In order to show that these parts cover 9QNG, let x € OQNG. Then by the definition
of C"*°-domains there exists a j € N such that

B.(z) C U;. (3.70)

Since z € G and only (U;)Y, intersect with G it is clear that j € {1,..., N}. Further-
more we see that

dist(z, 0U;) >, (3.71)

and therefore z € I'; . Consequently we obtain that

N
00NG c|JTic. (3.72)

i=1
We now define for every i € {1,..., N} sets

Ui = :‘ii(Ui>, UZ/ = /<L7j<[]z N Q), Fz = lﬁ?l(UZ N GQ), Uz// = HZ(UZ N (Rd \ﬁ)), (373)

.....

Step 2: Prouvide local approximations

In the following let i € 1,...,N be fixed. By the definition of C°° domains U; is
divided into U/, U/, T; by the C*-function &; according to Definition [I.7.1] We define
the function

iy =uok; on U] (3.74)
and conclude by Lemma and Corollary that

a; € H\(UD), Ag; € LP(U)). (3.75)
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Let ¢ € C§°(U;). Then ¢or,; € C3°(U;), which shows that its zero extension satisfies
¢ o r; € C°(RY). Thus by Corollary and Assumptions we see that

v

(3.76)
= <VU7 V(Cb © Hi))L‘Z(Ui) + / Aug o k;dr =0,

Ui

and since this holds true for all ¢ € C3°(U;) we are in the situation of Lemma
Together with Corollary we see that there exists an open neighbourhood V; C

U, of k;(T;c) and a sequence (¢4), C C(V;) such that
VoD y(z) =0, ze€T;NV;,neN, (3.77)
where v; denotes the unit outwards normal vector at I' and

oW 15 4 in HY(V;NUY), o =25 4, in WPV, N UY). (3.78)

n

Furthermore by Lemma we find an open neighbourhood V~VZ S f/Z of ki([';c)
and a cut-off function 7j; € C5°(R?) with

1 forxe WZ
i(w) = L 3.79
i) {0 for x ¢ V, ( )
and .
Vi vi(x) =0, zel;NV,neN. (3.80)

Step 3: Transforming back
Now we reverse the rigid body motion x; again. Let

Vi = r; 1(V;), Wi = k1 (W5). (3.81)

Since Wi € f/z is an open neighbourhood of «;(I'; ¢) and &; is a rigid body motion it
is clear that W; € V; is an open neighbourhood of I'; ¢.
We also define

ﬁi = ﬁz O KRy, ’QDS’) = ¢7(.Z') O K, n e N. (382)
Clearly we have 7; € C5°(R?) with
1 forze W,
ni(x) = 3.83
() {0 for x ¢ V, (3.83)

and (1)), € C*(V;). Lemma and Lemma m give

PO 2% g in HY(V;NQ), O 222w in W2P(V, N Q). (3.84)
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Since the rigid body motion x; : R? — R? acts as
ki(x) = Rix + t;, r € RY, (3.85)

with some orthogonal matrix R; € R%*? and vector t; € R?, see Definition [1.4.1 we
see that
D' = R (3.86)

This shows that

Vol v(z) = (RIVoP (ri(x))) - (B vi(ki(x)))
= Vo (ki(x)) - (Ri(R:) ™ vilk())) (3.87)
= VoD (ki(z)) - vi(ki(z)) =0, €NV, neN,

where v denotes the unit outwards normal vector of 2. Analogously we obtain
Vi -v(z) =0, redNV,. (3.88)

These results hold true for every i € {1,..., N}.
Step 4: Approzimation in the interior

Next we consider N
Gy =G\ (U W) . (3.89)

i=1
We need to show that Gy € ). To this end note that Gy C G is bounded since G is
bounded, and G is open as the difference of an open set and closed sets.

Let x € 09. We need to show that ¢ Gy. By the definition of C*° domains it
holds true that B.(z) C U; for some i € N. If we would have 2 € Gy C G, then U;
intersects with G and this means that i € {1,..., N}. This would also show that

dist(x, 0U;) > (3.90)

DO ™

and so x € I'; . Since W; is an open neighbourhood of T'; ¢ we would have x ¢ Go,
which is a contradiction. In summary, we showed that G, € 2.

Consequently we can find an open set G; with Go € G; € Q and a function
flo € C°(RY) with 0 < g < 1 and

1 forze Gy
) = ’ 3.91
o(2) {0 for x ¢ Gy, (3:91)
which clearly satisfies
Vip-v(z) =0, x€dQ, (3.92)

since the function is constant zero in some open neighbourhood of the boundary.
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Now choose G such that G; @ Gy € Q and ¢ € C°(R?) with

1 forxe Gy,
z) = 3.93
o) {0 for x ¢ Go. (3.93)
Then the function
Uy = pu, (3.94)

implicitly with a zero extension to the whole RY, satisfies i, € H'(R?) since mul-
tiplication with Cg°(R?)-function does not change the regularity, see Lemma
Furthermore it holds true that Au € LP(Gs2), and thus by the same lemma we see that
At € LP(RY), since @ is zero outside Gy.

Now define

PO = Gig * w,, p € (0,00). (3.95)

where (w),),>0 is the family of standard mollifiers as in (1.36]). Due to Lemma we
have 1) € Cs°(R?) for every p € (0,00) and Theorem [1.3.5 shows that

YL = (0%0o) * w,, |of < 2. (3.96)

Therefore Theorem |1.3.3| yields

PO 2% Gy in HYRY), O £2% Gy in W2R(RY). (3.97)
Now choose a zero-sequence (p,,), C (0, po) and define
O (@) =9 (x), =€ G (3.98)
Since g = u in G; we obtain that
PO 222 0 in HY(GY), o9 2% win WHP(GY). (3.99)

Step 5: Constructing a suitable partition of unity
We now want to construct a partition of unity of G where all functions have zero
normal derivative. To this end define (7)Y, with

no(z) = fo(x), 1 = 7(2) 1:[(1 —9(z)), i€{l,.,N}, zeR (3.100)

J=0

with (;)X, from and (3.91).

By construction we have that 0 < n; < 1 and n; € C°(R?) for i € {0, ..., N}.

