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Abstract

Contact problems are quite frequently phenomena occurring in mechanical applications. It
quickly turned out that variational inequalities are an appropriate tool to precisely characterize
contact problems. Unfortunately, variational inequalities involve a lot of computational diffi-
culties when solving them numerically. Over the past years, a large amount of methods for
the numerical computation of variational inequalities has been developed. Depending on the
type and complexity of the contact problem, different kinds of variational inequalities have been
evolved. The Signorini problem is a famous contact problem describing the touching between an
elastic body and a rigid frictionless foundation. However, frictional contact exhibit in realistic
problems. Thus, the investigations of the classical Signorini problem expanded to the exam-
ination of the Signorini problem with so-called Coulomb friction. This thesis introduces the
classical frictionless Signorini problem, and we will derive its variational inequality. We deeply
analyze abstract variational inequalities, distinguishing between inequalities derived from mini-
mization problems and general inequalities, where the question about the existence of a unique
solution will be answered for both cases. As an extension, we analyze hemi-variational inequali-
ties, which are associated with frictional contact problems. The Finite Element discretization is
subsequently considered for both types of inequalities, variational and hemi-variational, where
the convergence of the approximate solutions is investigated. Additionally, we obtain theoreti-
cal error estimates, which are finally verified with the outcomes of numerical examples for the
simplified Signorini problem and the obstacle problem.



Zusammenfassung

Kontaktprobleme sind hiufig auftretende Phéanomene in mechanischen Anwendungen. Es stell-
te sich schnell heraus, dass variationelle Ungleichungen ein geeignetes Hilfsmittel fiir die genaue
Charakterisierung von Kontaktproblemen darstellen. Ungliicklicherweise treten bei der nume-
rischen Berechnung von variationallen Ungleichungen viele Schwierigkeiten auf. In den letzten
Jahren hat sich eine grofle Anzahl an Methoden fiir die numerische Berechnung von varia-
tionellen Ungleichungen entwickelt. Unterschiedliche Arten von variationellen Ungleichungen
entstanden in Abhéngigkeit vom Typ und der Komplexitit des Kontaktproblems. Das Signo-
rini Problem ist ein bekanntes Kontaktproblem, dass den Kontakt zwischen einem elastischen
Korper und einem staaren reibungslosen Fundament beschreibt. Allerdings tritt Reibung in
realistischen Problemen héaufig auf, sodass die Forschung des Singorini Problems sich auf die
Untersuchung des Signorini Problems mit sogenannter Coulombscher Reibung erweiterte. In
dieser Arbeit wird das klassische reibungslose Signorini Problem eingefiihrt und dessen va-
riationelle Ungleichung hergeleitet. Es werden abstrakte variationelle Ungleichungen vertieft
analysiert. Dabei unterscheidet man variationelle Ungleichungen, die von Minimierungsproble-
men abgeleitet werden und allgemeine Ungleichungen. In beiden Féllen wird die Frage iiber
die Existenz einer eindeutigen Losung beantwortet. Desweiteren werden hemi-variationelle Un-
gleichungen analysiert, die mit reibungsbehafteten Kontaktproblemen in Verbindnung gebracht
werden. Die Finite Elemente Diskretisierung von beiden Ungleichungstypen, sowohl variationel
als auch hemi-variationel, wird betrachtet und die Konvergenz von Naherungslosungen wird un-
tersucht. Zusétzlich werden theoretische Fehlerschétzer hergeleitet, die schliefflich anhand von
Ergebnissen numerischer Beispiele fiir das vereinfachte Signorini Problem und das Hindernis
Problem verifiziert werden.
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Chapter 1

Introduction

In the early nineteenth century, many engineers, physicists and mathematicians have started a
rigorous investigation about contact problems of solid bodies after the establishment of the fun-
damental principles of continuum mechanics. In fact, the first treatment with deformable bodies
has been considered within the framework of continuum mechanics and was later transferred
to problems involving contact. Surprisingly, there is no consistent definition of the contact.
However, many people describe the contact of two bodies as the touching of the surface of the
two bodies at a certain time. The first successful contribution about contact problems in elas-
ticity, where a linear elastic body comes in touch with a rigid and frictionless foundation, was
achieved by A. Signorini towards the end of the 1950s. Some years later, his student G. Fichera
continued the examination on Signorini’s problem and represented the first result about the
existence and uniqueness of a solution for variational inequalities arising from minimization of
functionals on convex subsets of Banach spaces. He named this type of contact problem after
his teacher as an honor, calling it the Signorini problem. Fichera’s work was the starting point
for many scientific researchers to indulge in deep analysis of abstract variational inequalities,
which are not necessarily related to minimization problems. However, variational inequalities
are often connected to problems defined on convex sets. Hence, the convexity is an essential
property for deducing some special results. In 1967, J. Lions and G. Stampacchia [44] published
astonishing results about the theory of variational inequalities, followed by G. Duvaut and J.
Lions [9] in 1972, associating variational inequalities with mechanical applications. After these
contributions, many other works from prestigious authors of this area as K. Atkinson and W.
Han [1], D. Kinderlehrer and G. Stampacchia [19], R. Glowinski [13], R. Glowinski, J. Lions and
R. Tremolieres [14] and N. Kikuchi and T. Oden [18], to name just a few, have been presented.

Contact problems are inherently nonlinear, such that many difficulties must be dealt with
when solving the mathematical problem numerically. Over the past years it turned out that
variational inequalities are the most effective mathematical models to describe and solve con-
tact problems, since they appropriately handle the conditions and restrictions on the contact
boundary. Nowadays, contact problems are immediately associated with variational inequalities
and conversely. Additionally, a wide range of numerical methods for computing approximate
solutions of variational inequalities have been developed and many different techniques are
provided depending on the structure and level of difficulty of the variational form.

Although the Signorini problem covers various applications of contact problems, there is
still a large amount of problems, which require different descriptions. The classical Signorini
problem involves the contact of an elastic body with a rigid frictionless foundation. However,
frictional contact problems are a frequently discussed topic in mechanical applications, but
cause severe difficulties during the computation of solutions. The first investigations of contact
problem with dry friction are due to G. Duvaut and J. Lions [9], where the contact of an elastic
body with a rigid foundation was considered. In the literature, such problems are usually called



Signorini problem with Coulomb friction, since the physical friction laws are derived from the
physician C. Coulomb. Frictional problems require more general observations of variational
inequalities, so-called quasi- or hemi-variational inequalities. These type of inequalities involve
enormous mathematical complications, where some of them have not been resolved until now.
Important first results in this direction have been published by J. Necas, J. Jarusek, J. Haslinger
[46]. This release opened the door for many other researchers to deeply study the theory of
frictional contact problems and their related quasi- or hemi-variational inequalities. Some
relevant publications are published by J.T. Oden and E. Pires [48], L. Demkowicz and J.T.
Oden [33] and M. Cocu [32], to name just a few. The contributions by K. Atkinson and
W. Han [1], R. Glowinski [I3], R. Glowinski, J.L. Lions, R. Tremolieres [14], N. Kikuchi and
T. Oden [18], I. Hlavacek, J. Haslinger, J.Necas, J. Lovisek [16], P.D. Panagiotopoulos [24],
A.R. Capatina, M. Cocu [31] and A. Capatina, M. Cocou, M. Raous [30] about the numerical
approximations of variational and hemi-variational inequalities highly enriched the theory of
frictional contact problems. Recent results about the approximation of variational inequalities
were obtained by A. Capatina [6], W. Han [34], S. Migorski, S. Zeng [45], R. Krause [41], R.
Krause and B. Wohlmuth [43] and W. Han, M. Sofonea [35].

The motivation of this thesis is the detailed examination of the Signorini problem and
its derived variational inequality. We consider an abstract form of variational inequalities and
examine the relation of variational inequalities and minimization problems. As an extension, we
consider more general variational inequalities, not necessarily related to minimization problems,
and tackle the question about the existence of a unique solution. We extend our investigations
to hemi-variational inequalities, which can be connected to frictional contact, and present a
result about the existence and uniqueness of a solution as well. Moreover, we analyze the
Finite Element discretization of both types of inequalities, variational and hemi-variational.
The convergence of the discrete solution is of special importance. We derive error estimates
dependent on the mesh size for certain simplified contact problems, which will be verified
with numerical results. A more realistic frictional contact problem will be introduced and we
investigate the connection between the deformation of the elastic body and the friction. The
structure of the remainder of this work is the following:

Chapter [2] introduces the basic notations and important mathematical concepts and theo-
rems which will be used throughout this thesis. In Chapter [3], we give a short description about
the well known linear elasticity theory, which serves as a fundamental foundation for our con-
tact problems. The classical Signorini problem is pictured in Chapter |4] where the (linearized)
contact conditions are precisely described. Additionally, we derive its variational form and
formulate a simplified version of the Signorini problem and another contact problem, called the
obstacle problem. We observe an abstract form of variational inequalities, given in Chapter [5
and differentiate between inequalities coming from two different natures. On the one hand, we
can derive variational inequalities arising from minimization problems, which inherently have
good properties that are used for the numerical computation. On the other hand, there are
general variational inequalities, not necessarily related to minimization problems, where suffi-
ciently good properties need to be forced in order to have a profit in numerical approximations.
For both types, we answer the question about the existence of a unique solution. The end
of Chapter |5 is devoted to hemi-variational inequalities and to an application of the Signorini
problem with Coulomb friction. In Chapter [0, we describe the numerical approximation of
variational and hemi-variational inequalities and obtain mesh size dependent error estimates
for the simplified Signorini problem and obstacle problem. These theoretical error estimates
are verified with numerical examples using different methods in Chapter [7] Furthermore, we
introduce a more realistic frictional contact problem, where we investigate the connection be-
tween the displacement of an elastic body and the friction coefficients. This work ends with
Chapter 8] giving some conclusion and providing a possible outlook to future work.



Chapter 2

Preliminaries

This chapter introduces the basic notations and definitions, which will be used throughout
this work. Furthermore, we define appropriate spaces, such that the weak formulations of our
problems are well defined. The contribution of this chapter are based on [3| Chapter 2], [4],
Chapter 1, Chapter 2|, [12, Chapter 5], [15, Chapter 3] and [I8, Chapter 5].

2.1 Notations
In this section, the basic notations are introduced, which will be used in the sequel of this
thesis.

Notation. The inner product in the Euclidean space R? is denoted by

d
-y = Z%?Ji,
i=1

for , € R%. The Euclidean norm is defined by

d 1/2
] = (Zx?) |
=1

For our purpose, we define a tensor as a linear transformation from R¢ to R?. If we fix a
orthonormal basis {e;}{_,, then for any tensor o, a matrix o = (0;;),_; € R*? is associated,
i.e. the linear transformation o : R¢ — R? is a tensor if and only if o is written as a matrix
o € R™ for a fixed orthonormal basis {e;}% ,, which is denoted by the same symbol. Note

that changing the basis does not affect the tensor while a matrix will modify its entries.

for x € R<.

Notation. The tensor-vector product is defined by

d

(0-x); = Zaijxj foralli=1,...,d,

j=1
where 0 € R¥*¢ and = € R?.
Notation. We define the scalar product for tensors by

d
O €= Z 0;5€5,
ij=1

for o, e € R,



Notation. The partial derivative of a function u : R? — R is defined by

olely
Du(X) =
u( ) 0 X, 09X,
where o = (ay, ..., aq) is the so-called multiindex and integers |a| = ay + « -+ + a4 for oy > 0,

i=1,...,d.

Furthermore, we need the definition of the gradient for scalar functions and vector fields.
We denote the space of non-negative real numbers as Rt and associate R™ with the time.

Definition 2.1. The gradient for a sufficiently smooth scalar function u : R* x Rt — R is
defined by

ou ou )T

Vxu(X,t) = ((‘9_X1’ X,

Ifu: R4 x RT = R? is a sufficiently smooth vector field, then the gradient of u is given by
the tensor field

6u1 .. 8U1
0X1 0Xg
Oug |, Oug
0X 0X
VXU(Xa t) - . ' . ¢
Oug ., Oug
0X1 0Xy4

The divergence of the vector field u is defined by

d
ou;
div u(X,t) =) .
— DX,

)

The divergence of a tensor field o : R* x R* — R? is defined by

0
9011 4.4 994

gxl e
0021 e 002d
ox, T T ax,

divo(X,t)=Vx 0=

Jdo 1 L 0044
+ + 35 X,

In addition, we use the following notation for the spaces of continuous functions.

Notation.

where the support of a function is supp(v) = {X € Q | v(X) # 0}. The space of continuous
functions for vector fields is

CO ={v: Q=R | v, e C(Q) fori=1,...,d}.



2.2 Function spaces

In the upcoming chapters, we will formulate a mathematical model for the Signorini problem
and derive its variational or weak form. For this purpose, we introduce Sobolev spaces, such
that the variational formulations of our problems are well defined. We need the definition of
the weak or generalized derivative in order to define the Sobolev spaces.

Definition 2.2. Let w : R — R be a integrable function. We say u is the weak derivative of
w if
/uDacp dr = (—1)l /w<p dz  for all ¢ € C3°(£2). (2.1)
Q
Q

We often use the notation w = D%u for the weak derivative, but consider it as in .

Remark 2.3. Applying the weak derivative to the gradient of Definition we obtain
the (spatial) weak or generalized gradient. For a function w : R x R — R, the weak gradient
u: R x RT — R? is defined by

/u(X, t) - p(X,t) dX = —/w(X, t) div o(X,t) dX  for all ¢ € [C5°(Q)]7,
Q Q
also denoted by Vw = u.

We are now in the position to introduce the Lebesgue-measurable spaces L,(2). From now
on, we assume §2 C R? to be a bounded Lipschitz domain, i.e. the boundary can be described
by a Lipschitz continuous parametrization, c.f. [I2, Chapter 5].

Definition 2.4. Let Q C R? and 1 < p < oo. The Lebesgue space L,(Q) of measurable
functions is defined by

L,(Q) = {v ; /Q|v(x)|p do < +oo},

1/p
nwmmz(LW@WdQ .

The space of essentially bounded, i.e. bounded up to a set of measure zero, functions is denoted
by

with the norm

Loo(Q) = {U . esssup u(@)] < +oo},

€N

with norm

[0][ w2y = esssup v (z)].
e

Theorem 2.5. Let 1 < p < oo. The Lebesque space (Ly(Q), || - ||z, ) s a Banach space, i.e.
complete normed vector space. In addition, Ly(Q2) equipped with the inner product

(0} 1y = [ u(o)o(e) d

Q

foru,v € Ly(Q), is a Hilbert space, i.e. a Banach space with a norm induced by a inner product
(c.f. [12, Chapter 5]).



Proof. See [8, Chapter 4]. O

Remark 2.6. Note that the two functions u,v € L,(2) are equal in L,(S2) if ||u—v|/r,@) = 0.
This means, if u and v have different values only on sets with measure zero, then they would be
treated equally in the L,-sense and we would say, that u and v are identical almost everywhere.
The boundary OS2 of €2 is a set of measure zero, hence the boundary values of functions in the
L,(Q) space are not well defined. We will later overcome this problem with the concept of traces.

With the help of Lebesgue spaces we can define the so-called Sobolev spaces W;(Q)

Definition 2.7. The Sobolev space W;(Q) is the space of all functions v, whose weak derivatives
up to order k belong to L,(2), i.e.

WE(Q) = {v € L,(Q) | D* € L,(Q) for all o < k},

with norm
1/p

olwse = [ 3 / D@ de |

|| <k o
for1 <p < oo.

Theorem 2.8. Let k € N and 1 < p < oo. Then the Sobolev space (W(Q), 1l - [lws(a)) is a
Banach space.

Proof. See [8, Chapter 4]. ]
Remark 2.9. If p =2, we will make use of the notation

H*(Q) = WEQ).
The Sobolev space H*(Y) for every k € N is a Hilbert space with norm denoted by

ol = Nolhwgey.

and inner product

(u,v)g = Z (D%u, D) ()

la|<k

Note that for k =0, we consider the space Lo(€2) with norm denoted by

1]l = [lv]l o)

In addition, we define the semi-norm in H*(Q) by

o= 3 / (D)(2)? da

lal=Fk ¢

1/p

Additionally, we will need the concept of the dual space of W;(Q), which is the denoted by
[Wr(Q)]*. Tt is defined as the set of all linear and bounded mappings [ : W¥(Q) — R (usually

called functionals), which forms a normed space with norm

T |(v)]

sup AT
0AveEWE(Q) ||U||W§(Q)

where [(v) shall denote the duality pairing (I,v), with (-,-) : [WF(Q)]* x W} (Q) — R.
As we have already remarked, see Remark [2.6] it is not possible to distinguish functions

in Lebesgue spaces on zero sets like the boundary 0€). A remedy for this problem is the
introduction of so-called traces.



Theorem 2.10 (Trace theorem). Let € be a bounded domain with Lipschitz boundary T' = 0f2.
Then there exists a bounded linear operator

T: Wpl(Q) — L,(T)
and a constant ¢ > 0 not depended on w, such that
i) Tu=ulp forue W} (Q)NCQ), and
ii)
1 Tull L,y < cllullwio,
for allu e W) (Q).
Proof. See [12, Chapter 5. O]

The operator T is called trace operator and T is the trace of u € W, (Q2) on I = 0Q. The
image of this mapping defines as new function space on the boundary I'. For our purpose, it is
enough to consider the case p = 2,

T(HY(Q)) = HY*(T) C Ly(T). (2.2)
Thus, we can define H'/2(T") as the following space
HY2D) ={w e Ly(I") | v € H'(Q) : w = Tv}.
The norm in H'/?(T") is defined by
vy = inf{llelly | v € H'(Q), w =T},
The dual space of H'/?(T') is given by H~'/(T) and its norm is
lollopy = sup I
weH/2(T) Hw”H1/2(r)
A very important space for our framework is H'(Q), whose elements have zero trace on the
boundary. We denote this space by
H(Q) ={ve HY(Q) | Tv=v|r =0 on ' = 9Q}.

Remark 2.11. For the special case p = 2 and zero trace zero trace on the boundary, i.e.

W}o(Q) = HE(Y), the dual space is denoted by H*(Q).

2.3 Important theorems

We close this chapter with important theorems, which we frequently use throughout this work.
Considering the fundamental theorem of calculus, we can state the Gauss theorem.

Theorem 2.12 (Gauss theorem). Let Q@ C R? be a bounded Lipschitz domain and let v : Q- R
be a scalar field, ¢ : Q — R? a vector field and o : Q — R4 g tensor field, all of them
sufficiently smooth. Then we have the following identities:

/m@mm@:/vmmm, (2.3)

/)S;(w) -n(z) ds = Q/
/wwm@@:/

o0

div p(z) dz, (2.4)

div o(z) dz, (2.5)

where n(x) is the unit outer normal on the boundary OS2.

7



Immediately, we can deduce the following integration by parts formula from Theorem [2.12]

Corollary 2.13. Under the assumptions of Theorem [2.13 the subsequent identities are valid:

[ vta) div oo / Vola) o) dot [o(@)ola) n@) ds. (20)

Q/gp(x) div o(z / Vo(z ) da +8Q/<,o( )(o(z) - n(z)) ds. (2.7)
Q oN

Lastly, an important theorem is Banach’s fixed point theorem, which will be used in the
sequel to prove existence results of a solution for variational inequalities.

Theorem 2.14 (Banach’s fixed point theorem). Let K be a nonempty closed set in a Banach
space V and let B : K — K be a contraction, i.e. a mapping such that

|B(u) — B(v)|lv < allu—2v||y for all u,v € K,
with a constant o € [0,1). Then there exists a unique u € K, such that
B(u) = u,

called the fized point of B. In addition, for any uy € K, the sequence {u,}n>0 C K, defined by
B(u,) = upi1, converges to the fized point u, i.e.

|lun, —ully =0  asn — oo.

Moreover, the following bounds are valid:

[un = ullvy < aflup-1 —ully < -+ < aJug —ully,
n

HUO - U1||v‘
—

[un —ully <

Proof. See [1l, Chapter 5]. ]



Chapter 3

Linear Elasticity

The aim of this chapter is to derive the well known model of linear elasticity and to associate
the equations of the model with their physical meaning. For our purpose, we consider solid
elastic materials, which have the essential characteristic that on every part of the body the same
physical properties can be obtained. Usually, external forces are applied to the surface of the
material, which lead to a deformation of the material body. In the framework of elasticity, the
body returns to its original shape if the external loads are removed, otherwise we fall into the
theory of plasticity. We call the original state of the body the reference configuration and denote
it by Qo C R, d = 1,2, 3, throughout this chapter. Applying forces to the surface (boundary) of
the material, the body changes its shape to €, C R after some time ¢ € R*, which is called the
deformed configuration. Indeed, a broad range of problems for solids are described by linear
elasticity realistically. We only consider macroscopic, i.e. large scale, behavior of materials
for the elasticity problem since it is appropriate for almost all engineering purposes and we
ignore the microscopic, or small scale, behavior. The goal is now to derive the mathematical
model describing the displacement of a so-called elastic St.Venant-Kirchhoff material after the
deformation based on the work of [2 Chapter 3], [3, Chapter 9], [4, Chapter 6], [7, Chapter
4], [40] and [49]. The equations of the model will be derived from general physical principles
such as conservation laws, on one hand and from constitutive laws, which describe the material
properties, on the other hand.