Since these are all products of functions with zero normal derivative, the product
rule shows that also

Vi -v(z) =0, red, ie{0,., N} (3.101)
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Next we want to show that
M

M
> nil (1 —;(z M € {0,...,N}, (3.102)

i=0 =0
via induction. For M = 0 we have
0
> milw) =mo(z) =mo(z) = 1= (1 —1p(x)) = 1 = [J(1 = (), = €R% (3.103)
i=0 §=0

Now assume the statement holds already true for M — 1 for some M € {1,..., N}.
Then

S ) = S o) + ) = 1= [ (1 iy(@) + i) [ (1 - iyl
i=0 i=0 . =0 . =0 (3.104)
1 (i) [0 - @) =1~ [[0-#y@), R

Note that by construction 7; = 1 on W, for i € {1,..., N}, and 7y = 1 on G\ U~ W,
so we see that

N N
S o)y =1-JJ1—i@) =1, zed. (3.105)
i=0 =0
Finally we define an sequence
N
=> ), neN (3.106)
=0

Note that the only function on the right-hand side of ({3.106)) which does not nec-

essarily have zero normal derivative is %7(10) for n € N. Since 79 has compact support
in Q it nevertheless holds true that nOQ,DnO) has zero normal derivative for every n € N,
hence the product rule shows that

Vip(z)-v(zr) =0, x€dQ neN. (3.107)

Furthermore, from Lemma [1.2.10| with n; € C5°(R?), suppn; € V; for i € {1,..., N}
and supp 1y C GG; we obtain that there exists a C' > 0 such that

N N
S)—Zmu > o) -

1=0

[0 — ullmi ey =

H'(©) (S (3.108)

N
<Y @ = W)l wine) < CZ 8 = ull o (vire-
=0 =0
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Thus

Y 5w in HY(G), (3.109)
and in the same way we obtain that
Y 25w in WH(Q), (3.110)

which concludes the proof. O

3.4 Proof of Kato’s Inequality for the Neumann Case
In order to prove Theorem we need the following Lemma.

Lemma 3.4.1. Let Q) and u satisfy Assumption and define

ue = (Jul® + €2, €>0. (3.111)
Then it holds true that u. € H. () and
— / VuVodr > / Re L%Au} pdx, &€ CP(RY g, ¢ > 0. (3.112)
Q Q €

Proof. First focus on sufficiently regular functions. To this end, let v € C?(Q) with
Vou(z) - v(z) =0, x € 08, (3.113)
and
ve = (Jo]* + €)2, €>0. (3.114)
Since v is twice continuously differentiable we see that

1 1
Ope = s — s Ol =

v
T ——  (v0,;v + Vv0;v) = Re | —0,v| , 3.115
2(jof? + )} o ) =B [Fan] @

Ve

8]2-1)6 = 8j Re |:U28JU:| = —%(aﬂje) Re(@aﬂ)> + %83 (v@ﬁ + Eajv)

€

v 1
= ——Re L}%@jv} Re(t0,v) + T (vO2 + 20;00;v + VOTv) (3.116)

2
v 1 2 =92
= ——Re L}—Eajv] + U—eRe 10,0 +vd30]



3.4 Proof of Kato’s Inequality for the Neumann Case 109
so we obtain that
Vv, = Re LEVU]
. . . . (3.117)
Av, = jzlaj%e = —v—€|vve|2 + U—JVUP +Re LIAU] .
Since by definition |v| < v, we see that
V| < %|VU| < |V, (3.118)
and therefore with we obtain
Av. > Re L}zAv] (3.119)
pointwise for v € C%(Q). Notice that this yields
/QAv€¢dx > /QRe {UEAU} pdx, ¢ € CE(RY g, ¢ >0, (3.120)

since every ¢ € Cg°(R?) [ has bounded support and v,v. € C?(Q), so the integrals

are finite.

We can use Green’s first identity for C?-functions in order to see that for every

¢ € C°(R?) 1q with ¢ > 0 it holds true that

oV, -vdo(z') > / Vo Vodr + / Re [EAU] odz.
o0 Q Q Ve

Note that

Vo(z) - v(z) = Re F(l‘) vv(x)] v(x)

where we used (3.113)) in the last step. Therefore it follows that

0> / Vo Voda + / Re [UEM} odz, ¢ € C2(RY) [a, ¢ > 0.
Q Q €

(3.121)

(3.122)

(3.123)

Now let u satisfy Assumptions [3.2.1 ¢ € Cg°(R?) [q, ¢ > 0, and let G C Q be a

bounded set such that supp ¢ C G.
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By Theorem there exists a sequence (1), C C?(Q) such that
Vi, (x) - v(x) =0, x € d, neN, (3.124)

and

Py, 7% w in HY(G),

3.125
Ay, =2 Au in LYG). ( )

Since the ), are sufficiently regular, we see by the previous step of the proof that

Un
(¢n)e

The goal is now to conclude the proof with the limit for n — oo of the above inequality.
First, since ¥, —— u in L?*(G), there exists a subsequence which converges point-
wise a.e., w.l.o.g. assume that the whole sequence (), does.

0>/v W) v¢dx+/Re{ A(%)} odr, neN. (3.126)

We see that
. A 12— fuf?
’(wn)e _ue‘ - ‘(|wn|2 +€2)2 - (|u|2 +€2)2 - ‘ 2 W}Q |l | | 2 2 3
2|2 ([nl? + €22 + (Jul? + )2 | (3.197)
|¢n| —
S o=l = |[thn| = |u|| < |tpn —ul,

so we also have that (i,). 2% u, pointwise a.e.. Since by definition

<1

— Y

‘ ¥ <1, (Yn)e>¢€ u>ce (3.128)

(¢n)e

€

we also have that

(;f”) — uﬁ 2% 0 pointwise a.e., ’<($R) — g) (Au)qﬁ‘ < 2|(Au)g|. (3.129)

Thus via dominated convergence

/ ((55)6 ;> Augdz === 0. (3.130)

Additionally it holds true that

(I
/an)E (A, — Au) ¢pdx

< ||¢||Loo(a>/ | A, — Auldz “=>% 0, (3.131)
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and together from (3.130) and (3.131)) we conclude that

/Q (Re { (E)EA(%)} ~ Re [UEAUD oz
U

lim
n—oo

i | e (- ) ] e =0

Now we need to calculate the gradient of u.. From Lemma [1.6.10[ know that |u| €
H'(Q) and

Ojlu| = Re(sgn(w)ov), je€{1,...d}. (3.133)
Since |u] is real-valued we can now use the chain rule from Lemma to obtain
1 _
Oju. = ———————0;|ul* = Re {iajv} . (3.134)
2Juf? + e2) .
This shows that _
Vu, = Re {ﬁvu] , (3.135)
ue
and thus
lim /(V(wn)6 — Vu,)Vodx
n—oo
“ (3.136)

= lim
n—oo

/ (Re [ﬂwn] ~ Re [EVUD Voda
Q <wn)e Ue
follows with the analogous arguments as (3.132)).

Finally we obtain from (3.126]) together with the limits from (3.132]) and ([3.136))
that

=0,

- / Vu Vedz > / Re PAU} oz, (3.137)
Q Q Ue
and since ¢ € C°(R?) g, ¢ > 0 was arbitrary, this ends the proof. m
With these preparations we are finally ready to prove Theorem [3.2.2]

Proof of Theorem[3.2.3. We will show this with the help of Lemma [3.4.T where we
calculate the limit for e — 0%,
First recall that by Lemma [1.6.10| we have |u| € H'(2) and

V|u| = Re(sgn(@)Vu). (3.138)
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It holds true that

2

fue = full = |(uf® + ) — Jul| = e e>0. (3139)
(u* 4 €2)2 + [ul
e—07T . .
so we see that u. —— |u| pointwise and hence
RN sgn(u) pointwise, YAl < |Aul, vl < |Vul. (3.140)
Ue Ue Ue

Dominated convergence therefore yields for a fixed ¢ € C°(R?) o, ¢ > 0, that

lim [ Re [EAU} pdr = / Re [sgn(u)Au] ¢pdz, (3.141)
Q Q

e—0t Ue

and

lim /VUEngd:z: = lim [ Re [EVU} Vodr = / Re [sgn(u)Vu] Vede
Q Q

e—0t+ e—0t Jo Ue (3142)
_ / V|u|Vda.
Q
By Lemma [3.4.1| we have that
— / Vu.Vodr > / Re {lAu} ¢dx, €>0, (3.143)
0 Q Ue
so we can conclude that
- / V]u|Vods > / Re [sgn (@) Au] pde. (3.144)
Q Q

Since ¢ € C°(R?) [, ¢ > 0, was arbitrary we can conclude the proof. ]



4 Accretive Schriodinger Operators

4.1 Assumptions

In this chapter we will consider general accretive Schrédinger operators with potentials

in LP(Q2) for large enough p. More specific, we want the potential ¢ to satisfy the
following assumptions.

Assumption 4.1.1. Let Q C R? be a C* domain as in Definition m, q € L ()
and Req > 1 a.e., where

>1  ifd=2,
p{ (4.1)

> 2 ifd >3

4.2 Mapping Properties of the Potential ¢

In this chapter we will work on a form domain G C H'(Q2) which is the largest domain
such that for every u € G
(Vu,V )2+ / qu~dx (4.2)

Q
can be interpreted as an element from (H'(Q))*. Consequently there will be no explicit
definition of the form domain. This requires careful consideration since it is ad hoc
not clear if this domain is even non-empty. The following two Lemmas will be useful
in this regard.

Theorem 4.2.1 (Sobolev, Gagliardo, Nirenberg). Let 1 < t < d. Then it holds true
that WU (R?) — LY(R?) with

(4.3)

SHN

1_1
vt
and there ezists C(t,d) > 0 such that

Jull v < C(t, d)||Vullp:, we WH(RY). (4.4)

Furthermore we have that WYH(R?) — L™(RY) for r € [t,t'], and for the limiting case
t = d it holds that WY (R?) < L"(R?) for r € [t,00) and there exists C(r) > 0 with

lullzr < CO)lullwre,  we WH(RY), (4.5)

with C(r) === co.

113
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Proof. See [8, Theorem 9.9, Corollary 9.10, Corollary 9.11]. O

Lemma 4.2.2. Let Assumptions be satisfied. Then there exists v > 1 such that
for every uw € H'(Q) it holds true that qu € L}, (), and for every compact set K C Q
there exists a C(K) > 0 such that

/K lquldz < C(K)ul| (/K \q]pdx); Cuc H'(Q). (4.6)

Proof. As Q is a C* domain there exists a bounded extension operator Eq : H'(Q) —
H'(R?) such that

| Equllmray < [|[Ballllullm@), Eou=u in €, (4.7)

see Lemma [1.5.3]
For d = 2 Theorem shows that H'(RY) = W'2(R?) «— L¥(R9) for all ¢ €
[2,00), and there exists a Cp > 0 such that

ull o0y < 1Eull o ey < Coll Equllm ey < Coll Ballllullze), we€ H'(Q), (4.8)

so in particular we see that v € L'(Q) for all u € H'(Q) and ¢’ € [2, 00).
For p € (1,00) there exist ¢’ € [2,00), € (1,00) such that

1 1
S+o<l, —+=-=1, (4.9)
p p

and now Holder’s inequality shows that on every compact K C Q

[t ([arac)” ([ orac)” = ([ lapas)
K K K K

. (4.10)
< G| Ball" (/K |q|pdx) lullgy  w€ HY(Q),

in particular we see that qu € LT () for every u € H ().
Also with Holder’s inequality we obtain

r—1

/K|qu|dx§ (/K|qu|”dx>i(/Kldx> " ue H'(), (4.11)

so we can define a constant

r—1

C(K) = Cy || Eq| (/K 1d9:) L <o (4.12)
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and obtain from (4.10) and (4.11]) that

/ lqu|dz < C(K) (/ |q|pdx) lull @)y, we H'(Q). (4.13)
K K

For d > 3 Theorem {4.2.1/shows that H'(R?) = W'2(R?) — L"(R?) with ¢’ = 2% >
1 and thus u = Equ o€ LY () for every u € H'(2). Furthermore the theorem states
that there exists Cy > 0 such that

[l o) < 1 Boull ey < Coll Eoull gigay < CollBallllull ), v e H'Y(Q). (4.14)
. 2d .
Since p > -5 it holds true that