3.1 Eulerian and Lagrangian coordinates and
deformation

In general, it is important to differentiate between the material points of the body in the
reference configuration and the deformed configuration. For this purpose, we define the Eulerian
and Lagrangian coordinates, respectively.

Definition 3.1. The Lagrangian coordinates describe the position of the material points in the
reference configuration (at time t =0), which is given by

d
i=1

where X; are the coefficients of the position vector in the reference configuration and e; are the
unit vectors of R%.

Definition 3.2. The spatial or Eulerian coordinates describe the position of the material points



i the deformed configuration, which is given by

d
T = inei, (3.2)
i=1

where x; are the coefficients of the position vector in the reference configuration and e; are the
unit vectors of R,

Since the Lagrangian and Eulerian coordinates describe the same points in different con-
figurations, there must exist a connection between these two types, which we want to call the
motion or deformation of the body.

Definition 3.3. The mapping ¢ : Qo X Rt — Q,, which maps the reference configuration to
the deformed configuration at time t, i.e.

r = p(X, 1), (3.3)

1s called the motion or deformation of the body Q. It describes the position of the point X € €
after the deformation (X, t) at time t. The reference configuration is the original configuration
of the body at time t =0, so

X = ¢(X,0).

We want to point out, that not every mapping ¢ : Qo x Rt — R? is a valid deformation.
Some requirements must be admitted to keep the deformation physically meaningful. The
following three conditions must be fulfilled to satisfy a smooth deformation.

1. The function ¢(X,t) is continuously differentiable with respect to X and t.

2. The function ¢(X,t) is injective, i.e. whenever ¢(X1,t) = p(Xs,t), then X; = X, for a
fixed time t € R*.

3. The determinant of the deformation gradient V x¢, i.e. Jacobian matrix of the deforma-
tion ¢, satisfies det(Vxy) > 0. Usually the deformation gradient V x¢ is denoted by F,
ie. Vxp(X,t) = F(X,t) for all X € Qy and t € RT.

The mapping ¢(X,t) is assumed to satisfy the above mentioned conditions except for sets of
measure zero. The first assumption is needed for the ability to compute derivatives for the
location, i.e. the deformation gradient, and the velocity, i.e. the time derivative with respect to
t. The injectivity requirement ensures, that the body does not penetrate itself. So every point
in the reference configuration )y has a unique point in the deformed configuration €2;, and vice
versa. This is ensured if the Jacoby matrix (Jacobian) V¢ is uniformly regular. Since the
deformation gradient is regular, i.e. the inverse exists, its determinant cannot be equal to zero,
which gives a relation between the second and third assumption. In the third assumption we
even propose the determinant of the deformation gradient to be greater 0. It describes the
local orientation of the body, which shall not be changed, as we obtain later in the upcoming
section about the mass conservation. Some examples for deformations are rigid rotations, which
preserve distances, simple shears, or compressions and tensions. Rigid deformations are very
simple and do not change the length, the surface and the volume of the body.
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Figure 3.1: Deformation of body €1y at time ¢ = 1,2, 3 and the displacement u of a point X.

3.2 Displacement, velocity and acceleration

Next, we describe the displacement, which plays an important role in the equations of the
mathematical model of elasticity. Shortly, we give the definitions of the velocity and the
acceleration, but we recommend [21, Chapter 2| for detailed description and their physical
properties. We want to start with the definition of the displacement.

Definition 3.4. The displacement u € R? of a material point X € € is the difference between
the current position x € €2y and the original position of the point X and is defined by

wX,t)=2x—X =p(X,t) — X = o(X,t) — ¢(X,0). (3.4)

Figure [3.1]illustrates the deformation of a body €2y and the displacement of a point X. The
velocity and the acceleration in the Lagrangian coordinates are the following.

Definition 3.5. The velocity V : Qg x Rt — R? in Lagrangian coordinates is defined by

0 0
X, t) = =—p(X,t) = —u(X,t .
V1) = £o(X0) = Su(X,1), (35
which is the rate of change of the position for a fized material point X € ).
The acceleration A : Qg x RT — R? in Lagrangian coordinates is defined by

A(X,1) = %U(X, t) = %u(x, ), (3.6)

which 1s the rate of change of the velocity for a fixed material point X € 2.

It is possible to obtain the velocity and the acceleration in terms of the spatial coordinates.
For this reason we will make use of the chain rule.
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Definition 3.6. The velocity v : Q; x RT — R? in spatial coordinates is defined by
v(z,t) = V(e x,t),1). (3.7)
The acceleration a : 0 x RT — R? in spatial coordinates is given by
a(z,t) = A(p Nz, 1), 1). (3.8)

Remark 3.7. Note that the time derivatives are usually called material derivatives. Further-
more, the following relation in spatial coordinates holds.

a(z,t) = —v(x,t) = Dﬂtv(go(X, t),t) = %v(a:,t) +v - Vxu, (3.9)

d
where the last term is called the transport term and is defined by v-Vxv = > v; 8”(mft). The
i=1

ox;
last equality in follows from the chain rule.

3.3 Strain tensor

A very important quantity in Continuum mechanics is the so-called strain measure. It is the
measure of deformation representing the displacement between two particles in the deformed
body relative to a reference length in the reference configuration. Figure illustrates this
incident, where the reference length is denoted by dX in the reference configuration and the
relative length in deformed configuration is denoted by dz. The mostly common strain measure
in connection with Continuum mechanics is the so-called Green strain E.

Definition 3.8. The Green strain tensor E is defined by
de* —dX*=2dX -E-dX, (3.10)

where dx? is the squared length of a line segment after the deformation with original squared
length dX?.

The tensor E measures the strain in an element dX as the original coordinates of a point
X are moved to new coordinates x by

r=X+u. (3.11)
Considering the line segments in the infinitesimal case and differentiating (3.11)) gives

Oz B _O(X +u)

Substitution of (3.12)) into the definition of the Green strain tensor (3.10) gives

da dX. (3.12)

dX - (Vxp(X, )T Vxe(X,t) — [ —2E)-dX =0,

which can be rewritten as

E = %(wa(X, ' Vxp(X,t)—1I) = %(FTF - 1), (3.13)

12



Q

X+ dx + u(X + dx,t)

X =X+ u(X,t)

Figure 3.2: Line segments in reference and deformed configuration.

where F' denotes the deformation gradient as previously mentioned. In the literature, the
strain tensor (3.13)) is called Green-St.Venant strain tensor. Moreover, the Green-St.Venant
strain tensor can be described in terms of the displacement gradients, since

FTF = Vx(X 4+ u(X, )" Vx(X +u(X,1))
= Vxu(X, ) + Vxu(X,t) + Vu(X, ) Vu(X, t)" + 1.

This property allows us to rewrite the Green-St.Venant strain tensor as

E == ((Vxu(X,t))" + Vxu(X,t) + Vxu(X, t)Vyu(X,t)"), (3.14)

N | —

or in a short way

E(u) = = (Vu" + Vu+ VuVu').

DO | —

In this work we want to focus on linear elasticity, which allows us to drop the second order
terms of the strain. This assumption leads to a modification of the Green-St.Venant strain
tensor, usually called the linearized Green-St.Venant strain tensor

(Vu" + Vu) . (3.15)

DO | —

e(u) =

3.4 Forces and stresses

In this section we want to introduce different types of forces and stresses, which both have an
impact on the body €2;. Forces are the fundamental sources of mechanical deformations. In
general, we can distinguish between two types of forces, the body forces and surface forces or
tractions.

Body forces act on the particles or atoms of the body and are defined as volume integrals.
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Definition 3.9. The body forces Fy, € R? acting on a part of a body B C €, are defined as

Fy(B) = / Fo.t) dr, (3.16)

where f: Q x RY — R? is called the body force density.

The counterpart of body forces are surface forces, which act only on the surface of the body
or parts of it. These forces depend not only on the points on the surface, i.e. location, but also
on the normal vector of the points on the surface.

Definition 3.10. Let ¥ = {y € R? | |ly|| = 1} be the set of all directions. The surface forces
F. € R? acting on a part of a body B C Q, are defined as

F.(B) = /f(:p,t,n(x)) ds, (3.17)

0B

where t : Q x Rt x 2 — R? is called the surface force density and n(x) € X is the unit outward
normal vector at x € 0B.

The total forces F, € R? acting on a part of a body B C € are the sum of the body forces
and surface forces,

F,(B) = Fy(B) + F.(B). (3.18)

The stress is a measure for the force on a surface of a body or parts of it on which external
forces (body or surface forces) are applied. In this work we introduce the Cauchy stress o. The
existence of the Cauchy stress is the result of Cauchy’s Theorem.

Theorem 3.11 (Cauchy’s Theorem). Let t be as in Definition and continuously differ-
entiable in every component and variable. Then there exists a tensor field o, continuously
differentiable in every component and variable, called the Cauchy tensor, such that

—

o(z, )" -n(z) = t(x, t,n(x)) forallzecQ, tcRY andn € X. (3.19)

Remark 3.12. We will see that the Cauchy stress tensor is symmetric which follows from the
conservation of angular momentum in the next section. In the literature, another stress measure
can be found which we refer to as the (second) Piola-Kirchhoff stress tensor. It is defined in
terms of the Cauchy stress tensor by

SU(X,t) = det(F (X, 1) FYX,t) olp(X,t) F71(X,t) for all X € €,

where F' =V xp(X,t). By this representation the symmetry of the Piola-Kirchhoff stress tensor
follows inherently from the symmetry of the Cauchy stress tensor. For detailed description of
these two stress measures we give [2, Chapter 3] as a reference.

Due to the symmetry of Cauchy stress tensor o, can be rewritten as

o-n=t. (3.20)

For the remainder of this work we will only consider the Cauchy stress tensor o.
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3.5 Conservation laws

The purpose of this section is to present the conservation laws, which give a part of the fun-
damental equations of continuum mechanics. These laws must be always satisfied in physical
systems. The relevant laws are the conservation of mass, conservation of linear momentum
and conservation for angular momentum. For a detailed description of the conservation laws
we refer to [2, Chapter 3], [4, Chapter 6] and [40]. In order to derive these laws, fundamental
theorems are needed. The first one is the already introduces Gauss Theorem Another
fundamental theorem is Reynolds Transport Theorem. It describes the rate of change for a
material domain.

Theorem 3.13 (Reynolds Transport Theorem). Let f : Q; x RT — R? be a piece-wise contin-
wously differentiable function. Then the following relation holds:

D [ Of(x,t) )
E/f(m,t) iz = /me (v(z, ) (. 1)) da, (3.21)
Qt Qt
where v is the velocity of the body.
Proof. See [10, Chapter 5. O

With the help of these two fundamental theorems we can derive the mathematical equations
for the conservation laws of interest. We want to start with the mass conservation.

3.5.1 Conservation of mass

The mass m(B) for any part B of continuum mechanical body €, is given by

m(B) = / oz, 1) de, (3.22)

B

where p : ; x Rt — R* is the mass density of the body. The conservation of mass demands
that the mass of any part of the body is constant, i.e. the mass does not change, since no mass
can be added or removed from the boundary. Mathematically, the conservation of mass can be
described as
Dm D
Dt Dt
B

Using Reynolds Transport Theorem [3.13], we deduce from ([3.23)) that

p(x,t) dv = 0. (3.23)

t
/ (%{?) + div (p(x,t)v(x,t))) dx = 0. (3.24)
B
Since the mass conservation holds for any part B of the body (2, it follows from (3.24)) that

Ip(z,1)
ot

+div (p(z,t)v(z,t)) =0 in Q. (3.25)

Equation (3.25)) is the mass conservation equation, also called continuity equation.
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3.5.2 Conservation of linear momentum

In this subsection we derive the equations of linear momentum, also known as momentum
conservation principle or balance of momentum. The linear momentum p : €, x Rt — R?
characterizes the status of motion of a body and is defined as the product of the mass and
velocity of the body €2, i.e.

p(z,t) = /,o(x,t)v(x,t) dz, (3.26)

Q¢

where p is the density of ), v the velocity and pv is the linear momentum per unit volume.
The conservation of linear momentum states, that the material time derivative of the linear
momentum is equal to the total force (3.18)), which can be written as

bl t) = By (),

or equivalently

D

De p(x, t)v(z,t) da:—/fxt dm—i—/ t(z,t,n(z)) ds. (3.27)

Q Q o

Using now Reynolds Transport Theorem for the material derivative in (3.27)), we get that

D pv dz :/M +div (v(pv)") da

Dt ot
Qt Qt
T o) 4 (3.28)
at v at 1v Z,
Qy

where the product rule has been used in the last step. Furthermore, we can use the obvious
property that, div (v(pv)”) = (Vv)(pv)” + v div (pv) to obtain

/ Ov + va— + div (v(pv)") dzx

(915 ot
Qt
= g: + v% + (Vo) (pv)" + v div (pv) dz,
Q
such that (3.28]) reduces due to the mass conservation (3.25)) to
D ov T
E/pv dr = /pEJr(Vv)(pv) dzx. (3.29)
o Q

With the help of (3.29) we can rewrite (3.27)) as
/ n + (Vo) (pv)" dx—/f dr + /tds (3.30)

o

Considering now Cauchy’s Theorem and the Gauss Theorem for the boundary ex-
pression, we deduce from ([3.30)) the conservation of linear momentum in the integral form

/)m (Vo) (pv)T m—/fm+/mnm

Q
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which is equivalent to

/ (p% + (Vo) (pv)' — f —div a) dx =0,

Qy
and therefore we get the equation of the conservation of linear momentum

D ov .
Pl =P (E + (Vv)v) = f+div o. (3.31)

Remark 3.14. In fact, the conservation of linear momentum is equivalent to Newton’s second
law, which states that the product of mass and acceleration equals the force of a body.

3.5.3 Equilibrium equation

The equilibrium equation is a consequence of the conservation of linear momentum equation
(3.31)), since in many problems the loads are applied slowly and hence, the acceleration can be
neglected. The equilibrium equation reads as

f+dive=0 or —dive = f. (3.32)

3.5.4 Conservation of angular momentum

The angular momentum can be obtained by taking the cross product of each term in (3.27)
with the position vector z. Its integral from is therefore

D -
Ft/xxpvda::/:vxfdxjt/mxtds. (3.33)

Q4 Q o

As it is mentioned before, the conservation of angular momentum yields the symmetry of the
stress tensor. We want to state this property as a theorem.

Theorem 3.15. Let p,v, f and t be sufficiently smooth and let the conservation of linear
momentum and the conservation of angular momentum hold. Then the stress
tensor o 15 symmetric.

Proof. [10, Chapter 5. O

3.6 Constitutive laws

The section before has given a quick overview about the physical laws that any material must
satisfy in continuum mechanics. In this section we want to specify the material properties,
which are described by so-called constitutive or material laws. The constitutive equations
characterize the material and give a relation between the stress and the deformation history
of the body in terms of the so-called response function. We briefly give the material equation
for an elastic, St.Venant-Kirchhoff material. For a more detailed description we refer to [2|,
Chapter 5], [10, Chapter 5] and [40].
We start with the definition of an elastic body.
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Definition 3.16 (Elastic material). A material is said to be elastic if the stress o depends
on the material point and the deformation gradient, i.e. there exists a function T, called the
response function, such that

o(x,t) = T(X,Vxo(X, 1)) (3.34)

The elastic material is called homogeneous if the stress only depends on the deformation gradient
and not on the reference points, i.e. 0 =T (Vxp(X,t)). Otherwise, the material is said to be
heterogeneous.

Not every response function of an elastic material describes a real physical body. In order to
handle this incidence we require that the constitutive equation shall not depend on the choice
of coordinate system. This kind of requirement is also known as the material frame indifference
or objectivity. We always assume that the response function fulfills this requirement and refer
to [2, Chapter 3] for the complete description.

Finally, we need a relation between the stress and the strain, which falls into the framework
of the constitutive laws. A linear strain-stress relation is the so-called Hooke’s law.

Definition 3.17 (Hooke’s law). The stress-strain relation of an elastic material can be described
by Hooke’s law, which is

d
o=CE(u) or oij(u) = Z CijrEr(u) fori,j=1,..,d. (3.35)
kl=1

where C' = (Cijkl);'i,j,k,lzl € RIxdxdxd 45 g tensor of forth order with the symmetry property
Cijki = Cjirt = Chaij-

Remark 3.18. Note, that Hooke’s law for the linearized strain tensor reads as

d
o= Ce(u) or oij(u) = Z Cijrer(u)  fori,j=1,..,d. (3.36)

k=1

Summarizing all the conservation laws and taking the constitutive laws into account we are
now able to give the mathematical model for the deformation of an elastic St.Venant-Kirchhoff
material. We assume that the body is clamped on a certain part of the surface I'p and we only
apply the tractions on the rest of the surface I'p, i.e. [Ip| >0, TpUTr =00 and TpNTE = 0.
The problem is: Find the displacement wu, such that

—divo(u) = f in Q, (3.37a)
u=0 on I'p, (3.37b)
o(u)-n=t on I'p, (3.37¢)
o(u) = Ce(u), (3.37d)

() = % (Vu+ (Vu)T). (3.37)

Remark 3.19. Hooke’s law for an isotropic material under consideration of the frame indif-
ference and the Rivlin-Ericksen Theorem (cf. [27]) can be written as

o(u) = 2pe(u) + Mr(e(u))l,

where p and X are called the Lamé parameters. The Lamé coefficients can be also described in
terms of Young’s Modulus EE and Poisson’s ration v by

E Ev
Ty L T T g (3.38)
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Chapter 4

Signorini and Obstacle Problem

The aim of this chapter is to formulate the classical Signorini problem and give the mathemat-
ical model with its corresponding physical background. The Signorini problem is the basis for
contact problems in solid mechanics and describes the contact of a linearly elastic body with a
frictionless rigid foundation. We kick of this chapter with the introduction of the contact con-
ditions and the raising of classical mathematical PDE model following the ideas of [I6] Chapter
2], [18, Chapter 2] and [42, Chapter 2|. The variational formulation of this problem leads to
a variational inequality, whose analysis will be the topic of the next chapter. The end of this
chapter addresses a simplified version of the Signorini problem, also called simplified Signorini
problem, and a special obstacle problem. Just as the classical Signorini problem, each of these
problems involves the contact between a linearly elastic body and a rigid foundation. We refer
to [13, Chapter 2], [14, Chapter 4], [28, Chapter 1] and [39] for their detailed description.

We assume small deformations throughout this chapter, such that the previously described
linear elasticity theory will be a part of the model for contact problems. In fact, the rigid
foundation plays the role of a constraint on the boundary of the body, which can be seen in
the upcoming section.

4.1 Classical Signorini problem

The Signorini problem investigates the deformation of an elastic body when it comes into con-
tact with a rigid foundation. The contact boundary depends on the displacement of the elastic
body, which makes it to an unknown variable in the model. Due to fact that the contact sur-
face is a-priori unknown, the Signorini problem is highly nonlinear and non-differentiable with
respect to the displacement. We start this section with the description of the contact condi-
tions, where the focus lies on the linearized contact. With the help of the contact conditions,
we can formulate the classical model of the Signorini problem and conclude this section with
its variational form. We will see that the variational form leads to variational inequalities by
reason of the contact conditions. The contribution of this section is based on [16, Chapter 2],
[18, Chapter 2] and [42, Chapter 2].

As we have introduced in the chapter before, we describe the particles of the body €y C R? in
reference configuration by Lagrangian coordinates X = (X7, X5, X3). The body is set in motion
and changes its location and shape in every time step ¢, where the position x = (21, x2, x3)
of the particles of the deformed body €, C R? can be described by the deformation ¢, i.e.
r = p(X,t). The deformation ¢ satisfies the conditions in Definition as well as the below
requirements for a smooth deformation. The displacement of a point X € )y is given as in
B4, ie. u(X,t) = (X, t) — X.

From now on, we consider the deformation of the body only for one time step or rather
for a fixed time t;. This consideration allows us to ignore the dependence on the time t.
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Consequently, the reference configuration will be denoted by Q and the deformation by ¢(X).
The displacement u is then given as

w(X) = p(X) - X. (4.1)

The Signorini problem considers a body € € R3? in reference configuration and a rigid and
fixed foundation F C R? as illustrated in Figure The boundary of the body 0f2 is divided
into three different boundary types, the Dirichlet boundary 9€p = I'p at where the body is
fixed, the Neumann part of the boundary dQp = I'p, where tractions ¢ are applied to and
the contact boundary 9€0c = I'c, where the body may come in touch with the foundation.
If the body does not touch the foundation, then we are able to measure the initial gap in
terms of the gap function g. We are interested in the deformed body caused by the applied
surface forces, where some portion of the material surface of the body comes in contact with
the foundation F. Since the foundation is rigid and fixed, the body cannot penetrate the
foundation, which restricts the displacement on the contact boundary I'c. Thus, the aim of the
following subsection is to derive these non-penetration contact conditions. Figure illustrates
the Signorini problem.