1 1 d+2 d-2

4 — =1 4.15
> 7S T2 TTag T (4.15)
so there exists r > 1 with -
-—+-=1 4.16
Ll (416)
The rest follows now analogously to the previous case with d = 2. O]
4.3 Operator A
We can now define the sesquilinear forms
a(u,v) = (Vu, Vo) 2 + / quudz, u € HY(Q), ve CPRY Iq,
“ (4.17)
a%(u,v) = (Vu, Vo) 2 + / quodz, u € HY(Q), ve CRY g,
Q

which are well-defined since by Lemma it holds true that

’/ lq|luvdx
Q

We start with C5°(R?) |o-functions in the second argument, since we need the bound-
edness and compact support for the existence of the integral.
However, if for some particular u € H'(Q) there exists a C' > 0 such that

< Hqu||L1(suppv)||v||Loo(Q) <00, UE HI(Q), v E Cgo(Rd) [q. (418)

A, v)| < Cllol, v € CPR? T, (4.19)

we can use the density of C§°(R?) g in H'(2) from Lemma in order to see that
there exists a unique functional F,, € (H*(Q))* with

(Fuy )y = a(u,v), v € CPRY) Jq. (4.20)
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This observation motivates the definition of operators

A:DomA c H'(Q) — (H'(Q))",
DomA = {u € H'(Q) : In € (H(Q))* s.t.

i ; (4.21)
(nav)(Hl)*le = a(uvv)7 v e C[())O(R ) rQ}a
Au = n, UE DomA,
and
A® : DomA° ¢ HY(Q) — (H'(Q))*,
DomA® = {u e HY(Q) : In e (H(Q))" s.t.
omA” = {ue H'(Q): 3n € (H'(Q)" s 2)

(nav)(Hl)*XHl = éc(“a”)a (NS Cgo(Rd) rQ}7
Ay = n, uE DomA°.

The following Lemma shows that these operator domains are dense in H'(1).

Lemma 4.3.1. Let DomA andADornAc be as in and , respectively. It holds
true that C°(R?) lq € DomA and Cg°(R?) g C DomA®, so DomA and DomA® are
dense in H'(Q).

Proof. Let u € C3°(R?)lg. Then u is bounded and with ¢ € L} (Q) this implies
qu € LP (). Since supp u is compact we can use Lemma to see that there exists

loc

a constant C' > 0 such that

/ quudx / quudx
Q supp u

([ ) ol vem@. @z
supp u

Consequently
v / quudz, ve HY(Q), (4.24)
Q
defines a bounded, anti-linear functional and thus there exists € (H'(Q2))* such that
(0, 0)(mry et = (Vu, Vo) 2 + / quodr, v € HY(Q). (4.25)
Q

In particular, since C§°(R%) [q C H'(Q), we see that

(n,0)(mry st = (Vu, Vo) 2 + / quvdr = a(u,v), v € C’é”(Rd) la, (4.26)
Q

which proves that « € DomA. The density of DomA in H() follows now from the
density of C3°(R?) o in H'(), see Lemma 5.2
The assertion for DomA¢ follows analogously. ]
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Lemma [£.3.7] motivates the definition of the restrictions
Ay:=A [cee R)q» Ag = AC [ooe (Ra)g, - (4.27)
We can use them in order to analyse the operators A and A€ further.
Lemma 4.3.2. [t holds true that
A= (AS)J,  AC = (Ay)*J, (4.28)

where J : H'(Q) — (H())* denotes the natural embedding of H'() into its bidual
space from Definition . In particular, A and A® are closed.

Proof. By definition of the adjoint we have
DomA} = {u™ e (H' ()™ : Ine (H'(Q)" st. Vp e DomA, :

(0, 0) )y xmr (@) = (W, AOQO)(Hl(Q))**X(Hl(Q))*}a (4.29)
Agu** =1.

From Lemma [1.10.8 we see that the embedding J is bijective, so for every u** €
(H(2))** there exists u € H*(2) such that

Ju = u", (4.30)

and by the definition of the bidual mapping we have that in this case

(™, Aop) @y x (@) = (Ao, w) @y <), ¢ € CP(RY) 1q. (4.31)
With this we can rewrite (4.29) as
DomA} = J{ue H'(Q): Ine (H'(Q))* s.t. Vp € DomA :

(0, 0) (1 () xH1 (@) = (Aow,u)(Hl(Q))*XHl(Q)}, (4.32)
A Ju=n.
Now note that DomA, = Cs°(RY) [ and
(Aop, )@y <oy = (Voo Va2 + / qpudr = (Vu, V)2 + / qupdz

=a%u, ), u e HY(Q), ¢ € C(RY) [q,
so we see that
DomAj = J{u € H(Q): In € (H'(Q))" s.t. Y € CF(RY) [q :

(1, 0) (@) xH1(Q) = a“(u, <p)}, (4.34)
= JDomAC,
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and also A X
A = AC. (4.35)

Let now (), € DomAC, u € H(Q) and n € (H'(Q))* such that
U, 55w in HY(Q), A%, =% in (HY(Q))*. (4.36)

If we show that u € DomA® and A%y = ), then A€ is closed. Since the embedding J
is bijective and bounded, see Lemma [1.10.6| and Lemma [1.10.8| we see that

Juy " Juin (HNQ), (Ao Tu, = Au, P gin (HU(Q). (4.37)

The adjoint (Ag)* is closed, hence we obtain that Ju € Dom(Ay)*, and (Ag)*Ju = 1,
and consequently u € DomA® and A% = (Ag)*Ju = 7.
The statement for A follows analogously. ]

4.4 Form Domain ¢
Lemma shows that A and AC are closed, which means that

(DomA, || 15 = Il 7 + 1A - [IEry-).

. h (4.38)
(DomA, || e = Il I + 1A - 2.

are Hilbert spaces, and consequently Ay and flg are closable. This motivates the
definition of operators

B=A4, BC=AC. (4.39)

We will later see that A = B and A® = BC. For now it is easier to show useful
properties of B and B®. To this end consider the spaces

G = (DomB, |- [ = |- Iz + 1B~ -

' ° (4.40)
G¢ = (DomBY, | - IPe = || I + 1B - [Fn)-)

which are also Hilbert spaces since B and B are closed by definition.

4.5 Invertibility of A

As mentioned we will later on show that A = B and A® = BC. Now we want to prove
that B and B¢ are boundedly invertible.

Lemma 4.5.1. The operators B : G — (H'(Q))* and B : G — (H*(Q))* from
are bounded, bijective and boundedly invertible.
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Proof. By the definition of the spaces G and G¢ in (4.40)) the operators are clearly
bounded.

~ We will now consider the bounded sesquilinear form associated with the operator
B, ie.

b:Gx H(Q) = C, b(u,v)= (BU7U)(H1)*XH1’ ue G, ve H'(Q). (4.41)

Due to Lemma [1.12.6) we know that B is bijective and boundedly invertible if and
only if |(rfl)| and |(rf2)| hold true.

We will start with |(rf1)} Since B= ATO we know that DomAy = C3°(R?) [q is dense
in DomB, and thus

: b(u,v) . [b(u,v)|
inf sup @ ——————— = inf sup @ ——————
0#£u€6 osperi (@) [ullgllvllm)  0#uec ®Dia orver @) lullgllv]m @

(4.42)
Furthermore we see that for u € DomAg and v € H'(Q)
b(u,v) = (Bu,v)(Hl)*le = (Ayu, V) (ty st = a(u,v)

= (Vu, Vo) +/qu@dx,
Q

(4.43)

and consequently we have that

. [b(u, v)| . (Ve Vo) 2 + [ quivdal
inf sup @ ———— = inf sup
0£ueG o pemi(0) [ullgllvl @) 0AueCE®DIa ozvem (@) luliglivllzn @)
Re ((Vu,V ud
> e ((Vu, Vurz + [, quude) |
0£ueCs (RD)lg 2 HU||G|LUHH1(Q) (4.44)
[Vullzz + [lull7.
ozueCE®e  ||ullgllull o)
_ lulla o [l
O;ﬁuEC’f)’o(Rd)m ||U||g 0#ueg ||u||g7

where we used that Req > 1.
On the other hand we can use the definition of the dual norm in (|1.262)) to see that

‘b(u)y)‘ |(BU7U)(H1)*><H1| B ||Bu||(H1)*

sup ——————— = sup = , uw€GgG. (4.45)
orveri@) l[ullgllvllm@)  orermo) Ilullgllvllm @) [ullg
Together (4.44) and (4.45)) show that
b 1 u + || Bu .
a0l 1 el Bl
0£u€G g ve () [ullglvl| @) — 2 0#ucg |ullg
. 1 (4.46)
o (el + 1Bl )t
> — inf = —

= 2 0ueg [ullg 2’
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and thus is satisfied.
Now we want to show [(rf2)| Assume that

b(u,v) =0, ueg, (4.47)

for some v € H'(Q). We need to show that v = 0 in order to satisty .
Using C5°(RY) |q = DomA, C G we see that

0=b(u,v) = a(u,v) = (Vu, Vo) 2 + / quodz, u € C(RY) [q, (4.48)
Q
and the complex conjugation of this equation then gives

(Vo,Vu)p» + / quidz =0, u € C(RY) [q. (4.49)
0

Lemma shows that qu € L] (Q) for some 7 > 1, so in particular we have that
qu € Ll () C D'(2). Since D(Q) C C°(R?) | we obtain from (4.49) that

loc

d

Z(@ﬂ), 9;¢)prxp = (—qv, §) /%D ¢ € D(1), (4.50)

J=1

and therefore
Av=qv € L] (). (4.51)

Furthermore from (4.49)) we obtain that

(Yo, Vi 12 + / Avide =0, u e CF(RY o, (4.52)
Q

and thus v € H'(Q) satisfies Assumptions [3.2.1, Therefore we can apply Theorem
3.2.2] to see that

0> /Q Vu|Vedz + /Q Re [sgn(v)Av] ¢dz, ¢ € C°(RY) [q, ¢ > 0. (4.53)
Plugging in Av = gv and using Req > 1 shows that
0> /£2V|U|ngdx + /Q Re [sgn(7)qv] ¢dx
= /QV|U|V¢d{B + /QRe [q|v]] pdx (4.54)
> /QV\U|V<;5dx+/Q|U\¢dx, ¢ € C(RY) [q, ¢ > 0.
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Now we can use Lemma [1.6.11] to find a sequence (¢,), C C°(R?) [q with ¢, >
0, n € N, such that
b 2% Ju| in HY(Q), (4.55)

and consequently we have that

0> lim (/ V|v[V¢ndx+/Re [sgn(v)qu] ¢ndx)

(4.56)
= [ 1VlelPde+ | foPde = ol
Q Q
This proves that |v| = 0, and thus we see that v = 0 and |(rf2)| is satisfied.
Analogously one shows that B is boundedly 1nvert1b1e O

Lemma 4.5.2. It holds true that A = B and A° = B, in particular A : G — (H")*
and A° : G€ — — (HY)* are bounded, bijective and boundedly invertible.

Proof. From Lemmawe see that B and BC are bijective and boundedly invertible.
Furthermore, they are bounded by definition.

First note that the fact that A is closed, see Lemma m, together with Ay C A,
implies that

B=A4,cCA. (4.57)

Therefore as B is surjective, so is A.

Let now J : H'(Q) — (H'(Q))* and J : HY(Q)* — (H'())™* be the bidual
mappings from Definition [I.10.5] Since both are bijective, see Lemma and
Lemma [1.10.8, we find that

JBCJ! (4.58)
is bijective, in particular surjective.

From the definition of B¢ in we find together with Lemma and Lemma
[4.3.2 that _

JBCJ™ = JAS Tt = (AS)™ = (ATY)* (4.59)
is surjective. Therefore by Lemma we see that AJ ! is injective, and since J
is bijective we finally see that A is 1IlJ€Ct1V€

It remains to show that A C B. To this end, let u € DomA. Since B is surjective,
there exists v € DomB such that

Au = Bu. (4.60)

But we already know that B C A, and so we see that
0=Bv—Au=A(v—u), (4.61)

which together with the injectivity of A proves u = v € DomB.
The assertion A® = B¢ follows analogously. m
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Corollary 4.5.3. Let f € DomA and g € DomAC. Then

(Afag)(Hl)*le = (ACQ, f)(Hl)*le- (462)

Proof. Lemma shows that A = (A$)*J, where J is the natural embedding of
H'(Q) into its bidual space from Definition [1.10.5, Therefore we see that

(AL, )y = (AS) T F, 9) e = (Jf, AT g) a1y ey
= (Agg,f)(Hl)*XHl, g€ Domfloc, f € DomA.