4.1.1 Linearized contact conditions

For simplicity, we assume that the boundary of the foundation 0F is Lipschitz continuous, i.e.
the boundary may be presented locally by a Lipschitz continuous parametrization. Hence, we
can assume that for each point y = (y1,y2, y3) € OF the following parametrization exists,

Y3 = 0y (Y1, Y2), (4.2)

where 7, : R* — R is a smooth function. Incorporating the same assumption for the con-
tact boundary I'c of the body in the current configuration, we can represent the points
X = (X1, X5, X3) € T'¢ by

X3 = nx (X1, Xs), (4.3)

where nx : R? — R is a smooth function. Thus, an admissible displacement must satisfy the
following conditions for any point X € I'¢,

Uj (Xl,X2,77X(X1,X2)) = Pi (X17X2777X(X17X2)) - X; fori=1,2, (4-4)

and

nx (X1, Xo) + us (X1, Xo, nx (X1, X2)) < ny(Xi4uy (X1, Xo,nx (X1, X2))

Xo + ug (X1, Xo,nx (X1, X3))). (45)

We refer to inequality as the kinematical contact condition for finite displacements of a
body constrained by a fixed rigid foundation with respect to the non-penetration assumption.
Physically means that the elastic body cannot penetrate the rigid foundation, therefore
the displacement on I'¢ is restricted.

We want to obtain a more clearer version of the inequality by rewriting into

r; = X;+ ui<XlaX2777X(X17X2)) for i =1, 2. (4-6)

Moreover, we suppose that there exists a function ¢ : R?> — R, which describes the reference
coordinates in terms of the spatial coordinates by

Xi = Ci(])l,l'g) for 1 = 1, 2. (47)
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Rigid Foundation F

Figure 4.1: Contact between the body (2 and a rigid foundation F.

Then the kinematical contact condition (4.5)) can be rewritten as

ﬁx($17$2) + @3(%, xz) < 77y($1,$2)a (4-8)

where

Nx (71, 22) = nx (Ci (21, T2), (21, 72))
ﬂ3($1, xz) = Uus (Cl(xl, xz), §2(1’1,$2)7 TIX(Cl(xh I2)7 <2($1,$2))) )
ny($1’ xZ) = 77y<X1 +uy, Xo + UQ)-

Condition (4.8)) is derived just as from kinematical observations. However, it also must
be compatible with the stress condition on the contact surface I'c. We emphasize at this point,
that no external tractions are applied on I'c. Nevertheless stress is developed if the elastic
body touches the rigid foundation. For this purpose, let 0 = o(z1, x2, x3) be the Cauchy stress
tensor of particle X € Q whose position is x = (21, x2,z3) and let n = (ny,n2, ng) be the unit
outer normal of I'c. The normal and tangential components of the stress vector o - n at the
boundary of the body 9Q =T are (0 -n), and (o -n)r as illustrated in Figure [4.2] respectively,
where

(0-n)n = ((0-n)-n)n,

(c-n)r=0-n—(0-n).

(4.9)

Usually, the quantities

on () = oi(w)ni(x)n;(2),

or,(x) = oi(x)n;(z) — on()ni(z), I<ij=3, (4.10)

are used in the literature, where x = ¢~ *(X) € I'c and o,, denotes the length of (o - n),. In
the sequel we will call o,, the normal component of the stress and o7, the i — th coordinate of
tangential component of the stress.
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Figure 4.2: Normal and tangential component of stress ¢ - n at point x € I'c.

We can make physical observations analyzing these components of the stress tensor. Firstly,
if there is no contact between the body and the foundation, then there is no stress at all,
therefore o,, = 0. On the other hand, if the body is in touch with the foundation on I'c, then
normal stress o, must be developed on I'c. Secondly, the tangential stress o7, must be zero on
I'c, since the foundation surface 0.F is frictionless. The mathematical interpretation of these
physical observations is

on(x) =0 if iy (21, 2) + Gg(21, 22) < 1y(21, 72),
on(z) <0 if Ny (21, 22) + Us(x1, T2) = Ny(x1, 22), (4.11)
UTi(x) =0,

for 1 < i < 3 and for all x = ¢ }(X) € I'c. Considering condition (4.8) and the first two
conditions in (4.11)), it results the following relation for the normal vector,

on(z) (Nx (21, 22) + U3(21, T2) — My (21, 72)) = 0, (4.12)

for all z € I'c. Gathering all the considerations for the contact between the body and the rigid
foundation, we deduce the general contact conditions in the frictionless case

Nx (21, x2) + Us(x1, x2) < ny(x1, T2),
w(z) <0,
on(®) < (4.13)
O’Ti((%) = 0,
o) (Nx (21, T2) + Us(w1, T2) — Ny(21,72)) = 0,

forallz € I'c and 1 <4 < 3.
The goal is now to derive the linearized contact conditions from (4.13)) in terms of the refer-
ence configuration 2. For this reason, we assume that the body makes ”small” displacements
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relative to its initial position. Consequently, the distance between the body and the rigid foun-
dation is rather short, which allows us to consider them to be essentially parallel in the sense
that the unit normal vector n and the normalized gap function g can be obtained in terms of
the body surface I'c. In addition, we assume that the parametrizations nx and 7, have at least
continuous first partial derivatives and bounded second partial derivatives everywhere in their
respective domains. Then we receive that

z; = X; +ui( Xy, Xo, X3) = X; + wi( Xy, Xo, nx (X1, X2))
=X, +ui(x + X1 — 21,00+ Xo — 29, nx (21, 22) + nx (X1, Xa) — nx (21, 22)) (4.14)

= Xi + ui(®1 — wr, 22 — ug, x (1, 22) — us).
Making use of the Taylor expansion (c.f. [23, Chapter 4]) yields
zi = Xi + wi(21, o9, nx (21, 22)) + O(|u]?, |uij|?)  for i =1,2,3, (4.15)

where O(-) denotes the higher order terms of u and corresponding partial derivatives. Since
we want to linearize condition (4.15)), we drop the higher order terms and keep the linear
expressions, which lead to

x; = X; + ui(1, xe, nx (21, T2)), (4.16)
for z € I'. Similarly, we conclude that
nx (X1, Xo) = nx(x1 + Xy — 21, 20 + Xo — x9) = nx (21 — Uy, T2 — u2). (4.17)
Using again the Taylor expansion and dropping the higher order terms yields

anx($1,9€2)u 377X(5E1,I2)

X1, X5) = — — . 4.18
nx (X1, Xa) = nx (21, 72) o7, 1 O 2 ( )

Likewise, we obtain by retaining the linear terms that
us (X1, Xo, nx (X1, X2)) = us(@1, w2, nx (21, 2)). (4.19)

We can insert now the linearized conditions (4.16)), (4.18) and (4.19) into the kinematical
contact condition (4.5)) to deduce the linearized kinematical contact condition

anx(h,@)u o 377X($1,I2)
81:1 ! 8x2

TIX($1, 1’2) - Uy + Us(l‘l, Za, 77X<3717 552)) < ny('rla x2)- (420)

_ Onx(z1,w2)  Onx(w1,22) 1

Defining now the direction n(x) = ( ), we can equivalently rewrite

o1 ) Oxo )
[L20) s
onx(xy,x onx(xy,x
(Onxlonm)  Onxlan ) - (uwr, uz, uz)” < (w1, 20) — nx (21, 22), (4.21)
8&71 81’2

for all z € I'c. The direction vector n(z) is defined as the outward normal vector for the point

2 2
x on the contact boundary I'c. Dividing (4.21) by ||| = \/12 + (%@) + (%ﬁ)

we obtain the normalized and linearized contact condition

u(z) -n(z) < g(x) forall z €l (4.22)
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where

)
") = @l

oy, w2) — nx(T1, 22)
9(z) = 7@

The function g : R® — R denotes the normalized initial gap between the surface of the founda-
tion OF and I'c. Due to the assumptions of small displacement and the close initial positions
of the surfaces of the body and the rigid foundation, i.e.

ny — nx = O(|us]),
u(X) - n(X) = u(x) - n(z) + O(|un - [ual),
9(X) = g(x) + O(Jus| - |us ),

we can write condition (4.22) in terms of particle X € I'c in the reference configuration with
respect to its outer normal n(X) , which is

un(X) —g(X) <0, (4.23)

where u,(X) = u(X) - n(X). Finally, we can derive from (4.13)) the fully linearized contact
conditions in the frictionless case,

;;lgﬁi f g’ (4.24)
T0(X) (un(X) — g(X)) = 0,

for all X € I'¢, where T shall to be understood as the Cauchy stress tensor measured in the
reference configuration, i.e. T,,(X) = 0,(¢(X)) and T, (X) = o7, (p(X)), and T,, and T, are
defined as in (4.10)).

4.1.2 Classical form

With the help of the linearized contact conditions, we are now able to formulate the Signorini
problem in its classical form by terms of differential equations. For the rest of this chapter, we
always consider the framework of linear elasticity. For this reason we act on the assumption of
the reference configuration 2 and denote its particles by z € 2. The Cauchy stress T' measured
in the reference configuration as in (4.24)) will be denoted as o, i.e. T = 0. Note that the
linearized contact conditions are described with respect to the particles X = z. If we
take Hook’s law for the linear strain tensor into account, then the stress can be written
aso(z) = o(x,u) = o(u). Thus, is still valid for the stress tensor o(u) described in terms
of the displacement wu.

As already mentioned, we assume the body €2 to be clamped along a part of the boundary
I'p and surface tractions ¢ are applied to a certain part of the body I's. The contact surface,
where the body may come in touch with the rigid foundation F, is denoted by I'c. The actual
contact surface is not known in advance but it is assumed to be a subset of I'c. The initial gap g
between the body and the rigid foundation is known. Recalling the equilibrium equation
and taking the boundary conditions into account, we are able formulate the component-wise
classical frictionless Signorini problem in linear elasticity for elastic and homogeneous materials
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given by Hooke’s law (3.36]): Find the displacement wu, such that

u; =0 onIp, (4.25b)

oij(uyn; =t; onIp, (4.25¢)
UTi(u) =Y

Un(u)(un - .g) =Y on FC, (425(1)
Up — § <0,
on(u) <0,

crij(u) = Z Cijkleij (U), (4256)

k=1
1 8ul 8uj
) = = 4.25f
EU(U) 2 (al'] + 8557,) ’ ( 5 )
where
on(u) = o (u)nn,,
or,(u) = o;(u)n; — on(u)n, for 1 <i,5 <3.

4.1.3 Variational form

In this section, we want to derive the variational form of the classical Signorini problem. Fur
this purpose, let V = {v € [H*(Q)]?> | v =0 on T'p} be the vector-valued Hilbert space, which
denotes the set of virtual displacements. We assume, that the functions v € V are sufficiently
smooth in the sense that every operation we want to do is well defined. Particularly, this means
that the virtual work [, o(u) : €(u) is well defined for all u,v € V. For any given positive gap
function g : I'c — R, the contact conditions can be incorporated by the convex subset K C V/
defined as the set of admissible displacements satisfying the kinematic contact conditions,

K={veV]|v,—g<0onTlc}. (4.26)

It turns out that the variational formulation of the Signorini problem is indeed a variational
inequality. It can be formulated as: Find v € K, such that

a(u,v —u) > (F,v —u) forallvelk, (4.27)
where
a(u,v) = /aij(u)g—;}; dz,
Q
<F7U> = /flvz dz + /tﬂ]i ds.
Q I'r

The next theorem confirms that a solution of the classical form the Signorini problem can be
characterized by the variational inequality and conversely.

Theorem 4.1. Let u € K be a sufficiently smooth solution of the classical form of the Signorini
problem . Then u solves the variational inequality . On the other hand, if u € K

solves and 1s sufficiently smooth, then it is also a solution of .
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Proof. Firstly, we prove that a solution v € K of (4.25)) solves (4.27). For this purpose, let
v € K be an arbitrary element. We multiply (4.25a) with the test function v — u € K and
integrate over the domain {2 to obtain

- [ o= [ 1= a2

Q

Using integration by parts on the left hand side of (4.28]) , we receive

_ 30(;;5@(% —u;) do = /%‘(W%(vi —u;) dx — /aij(u)nj(vi — u;) ds. (4.29)
Q

Q o0

The boundary 0f2 of the body is decomposed into the three disjoint parts I'p, I'r, ['¢, which
gives

/U” (w)nj(v; —u;) ds = /aij(u)nj(vi —u;) ds + /Uij(u)nj(vi — u;) ds

a0 Tp Ip

+/aij(u)n]( — u;) ds.

Fe

(4.30)

Since v — u vanishes on I'p and (4.25¢|) holds on I'p, we can conclude from (4.28) with the help

of (4.29) and (4.30]) that

/ (u )ai]( ) da:—/fz o dx+/ (o )ds—l—/al-j(u)nj(vi—ui) ds.

Q I'r |Ne]
(4.31)

Now, splitting the stress on I'c up into the normal and tangential component alike (4.10]) and
considering the frictionless case and the contact conditions (4.25d|), we get

oij(un;(vi — u;) = (o, (w) + on(w)n;) (v — u;)
=0+ o,(u) (v, — uy)
= 0n(u)(Vy — Un + 9 — 9)
= on(u)(vn — g).

Since o, (u) < 0 and (v, — g) < 0 due to (4.25d) and ( , respectively, o, (u)(v, —g) > 0
and finally (4.31)) changes to

/aij(ma%( D — ) dx>/fl Vi — ;) d:v+/ (v — ) ds. (4.32)

Q I'r

Thus, v € K solves (4.27)).

Conversely, let u € K be the solution of (4.27)) and sufficiently smooth. We want to show
that u solves (4.25)). Since C§°(§2) C K, we can choose v = u £ w, such that w; € C§°(2) and
v € K. Inserting v = u 4+ w in (4.27)) gives a(u,w) — (F,w) > 0, or equivalently

/O-U( )awl dl’ - /fzwz d(L’ /tzwz dS Z 0. (433)

Q I'p
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Integrating the first term of (4.33)) by parts yields

Jg( ) d]?—/fzwz dx_/th d5+/023< )njwl d5>0' (434)

I'r o0N

Since w; € C§°(Q2) the integrals vanish on 02 and I'p C 012, which gives

— / Uij(u)wi dx — /f,wz dx >0,
a[Ej
Q Q

/ (Ué—f) + fi> w; dz < 0. (4.35)
J )

Choosing now v = w — w and insert it into (4.27]), we obtain by repeating the same steps as

before
/(JL(U)"’fz) w; dr > 0,
3:1:j
Q

which gives together with (4.35]) that

/ (%—fvj‘) + fz-) w; dx = 0. (4.36)

Since (4.36) is valid for all v € K, hence for every w; € C§°(€2), we deduce the equilibrium

equation (4.25a)).

Condition is naturally satisfied, due to the fact that the definition of the set of
admissible displacements K incorporates the Dirichlet boundary condition.

To derive , we consider again for the choice v = u +w € K. Using now (|4.36))
and the fact that I'r C 01, it follows that

— /tiwi ds + /Jij(u)njwi ds >0

I'r I'r

or rather

for v = u + w, and

— /tiw,- ds + /aij(u)njwi ds <0

I'p I'r

for v = u — w, which gives together

- /tiwi ds + /aij(u)njw,- ds = 0. (4.37)

I'r g

Since is valid for all v € K, hence for every w; € C§°, follows.

It remains to deduce kinematical contact conditions on the contact boundary I'c.
Since is already valid, we multiply it with the test function v — u € K, integrate over
the domain €2 and use integration by parts to obtain

/O'U( )aij( ) dx = /fl v; dx—l—/aij(u)nj(vi —u;) ds. (4.38)

Q o0
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Since u € K is the solution of the variational inequality (4.27)), it follows from (4.38]) that

a(u,v —u) = /fl(vz —u;) dx + /Uij(u)nj(vi —u;) ds > /fl(vZ —u;) dx + /ti(vi —u;) ds,

[2}9] I'r

therefore
/Uz‘j(u)”g‘(vi —u;) ds > /ti(vi — ;) ds. (4.39)
o0 e

Due to the definition of K, v —u € K vanishes on the Dirichlet boundary I'p and due to (4.37)),
the inequality (4.39) reduces to

/Uij(u)nj(vi —u;) ds > 0. (4.40)

T'c

Dividing the stress into its normal and tangential component as in (4.10)), we can rewrite (4.40))
equivalently as

/(OTZ.<U) + op(u)n;) (v; — ;) ds > 0. (4.41)

|e]

Let again v = u £ w € K for w € C§°(Q2) and we choose w, such that w, = w;n; = 0 on I'c.

Then becomes to
/ o () () + o () s () ds — / o () () > 0,

I'c Te
which implies
or,(u) =0 on I'¢, (4.42)

in (4.25d). The condition u, — g < 0 is naturally satisfied, since u is an element in K. To
verify o, (u) < 0, we choose for v = u + w the element w, such that w, =¥ < 0. Hence, (4.41)

together with (4.42) gives
0< /an(u)wn ds = /an(u)w ds for all ¢ <0.

e NG}

Since the integral is positive, the integrand must be positive, therefore it must hold o, (u) < 0.
The last contact condition, which is o, (u)(u, —g) = 0, can be derived as follows. Let u, —g < 0
at a point x € I'c. Then there exists a smooth function ¢» > 0 on I'c, such that ¢ (z) > 0
and u, — g+ < 0 on I'c. Also, an element w € V exists, such that w, = ¥ on I'c, hence
v =u+w € K. Condition together with o, (u) <0 and implies

0< /an(u)wn ds = /an(u)w ds for ¢ > 0.

I'c Lo
Hence, it follows
on(u) = 0,
and, as a consequence, o, (u)(u, — ¢g) = 0. Thus, follows. O
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Remark 4.2. At this point we want to emphasize that we have used many fundamental prop-
erties about the theory of Sobolev spaces, weak formulations and trace theory in the latest proof.
A small introduction has been done in Chapter 2 and we refer the reader to [{, Chapter 2], [12,
Chapter 5], [15, Chapter 3] and [18, Chapter 5] for more detailed description.

Remark 4.3. The variational inequality can be also written in the form of
CL(U,’U —U,) +.]<U) _.]<U’> 2 <F7U —U),
where the functional j : V — R s defined as

() = 0 ifv ek,
A= +00 ifveV\K

In the case of contact with friction, j turns to a non-differentiable functional as we will see in
the next chapter.

The question about the existence of a unique solution for the Signorini problem or
rather (4.27)) is left for the next chapter. However, we may forestall, that two approaches are
presented to handle this question. Firstly, we will investigate how variational inequalities are
related to minimization problems and answer the question about the existence of a unique
solution in terms of results from known applications of minimization problems. The second
approach is to observe a general variational inequality and prove the existence and uniqueness
of a solution under specific assumptions.

As a next step, we turn our attention to a simplified version of the Signorini problem, which
will be later considered for numerical experiments.

4.2 Simplified Signorini problem

This section gives a simplified model of the Signorini problem, also known as the simplified
Signorini problem. We refer to [9], [13, Chapter 2] and [I4] for a detailed analysis of the
simplified version of the Signorini problem. The aim is to examine the characterization between
the classical model and the variational formulation. The simplified Signorini problem can be
described in the following classical form: Find u € C?*(Q) UCH(QUT) U C(Q), such that

—Au+u=f inQ, (4.43a)
u>0 onl, (4.43Db)

% >g onl, (4.43c)

u (% - ) =0 onl, (4.43d)

where f and ¢ shall be sufficiently smooth and I' = 9€2. The corresponding variational form of
this problem is described as: Findu e K={v €V |v >0onT =90} C V = H(Q), such
that

a(u,v —u) > (F,o—u) for all v e K| (4.44)
where

a(u,v) = /Vu - Vv +w dz,
)

(F,v):Q/fv dm—l—/gv ds.

r
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As in the section before, we can show that a solution of the classical form is indeed a solution
of the variational inequality and conversely. In order to show this characterization, we need
definition of a convex cone and the help of an auxiliary Lemma.

Definition 4.4. Let X be a vector space, and let C' C X be a subset and x € C. Then C is a
cone with vertex at x if for ally € C and t > 0, also x +t(y — x) € C holds. Moreover, we call
a cone C' convez if for all u,v € C and X € [0, 1], the relation \x + (1 — X)y € C holds.

Lemma 4.5. Let V be a real Hilbert space, a : V x V — R a bilinear form, | € V* a linear

and bounded functional and C' C V' a convex cone in V with vertexr at 0. Then every solution
of: Find u € C, such that

a(u,v —u) >1l(v—u) forallveC, (4.45)
1s also a solution of: Find u € C', such that

a(u,v) > 1(v) forallv e C, (4.46)
a(u,u) = l(u), (4.47)

and conversely.

Proof. We first assume that u € C' is a solution of (4.45). Due to the linearity of the bilinear
form a and the functional [, we can rewrite (4.45)) as

a(u,v) —a(u,u) > l(v) = l(u) for allve C. (4.48)
Now, is valid, since for v =0 € C in (4.45)),
a(u,0—wu) > 10 —u),
or rather
a(u,u) <l(u) (4.49)
holds, and for v = 2u € C' in ,
a(u,u) > l(u) (4.50)

holds. (4.49) and (4.50)) together imply (4.47)). Using (4.47) in (4.48) finally gives (4.46]).
On the other hand, we assume that u € C' is a solution of (4.46)) and (4.47). We subtract

[(u) on both sides in and obtain
a(u,v) —l(u) > 1l(v) —l(u) forallve C.
Since holds, we get
a(u,v) —a(u,u) > l(v) —l(u) for allve C.
Using the linearity of the bilinear form a and the linear functional [, follows. O

With this auxiliary Lemma we are now able to prove the characterization of the solution
between the classical and the variational form of the simplified Signorini problem.

Theorem 4.6. Let V = H'(Q), K={v eV |v>0o0nT} CV and let f,g be sufficiently
smooth. Then K is a nonempty, closed and convex cone with vertex at 0 and if u € K solves the
classical problem of the simplified Signorini problem (4.43)), then it is a solution of its variational

inequality (4.44) and conversely.
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Proof. We can easily obtain that K is a nonempty, closed and convex cone with vertex at 0.
Indeed K is nonempty, since 0 € K (actually H(Q2) C K). Let y € K and ¢ > 0, then

ty € K,

since ty > 0 on I'. In order to prove the convexity of K, we assume that z,y € K and let
A € [0,1]. Then

A+ (1 =Ny €K,

since A, 1—X\ > 0 and Az, (1—\)y € V, such that Az, (1—X)y > 0 on I". In order to prove that K
is closed, we assume that the sequence (v,),, C K converges tov € H'(Q), i.e. v, — v € H(Q).
Since the trace operator T" in Theorem [2.10| is continuous, we obtain Tv,, — Tv. Now v, > 0
on I, since v, € K. Thus, v > 0 on I', therefore v € K, which shows that K is closed.

Firstly, we assume that u € K is a solution of the variational form . With the help of
Lemma [4.5( we can rewrite the variational inequality as

a(u,v) > (F,v) for all v € K,
a(u,u) = (F,u).

Since C§°(§2) C K, we can choose v = +w for w € C§°(Q2) to obtain

a(u,w):/(Vu-Vw—l—uw) dxz/fw da:+/gw ds = (F,w) forallwe C§, (4.51)

r

i
and
a(u,w) < (F,w) for all w e C§°. (4.52)
(.51) and (4.52)) together gives
a(u,w) = (F,w) for all w € C§°. (4.53)

Applying integration by parts to the main part of the bilinear form a gives

/Vu-dem:—/Auwdx+/uwds,
Q

Q T
=0
which changes (4.53)) to
/—Auw +uw dr = /fw dx for all w € Cj°. (4.54)

Q Q

Since (4.54)) is valid for every w € C§°, (4.43a]) follows. (4.43b)) is naturally satisfied due to the
definition of the subset K.

To verify (4.43¢)), let v € K. We multiply (4.43a)) with v and use integration of parts to obtain

a(u,v) = /fv dx + / %v ds for all v € K. (4.55)
0 T
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Using now - we deduce from - that

/fvdx+/—vd8—auv /fvdw—l—/gvds for all v € K,
Q

r
which implies

ou
i > . .
/(871 )vds_O for all v € K (4.56)

Since the integral in (4.56)) is non-negative, also the integrand must be non-negative. Because
v >0 on I, it follows that

0
% —g>0 onl,
therefore (4.43c)) holds.
For the last boundary condition (4.43dl), we consider (4.55) with the choice v = w and use

property (4.47) to get

/fudasjt/g—:;uds:a(u,u):/fudx+/guds,
Q T Q T
ou
/<%— )uds-(). (4.57)

r

which leads to

Since v > 0 on I' and % —g>0on I, it follows from 1} that

(%—g)uzo on I

This shows, that a solution u € K of is also a solution of .

On the other hand, we assume that u € K is a solution of the classical problem and
we want to prove that u solves the variational form (£.44]). Starting from (4.43a]), we multiply
the equation with a test function v —u € K, integrate over the domain and use Green’s formula
to obtain

/Vu-V(v—u)—l—u(v—u) da::/f(v—u) da:+/g—z(v—u) ds for all v € K.

Q Q T
Using the boundary condition (4.43c|), we get

/Vu-V(v—u)+u(v—u) dr > /f(v—u) dx+/g(v—u) ds for all v € K,
T
and therefore (4.44]) holds. O

For completeness we want to give the minimization problem of the simplified Signorini
problem. It can be easily proven that the solution of variational form of the simplified Sig-
norini problem (4.44)) may be characterized by a minimization problem and conversely. The
minimization problem is: Find u € K, such that

E(u) = inf E(v), (4.58)

veK

/( (Vo] + v) —fv) dx—/gvds.
Q

r

where
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Rigid Obstacle Rigid Obstacle

Figure 4.3: The obstacle problem in initial configuration (left) and after applying certain body
forces f (right).

4.3 Obstacle problem

Another very famous type of contact problems is the so-called obstacle problem. It involves the
contact between an elastic solid 2 and a rigid obstacle v as illustrated in Figure [£.3] Contrary
to the simplified Signorini problem, the set of admissible displacements K is restricted on the
whole body €2 and not only on the boundary I'. Furthermore, if the elastic body is in touch
with the obstacle, there are no gaps in between. In the Signorini problem gaps may occur
which are measured by the gap function and makes the problem significantly more difficult.
However, the aim of this section is to present the classical and variational form of the obstacle
problem without physical description and further analysis. We refer to [28, Chapter 1] and [39]
for the detailed problem description. The obstacle problem will be used to generate numerical
experiments viewed as simplified contact problems.
The classical form of the obstacle problem is the following;:
Find the displacement u, such that

—Au>f in €, (4.59a)
u>1Y  inQ, (4.59Db)
(u—)(—Au—f)=0 in €, (4.59¢)

where the obstacle ¢ € H'(Q2) with non-positive trace on I' and f € Ly(€2).
The variational formulation of the obstacle problem is:
Find u € K={ve H}(Q) | v>1 in Q}, such that

/Vu V(v —u) dx > /f(v —u) dr forall v e K. (4.60)
) 0

For completeness, we want to give the minimization problem. Find u € K, such that

E(u) = igﬂEE(v), (4.61)

E(v):/(%WvF—fv) da.
Q

33

with



Chapter 5

Analysis of Variational Inequalities

The intent of this chapter is to present an analysis of variational inequalities in an abstract and
general form. As a motivation, we described the Signorini problem in the previous chapter,
which led to a variational inequality. As a matter of fact, most contact problems in continuum
mechanics can be characterized by variational inequalities as well. The goal is to answer
the question about the existence of a unique solution for a wide range of different contact
problems obtaining general variational inequalities. Since many variational forms are related to
minimization problems, we will investigate the characterization by minimization problems as
a first step. We begin with introductory examples in the finite dimensional case following the
ideas of [19, Chapter 1]. Consequentially, we extend the observations of the finite dimensional
case to an analysis on Hilbert spaces motivated by [I, Chapter 11], [I3, Chapter 1], [I8, Chapter
3], [19, Chapter 3] and [26]. Using some results from the theory about minimization problems,
a first statement about the existence and uniqueness of a solution can be derived. We extend
our investigation to so-called elliptic variational inequalities, which are not necessarily related
to minimization problems and answer the question about the unique solution as in [I, Chapter
11] and [13, Chapter 1]. However, elliptic variational inequalities do not describe by far all
kinds of contact problems, which gives us the opportunity to examine elliptic hemi-variational
inequalities. For this kind of problems, we refer to [6, Chapter 4], [11], [L6, Chapter 2] and [34].
The end of this chapter is left for an application of a contact problem with friction using the
ideas of hemi-variational inequalities, motivated by [6l Chapter 8] and [I8, Chapter 10].

5.1 Introductory examples

We want to start with introductory examples in the finite dimensional case and we verify how
minimization problems are related to variational inequalities. We refer to [19, Chapter 1] for a
very clear introduction of variational inequalities.

Example 5.1. We consider the problem: Find xy € I = [a, b], such that

[ (o) = min f(z),

xel

where f is a real-valued smooth function. In order to find this minimum, three possible cases
can occur:

1. If a < xy < b, then f'(zg) =0.
2. If o = a, then f'(zo) > 0.

3. If xg = b, then f'(z0) < 0.
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These three possible cases can be easily summarized to
f(zo)(x —20) >0 forall x el. (5.1)
We may call a variational inequality in the finite dimensional case.
A further example for the d-dimensional case is the following.

Example 5.2. Let f be a smooth and real-valued function defined on the nonempty, closed
and convex set K of the Euclidean d-dimensional space R%. Again, we seek for z, € K, such
that

f(xo) = min f(z).

zeK

We assume that xo € K is the minimum point and let = € K. Since K is convex, the segment
(1 —t)xg +tx = xo + t(x — o) for t € [0, 1], is also in K. Defining the function

Y(t) = fxo + t(z — x0)), 0<t<1,
we can see, that the minimum is reached at ¢ = 0. Therefore,
P'(0) =V f(xo) - (x—x0) >0  for any z € K.
As a consequence, the point x( satisfies the variational inequality: Find zy € K, such that
V f(xg) - (x —x9) >0 for any x € K. (5.2)

These examples were presented to give the first idea how to derive variational inequalities
from minimization problems in the finite dimensional case.

5.2 Variational inequalities in R?

In this section, we want to examine variational inequalities in the d-dimensional case. A bunch
of nonlinear problems arising from variational inequalities can be solved by means of fixed point
applications.

Definition 5.3. Let S be an arbitrary set and let F' : S — S be a mapping on S. A point
x € S s called fixed point of I, if

Flx)=x (5.3)
Usually, fixed point problems as ([5.3]) are solved in terms of contractions.

Definition 5.4. Let (S, m) be a metric space with metric function m. A mapping F: S — S
18 a contraction mapping, if

m(F(z), F(y)) < a m(z,y) for all x,y € S, (5.4)
and for a € [0,1). If a = 1, the mapping is called non-expansive.

Only in terms of the contraction property we are able to guarantee a fixed point in complete
metric spaces.

Theorem 5.5 (Contraction mapping theorem). Let S be a complete metric space and let
F : S — S be a contraction mapping. Then there exists a unique fixed point of F.
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Proof. See [22]. O

Remark 5.6. If F' is non-expansive, Theorem 15 generally not true. For example, rigid
body rotations do not have any fized points, where S = [0,1] x [0,1] x [0,1] and F(z) = Qz + ¢
for all x € S, with a constant rotation matriz Q (i.e. QTQ = I, det @ > 0) and a constant
vector c.

Another fundamental theorem is Brouwer’s theorem, which ensures the existence of a fixed
point on a closed ball.

Theorem 5.7 (Brouwer). Let F': B — B be a continuous mapping on a closed ball B C R<.
Then F admits at least one fixed point.

Proof. See [22]. O
Recalling Example [5.2 we receive from (5.2 that the minimum xq fulfills

(Vf(xg),x —x0) >0 forall x € K,

where K is a nonempty, closed and convex subset in R? and (-, -) : (R%)* x R? — R is the duality
pairing in R?. In fact, the problem that we want to solve in the finite dimensional case is the
following.

Problem 5.8. Find x € K, such that
(F(z),y—x) >0 forally€eK, (5.5)
where K C R? is a nonempty, closed and convex subset and F': K — (R%)* is continuous.

Remark 5.9. The dual space of any finite dimensional space R? is the space itself, i.e. (R?)* =
R?.

At this point, we are able to formulate a first statement about the uniqueness of variational
inequalities of the from (5.5)). In general, the solution of a variational inequality need not to be
unique.

Theorem 5.10. Let x and 2’ be two different solutions of . If the condition
(F(z) — F(2'),z — 2"y > 0, (5.6)
is satisfied, then the solution of the variational inequality (5.5) in RY is unique.

Proof. Let x,2" € K be two distinct solutions of (5.5)), i.e.

(F(z),y — )

—x for all y € K,
(F(2'), 5 — ')

>0,
>0, for all y € K.

Choosing y = 2’ and § = x and adding these two inequalities, we obtain that
(F(x)— F(z2'),z — 2') <0.

Since condition ({5.6|) holds with x # 2/, we deduce that, there cannot be two different solutions.
]

In fact, condition ([5.6]) is used to define a strictly monotone mapping.
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Definition 5.11. A mapping F : K — (RY)* is monotone if
(F(x) = F(x'),z—2") >0  forallxzz €K
The mapping is called strictly monotone, if equality holds only for x = a, i.e.
(F(x) — F(2),z— 2"y >0  forallz,2’ € K and z # 2.

As we have seen in Theorem [5.10] the strict monotonicity guarantees the uniqueness of a
solution of the variational inequality . Thus, for more general problems, e.g. variational
inequalities in Hilbert spaces, we need the monotonicity as a requirement for the uniqueness
and, as we will see later, even for the existence. We want to investigate now, how variational
inequalities in R? are related to minimization problems. As we have seen in the introductory
examples, finding a minimum can be rewritten as a variational inequality.

Theorem 5.12. Let K C R? be a nonempty, closed and convex subset, let f € C1(K) and let
x € K be the solution of the minimization problem

f(z) = min f(y). (5.7)

yeK

Then x € K is also a solution of the variational inequality: Find x € K, such that
(Vf(x),y—x) >0 for all y € K. (5.8)
Proof. See Example [5.2| O

With the help of convexity, we can prove the converse direction.

Theorem 5.13. Let f € CYK) be convexr and let x € K satisfy the inequality (@ Then
x € K solves the minimization problem .

Proof. Let x € K be a solution of . Since f is convex, we have by definition that
flly+ (1 —t)x) <tf(y)+ (1 +1t)f(x) forally e K, te]0,1]. (5.9)
Rewriting yields
fl+tly — ) < flz) +1(f(y) — f(2),

which gives

for all ¢ € (0,1].

It follows that
fy) =2 flx) + (Vf(z),y — ), (5.10)
as t — 0. Since (.8) holds, we deduce from ([5.10)) that

fly) > f(z) forall y € K,

which concludes the proof. O

By means of the convexity it can be shown that the gradient of a function is monotone.
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Theorem 5.14. Let S C R be a open subset and let f : S — R be a continuously differen-
tiable and convex (or strictly convez) function. Then F(x) = V f(x) is monotone (or strictly
monotone).

Proof. See [19, Chapter 1]. ]

We want to conclude this section with a slightly changed version of Brouwer’s theorem using
the property of the convexity.

Theorem 5.15 (Brouwer). Let K C R? be a nonempty, compact and convexr subset and let
F: K — K be continuous. Then F admits a fized point.

Proof. See [19, Chapter 1]. O

We will see later, that the fixed point theory is needed to prove the existence of a solution
for variational inequalities as in ([5.5]). The proof will be done in the upcoming section for more
general variational inequalities, which covers the finite dimensional case as a consequence.

5.3 Elliptic variational inequalities in Hilbert spaces

In this section, we consider variational inequalities defined on a Hilbert space V. Throughout
this chapter, we consider V' to be a real Hilbert space, e.g. H(2). As in [19, Chapter 1],
we shortly want to examine projections on a nonempty, closed and convex subset K C V.
Afterwards, we turn our attention to elliptic variational inequalities which represent one of the
main parts of this work.

Lemma 5.16. Let K be a nonempty, closed and convex subset of V. Then for each x € V
there is a unique y € K, called the projection point of x, such that

lz = yll = inf [l —n]l (5.11)
The projection point can be written as
y = Pgz.
Proof. See [19, Chapter 1]. ]

The next theorem gives a characterization of the projection.

Theorem 5.17. Let K C V' be a nonempty, closed and conver subset and let x € V. Then
y = Pgx € K is the projection of x on K if and only if

(ysn—y) = (@n—y) foralnekK (5.12)
Proof. See [19, Chapter 1]. O
As a consequence it can be obtained, that projection mapping is non-expansive.

Corollary 5.18. Let K C V' be a nonempty, closed and conver subset and let x € V. Then the
projection operator Pk is non-expansive, i.e.

|Pxz — Pra'|| < ||z —2'|| for all z,2" € V.

Proof. See [19, Chapter 1]. O]
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5.3.1 Minimization problems of elliptic variational inequalities

We turn now our attention now to elliptic variational inequalities and want to determine how
they are related to minimization problems. In this section, we will follow the ideas of [,
Chapter 11], [I3, Chapter 1], [I8, Chapter 3] and [26]. We begin with some basic definitions,
which denotes the properties of the linear functional F' : K — R, and give a statement about
the connection between variational inequalities and minimization problems. As in the section
before, we always consider K C V' to be a nonempty, closed and convex subset of a Hilbert
space V and V* denotes the dual space of V.

Definition 5.19 (Convexity). A functional F : K — R is called convex if and only if

F(tu+ (1 —t)v) <tF(u)+ (1 —t)F(v), (5.13)
for all u,v € K and for allt € [0,1]. We say F is strictly convez if and only if

F(tu+ (1 —t)v) < tF(u)+ (1 —t)F(v), (5.14)
for all u,v € K with uw # v and for allt € (0,1).

Definition 5.20 (Gateaux-differentiability). Let D be a normed space. A mapping F: K — D
is G-differentiable (or Gateauz-differentiable) at a point u € K, if there ezists a linear functional
DF(u) € V*, such that

. Flu+tv) — F(u)
(DF(u)v) = lim T

, (5.15)

for all v € K, where (-,-) denotes the duality paring on V* x V. We call DF (u) the Gateauz
derivative (G-deriwative) of F' at uw and (DF(u),v) the Gateauz derivative of F at point u in
direction v. The second Gateauz derivative is defined as

5 . (DF(u+tv),w) — (DF(u),w)
(DF(w)(v). ) = lim t ,

for all u,v,w € K.

Definition 5.21 (Lower and upper semi-continuity). A functional F : K — R is called lower
semi-continuous on K if for any sequence {uy} C K with the property that {u} converges to
ueK, e |ur—ul =0 as k— oo, we have

liminf F(ug) > F(u). (5.16)

k—o00

The function is called upper semi-continuous if

lim sup F'(ug) < F(u), (5.17)

k—o00

for any u, — v € K. If F' is lower and upper semi-continuous, then F' is continuous. Replacing
the strong convergence of the sequence {uy} by the weak convergence, i.e.

Tim (f,u) = (f,u) for all f € V",

then we call F weakly lower or weakly upper semi-continuous, respectively.

Remark 5.22. The lower or upper semi-continuity implies the weakly lower or weakly upper
semi-continuity.
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The next two theorems clarify the connection between the definitions we introduced and
give some helpful properties we may use later.

Theorem 5.23. Let F : K — R satisfy the following conditions:
i) F is convex.
it) F is G-differentiable on K.
Then F' is weakly lower semi-continuous on K.
Proof. See [20, Chapter 3. O

Theorem 5.24. Let F': K — R be G-differentiable. Then the following statements are equiv-
alent.

i) F is convex.
it) (DF(u) — DF(v),u —v) >0, for all u,v € K.
iii) F(v) > F(u) + (DF(u),v — u), for all u,v € K.
Moreover, if F' is twice G-differentiable, then the above statements are also equivalent to
w) (D*F(u)(v),v) >0, for all v € K.
Proof. See [11, Chapter 1]. O

Remark 5.25. In fact, we have proven the equivalence of statement i) and iii) of Theorem

[5.2]) in the proof of Theorem[5.13 for the finite dimensional case.

We are now able to present the relation between variational inequalities and minimization
problems in terms of the above definitions and theorems.

Theorem 5.26. Let K be a nonempty, closed and convex subset of V and let F : K — R be a
G-differentiable functional. If u € K is a minimizer of F' in K, i.e. F(u) = min,ex F(v), then
u may be characterized in one of the following ways:

i) uw € K is a solution of the variational inequality

(DF(u),v—u) >0 forallvek.

i) If w is in the interior of K, i.e. u € int K, then it solves

(DF(u),v) =0 forallv e K.

i11) If K is a nonempty, closed and convex cone with vertexr w, then u solves

(DF(u),u —w) =0 and (DF(u),v—w) >0 forallvekK.

w) If K is a linear subspace of V', then u solves

(DF(u),v) =0 for allv € K.