(4.63)

We know from Lemma [4.5.2] that AC = B = A_g, and consequently it follows from

[EG3) that

~

(Af, 9)y <o = (Acg,f)(m)*xm, g e Domflc, fe DomA. (4.64)
]

4.6 Neumann Trace vy

We define the operators
T : DomT C L*(2) — L*(Q2),
DomT = {u € DomA : (—A + q)u € L*(Q)}, (4.65)
Tu=(—A+q)u, u € DomT,

and
T : DomT C L*(Q) — L*(Q),
DomT = {u € DomA® : (=A +q)u € L*(Q)}, (4.66)
Tu=(-A+qu, wueDomT.

Next we define a new notion of Neumann trace which, as we will see, coincides with
the standard definition on the intersection of their domains.

Definition 4.6.1. Let Assumptions be satisfied. The Neumann traces
yn : DomT — H_%(((?Q),

. (4.67)
v : DomT — H™2(99),
for u € DomT and @ € DomT are defined via
(’YNU, h)Hf%XH% = (Au7 5h)(H1)*><H1 - <(_A + Q)U, 5h>L27 h e H%(aQ)7 (4 68)

N h), gy = (ACG ER) gy — (A + ), ER)2,  h € HZ(99),

T2xH
where & is the bounded right inverse of the Dirichlet trace from Theorem [1.5.1]
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Remark 4.6.2. Note that the definitions above do not depend on the choice of the right
wnverse € of the Dirichlet trace.
Assume that u € DomT and ¢ € C§°(2). Then it holds that

(Au, ®) 1y xmt — (A + q)u, ¢) 2 = a(u, @) — (Vu, Vo) 2 — /Qquadx =0. (4.69)

As C§°(Q) is dense in H} (), we see that the same holds for all ¢ € H}(Q), so the
right-hand side of does not change if we add H}(Q)-functions to Eh.
But if there exists a second right inverses £ of the Dirichlet trace, then it clearly

holds true that )
vp(E—EVYh =0, he Hz2(09Q), (4.70)

and consequently

(€ —E&)he HAQ), he Hz(09Q), (4.71)
which does not change the right-hand side of .

The next Lemmas will show that this notion of Neumann trace is indeed compatible
with other definitions.

Lemma 4.6.3. Let u € DomT N DomT. Then Ynu = yyu.
Proof. If u € DomT N DomT we obtain
(¢ —u=(—A+qu— (—A+7q)u c L*(Q). (4.72)
From this we see that for every ¢ € C$°(R?) g it holds true that
(owip8) gy = (At )y — (= + g, B2

=(Vu, Vo) + /Qquadx —((—A+ q)u, @) 2
- [ a=muade + (g =)o) (4.73)

—(Vu, V) + /Q Guddz — (= A + 5)u, 6) 12

=(A%, @)y — (A +Q)u, ¢) 2 = (INUYDP) -t d-

Since Ranvyp [gee(ray,, 1s dense in H 3 (), see Lemma [1.5.2] this concludes the proof.
]

Lemma 4.6.4. Let u € DomT such that Au € L*(2). Then yyu = y5u, where vy is
the standard definition of the Neumann trace, i.e.

(VR h) oy oy = (Vu, VER) 12 + (A, Eh) 2, w € HA(Q),h € HE(0R).  (4.74)

The analogous statement holds for vy .
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Proof. Let u € DomT and Au € L?*(€2). Then it is clear that also
qu=(—A+qu+ Au e L*(Q), (4.75)
so we see that
(flu,gb)(m)*xm = (Vu, V)2 +/Qqu5dx
= (Vu, Vo)r2 + (qu, ¢) 2, ¢ € C5°(RY) Iq,
and thus we obtain from the density of C3°(R%) [ in H', see Lemma [1.5.2] that
(Au, v) 1y = (Y, Vo) g2 + (qu,v) 2, v € HY(Q). (4.77)

(4.76)

For h € Hz(09) it therefore holds that
(vush) gy = (Vu, VER) 12 + (Au, ER) 12
= <VU, v€h>L2 + <qu, €h>L2 + <AU, gh>L2 — <qu, gh>L2 (478)
= (Auagh)(Hl)*le - <(_A + Q)Uaghﬁ? = ('VN% h)

H ixH:
The statement for 7y follows analogously. ]

Recall that we also constructed a Neumann trace in Chapter The following
Lemma shows that vy is also compatible with this version.

Lemma 4.6.5. Assume that u € DomT and |q|zu € L2(Q). Then it holds true that

u € Dom~y%, where 73 is as defined in .
Furthermore it holds true that yyu € W* for W as defined in and ,
and
Nu =Yhu  in W* (4.79)

Proof. By definition of DomT we know that u € H*(Q) and (—A+q)u € L*(Q), which
together with |g|zu € L2(Q) shows that u € Dom~,.

Note that W is continuously embedded into H %(89), see Lemma , SO conse-
quently yyu € H™2(99) € W*.

Lemma states that C5°(RY) |q C V, where V is the Hilbert space defined in
, so with Remark we see that for ¢ € Cg°(RY) [q

(V) wew = (Viu, VEVAL6) 12 + / BV Dodx
Q
— (A + Qu, EVY) ) 12
—(Vu, Vo) + / quddz — (—A + Q)u, Bz
Q

:(Au7¢)(H1)*><H1 (A +qu,d)r2 = (WNU,VD@H%XH%,

(4.80)
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where v}, denotes the Dirichlet trace from V into W as defined in (2.39)), and £V its
bounded right-inverse from (2.47]).
Now since Ranyp, [ ceo ray,, is dense in W, see Corollary and

19 =1d, P EV, (4.81)
by the definition of v}, we see that
(VAw Vwosow = (Www,¥) 3 1 W EW, (4.82)

which concludes the proof. O]

Lemma 4.6.6. Let u € DomT. Then yyu = 0 if and only if there exists n € L*(Q)
such that

(n,v) 2 = (Au, V) myxm, v € H(Q). (4.83)

Proof. Let yyu = 0. Then it holds that for every ¢ € H %(GQ) we have
(A, E9) gy — (A + Q)u, EP) 12 = 0, (4.84)
and due to Remark [1.6.2 we see that therefore
(A 0}y = (~D+quuv) s, v e HI(Q), (4.85)

so we see that n = (—A + q)u € L*() satisfies (4.83).
If on the other hand (4.83)) is satisfied, then we see that

~

(1, &) 1x = (Au, &) ariyesn = (Vi V)12 + / qudds, $EDW),  (486)
Q
and thus in distributional sense
(—A + q)u=mn € L*(Q), (4.87)

which then shows that

(fYNu> ¢)H7%XH% = (Aua gw)(Hl)*XHl - <(_A + q)u75w>L2

A 1 (1.55)
= (AU,EQ/J)(Hl)*XHl — <77,5¢>L2 =0, ve Hﬁ(aQ),

and hence yyu = 0. [
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4.7 Surjectivity of the Neumann Trace vy

Lemma 4.7.1. The Neumann traces vy : DomT — H~2(9Q) and 7y : DomT —
H2(8Q) are surjective.