Proof. Follows from Theorem [5.27 with j = 0. O
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The latter theorem can be formulated for more general variational inequalities. For this
purpose, we extend the variational inequality with an functional j : K — R.

Theorem 5.27. Let K be a nonempty, closed and convex subset of V', let F' : K — R and
j : K — R be two convex functionals and let F' be G-differentiable. Then u € K solves the
minimaization problem

F(u) + j(u) = inf [F(0) +§(0)], (5.18)
if and only if u € K solves

(DF(u),v —u) + j(v)
(DF(v),v —u) + j(v)

—j(u) >0 forallveK, (5.19a)
—j(u) >0 forallv e K. (5.19Db)

Moreover, if K is a subspace of V and j = 0 almost everywhere, then the inequality ((5.19a))
reduces to an equality, i.e. u € K solves

(DF(u),v) =0 for allv e K. (5.20)

Proof. First, we want to prove that a solution of (5.18)) solves ([5.19al). Let u € K be the solution
of (5.18). Due to the convexity of K we have that tv + (1 — t)u = u + t(v — u) € K for any
v € Kand any t € (0,1). Hence,

Fu)+j(u) < Flut+t(v—u))+ jlu+tlv—u))
Fu+tv—u))+j((1 —t)u+tv)
F

(u+t(v —w) + (1 = )j(u) + t5(v),

IN

where the last inequality follows from the convexity of j. Subtracting the left hand side from
the right hand side gives

Fu+t(v—u))— F(u)+tj(u) +tj(v) > 0. (5.21)

Dividing ((5.21)) by t yields

Flu+t(v—u))— F(u)
t

+j(u)+j(v) >0 forallte(0,1).

Letting ¢ — 0 and using the fact that F' is G-differentiable we obtain ((5.19a)).
The other way round, we assume that u € K is a solution of (5.19al). Since F'is convex, we
can write with the help of Theorem that

F(v) > F(u) + (DF(u),v —u) for all v € K.
Thus,
F(v)+j(v) > F(u) + j(v) + (DF(u),v — u). (5.22)

Since u satisfies ((5.19a)), we can write j(v) + (DF(u),v —u) > j(u) . Hence, it follows from
B2 that

F(v)+j(v) > F(u) + j(u) forallv e K,

which gives ([5.18]).
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If 5 = 0 almost everywhere, becomes to
(DF(u),v —u) > 0.
If K is a subspace we can choose v = w + u for any w € K, which gives
(DF(u),w) >0 for all w € K. (5.23)
Due to the fact that K is a subspace of V', for any w € K also —w € K, therefore

(DF(u),w) <0 for all w e K. (5.24)

(5.23)) and (5.24) together yield ([5.20)).
It remains to show the characterization of (5.19a)) and ((5.19h)), which directly follows from
the Minty Lemma [5.48| with A = DF'. m

Remark 5.28. As we can see in the last proof, the convexity of K is essential. However, the
existence of a solution has been assumed. In order to formulate an existence and uniqueness
statement about the solution of variational inequalities stronger assumptions must be required,
which will be the topic of the next section.

At this point we can use a result from minimization theory to give a first statement about
the unique solution of the minimization problem (5.18). An adjusted version of the generalized
Weierstrass theorem indicates a good result.

Theorem 5.29 (Generalized Weierstrass minimization theorem). Let F': K — R be a convex
and lower semi-continuous functional defined on a nonempty, closed and convex subset K C V.
Moreover, let one of the following conditions holds:

i) K is bounded.
ii) F is coercive on K, i.e.

lim F(v) = 4o0.
l[oll =00

Then the problem: Find u € K, such that

F(u) = inf F(v),

veK
has at least one solution. Furthermore, if F' is strictly convez, then the solution is unique.
Proof. [47, Chapter 1] O

Remark 5.30. For a bunch of problems, the subset K is unbounded and, therefore, in most
situations the second property must be proven. In order to show that F is coercive on K, an
estimate of the form

F(v) > Collo||* = CuJo|?, (5.25)
with Cy, C1 > 0 and o > [ can be used.

The generalized Weierstrass minimization theorem gives the existence of a solution for the
minimization problem if we are able to guarantee one of the assumptions. In addition, it
follows directly from Theorem that the variational inequality admits a solution too.
Considering now problems with a bilinear form a we can make use of the latest two theorems
to show the following result.
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Theorem 5.31. Let K C V' be a nonempty, closed and convex subset. Assume thata : VXV —
R s a bounded, symmetric and V -elliptic bilinear form, | € V* and j : K — R is convex and
lower semi-continuous on K. Then the minimization problem: Find u € K, such that

E(u) = igﬂng(v), (5.26)
with
1
E(”) = ia(va U) + j(”) - l(U),
has a unique solution. Moreover, u € K is a solution of the minimization problem if and only
if u e K is a solution of
a(u,v —u) 4+ j(v) —j(u) > l(v —u) forallv e K. (5.27)

Proof. Follows from Theorem [5.29, since condition i7) is valid for elliptic bilinear forms with
the help of Lemma and Theorem with (DF(u),v —u) = a(u,v —u) — (v — u). See
also [I Chapter 11]. O

Remark 5.32. In the latest proof, the auziliary Lemma is needed for the functional j, in
order to guarantee property ii) of Theorem . Lemma will be introduced in the sequel.

At this point, we want to apply Theorem [5.31] on the two examples, which we have in-
troduced in the previous chapter. We start with the obstacle problem and move on with the
simplified Signorini problem.

Example 5.33 (Obstacle problem). We have already seen that the set of admissible displace-
ments of the obstacle problem (4.59) is defined as

K={ve H}(Q)|v>vinQ} CV =H; ),

which is nonempty, since the function max{0,} is an element in K with v € H*(Q) with
non-positive trace, c.f. [28, Chapter 4]. This set is also closed and convex, c.f. [13 Chapter 2].
The bilinear form of the obstacle problem is defined as

a(u,v) = /Vu - Vv dx.
o)

Indeed, it is bounded, symmetric and elliptic with respect to H{(£2). The right hand side of
the obstacle problem is

() = / fo da.

In fact, [ is bounded and [ € V*. Furthermore, j(v) = 0 for all v € H}(Q2). Thus, we can apply
Theorem to obtain that the variational inequality: Find u € K, such that

/Vu-V(v—u) dxz/f(v—u) dx for all v € K,
Q 0

and the corresponding minimization problem: Find v € K, such that

E(u) = nf E(v),

E(v):/<%|Vv|2—fv> dz,

Q

with

have a unique solution.
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Example 5.34 (Simplified Signorini problem). We similarly conclude, that the set of admissible
displacements K = {v € H' () |v > 0on T = 90} C V = H'(Q) of the simplified Signorini
problem (4.25)) is nonempty, closed and convex. Furthermore, the bilinear form

a(u,v) :/Vu-Vv—i-uv dx

is bounded, symmetric and elliptic with respect to H'(€2), the right hand side

:/fvdx—i-/gvds,
Q

T

is bounded and [ € V*, and j(v) = 0 for all v € H'(Q). Hence, by Theorem [5.31] the variational
inequality: Find u € K, such that

/Vu-V(v—u)—l—u(v—u) de/f(v—u) dx—l—/g(v—u) ds for all v € K|
T

and the corresponding minimization problem: Find v € K , such that

E(u) = inf E(v),

veK

Q/( (IVv| +v) —fv) da:—/g’uds,

r

where

have a unique solution.

5.3.2 Existence and uniqueness results of variational inequalities

In Theorem the variational inequality is associated with minimization problems.
The aim of this section is to prove the existence and uniqueness of a solution for variational
inequalities not necessarily related to minimization problems following the ideas of [I, Chapter
11] and [13l Chapter 1]. For this purpose, let V' be a real Hilbert space with inner product
(+,+) and norm || - || and let K C V' be a nonempty, closed and convex subset. We consider the
following variational inequality.

Problem 5.35. Find u € K, such that
(A(u),v —u)+j(v) —j(u) > (f,v —u) forall v €K, (5.28)
where A : V' — V is an operator, j : K — R is a functional and f € V.

The operator needs to satisfy some conditions in order to prove the existence and uniqueness
of (5.28).

Definition 5.36 (Monotonicity). Let V' be a real Hilbert space. An operator A :'V — V is
called monotone if

(A(u) — A(v),u —v) >0 for all u,v € V.
The operator A is strongly monotone if there is exists a constant co > 0, such that

(A(u) — A(v),u —v) > col|lu —v||*  for all u,v € V.

44



Definition 5.37 (Lipschitz continuity). Let V' be a real Hilbert space. An operator A:V — 'V
1s Lipschitz continuous if there exists a constant L > 0, such that

|A(u) — A(v)|| < L||lu—0|  for all u,v € V.

We are now ready to formulate and prove the main theorem ensuring a unique solution of
the variational inequality (/5.28]).

Theorem 5.38. Let V' be a real Hilbert space and K C V' a nonempty, closed and convex subset.
Moreover, let AV — V be strongly monotone and Lipschitz continuous and let j : K — R be
a convexr and lower semi-continuous functional. Then the elliptic variational inequality ,
r.e.. Find uw € K, such that

(A(u),v —u) +j(v) = j(u) = (f,v —u) foralv ek,
has a unique solution for any f € V and the solution is Lipschitz continuously depending on f.

Proof. Firstly, we prove the uniqueness of the solution. Assume that there are two solutions
uy,uy € K for (5.28). If we choose v = wuy for the first inequality and v = wu; for the second
inequality, then the following holds.

(A(ur), ug — ur) + j(uz) — j(ur) > (f,ug — 1),
(A(U2)7U1 — Us) —|—j(u1) — j(uz) > (f,u1r — ug).

Adding these two inequalities yields

—(A(uy) — A(ug), up — ug) >0,
or equivalently

(A(uy) — A(uz), uy —ug) <0. (5.29)
Since A is a strongly monotone operator, we deduce from that

0> (A(uy) — A(ug),ur — us) > colluy — us* >0, (5.30)
for ¢y > 0. It follows from that
luy — uall = 0,

from where we deduce that u; = us, which proves the uniqueness.

In order to prove the existence of a solution, we convert the variational inequality into an
equivalent fixed-point problem. For any 6 > 0, the equivalent fixed point problem is: Find
u € K, such that

(w0 —u) = (w0 —u) + 0 ((f,v —u) = (A(u), v —u) = j(v) + j(u)), (5.31)
for all v € K. Problem can be equivalently rewritten as: Find u € K, such that
(u,v —u) 4+ 0j(v) —0j(u) > (u,v —u) — O(A(u),v —u) + 6(f,v — u), (5.32)
for all v € K. Now, for any u € K we consider the problem: Find w € K, such that
(w, v —w) +05(v) —0j(w) > (u,v —w) — (A(u),v —w) + 0(f,v —w) forall veK. |
(5.33
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(5.33]) is equivalent to the minimization problem: For a given u € K, find w € K, such that

E(w) = igﬂEE(v), (5.34)
where
E(v) = %HUH2 + 65 (v) — (u,v) + 0(A(u),v) — 6(f,v).

By the auxiliary Lemma [5.45] there exists a continuous functional {; € V* and a constant
c; > 0, such that

j) > 1li(v)+¢; forallveV.
Applying Theorem [5.31] where

a(w,v —w) = (w,v —w),
jw) = 0j(w),
l(v—w)=(u,v—w)—0(Au),v —w) +0(f,v—w),

we obtain that , and hence , has a unique solution w € K, since property i) is valid
due to the coercivity of a and Lemma |5.45|

We define now for each # > 0, the mapping Py : K — K by w = FPyu, where w is the unique
solution of . Obviously, a fixed point of the mapping Py is a solution of our problem
. We want to prove, that for sufficiently small § > 0, P, : K — K is a contraction and,
therefore, by the Banach’s fixed point theorem , the inequality has a unique solution.
For any ui,us € K, let wy = Pyu; and wy = Pyus. Then

(wl,wg — wl) + 0](102) — 9](’11)1) Z (ul, W9 — wl) — Q(A(Ul), W9 — U)l) + H(f, Wy — wl),

(wa, w1 — wy) + 07 (wy) — 07(wa) > (ug, wy — wy) — O(A(uz), wy — wa) + O(f, wy — ws). (5.35)
Adding the two inequalities in (5.35)) and simplifying yields
[ —ws||* < (ur — up — O(A(ur) — A(us)), w1 — wy).
By the Cauchy-Schwarz inequality we get
s — wall < llur — w2 — B(A(u) — A()]|. (5.36)

We see that
luy — g — O(A(ur) — Aug))|”
= ||U1 — UQ||2 — 26(14(1,61) — A(Ug),ul — UQ) + ‘92HA(U1) — A(UQ)H2 (537)
S (1 — 2009 + L292)HU1 — UQH2,

where the last estimate follows from the strong monotonicity with negative sign and the Lips-

chitz continuity of A. Thus, (5.36)) yields with the help of (5.37)) that

1
||P9U1 — P@UQH = le — U}2|| S (1 — 2C09 + L2‘92)§||U1 — U2||
Hence, the mapping Py is a contraction for § € (0, ZLLS) and therefore, by Banach’s fixed point

theorem, Py has a unique fixed point, i.e. u = Pyu. Consequently, (5.31]) has a unique fixed
point, which means that the equivalent variational inequality ([5.28]) has a unique solution v € K.
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Lastly, we want to prove the Lipschitz continuous dependency of f. Therefore, let fi, fo € V
and let uy, us € K denote the corresponding solutions of the variational inequality (5.28)). Then
choosing v = uy for the first inequality and v = u; for the second inequality we get

(Aur), ug — ur) + j(uz) — j(ur) > (f1,u2 — u),
(A(uz), ur — ug) + j(ur) — j(ua) > (f2,u1 — ug).

Adding these two inequalities yields
(A(ur) — A(uz), ur — uz) < (f1 — fa, ur — ug).

Using again the strong monotonicity and the Lipschitz continuity of A gives

L
lur — usl| < —IIf1 = fall,
Co

which means that the solution depends Lipschitz continuously on f. O

Remark 5.39. Following the proof of Theorem it can be seen that the assumptions on
the operator A can be weakened. Firstly, the strong monotonicity and the Lipschitz continuity
need only to be assumed on the subset K and not over the whole space V. Nevertheless, there
s usually a natural extension of A to an operator Ay on V' which fulfills the conditions on the
whole space.

Remark 5.40. The results about the solution in Theorem [5.38 are valid for elliptic variational
iequalities of the form , i.e. with a special right hand side (f,v) for f € V. By the

Riesz representation theorem, c.f. [6, Chapter 4], there exists a unique f € V', such that for
any l e V*

l(v) = (f,v) forallveV.
This makes Theorem valid for elliptic variational inequalities of the form
(A(u),v —u) +j(v) —j(u) > (v —u) forallv e K. (5.38)

In the literature, variational inequalities are grouped into two popular characterizations.
We differentiate between elliptic variational inequalities of the first kind and elliptic variational
inequalities of the second kind. If the functional j(v) = 0 for all v € V, then the variational
inequality reduces to a first kind inequality,

(A(u),v —u) > (f,v—u) forallvekK. (5.39)

The obstacle problem is an example of elliptic variational inequalities of the first kind.
Moreover, they are characterized by the feature that the problem is posed over a convex subset
K. In fact, if K is a subspace of V', then the variational inequality becomes to a variational
equality, as we have similarly seen in Theorem [5.27 As a corollary of Theorem [5.38] we have
the following result for elliptic variational inequalities of the first kind.

Corollary 5.41. Let K C V be a nonempty, closed and conver subset and let A :' V. — V
be strongly monotone and Lipschitz continuous. Then for any f € V', the elliptic variational
imequality has a unique solution u € K, which depends Lipschitz continuously on f.

Remark 5.42. Corollary is a generalization of the Lax-Milgram Lemma.
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The functional 7 in ([5.28) is defined on the subset K. However, we can extend the functional
j to V, using the same symbol for its extension. The extension is

Ly i) if v € K,
io) = {—i—oo ifveV\K (5.40)

Furthermore, we need the property of a proper functional.

Definition 5.43. Let V be a real Hilbert space. We call a functional j : V — R = RU {£o0}
proper if j(v) > —oo for allv € V and j(v) # 400 for at least one v € V.

Remark 5.44. The extension j : V — R is lower semi-continuous if and only if K C V is
closed and 7 : K — R is lower semi-continuous.

Theorem [5.38| can be now stated without using a convex subset K explicitly. If we use the
extension of j (5.40]), then the variational inequality ([5.28]) changes to an elliptic variational
inequality of the second kind: Find u € V', such that

(A(u),v —u)+j(v) —j(u) > (f,v—u) forallvelV. (5.41)

We need the following assisting lemma in order to ensure a unique solution for the variational

inequality of the second kind (5.41)).

Lemma 5.45. Let V be a normed space and let j : V. — R be a proper, convex and lower
semi-continuous functional. Then there exists a continuous linear functional [; € V* and a
constant ¢; € R such that

j() > li(v) +¢; forallveV.
Proof. See [1l, Chapter 11| O

Corollary 5.46. Let A : V. — V be strongly monotone and Lipschitz continuous and let
j V. — R be a proper, conver and lower semi-continuous functional on V. Then for any
f eV, the elliptic variational inequality of the second kind has a unique solution.

Remark 5.47. Usually, the functional j is a non-differential functional and causes difficulties
when it comes to solving the variational inequality numerically. As an example, variational
iequalities derived from frictional contact problems contain non-differential expressions. We
want to give an example about a contact problem with friction at the end of this chapter.

An important property for variational inequalities is the so called Minty Lemma, which
already occurred in the proof of Theorem [5.27. This Lemma can be seen as a symmetry
statement about variational inequalities. In addition, the Minty Lemma is very useful for
convergence results of numerical solutions, which we will examine in the next chapter.

Theorem 5.48 (Minty Lemma). Let K C V' be a nonempty, closed and convex subset. More-
over, let A : V — V be strongly monotone and Lipschitz continuous and let j : K — R be convez
and lower semi-continuous. Then u € K is a solution of the variational inequality iof and
only if u € K is a solution of

(A(w),v —u) 4+ j(v) —j(u) > (f,v —u) forallv e K. (5.42)
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Proof. We first assume that v € K satisfies . The monotonicity of A yields
(A(u) = A(v),u —v) > collu—v[|* > 0,
which means that
(A(u),u —v) = (A(v),u —v),
or equivalently
(A(v), v —u) > (A(u),v — ),

for all v € K. Hence, u satisfies (5.42)).
Conversely, assume that u € K is a solution of (5.42)). For any v € K and ¢ € (0, 1), also
u+t(v —u) € K. Using now u + t(v — u) instead of v in ((5.42]), we get

(Alu+t(v —u)),u+tv—u) —u)+jlu+tlv—u)) —ju) > (f,u+tlv—u) —u),

from where we get

t(A(u+tlv —u)),v —u) + j(tv + (1 — t)u) — j(u) > t(f,v —u). (5.43)
Applying the convexity of the functional j on ([5.43]), we deduce that

HAQu+ o — w), 0 — u) + £(0) — t(u) > (.0 — u),
which is equivalent to
(A(u+t(v —u)),v —u) +j(v) = ju) = (f,v —w).

As t — 0, we obtain (5.28)). O

In many applications the operator A corresponds to a bilinear form on the space V', which
allows us to write

(A(u),v) = a(u,v) for all u,v € V.

Using the Ritz functional [ € V* we deduce the following corollary about variational in-
equalities with bilinear forms as a consequence of Theorem [5.38]

Corollary 5.49. Let K C V be a nonempty, closed and convex subset. Moreover, let a :
V xV — R be a continuous and V -elliptic bilinear form, let | € V* and let 7 : K — R be
a convex and lower semi-continuous functional. Then each of the following elliptic variational
imequalities: Find u € K, such that

a(u,v —u) 4+ j(v) — j(u) > (v —u) for allv € K; (5.44)
Find v € K, such that
a(u,v —u) >1U(v—u) forallvekK; (5.45)
Find v €V, such that
a(u,v —u)+j() —j(u) > l(v—u) forallveV, (5.46)
has a unique solution. In addition, the solution depends Lipschitz continuously on [.

We have already seen that the obstacle problem (4.60|) and the simplified Signorini problem
(4.44) can be solved uniquely. With the help of Theorem the existence and uniqueness
of these problems are guaranteed without knowing the corresponding minimization problem
explicitly.
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5.4 Elliptic hemi-variational inequalities

We have always spoken about elliptic variational inequalities of the form so far. In
fact, many applications require more general observations of variational inequalities, where one
type is called elliptic hemi-variational inequalities. For example, contact problems with friction
require the usage of elliptic hemi-variational inequalities. This kind of inequalities allow the
functional j to depend explicitly on the solution of the convex subset K. As in the section before,
we want to give an statement about a unique solution of elliptic hemi-variational inequalities
following the ideas of [0, Chapter 4] and [34].