Proof. We show the statement for vy, it follows analogously for 7.
Let ¢ € H™2(99Q). We define

(F, U)(Hl)*le = (w”yDv)H’%XH%’ v E Hl(Q) (489)

It is clear that this expression is anti-linear in the second argument, and since the
Dirichlet trace is bounded, see Theorem we obtain that

|[(E )y | = 101, -y ool a0 < Iolllll, -y lollm, v e HY(Q),  (4.90)

which proves that F' € (H'(2))". A
Since A is surjective, see Lemma , we can find u € DomA such that

(Au, 0) a1y = (F,0) gy = ($,700) 23 10 v € HY(9Q). (4.91)

2xH?2

In particular we obtain
(Vu, V) p2 + / quidz = (Au, @) e =0, #€D(Q),  (4.92)
Q

and thus (—A + ¢)u = 0 in distributional sense, which also proves that u € DomT'.
Finally by definition of the Neumann trace we see that

~ 1
(’YNua (p)Hf%XH% = (AU, SQD)(Hl)*XHl = (1/), ¢)H7%XH%’ e H2(8Q)7 (493)

which proves that yyu = 1, and thus vy is surjective. O

4.8 Neumann Realisation of the Accretive Schrédinger
Operator

We now define the operators

DomAy = {f € DomA : (—A + q)u € L*(Q), v f = 0} (4.94)
Ay = (A +q)u,
and
DomAS, = {f € DomA°® : (=A +q)u € L*(Q), 7nf = 0}
AS = (A +9)u.
The following Theorem shows that these Neumann realisations of the Schrédinger
operator satisfy all the properties we need to construct quasi boundary triples later
on.

(4.95)
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Theorem 4.8.1. Let Assumptions be satisfied. Then the operator Ay is closed
with 0 € p(Ax) and DomAy is dense in G and L*(Q2). The analogous statements hold
true for A, and

Ay = A, (A5 = Ax. (4.96)

Proof. We want to use Theorem [1.12.1] in order to show this result. To this end, we
first need to show that there exists an injective, continuous embedding of G into L?(£2)
with dense range.

We already know that H'(Q) is continuously embedded into L?(€2). Since G C
H'(Q) C L*(R2) and by definition of the norm in G in (4.40)) we have that

ullzz < flull g < flullg, weg, (4.97)

hence we see the embedding of G into L?(f2) is continuous. Finally we know that
D(R2) € DomA, C G, and since the test functions are dense in L2(£2), the embedding
has dense range.

As H'(Q2) has a continuous embedding with dense range into L?(Q2), Lemma
shows that such a embedding exists also for L*(2) into (H'(Q))*.

Lemma shows that A € B(G, (H'(Q))*) is boundedly invertible, so Theorem
[I.12.1] states that the operator

DomB = {u € Rant; : Auiy'u € Rant,}

. 4.98
B = A, (4.98)
where ¢; : G — L*(Q) and 15 :— (H'(Q2))* denote the natural embeddings, is a closed
operator, 0 € p(B), and DomB is dense in both G and L*(Q).
We can write the operator more explicitly as

A

DomB = {u € G : 3n € L*(Q) s.t. (n,v)r2 = (Au,v)gryxm Yo € H'(Q)},

4.99
Bu =n. ( )
Note that if v € DomB, then
(N, d)r2 = (flu,¢)(H1)*XH1 = (Vu, V)2 + / qupdz, ¢ € D(Q), (4.100)
Q
and thus in distributional sense
(—A + q)u=n € L*Q), (4.101)

which shows u € DomT'.
Using Lemma we now see that B = Ay, so Ay is closed, 0 € p(Ay) and
DomAy is dense in G and L?(92).
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In the same way one shows that

~

AS = (12) A ()7 (4.102)

and that it satisfies the analogous statements.
Theorem [1.12.1] also states that the adjoint of Ay is given by

A = () TLAR () (4.103)

From Lemma [1.11.2] we see that (i = 1y and 5 = ;1 where J : HY(Q) —
(H(£2))* is the bidual embedding from Definition [[.10.5] Additionally Lemma [4.3.2]
shows that

~

A = ((Ag)*J) = J*(AS)™, (4.104)
Using Lemma [1.10.11] and Lemma then show that

A = JJAG Tt = J*JAC T, (4.105)

where J : (H'(Q))* — (H'(Q))*** also denotes a bidual mapping as in Definition
1.10.5]

Since J is everywhere defined and bounded, see Lemma its adjoint is given
by

T (HN Q)™ = (HY(Q)),

(J*u, v) gy = (U, JU) gy, w € (HY(Q)™, v e H(Q). (4.106)
This is exactly the inverse of .J, therefore we finally obtain
A= ACT (4.107)
and thus
Ay = ()T TA () = g TAC T (T T = gt AG T = A (4.108)
Analogously one shows (A§)* = Ay. O

Corollary 4.8.2. [t holds true that Ranyp [poma, and Ranyp [DomAg are dense in
Hz(09).