Remark 5.50. In the literature, the variational inequality is also referred to as elliptic
quasi-variational inequality. However, we want to stick to our introduced designation throughout
this chapter.

As before, let V and V* denote a Hilbert space and its dual space, e.g. V = H(§) and
V* = H~1(Q), with their respective norms || - || and || - [|.. The set K is a nonempty, closed and
convex subset of V. Furthermore, we consider an operator A : V — V* defined on V into the
dual space of V*. Throughout this section, we consider the following elliptic hemi-variational
inequality: Find v € K, such that

(A(u),v —u) + j(u,v) — j(u,u) > (v —u) forallveK, (5.47)

where j : V x V — (=00, +0o0] is a functional, [ € V* and (-,-) : V* x V — R is the duality
product between V* and V. Note that we mean the duality product (l,v) when we write [(v)
forl € V™.

Remark 5.51. Note that for the variational inequality in the previous chapter, the
operator A 1V — V is defined on the Hilbert space V' and not on its dual space V*. However,
by the Riesz representation theorem, c.f. [6, Chapter 4], there is an isomorphism R :V* =V,
called the Riesz mapping, such that

A=RA

where A : V. — V* is defined on the dual space V*. Thus, the statements in the previous
chapter are also valid for the operator A (with technical adaptions). In the sequel, we use for

elliptic variational inequalities of the form (5.28) the operator A defined on'V, i.e. A:V — V.
For elliptic hemi-variational inequalities , we use the operator A, denoting it by A, i.e.

AV =V

In order to answer the question about a unique solution of elliptic hemi-variational inequal-
ities ((5.47)) we need to introduce some essential definitions.

Definition 5.52 (Hemi-continuity). An operator A :V — V* is called hemi-continuous if for
all u,v € V and t € [0, 1] the mapping

t— (A((1 —t)u +tv),u — v) (5.48)
18 continuous.
Definition 5.53. An operator A :V — V* is called monotone if
(A(u) — A(v),u—v)y >0 for all u,v € V.
The operator A is called strongly monotone if there exists a constant ¢y > 0, such that

(A(u) — A(v),u —v) > col|lu —v||*  for all u,v € V.
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Furthermore, we need some essential properties for the functional j : V x V — (—o0, +00]
in order to guarantee a unique solution of (5.47). Firstly, we assume that there exists a constant
k < cg, such that

| (ur,v1) + j(ug, va) — j(ur,v2) — j(ug, v1)| < E|lur — ugl||lvr — v2|, (5.49)

for all uy, us, vy, v € K, where ¢q is the constant coming from the strong monotonicity of A. In
addition, we always consider the functional j(u,-) : V — (=00, +00] to be proper, convex and
lower semi-continuous for every u € V.

Before we state the main theorem about the existence of a unique solution for (5.47)), we
recall the generalized Weierstrass Minimization Theorem [5.29| and give an adjusted version of
it, called the Coercivity Theorem.

Theorem 5.54 (Coercivity Theorem). Let K C V' be a nonempty, closed and conver subset,
let j : K — R =RU{—00,+oc} be a proper, lower semi-continuous and convex functional and
let A:V — V* be a monotone and hemi-continuous operator. If one of the following conditions
18 satisfied

K is bounded, (5.50)

or, there exists a vy € K, such that

(A(),v = vo) +j(v) — j(vo)

[[v]| =00 l|lv]]
veK

= +00, (5.51)

then there exists at least one solution u € K of the variational inequality

(A(u),v —u) + j(v) — j(u) > (v —u) for allv e K. (5.52)
In addition, if the functional j is strictly convez, i.e.

ju+ (1 —tw) <tjlu) + (1 —1t)jv) forallu,veV, te(0,1), and u # v, (5.53)

or A 1s strictly monotone, i.e.

(A(u) — A(v),v —u)y >0 for allu,v € V, and u # v, (5.54)
then the solution of the elliptic variational inequality 18 unique.
Proof. See [0, Chapter 4]. O

As a consequence of the Coercivity Theorem the following statement holds.

Lemma 5.55. Let K C V be a nonempty, closed and convex subset, let j : K — R be a proper,
lower semi-continuous and convex functional and let A :'V — V* be a strongly monotone and
hemi-continuous operator. Then the elliptic variational inequality has a unique solution
u e K.

Proof. See [0, Chapter 4]. O
Lastly, we need an auxiliary lemma, which is comparable to Lemma [5.45]

Lemma 5.56. Let V' be a normed space and let j : V x V — (—o00, +00| be a functional, such
that for every uw € V, the functional j(u,-) : V — (=00, +00] is proper, convex and lower semi-
continuous. Then there exists a continuous linear functional l; = l;(u) € V* and a constant
c; € R, such that

Jj(u,v) > li(v) +¢;  forallveV.
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Proof. See [0, Chapter 4] O

Now we are able to state the existence and uniqueness theorem for hemi-variational inequal-
ities of the form ([5.47)).

Theorem 5.57. Let V' be a real Hilbert space and K C V' a nonempty, closed and convex
subset. Moreover, let A .V — V* be a strongly monotone and hemi-continuous operator and
let j:V xV — (=00, 400] be a functional, such that 1s satisfied and for every u € V,
the functional j(u,-) : V — (—o00,+00] is proper, convex and lower semi-continuous. Then the
elliptic hemi-variational inequality , i.e.. Find u € K, such that

(A(u),v —u) + j(u,v) — jlu,u) > (v —u) forallvekK,
has a unique solution for any | € V*, which depends Lipschitz continuously on [.

Proof. Firstly, we prove the uniqueness of the solution u € K for the elliptic hemi-variational
inequality (5.47). Assume that there exist two different solutions wuq,us € K for (5.47)). If we
choose v = uy for the first inequality and v = wuy for the second inequality, then the following
holds.

(A(ur), ug — ur) + j(u1, ug) — j(uy, ur) > l(ug — uy),
. . (5.55)
(Aug), ur — ug) + j(uz, ur) — j(uz, uz) > l(uy — ug).
Adding the two inequalities in ([5.55)) yields
—(A(u1) — Alug), ur — ug) — j(ur, ur) — j(uz, u) + j(ur, ug) + j(ug, ur) > 0,
which is equivalent to
(Aur) = Aluz), ur — u2) + jlur, ur) + jlu, uz) — jlur, uz) — j(uz, ur) < 0. (5.56)

Using the strong monotonicity of A and property (5.49) of j in (5.56]) gives for ¢y < k

0> (A(w) — A(ug),ur — ug) + j(ur, ur) + j(ug, ug) — jlur, u) — j(ug, ur)
> (A(ur) — A(ug), ur — ug) — |7 (ur, ur) + j(ug, ug) — j(ur, u) — j(ug, u1)|
> colluy — usl|? = kllur — ua* = (co — k) |lur — ug|]* > 0.

Hence,
0> |Jug — uz|]* >0,
therefore
[y — uall =0,

holds, which proves the uniqueness of the solution.

Secondly, we prove that there exists a solution for the hemi-variational inequality (5.47) by
using the Coercivity Theorem [5.54 We want to verify condition (5.51)) of Theorem [5.54] For
this purpose, let v, vy € K. Then

(A(w),v —wvy)  (A(v) — A(vo) + A(vo), v —vo)  (A(v) — A(vg), v — o) N (A(vg),v — vg)

o] o] N o] o]
collv = woll® _ [[Ao)l« [l + [l A(vo) [l [loll
o] o]

)

(5.57)
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where the last estimate follows from the strong monotonicity of the operator A and the Cauchy-
Schwarz inequality with negative sign. Further, we have for the last expression in ((5.57)) that

collv —voll* _ [[A(vo)[ls]v]l + [1A(wo) I+ lvoll

o]l o]
_ collvll* = 2co|v]l]|vol| + collvol* [ Awo) <[] o [A@o) [l vl (5.58)
o]l o]l ]l
collvoll* [ A(wo)l[<]lwol
= COHUH - 2COHUOH - HA(UO)H* + H,UH - HUH
(5.57) and (5.58) together yield
(A(v),v — o) collvoll* [ A(wo)[l<lvol
i = ¢ollvl| = 2col|vol| — [|A(vo) |« + - , (5.59)
o]l [[v]] o]l
for all v, vy € K. Hence,
A _
lim A@LY=Zw) (5.60)
[[o]| =400 ||v]]

Using now Lemma we deduce that there exists a functional /; € V* and a constant ¢; € R,
such that for any w € K

Jj(w,v) > 1;(v) +¢; > —||lj||l«||v|| +¢; forall v e K. (5.61)

Thus, with the help of (5.60) and (5.61)) it follows that

lim <A(U)7 v — Uo) + j(wa U) - j(U], UO)
o] —+o00 vl

for all w,vg € K. Therefore, the coercivity condition of the left hand side in holds
and by Theorem and the fact that j(u, ) is proper, convex and lower semi-continuous, we
deduce, that there is at least one solution of the elliptic hemi-variational inequality .
Lastly, we want to prove the dependency of the solution for any [ € V*. For this reason,
assume that u; and us € K are solutions of with the respective right sides [y and [, € V'*.
Then choosing v = us for the first inequality and v = u; for the second inequality we get

= «I»OO)

(A(ur), ug — ur) + j(ur, ug) — j(ug, ur) >l (ug — uy),
(Aug), ug — ug) + j(ug, ur) — jlug, ug) > la(ug — ug).

Adding these two inequalities yields

_<A(U1) - A(ug),ul - U2> +j(U1,U2) +j(U27U1) - j(uhul) _j(u27u2) > —(11 - 52)(161 - u2).
(5.62)

We reorder ([5.62) to obtain

(L = lo)(ur — ug) + j(ur, uz) + j(ug, ur) — jlus, ur) — j(ug, uz) > (A(ur) — A(ug), us — ug).
(5.63)

Using now property ([5.49)) of the functional j, the strong monotonicity of A and the fact that
[ € V*, we deduce from ((5.63)) that

10 = lallullur — wa|| + Efjur — wa|[Juz — ud]
> (I — lo)(uy —ug) + j(ug, ug) + j(ug, uy) — j(ur, ur) — j(us, us)
> (A(u1) — A(uz), uy — ug) > collur — ug|?,
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which finally gives
101 = lals + Kllur — uz|| > col|lur — usl],

or equivalently

1
Co—k

lur = us| < 1l = L+,

with 1/(¢o — k) > 0. This completes the proof. O

Remark 5.58. Theorem is also wvalid for the restriction of functional j on the convex
subset K, i.e. j: Kx K — (—oo,+00]. However, further assumptions need to be made to
guarantee the existence of a unique solution which are particularly described in [6, Chapter 4.

If the operator A : V' — V* can be related to a bilinear form a : V x V — R, i.e.
(A(u),v) = a(u,v) for all u,v € V, then the following statement follows from Theorem as
a consequence.

Corollary 5.59. Let K C V' be a nonempty, closed and convex subset, let a : V x V — R be
a bounded and V -elliptic bilinear form and let j : V x V — (=00, +00| be a functional, such
that is satisfied and for every u € V', the functional j(u,-) : V — (—o00, +00| is proper,
convex and lower semi-continuous. Then the elliptic hemi-variational inequality: Find v € K,
such that

a(u,v —u) + j(u,v) — j(u,u) > (v —u) foralveK,

has a unique solution for any [ € V* which is Lipschitz continuously depended on .

5.4.1 Application of hemi-variational inequalities: Contact prob-
lems with Coulomb friction

Hemi-variational inequalities are commonly used to set up the model for contact problems with
friction. In the preceding chapter of this work we have introduced the Signorini problem in the
frictionless case . We have seen that the tangential component of the stress o = 0, since
no friction occurred. In this section we introduce the Signorini problem with so-called Coulomb
friction in the static case following the ideas of [0, Chapter 5|, [16, Chapter 2], [I8, Chapter
10] and [20, Chapter 4]. For this purpose, we consider the contact of two bodies, where one of
the bodies is a totally rigid foundation and the other one is elastic, denoted by F and Q C R?
respectively. The boundary of the elastic body is Lipschitz continuous and is divided into three
disjoint parts 9 =T = TpUTrUT, where I' is assumed to be nonempty. As well as the
Signorini problem in the frictionless case, the body Q C R3 is fixed at the Dirichlet boundary
I'p, ie. u =0 on I'p, and tractions are only applied on I'p, i.e. o(u)-n = ¢. In addition, we
impose Coulomb’s friction law on the contact boundary I'c. However, we need to introduce the
definition of friction and we must identify how friction acts on the surface between the bodies.

In a mechanical point of view, it is important to distinguish between the contact of two
dry solid surfaces and the contact of other, not necessarily dry, materials. We take the first
case into account, i.e. dry friction, and give the physical and mathematical definition in a
short way. In general, the occurrence of friction between two bodies is a highly complicated
physical phenomenon. Nevertheless, dry friction between two solid bodies can be described
by Coulomb’s law of friction. For a complete physical description of Coulomb friction we
recommend [25, Chapter 10]. Coulomb investigated that dry frictional force F) between two
bodies which are pressed together with normal force Fj, is proportional to this normal force F,
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Figure 5.1: An example of a body €2 pulled with force F' along a rigid plane and has normal
force F),. The friction F}, acts in the opposite direction of F'.

and practically independent from the speed of slippage. Basically, Coulomb friction indicates
two kinds of friction, static friction F on one hand and kinetic friction F}, on the other hand.
Whereas the static friction must be overcome to set a body already touching another rigid solid
in motion , the kinetic friction acts resistingly on the body in motion, when the static friction
has been overcome. Figure [5.1] captures how the friction acts resistingly, i.e. in the opposite
direction of the force with which the body is pulled. Coulomb’s law states that both, the static
as well as the kinetic friction, are proportional to the normal force with which the bodies are
pressed together. Mathematically, this can be described as the following.

Definition 5.60. There exist two constants v, v, > 0, such that
Fs = Van7
Fr = vy,

where Fy and F}, are the static and kinetic frictional forces respectively, and F, is the normal
force with which the two bodies are pressed together. The constants vs and vy are the so-called
static and kinetic friction coefficients, respectively.

Additionally, Coulomb’s law of friction maintains that the kinetic friction coefficient is
approximately equal to the static friction coefficient, i.e.

Vg X Vg.

Thus, it is convenient not to distinguish between the different friction coefficients and to keep
only one notation,

Fk = l/FFn. (564)

Further assumptions following from Coulomb’s law of friction are that the kinetic friction has
no extensive dependence on the contact area or roughness of the surface and that the kinetic
friction is practically independent on the sliding velocity. Taking now Coulomb’s law of friction
into account, we are in the position to impose the contact conditions on I'¢ for the Signorini
problem with Coulomb friction.
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Contrary to the Signorini problem in the frictionless case, the tangential component of the
stress or does not vanish. Considering now Coulomb’s friction, the following cases can occur
on the contact boundary I'c.

1. The elastic body is not in contact with rigid foundation, i.e. u, < g on I'¢, then

on(u) =0 and op(u) =0 on I¢. (5.65)

2. The elastic body is in touch with the rigid foundation, i.e. u, = g on I, then
on(u) <0 on I'¢, (5.66)

as we have derived in (4.11]). If the magnitude of the tangential stress is below the critical
value vp|o,(u)|, then there is not enough force to overcome the static friction and no
sliding happens, which means

ur =0 if |or(u)| < ve|oa(u)|, (5.67)
where ur = u — u,n is the tangential component of the displacement on I'c. If the
tangential force overcomes the static friction, meaning that the critical value is reached,

then sliding is developed from the kinetic friction in the opposite direction of o, i.e.
there exits A > 0, such that

up = =Xop(u) if lop(u)| = velo,(u)]. (5.68)
It is possible to combine the contact conditions ((5.67) and ([5.68]) to receive
lor(w)] < wplon(u)l,  (velon(u)] = lor(w)]) ur = 0. (5.69)

We recall the equilibrium equation (3.32), the constitutive law (3.35]) for linearized strain and
the linearized kinematical contact condition (4.24)) considering the frictional force to complete
the classical form of the Signorini problem with Coulomb friction. Find the displacement u,
such that

—Ug‘—:(cj@ - in Q, (5.70a)
3
oij(u) = Z Cijrieij(u) in €2, (5.70b)
k=1
u; =0 on I'p, (5.70¢)
O'Z'j(U)TLj = tz on FF, (570(].)
on(u) =0 and op(u) =0 if u, <g
on(u) <0 ifu, =g
up =0 if u, = g and |op(u)| < vp|o,(u) on e, (5:70¢)
ur = —Aor(u) if u, = g and |or(u)| = vp|o,(u)]
where
Up = UM,

Ur = U — UpN,
on(u) = oi;(u)nin;,
or(u) = o(u) -n —o,(u)n,
vr € Loo(Te),
A >0,
Cijki € Loo(Q),

Cijui(v)€ij€m > aeje;;  for an a > 0.

26



The classical form of the Signorini problem with Coulomb friction can be characterized by
a hemi-variational inequality. We consider the following setting.
Q) € R? and 09 is sufficiently smooth,
V={ve[H Q)] |v=0o0nTp},
K={veV|v,—g<0onT¢, v, —ge H/*T¢)},
fi € Ly(2), t; € Ly(T'p), fori=1,2,3.

(5.71)

Indeed the set of the admissible displacement K is a nonempty, closed and convex subset
of V. Moreover, we define the bilinear form a : V x V — R, the functional [ € V* and the
nonlinear functional j : V' x V' — R as follows.

a(u,v) = /a(u) :€(v) dx, (5.72)

0
)= [ f-vde+ [ -vds, (5.73)
1o

I'r

Jjlu,v) = /UF|an(u)HvT| ds, (5.74)

le

(5.75)

for all u,v € K.
The variational form of the Signorini problem with Coulomb friction reads as: Find the
displacement v € K, such that

a(u,v —u) + j(u,v) — j(u,u) > l(v —u) forall v eK. (5.76)

Theorem 5.61. Let u € K be a sufficiently smooth solution. If u is a solution of , then
it also solves and conversely.

Proof. See [18, Chapter 10]. ]

Unfortunately, the hemi-variational inequality involves a lot of difficulties when it
comes to examine a unique solution. For example, the functional j(u, ) is non-convex and non-
differentiable which makes Theorem [5.57 hence Corollary [5.59 not applicable for the Signorini
problem with Coulomb friction, see [I8, Chapter 10]. Furthermore, if u € V = [H'(Q2)]? satisfies
for f € [Ly(Q)]3, then o, (u) is only a distribution and |0, (u)| has no mathematical
meaning on the boundary I'c. In fact, it is known that o, (u) € H~'/?(T¢), hence |0, (u)| has
no mathematical meaning on I'c. However, there are some existence results for very specific
problems given in [46]. Another approach for determining a unique solution of is to
simplify or rather reduce the hemi-variational inequality. This attempt is presented in the
works of [I, Chapter 11], |6l Chapter 4], [13, Chapter 2] and [I8, Chapter 10).

Remark 5.62. A possibility to overcome the difficulties of the functional j, i.e. the difficulties
on the boundary Uc, is presented in [0, Chapter 8]. For this purpose, we suppose that u € H*(Q)
and that there exists a regularization o) (u) for o,(u), such that

o' (u) € Ly(Te), (5.77)
and

*

lo7.(w) = 03Vl Lawey < cllw —wl| - for allw,v €V, (5.78)
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where ¢ > 0. The functional defined by the reqularization o (u) is denoted by

J (u,v) = /VF|O',*L(U)||’UT| ds. (5.79)
|Ne]
In addition, for everyu € V', the functional j*(u,-) : V — (—o00, 00| is proper, convex and lower

semi-continuous. Then with the help of the regularization , we are able to apply Theorem
[5.57 on the following reqularized Signorini problem with friction.

Proposition 5.63. Let the assumptions in hold and let Cijiy € Loo(2) in , such
that Ciji(v)eijem > aegiey for an a > 0. In addition, let vp € Loo(I'c), vp > 0 on I'c and
hold. Then there exists v; > 0, such that for any vp € Lo(T'c) with vp >0 on T'c and
Ve || Loore) < V1, the problem: Find u € K, such that

a(u,v —u) + j*(u,v) — 7% (u,u) > (v —u) for allv €K, (5.80)
has a unique solution.

Proof. We apply Corollary in order to obtain the existence of a unique solution. Indeed,
the subset K is convex, closed and nonempty. Also, the bilinear form a is bounded and V-
elliptic, c.f. [4, Chapter 3] or [50], and | € V*. The functional j* satisfies for every u € V, that
J*(u,-) : V. — (—o00,00] is proper, convex and lower semi-continuous by our assumption. It
only remains to show property for j*. For this reason, let uy, ug, v1,v9 € V and consider

|7 (w1, v1) + J* (ug, v2) — 7% (u1,v2) — 7" (uz, v1)|

_ /QFm@wnvwﬁwamwmwﬂwﬂﬂds

NGl

< /VF\O'Z(M) — oy, (ug)||vir — vor| ds,

e

(5.81)

where we used the triangle inequality in the last step. Since (5.77) holds, we can use the
Cauchy-Schwarz inequality in Ls(I'¢) to obtain from ([5.81]) that

[ vrloiw) = o3us)lorr = varl ds
J (5.82)

< |wrllewme) llon(ur) — on(u2)llLowey Jvir — varllizame -

Using now (5.78)) and the fact that the trace operator from V = [H'(Q)]? into [Ly(T¢)]? is
continuous, we deduce from ([5.82)) that there exists a constant Cy = C5(€2, '), such that

Vel Lore) lop(ur) — op(ua)llLywe) Vi1 — vorllizareys?

< Collvr || ey Jur — ug| [[vr — val],

(5.83)

for all uy, ug,v1,v, € V. Hence, (5.49) is satisfied for k = Cs||vp||L (rp). Therefore, if we choose
vy, such that

e
O<iy < — 5.84

we obtain that for any vp € Loo(I'¢) with vp > 0 on I'c and ||vp||p o) < v1, we have k < a.
Hence, we can use Corollary and it follows that (5.80) has a unique solution. O
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Remark 5.64. In [0, Subsection 4.2.3] a similar contact problem to the Signorini problem with
Coulomb friction 15 grven. It is investigated by hemi-variational inequalities with potential
operators, which is an other observation of elliptic hemi-variational inequalities involving the
definition of a generalized solution. For the readers interest, the description of variational
inequalities with differential operators is given in [6, Chapter 4].
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Chapter 6

Finite Element Discretization

In this chapter, we study the numerical approximations of elliptic variational inequalities
and elliptic hemi-variational inequalities using the Finite Element discretization. In the
past, many different Finite Element techniques have bean developed for solving variational in-
equalities in terms of formulating the problem as saddle point problems or penalization formu-
lations, which are described in [I8, Chapter 4] precisely. Other methods, such as regularization
techniques or optimization methods, are introduced in [I] or [24], respectively. We start this
chapter with the discretization of the variational inequality and give some convergence
results following the ideas of [I, Chapter 11] and [I8, Chapter 4]. The second part of this chap-
ter describes the discretization and the convergence analysis for the elliptic hemi-variational

inequality (5.47)) as given in [0, Chapter 7].

6.1 Discretization of elliptic variational inequalities

In this section, we consider the discretization of the variational inequality (5.38) and we want
to give some convergence results following the ideas of [I, Chapter 11], [6, Chapter 7] and [I8],
Chapter 4]. Recalling (55.38)), we have: Find u € K, such that

(Auw),v —u) +j(v) — j(u) > l(v —u) for all v e K. (6.1)
We assume throughout this section that

e V is areal Hilbert space with norm ||-|| = (-, )%, e.g. V = HY(Q),and (-,-) : VxV = R
is the inner product in V,

e K C V is a nonempty, closed and convex subset of V,

e A:V — V is strongly monotone and Lipschitz continuous,
e j: K — R is a convex and lower semi-continuous functional,
o lc V™

With this assumptions the elliptic variational inequality has a unique solution u € K
provided by Theorem [5.38

Before we examine the discretization of (6.1]), we want to mention at this point, that the
functional j : K — R can be seen as a restriction of another functional jy : V' — (—o00, +00] on
K, where jj is also a convex and l.s.c. functional, i.e.

, ) i) veK,
Jolv) = {+oo v & K. (6.2)
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This restriction is usually naturally satisfied. We will use this assumption on the functional j
throughout this section. In order to formulate the discrete problem of , we need to choose
a proper finite dimensional subspace V;, C V. The subset K; C V} is a nonempty, closed and
convex subset of V}. The finite element approximation of the problem is: Find u; € K}, such
that

(A(Uh>,1)h - uh) +j0(7jh) - jo(uh) Z Z(Uh — uh) for all vy € Kh. (63)

Applying Theorem to under the assumptions on the discrete data, we deduce that
the discrete elliptic variational inequality has a unique solution.

The next theorem is a general convergence statement about the discrete solution. However,
the convergence rate is not provided by this theorem.

Theorem 6.1. Let K C V' be a nonempty, closed and convexr subset. Moreover, let A:V — V
be strongly monotone and Lipschitz continuous and let j : K — R be a convex and lower
semi-continuous restriction of jo : V. — (—o00, +00|, where jo is a continuous, conver and lower
semi-continuous functional. Further, we say that {Ky}, approzimates the set K in the following
sense:

i) For anyv € K and for every h, there exists a v, € Ky, such that ||v, —v|ly — 0 as h — 0,
i.e. strong convergence in V.

ii) For every sequence {v,}, C K weakly convergent tov € V, i.e. v, = v in'V as h — 0,
we have v € K.

Then we have the convergence ||u — up|ly — 0 as h — 0, where u and uy, are the solutions of
and , respectively.

Proof. The proof is divided into three steps. First, we want to show the boundedness of the

set {up}p in V. We fix a vy € K and choose vy, € K}, such that vy, — vp in V as h — 0 as in
assumption ¢). Let v, = vp, in (6.3]), then

(A(un) — A(von),un — von) < (A(von) — A(vg), Vo — un) (6.4)
+ (A(vo), vo.n — un) + Jo(von) — Jo(un) — U(von — up). '

We use the strong monotonicity of A in the left hand side of the inequality (6.4]) to obtain
C()Huh — UO,hH2 S (A(uh) — A(Uo,h), Up — UO,h)- (65)

If we use the Cauchy-Schwarz inequality and apply Lemma on —jo(up), i.e. —jo(up) <
o llsllunll + |cjo |, in the right hand side of (6.4)), we get that

(A(vo,n) — A(vo), von — un) + (A(vo), von — up)
+ jo(vo,n) — Jo(un) — U(von — un) + [jo(vo) — Jo(vo)]
< ([A(vo,n) = Avo) || + [[A(vo)[| + 12l )[|wn — voull + [0 (vo,n) — Jo(vo)| + Jo(vo)
+ lejol + 1 I+ lln — vo.n +von — vo + ol
< (lA(vo,n) — Alvo) || + I ACwo) | + 12l + lljo [l ) llwen — voull
+ |jo(vo,n) = Jo(vo)| + Jo(vo) + |cjo| + (Lo [« ([[vo,n — vol| + [lvol]),

where the last estimate follows from the triangle inequality. Property (6.5 and together
give

(6.6)

collun — vorl* < (I A(on) — A(wo) | + Aol + N2l + Lo ll ) 1 — vol

) ) . (6.7)
+ go(vo,n) = Jo(vo)| + jo(vo) + lejol + (|4 [l (llvon — woll + llvoll)-
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As h — 0, since ||vg , —vo|| = 0, we know that ||A(vo ) — A(ve)|| = 0 and |jo(vo,n) — Jo(ve)| — 0
due to the Lipschitz continuity of A and the continuity of jy, respectively. So, additionally with
the help of Lemma [5.45] {||un, — vonl|}s is bounded and, therefore, with the choice vy = 0,
{||un||}r is bounded. Thus, for a subsequence of a bounded sequence {uy}, still denoted by
{up}n, and for some w € V', we have the weak convergence

up —w in 'V,

since bounded sequences in Hilbert spaces have weakly convergent subsequences, c.f. [17,
Chapter 21]. By assumption i) we get that w € K.

Secondly, we want to prove that the weak limit w is the solution of the problem . From
the Minty Lemma , which is also valid for the discrete formulation , we deduce that
the discrete problem is equivalent to: Find uy € K, such that

(A("Uh),’l)h — Uh) +j0(’Uh) — jo(uh) Z l(vh — uh) for all vy, € Kh. (68)

By assumption i) we can choose for any fixed v € K, a v, € K, such that v, — v in V as
h — 0. Then

A(vy) — A(v),
(A(vp), v — up) = (A(v),v — w),
jo(wr) = Jo(v), (6:9)
Loy —up) = (v —w),

as h — 0, which follows from the continuity in every line. From the lower semi-continuity of
Jo, we know that

Jo(w) < liminf jo(up,).
h—0

Thus, taking the limit A~ — 0 in and using the fact that j, = j on K, we get the problem:
Find w € K, such that

(A(v),v —w) + j(v) — j(w) > l(v —w) forall veK.

Applying the Minty Lemma again, we see that w € K is the solution of the elliptic variational
inequality . Since has a unique solution u, we conclude that w = u.

Lastly, we want to prove that u; converges strongly to u. Therefore we choose u;, € Ky,
such that @, — w in V as h — 0. By the strong monotonicity of A, we get

collu —up* < (A(w) — Aup), v — up)

= (A(u),u —up) — (Alup), p — up) — (A(up), u — ). (6.10)

It follows by that
—(A(un), @n, — up) < jo(un) — jo(un) — Uan — un),
which can be used in to obtain
collu —up|* < (A(u),u — up) + jo(an) — jo(un) — Uan — up) — (Alun), u — @z). (6.11)
Now as h — 0, we have that

(A(u), u —un) < [|Aw)][lu = unl| = 0 (6.12)
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by assumption i),
Wap —up) = Wby —u+u—up) < |[U|«||an — ul||||u—upnl| — 0 (6.13)
by assumption 7) and @, — u, and
(Aun), u — ) < [[A(un) ||l — @]l — 0 (6.14)
because %, — u. Moreover, we have

lim jo(t@s) = Jjo(u),

h—0
. . . 6.15
tim sup(—jo(un)) < —jo(u). (6:15)
h—0
Thus, we get from (6.11]) with the help of (6.12)) - (6.15)) that
limsup coflu — up||* <0,
h—0
and therefore u;, converges strongly to u as h — 0. O]

Remark 6.2. Note that the latter theorem is a general convergence result based on strong
assumptions. There are no statements about any convergence rates yet.

Generally, a standard error estimation can be derived by Céa’s Lemma. Our next goal is
to find a generalized and adapted Theorem of Céa’s Lemma for elliptic variational inequalities.
For this purpose, we will introduce the concept of a certain error bound.

Definition 6.3. The error bound R : V x V. — R of the variational inequality with

solution u € K is defined as
R(v,w) = (A(u),v — w) + jo(v) — jo(w) — (v — w). (6.16)

We are now in the position to give an error estimate for the solutions of the continuous
problem (6.1)) and the discrete problem (6.3)).

Theorem 6.4. The error can be estimated as

2

L
Sl =i < inf R(v,w) + inf R(on, u) + 5l = wnl?| (6.17)

where u and uy, are the solutions of and , and co and L are the constants of the strong
monotonicity and Lipschitz continuity of A, respectively.

Proof. We consider our variational inequality
0 < (A(u),v —u)+ jo(v) — jo(u) = l(v —u) for all veK,
and the discrete variational inequality
0 < (A(up),vn —up) + jo(vn) — jo(up) — l(vy, —up)  for all vy, € K.
Furthermore, we use the strong monotonicity of A to obtain

collu — upl|® < (A(u) — Alup), u — up). (6.18)
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Adding now the general and discrete variational inequality on the right hand side of (|6.18)) and
using the linearity of the inner product and the functional [, we get

collu — un|* < (A(u) = Aup),w = up) + (A(w),v — u) + jo(v) = Jo(u) = {(v — u)
+ (A(un), vn — un) + jo(vn) — Jo(un) — U(vn — up)
= (A(u),u —up) — (A(un), v —up) + (A(u), v —u) + (Aupn), v, — up)
+ jo(v) = jo(up) — 1(v) + Lun) + jo(vn) — jo(u) — l(vy) + (u) (6.19)
= (A(u),v — up) + (A(un), vn — u) + jo(v) — jo(un) — L(v — up)
o(va) — Jo(u) — l(va — w)
+ (A(up) — A(u) + A(u), v, — u) + jo(vn) — jo(u) — (v, — u)

= R(v,up) + R(vp,u) + (A(up) — A(u),vp, — u).

The last term of (6.19) can be bounded by the Cauchy-Schwarz inequality and Lipschitz con-
tinuity of the operator A, which gives

(A(un) — A(u),vn — u) < Llun — ull[lu — v
Using Young’s inequality ab < % + %, yields

@
G

which gives in (6.19)) the upper estimate

L
=l = enll < Sl =l 4+ 5= = ol

¢ L?
O un — > < R, ) + Rlon,w) + 5l —
Co

Since this estimate is valid for every v € K and for every v, € K, it is also valid for their
infima, which finally yields (6.17]). ]

Remark 6.5. Note that the error estimate of Theorem [6.4) can be rewritten as

|u — up|)* < c{lnf R(v,up) + inf [R(vn,u) + [|u— vp]]?] } : (6.20)

vp €Ky
where ¢ = max{2/cy, max{1, L?/cy}}.

Remark 6.6. In many applications, K, ¢ K. Hence, it is essential to consider the infima of the
error bound (6.17) on K and K, explicitly. In the case that K, C K, the first term inﬂf{R(U,uh)
ve

of (0.17) vanishes and the general Lemma of Céa for variational inequalities reduces to

|lu — up|| < cvlnf [llw = onl| + |R(v, )|1/2} , (6.21)

which is also known as the internal approzimation of the elliptic variational inequality.

Remark 6.7. Note that for variational equalities, we have
R(v,w) =0 for allv,w e V.
Hence, the Lemma of Céa for elliptic variational equalities
_ < ¢ inf _
le —unll < ¢ inf fJu— vy,

can be obtained.
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Remark 6.8. In many problems the operator A can be associated with a bilinear form a(-,-)
on'V, i.e. (A(u),v) = a(u,v). The variational inequality (6.1)) becomes to: Find u € K, such
that

a(u,v —u) 4+ j(v) — j(u) > (v —u) for all v € K, (6.22)
and the discrete variational inequality becomes to: Find up € Ky, such that
a(up, vy, — up) + jo(vn) — Jo(up) > vy, —up)  for all v, € K. (6.23)
The error bound changes to
R(v,1) = a(u, v — ) + jo(v) — jo(w) — (v — w) (6.24)

We want to apply now Theorem to the obstacle problem (4.60) and to the simplified
Signorini problem (4.44)). Furthermore, we will observe for these problems how the errors in
the Ly-norm and H'-norm depend on the mesh size h. We start with the obstacle problem.

Example 6.9. We assume that € is a polygonial domain and u,v € H?(Q2), where 1) denotes
the obstacle function. Further, we assume that €2 is divided in a shape regular triangulation
Tn, c.f. [4 Chapter 2], and we use linear elements on the mesh of triangles, i.e. Pj-elements,
where Py(T) = {ag + a1z | x € T’} for the triangle T' € T;,. The discrete admissible set is

Ky, = {vn, € HY () | vy, is piecewise linear, vy, (Znode) > ¥ (Tnode) for any node 040 of Tp}.

As we have remarked before, K, need not to be a subset of K. For any u € H?(Q2) and for any
v,w € H}(Q), the error bound of the obstacle problem is

R(v,w) = / [Vu-V(v—w)— flv—w)| de. (6.25)
0

Using integration by parts for the first expression in (6.25) we receive

R(v,w):/—div(Vu)(v—w) d:c—i—/%(v—w) ds—/f(v—w) dz.

Q

Since divV = A and v, w = 0 on the boundary 92, therefore v — w = 0 on 02, we get

R(v,w) = /—Au(v —w)— flv—w) de = /(—Au — f)(v —w) dz. (6.26)

Q Q

By Theorem [6.4) we obtain with (6.26]) the following error bound,

lu—wnlly < c{n — Au— fllg”* inf o = unlly”
(6.27)
+ inf [l = Au = £ u = vnlly’® + e = vl }

v €Ky

where the Cauchy-Schwarz inequality and (a +b)'/? < a'/? +b'/2, for a,b > 0, were used in the
last step.

We want to make further estimations on the error and examine the dependency on the
mesh size h. For this purpose, we assumed u € H?(Q) in order to use helpful estimates for the
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interpolant of u, which we denote by II,u € K. Choosing v, = II,u € K},, the second term of
the error estimation ([6.27)) can be estimated as follows:

. 1/2 1/2 1/2 1/2
| i A e T onlla] < 1= Aw = £ = Tl + u = Wyalls.

Following the interpolation error estimates by [B, Chapter 4], we get

| = Au— FI o= Tully® + ju = oully < ch ||| = Au = fIF2 1l + Jul] . (6.28)
<(ch?lula) /2 <chlulz

It remains to identify the dependency of h for the first expression in ((6.27]), which reads as
1/2 . 1/2
| — A 72 i o — a2
For this reason we define

u™* = max{uy, ¥}.

First, we must show that u* is always in our region K. Since uy,v € H*(Q), it follows that

uh* € HY(Q), [28, Chapter 4]. By the definition of u*, we always have u™* > 1. Now, since
1 < 0 and u, = 0 on the boundary 952, we have u* = uj, = 0 on 9. So we can deduce that
u* e K.

Let ©* be the set of points, which are not in K, i.e.

Q" ={zx e Q| uy(zr) <v(z)}.

Then over 2\ Q* we have u* = u;, and therefore

e o= wall < [~ wally = [ s~ of? do (6.29)
ve
Q*

We use again the interpolant to obtain interpolation error estimates. This time we use the
continuous and piece-wise linear interpolant of ¢, which is denoted as I1,1). We know that at
any node Tyode, up > ¥ = I, so up > Iy in Q. Over Q* we have

0<lun =9l =9 —up <Y —ptp = | — Iyl
Thus, it follows from (6.29)) that

ot o=l < [l - v do< 1= do < [ o~ D do = o - Tl
Q* Q* Q

With the interpolation error estimate from [5, Chapter 4], we get

inf [lo —wslly < 1lY = Mg g < chly],™. (6.30)

Finally, we obtain with (6.28)) and (6.30) an optimal error estimate

= wnlly < e {11 = A= FIS7 1017 + 1| = Aw =PIl + ulo | h = c(wh. (6.31)

The next example shows the application of Theorem for the simplified Signorini problem
(4.44) and gives an error bound dependent on the mesh size h.
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Example 6.10. We assume that  is a polygonial domain and v € H*(Q) N K. Furthermore,
we assume that the boundary 0Q =T is divided into line segments I';, i.e. I' = [J;*, I';, where
I'; for i = 1, ...,m denote the line segments only on the boundary I'. Also, we assume for every
[, that u|r, € H*(T;) and Ou/On € Lo (T;). We can interpret the boundary assumptions as
the boundedness of the trace of w on I'; and of its first derivative in the direction of the side
I';. Further, we consider 2 to be divided into a shape regular triangulation 7, and define the
FE space V), and the discrete admissible set K, as

Vi={veClQ) |v|p € P(T) foral T € T} CV = H'(Q)
Ky, = {vn € Vi | vn(@pode) > 0 for any node x,,5q. of 0Ty}

In this particular case, K;, C K and we can consider the reduced error estimate (6.21). For any
u € H?(Q)NK and for any v, w € H'(Q), the error bound for the simplified Signorini problem
(4.44) is

R(v,w) = / Vu-V(v—w)+ulv—w)— flv—w)] de— /g(v —w) ds. (6.32)

Q T

Using integration by parts for the first expression in (6.32)) we deduce
Ju
R(v,w)= | (wAu+u— f)(v—w) dx + o (v—w) ds. (6.33)
Q r

Considering now the reduced error bound (6.21) in Theorem we obtain with (6.33)), the
Cauchy-Schwarz inequality and (a 4 b)'/2 < a'/? + b'/? the following error bound,

1/2
lu = unllin oy < ef inf [l = Au+u— £l lu = vall g,

v €K
1/2 (6.34)

1/2
. = wnl 5y + lu = UhHHl(Q)]
2

ou
on g

Y

——

‘

or summarized

1/2

= ooy < () inf [llu—vnllamo +llu = el o) + lu— ol (6.35)
v €Ky

In order to obtain the dependency of the error on the mesh size h we choose for v;, the Lagrange
interpolant denoted by II,u € K, which gives in (6.35]) that
. 1/2 1/2
Jnf = vl + o = vl iy + e = enl i) |
1/2 1/2
< = Taall ey + lfw = Tyl g + Il - HhuHLQ )

Following the interpolation error estimates by [5, Chapter 4], we get

1/2 1/2
= a0+ Jlu — Hhu||L/2(Ql+ﬂu Hhu||L/2(F < c(u)h, (6.36)
<ch|u\2 g(chZ\vu|2)1/2 g(ch2|u|2)1/2

due to the assumptions for v on 2 and on the boundary I'. Finally, we can estimate the error
in (6.34) with the help of (6.36) by

Remark 6.11. Another error estimate for the simplified Signorini problem is given in [16,
Chapter 1]. It shows the same result as in , but under stronger assumptions imposed on
the solution u.
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6.2 Discretization of elliptic hemi-variational inequali-
ties

Similar to the section before, we want to give an overview about the discretization of elliptic
hemi-variational inequalities in this section. The contribution of this section is based on the
work of [0, Chapter 7]. For more detailed description we refer to [30] and [31]. Recalling the
hemi-variational inequality (5.47]), we consider the problem: Find u € K, such that

(A(u),v —u) + j(u,v) — jlu,u) > (v —u) forall veK, (6.38)

where A : V' — V* is an operator, j : V x V — (—00,400] is a functional and [ € V*. The
goal is to find an error estimate for hemi-variational inequalities (6.38)), as in Theorem for
variational inequalities of the form (6.1). We assume the following throughout this section.

e IV and V* denote a real Hilbert space and its dual with respective norms || - || and || - ||,
e.g. V=HYQ) and V* = H1(Q), and (-,-) : V* x V — R is the duality product.

e K C V is a nonempty, closed and convex subset.
e A:V — V*is strongly monotone and Lipschitz continuous.

e j:V XV — (—00,+00] satisfies for every u € V' that j(u,-): V — (—o0, +00] is proper,
convex and lower semi-continuous. Moreover, we assume that there exists k& < ¢y, such
that

|J(ur, v1) + j(ug, v2) — j(ur, v2) — jug, v1)| < kllur — ug|[lor — vall, (6.39)
for all uy,us, v1,v9 € K, where ¢ is the constant of the strong monotonicity of A.