Proof. Let ¢ € H2(99) and ¢ > 0. Theorem shows that the Dirichlet trace is
surjective and bounded, so we can find a v € H'(2) such that ypu = ¢.
From the density of C§¢(R?) [q in H'(2), see Lemma[l.5.2] we see that there exists
i € C(RY) |q C G with
|t — ul| g <e. (4.109)
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DomAy is dense in G, see Theorem [4.8.1] so we can find & € DomAy such that

|t —a|lg < |ju—1allg <e, (4.110)
and thus we see that
|t — ul| g < 2e. (4.111)
Finally this yields that
lvpt =l ;3 = llvp(@ =)l ,13 <2[plle, (4.112)

with ypt € Ranyp [poma,, Which proves the claimed density.
The statement with Dom A follows analogously. m

4.9 Quasi Boundary Triple for Accretive Schrodinger
Operators
We will now consider the operators 7' and T in L?(2), as defined in 1} and 1}

respectively. Let vy : H¥2(99) — L2(Q) be isometric isomorphisms as in Lemma

1.11.3] which satisfy

(o, 1av) e = (wv), gy u € H2(0Q), v € H2 (D). (4.113)

We define mappings

(To, )7 : DomT — L2(09Q) ® L2(89), (To.T1)Tf = (_ynf, tsvnf)T, (4.114)
(fo, fl)T : DOHlT — LQ(GQ) D L2(8Q), (fo, fl)Tf = (L—’?Nfa L+’7Df)T' '

In order to show that the triple (L2(99), (Io,I'1)7, (T'g, T1)7) really constitutes a
quasi boundary triple for an appropriate dual pair, we will prove the following Lemma.

Lemma 4.9.1. Let u € DomT and n € C*(Q2) such that |n|,|Vn|, |An| are all bounded.
Then it holds that nu € DomT'. Furthermore, if n € C§°(2), then it additionally holds
that

o(nu) =0,  yn(nu) = 0. (4.115)

Proof. Asn € L®(Q), Vi € L>(Q,R?), we see that
nu € L*(Q), V(nu) = (Vn)u+nVu € L*(Q), (4.116)
and hence nu € H'(2), which together with Lemma shows that
(=A+q)(nu) € D'(Q). (4.117)
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Due to n € C=(Q2) and (—A + q)u € L*(Q2) we then obtain
(—A+q)(nu) = n(—=A + q)u — 2VnVu — uln € L*(Q). (4.118)

It remains to show that nu € DomA. Since 1 € C>(9Q), it holds that n¢ € Cg°(RY) Iq
for every ¢ € C°(R?Y) [q, and thus for every ¢ € C$°(RY) g

a0u, 6)] = ‘<V(W),V¢>L2 + [ i

= (V0. o + [ aiipa + (90, V@) 12 = (Fu,
= |(Aw7i0) 1) + (V (), V6) 12 = (T, V([76)) 12
< (WAull gy + [Vellz2) 18l + ol s |9

< (IMAullny- + I9ullz2) @l + 199lz) ol + il 6],

(4.119)

which shows that nu € DomA and thus nu € DomT'.
Now assume that n € C5°(Q2). Then for every ¢ € C5°(R?) | it holds that n¢ €
C°(Q), and thus together with (4.118) we obtain

(W (1) D®) -3y = (AMW), @)y — (= A + @) (nu), §) 2
=(V(nu), V)2 + (qu,70)p xp — (A + @)u, 1P)prxp
+ 2(Vu, oVn) 12 + (u, ARD) 12 (4.120)
=(u, ViV ) prxp — (u, V(IVP))prxp + (1, A(MP))prxp
—2(u, V(éVN))prxp + (4, AN prxp = 0.

Lemma [1.5.2f shows that Ranvyp [ ¢ (ray,, is dense in H?2(0%), thus yy(nu) = 0.
Since suppn C €2, we see that nu is zero outside some compact set in 2 and thus
vp(nu) = 0, which concludes the proof. ]

Theorem 4.9.2. Let (L*(99), (To, 1), (I'y, T ) ) asin (4.114) and T, T be as in
and , respectively. Then (LQ((?Q), (To, T1)T, (Lo, T1)7) is a quasi boundary tmple

for the dual pair

S=T rkerf‘oﬁkerfﬂ S=T [ker Forker Ty - (4‘121)

Proof. We will use Theorem [1.13.3] First we need to show that ker f‘o N ker f‘l and
ker 'y Nker Ty are dense in L?*(€2). From Theorem we know that DomAy is dense
in L?(€), thus it is sufficient to show density of ker [y N ker 'y in DomA .
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For a given f € DomAy C DomT define cut-off functions 7, € C§°(§2) such that

1 if dist Q 2 and
0<n, <1, nula) = if dist(z, %) > p NG =T (4.122)
0 if dist(z,00) < - or v > 2n,
and define

Since |n,| < 1, we see that |f,| < |f]. Furthermore, we have pointwise convergence on
2 and hence by dominated convergence

fo 2% f in L2(Q). (4.124)

By Lemma we see that (f,), C kerI'oNker 'y, so consequently ker I'g Nker I'y is
dense in L?(Q). Analogously one shows that ker I’y N ker I'; is dense.
Next we see that

(T1f,Tog)g — (Tof, Trg)g = (g f) s gy — ONFD9) 3 s
- (Acga f)(Hl)*XHl - <(_A +q)ga f>L2 - (Afa g)(Hl)*XHl + < A+ Q)f> g>L2
= <<_A + Q)fa g>L2 - <<_A +6)ga f>L2 = <Tf7 g>L2 - <f7 Tg>L27

(4.125)

where we used Corollary [£.5.3 so we see that the triple satisfies [[G)]
Next we need to show that Ran(Ty,T'1)” and Ran(To, ;)7 are dense in L?(99Q) &

L2(09).
Since ¢_ is a bijection, it is clear that
ker 'y = ker(v_yn) = keryy (4.126)
and consequently
Ay=T rkerFoy A]C\'[ =T rkerfo . (4127)

From Corollary we see that Ranyp [poma, is dense in H 2 (092), and so, since ¢
is an isometric isometry, for ¢ € L?(9f2) and € > 0 there exists u € DomAy = ker Iy
such that

ITyu = |z = [lesrpu — ¢lle = llypu — 79y <, (4.128)

which proves the density of 'y [xerr, in L2(992).

Furthermore we know from Lemma that vy : DomT — H~2(9) is surjective,
and thus, since ¢_ is bijective, we see that also ['; = ¢_y is surjective.

Lemma now shows that Ran(Tg, ;)7 is dense in L?(9Q) & L*(09), and one
can show the same for Ran(Ty, ;)7 analogously, which shows that (DD) is satisfied.

Finally, we see that

Ay = A, (AD)" = Ay, (4.129)

from Theorem , so the triple also satisfies , thus all assumptions of Theorem
1.13.3| are fulfilled, which concludes the proof. O
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