Considering these assumptions for the operator A and the functional j, we conclude that the
elliptic hemi-variational inequality has a unique solution by Theorem [5.57]

Remark 6.12. The functional j in the previous section is defined on the subset K and we
considered it to be the restriction of another functional jo, naturally existing, defined on V. In
this section, the functional j is already defined on V. In order to keep the notation up, we write
Jo=17-

We are now in the position to formulate the discrete analogue of problem . For
this purpose, we choose an appropriate finite dimensional subspace V;, C V and a nonempty,

closed and convex subset K;, C V. The discrete variational inequality of (6.38) reads as: Find
up, € Kj,, such that

<A(Uh>,1)h - Uh> + jo(uh,’Uh) - jo(uh,uh) Z l(Uh — Uh) for all vV € Kh. (640)

Applying Theorem on under these assumptions on the discrete data, we deduce that
the discrete elliptic hemi-variational inequality has a unique solution.

As a next step, we want to give a general convergence statement of the discrete solution
comparable to Theorem [6.1]for elliptic variational inequalities (6.1]). However, the proof requires
more technical treatment. Therefore, we will give a part of the proof as a Lemma and refer to
[6, Chapter 7] for the complete proof.

Lemma 6.13. Let K C V be a nonempty, closed and convex subset. Moreover, let A:V — V*
be strongly monotone and Lipschitz continuous and let jo : V x V. — R be a proper, convex
and lower semi-continuous functional in the second argument satisfying . Further, we
consider a family {Vi}n of finite dimensional closed subspaces of V' and a family {K}, of
closed and convex subsets of Vi, which approximates K in the following sense:
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i) For every v € K, there exists a v, € Ky, such that ||v, —v|]] = 0 as h — 0, i.e. strong
convergence i V.

ii) For every v, € K, with v, = v inV as h — 0, then v € K.
Then the sequence {u}},, defined by
up = Thup™', n>1, (6.41)
which approrimates the solution uy of with the mapping Ty, : K — K, is bounded.

Proof. The proof is divided into three steps. First, we show the mapping T} is a contraction.
For this purpose, we consider for every w;, € K}, the auxiliary problem of (6.40): Find u,,, € Kj,
such that

(AU, )y Vp — Uy ) + Jo(Wh, k) — Jo(Why Uy, ) > L(vp — Uy, ) for all vy, € K. (6.42)

We define the mapping 7}, : K;, — K, which associates every wy, € K;, with the unique solution
of

Thwh = Uy, - (643)

The set of all fixed points Coincides with the set of all solutions of , therefore the existence
of a unique solution of (|6.40)) is equivalent to the existence of a unique fixed point of (6 - We
show that T}, : K;, — Kh is a contraction and deduce from Banach’s fixed point theorem [2.14)
that T}, admits a unique fixed point. For this purpose, let wy j, w2 € Kj, and let Uy, Uy, DE
the corresponding solutions obtained by , ie.

(Uh = U, ,) for all v, € Ky,

<A<uwlyh)7 Up — uw17h> + jO(wl,hJ Uh) - j(] (wl,h7 uwl,h) [
H(vn = Uny,,) for all v, € K.

>
<A(u71)2,h)7 Uh — uwz,h) + j0<w27h7 Uh) B j(](w2,h7 uwzh) =z

Choosing v, = Uy, in the first inequality and v, = Uy, , in the second inequality and adding

the resulting inequalities we deduce

<A(uw1,h)_A(uw2,h)7 U, p, — uw2,h> <

.jO (wl,hv uwQ,h) - j0<w1,h7 uw1,h) + jO(th? uw1,h) - .jO (wQ,hv uw2,h)'
Using the strong monotonicity of A and property (6.39) of jo, we get that
COHquh = Uy p, ||2 < k’“th - w2,h|| Hquh = Uw,y ), H7

which gives

”U’wl,h - U’wz,hH < _le,h - w2,h”>
Co

with £ < 1. Recalhng the definition of 7}, in (6.43|), we deduce that T}, is a contraction. Since a
solutlon up, € K, of (6.40)) is also a solutlon of(](]@b with wy, = wuy, it follows that Tj,u, = uy. So
uy, is a fixed point and therefore ) has a unique solution by Banach’s fixed point theorem.

Secondly, we prove that the sequence of solutions {up}, of is bounded. For this
reason, let vy € K and vy, € K, such that vy, — vy strongly in V' as h — 0 following from
assumption 7). Taking v, = vy in (6.40]), we obtain

(A(up),von — un) + Jo(un, von) — Jo(un, un) > L(von — up),
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which is equivalent to

—(A(un),von — un) < jo(un, von) — Jo(un, un) — (v — un). (6.44)
Using now the strong monotonicity of A and (6.44]) we obtain
collun — UO,h||2 < (A(un) — A(von), un — von) = (A(von), vor — un) — (A(un), von — un)
< (A(von); von — un) + Jo(uns von) — Jo(un, un) — U{von — up)

= (A(vopn), von — un) + Jo(un,von) — Jo(un, un) + Jo(w, un) — jo(u, vop)

— Jo(w, wp) + jo(u, von) — l(von — wp).

(6.45)

Due to the lower semi-continuity of 7, i.e. }lliH(l)j()(u,’U(),h) = jo(u,vg) for all vy € K, we have
ﬁ

that |jo(u,vo)| < Ci(u), where Ci(u) is independent of h. Moreover, the sequence {vop}s
is bounded and from the Lipschitz continuity of A we have that ||A(vos)|l« < Ca(vg), where
C5(vp) is independent of h. Using now the last bounds, property and Lemma in the
inequality , we get that

collun — vorll® = Nl llellunll = lejol < (A(un) — A(von), wn — vop) + Jo(u, up)

(6.46)
< Ca(vo)llvon — unll + Kllun — wllllvon — unll + Cr(w) + [[Ul+lvon — uall-
Applying the triangle inequalities

1ol en | < 1o [l = vo,nll 1o [« llvo,nll,

Fllun = ull < Ellun = vonll + kllu = vonll,

and then Young’s inequality 2ealb < €2a? + %b? on (6.46)), we obtain

ke + €9 + €
(%—k——i—i—i)mm—mﬂﬁ

2
Hljo”* k 2
< Ll Liolls + —lvon —
< 8 ool + 5 -lloon =l +

(Ca(wo) + [11].)°
262

+ Ol(u) + |Cj0| < O*v
(6.47)

with C* independent of h and €;,€9,65 > 0 are chosen, such that ¢ — k — ]“1*%“3 > 0.
Therefore, according to the choice of {vg 4}, we conclude that {u, —vg s}y is bounded and thus
the sequence {uy}y, is bounded as well.

Lastly, we consider the mapping 7}, : K, — K, which is defined through an iterative

procedure, i.e. TwZ’l = ul. Thus, we can rewrite (6.42)) as: Find u} € Kj,, such that
(A(u}), v — ufl) + jo(up ™t o) — Jo(up ™' uft) > Loy —uft)  for all vy, € K. (6.48)

The problem ((6.48]) is an iterative approximation of the discrete elliptic hemi-variational in-
equality . This means, that the solution u in is approximated by the sequence of
solutions {u}'},, computed by . Since uy, is a fixed point of T}, i.e. Tpu, = uy, and using
the contraction property, we have

~ ko k ~ E\?
M%wwzwmzhﬂmﬂg—mzhmwz—wmzkﬂmwsCJ|m2—mw
Co Co Co
which gives after n steps that

E\" E\"
lup — up|| < (C—) |l — |, with (c_) — 0 for n — 0. (6.49)
0 0
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Thus, we can deduce from the boundedness of {uy}), and (6.49), that
luh, —upll < Cq",

with ¢ = % < 1 and C > 0 independent of h and n. Hence, for every ¢ > 0 there exists ng(e),
such that

[ug, — unll < e,
for all n > ny(e) and h > 0, i.e. {u}}, is bounded. O
With the help of Lemma [6.13|it is possible to prove the next important result.

Theorem 6.14. Let K C V' be a nonempty, closed and convex subset. Moreover, let A .V —
V* be strongly monotone and Lipschitz continuous and let jo : V X V — R be a proper, convex
and lower semi-continuous functional in the second argument satisfying . Further, we
consider a family {Vi}n of finite dimensional closed subspaces of V' and a family {K};, of
closed and convex subsets of Vi, which approximates K in the following sense:

i) For every v € K, there exists a vy, € Ky, such that ||vy, —v|| = 0 as h — 0, i.e. strong
convergence in V.

ii) For every v, € K, with v, = v in'V as h — 0, then v € K.

Then we have the convergence ||u — up|ly — 0 as h — 0, where u and uy, are the solutions of
16.38) and (0.40), respectively.

Proof. See [6, Chapter 7] and Lemma [6.13] O

Remark 6.15. Note that the latter theorem is a general convergence result based on strong
assumptions. There are no statements about any convergence rates yet.

We close this chapter with an error approximation estimate for elliptic hemi-variational
inequalities , which is comparable to Céa’s Lemma for variational equalities. For this
purpose, we introduce two more Hilbert spaces H and U in addition to V', where we can think
of V.= HQ), H= Ly(Q) and U = H*(Q) in mechanical applications.

Theorem 6.16. Let V be a real Hilbert space and let the assumptions from Theorem [6.1]] hold,
where u and uy, are the solutions of and , respectively. Moreover, we suppose that
there exist two Hilbert spaces (H, || - ||g) and (U, || - ||v), such that V is densely embedded in H,
1.e. V. — H dense, V C U and

A(u)—1l€eH, (6.50)
|70 (w, vp) — Jo(u,v)| < ci|lvn — vl for all v, € Ky, v € K, (6.51)

where c¢1 is a positive constant independent of h. Then there exists a positive constant ¢ inde-
pendent of h, such that the estimate

[ — unll < C{ ot (flu = onl* + [|A(w) = Ululle = valln + erllu = onllu)
e (6.52)

=

2

+ inf (JA() = Usllun = vl + exllun = vl }

holds.
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Proof. We use the strong monotonicity of A to obtain

collun — ul|® < (A(un) — A(u), up, — u) = (Alun), up — u) — (A(u), up — u)
= (Aup),up, —u+ (vp —vp)) — (A(u), up, —u+ (v —0)) (6.53)
= —(A(up),vp — up) + (A(up), vp —u) + (A(u), v — up) — (A(u),v — u)

Using the inequalities (6.38]) and (6.40)) and rewriting them as

—(A(u),v —u) < jo(u,v) — jo(u,u) — (v —u) forall veK,
—(Aup),vn —up) < jo(up,vn) — Jo(up, up) — vy, —up)  for all vy, € Ky,

we get by inserting them into (6.53)) that

collun — ull* < (A(un), vn — u) = (A(u),vn — u) + (A(u), vn — u) + (A(u), v — up)
+ jo(up, vn) — Jo(up, up) + jo(u,v) — jo(u, u) — (v — u + vy — up)
= \(A(u) —lLv—up+ vy —u)+ (A(up) — A(u), v, — u)

g AN iy / (6.54)
T Ty
. +Jo(un, vn) = Jo(un, un) + jo(u,v) — jo(u, UZ
5

Considering now the Cauchy-Schwarz and triangle inequality for 77 and the Cauchy-Schwarz
inequality and the Lipschitz continuity for 75, we obtain

(A(u) = Lo —up + v —u) + (A(up) — A(u), vy, — u)
< [JA(w) = Ul (v = unlla + llon = wlla) + Lilu = unll[lon — ul]

Using (6.39) and ((6.51]) for T3 yields

Jo(un, vp) — Jo(un, up) + jo(u,v) — jo(u, )
< jo(un, vn) — Jo(un, un) + Jo(w, un) — jo(u, vp)| + |Jo(w, va) — jo(u, w)| + |jo(u, v) — jo(u, up)|
< kllun = ullllon — unl| + e (lon — ully + [[v — uallv) -

(6.55)

(6.56)
The last line in (6.56) can be further estimated by
Ellun = ullllon = unll + 1 ([lon — ullo + [Jv = unllo)
= kllun — ullllon — v+ u = upl| + e (Jon — ullo + [Jv — uallv) (6.57)
< Kllun — ull* + Kllun — | lon — ull + e ([lon = ullo + [Jv — unllv) -
Hence, it follows from (|6.54]) with the help of (6.55)) and (6.57]) that
(co — &) llun — ull* <(L+ k) up — ullllon — ull + [ A(w) = Uz (lv — wnlla + vn — ullm)
(6.58)
+a ([lon = ullv + [lv — wllv) -
If we use now Young’s inequality ab < # + g—i, for e = CE;,’:, where ¢y > k, we obtain from

(6.58) that

Co—k

L+
5 lon = ull* + 1 A(uw) = Wa(llv — unllaz + [lon — ullz)

k
2o — ) (6.59)
+ e ([lun — ully + [lv — unll)

[l — ul* <
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for all v € K and v;, € Kj. Thus, the infima over K and K}, in (6.59)) gives

=il < e ing (lfu = oul* + | AG) = Ulls — wnlar + exlfu = enllo)
Uh h

-

+ inf (| A(w) = Ulallewn — vl +allw = vlo) },

with ¢ = max { (cgf;:)m c(ik, cz‘fk}, which completes the proof. O

Remark 6.17. If we take a closer look to inequality in the latest proof, we may estimate
the last expression in another way instead of . The inequality in reads as

Jo(un, vn) = Jo(un, un) + jo(u, v) — jo(u, u)
< Kllun = ullllon = unl| +c1 (llon = ullo + llv = unllo) -

v~

T

We can use for example Young’s inequality for the term T, which gives

—ul2 Rl — 2
k||uh . u”th . uh” < €Huh UH + th uh” :
2 2€

(6.60)

fore > 0. The expression ||vy, —uy|| in can be further estimated by special techniques. We
only remark this possible approach at this point and leave it as an outlook for further research
after this work.

Remark 6.18. As mentioned in the previous section, K, ¢ K in general. In the case that
Ky, C K, the expression Ty in vanishes and the estimate reduces to

%
o=l < ef it (hu= w4 140 = = olla + el = wlle) } - (601

vp €Ky

We can see that the error estimate depends on the approximation properties of Vi, in'V,
i.e. the distance between u and the elements in v, € Vj,. Thus, if we consider high reqularity
assumptions for the solution u, then we can achieve optimal convergence rates under a suitable

choice of Vj,.

Remark 6.19. If jo =0, hence ¢y =0 in , we deduce the following estimate

1
2

o=l < ¢ i (hu = o+ 1400) = = lln) + 1AG) = U inf o = ol |
v €Ky vEK

which is comparable to the estimate in Remark[6.5. Furthermore, if K =V, and thus K, =V},
then we can obtain the classical Finite Element estimate by Céa’s Lemma

— <c inf ||lu—w,l.
Ju—ugll < e inf Jlu— o]
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Chapter 7

Numerical results

The aim of this chapter is to perform numerical tests for the obstacle problem the
simplified Signorini problem and validate the estimates, which have been presented in
Example and Example [6.10] respectively. Many effective different methods have been
developed to compute Finite Element solutions for variational inequalities. The first section is
dedicated to the obstacle problem and we solve its discrete problem in terms of dual problems
following the ideas of [37] and [38] and penalization methods referring to [I3, Chapter 1], [I8|
Chapter 4] and [19, Chapter 4]. We compare the different methods and analyze the errors
of the discrete solutions and the convergence rates. For the simplified Signorini problem, we
only use the penalization technique to compute numerical solutions and compare the results
with Example [6.10f The last section of this chapter is dedicated to a more realistic friction
problem, analyzing the displacements of an elastic body in frictional contact with a rigid plate
for different friction coefficients. The numerical examples have been performed using the free
Finite Element software FreeFem++, see [36].

7.1 Numerical results for the obstacle problem

Recalling the variational form of the obstacle problem (4.59)), we have:
Find u €e K= {v e Hj(Q) | v >1 in Q}, such that

/Vu~V(v—u) de/f(v—u) dr for all v € K| (7.1)
) 0

where f and ¢ are sufficiently smooth and ¢ < 0 on 0f2. The discrete formulation is:
Find uy, € Kj, = {vy, € Vi | on(Znode) = ¥ (Tnode) in every node x,04¢ }, such that

/Vuh -V (vp — up) dx > /f(vh —uy) dz for all v, € K. (7.2)
Q Q

We always consider the unit square Q = [0, 1] x [0, 1] as the computational domain and use a
—_— M —_—
triangulation 7, = {11, Ts, ..., T} of Q, where T; = T; are triangular elements and |J7T; = €,

c.f. J4 Chapter 2]. Further, we choose the finite dimensional space V}, C V as

Vi, ={v, € C(Q) | vp|r € Py for all T € Tj, and vy, = 0 on I' = 00}, (7.3)
where

b = {U(l’,y) = E az’jxiyj, a;; € R}
i+5<1
1,720
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For the fundamental Finite Element theory we highly recommend [4, Chapter 2] and do not
go further into detail. Since our problem is a variational inequality, we cannot convert the
variational formulation into a linear system directly. Instead, we introduce two different tech-
niques, the saddle point problem (dual method) and the penalty method, and formulate the
variational inequality as an equality, where additional terms must be added in order to satisfy
the inequality.

7.1.1 Dual methods

We start with a dual method and consider the saddle point problem for the obstacle problem as
described in [36]. We do not go into the theory of dual problems, but we just use the algorithm
in [36] in order to compare it with the penalty method in the upcoming subsection. For the
mathematical description and analysis of saddle point problems we refer to [37] and [38]. The
variational form can be rewritten as a saddle point problem: Find u € H}(Q), A € Ly(Q2)
such that

) 1
s, i, €00 = [ (P S0 e
>0 Q

where (¢p —u)™ = max(0, 1 — u). This saddle point problem is equivalent to:
Find u € H}(Q), X € Ly(Q), such that

/[VU-VU+)\U+] dx:/fv dx for all v € Hy (),

“ ¢ (7.5)
/u(@b—u)Jr dx =0 for all p € La(2), 0 >0, > 0.
Q

A possible algorithm to solve (7.5) is the following, c.f. [36], [37] and [3§].
Algorithm 1: Solve saddle point problem ([7.5])

k=0, kmae = 100, choose \g € H1(Q), choose penalty parameter ¢ large enough;
for k=0,1,.... k4 do

Set Iy ={x € Q| \g + c(¢p —upy1) <0}

Set Vi rr1 = {v € HYQ) | v =1 on I}} ;

Set ‘/E)’k+1 = {U S H&(Q) ’ v=0on Ik} )

Find Uk+1 € V¢7k+1 and >\k+1 c H_l(Q), such that

/Vuk+1 Vg de = /f’UkH dr  for all vi41 € Vo i,
0 0

(Aky1,0) = /VukH Vo — fvdr forall v e Hy(Q)
Q

end
We solve the saddle point problem (7.5) with Algorithm 1 for two different values for f and

0.

Example 7.1. Let f = —2 and ¢ = (z — 2%)(y — %?). First, we compute the reference solution,
meaning that we compute the solution via Algorithm 1 on a very fine triangular mesh and
choose higher order polynomials for the shape functions. In our case, §2 is divided into a mesh
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Figure 7.1: Zoomed computational domain Q = [0, 1] x [0, 1], which is divided into a triangular
mesh with 200 x 200 grid points.

with 200 x 200 grid points, see Figure and we use Ps-elements, where

Py = {v(z,y) = Z a;; 2"y, a;; € R}.
i+5<2
i,j>0
We solve now the variational inequality with Algorithm 1 for different meshes sizes
hj =(1/2)7, j =1,...,8, and with P-elements, where these solutions are referred to as discrete
solutions wu,. The errors of the discrete solutions u; with respect to the reference solution
and the convergence rates can be observed with respect to the H'-norm and Lo-norm, as given
in Table [7.1] We compute the numerical convergence rates r; by using the formula

()
ri:—hja j:1727"'787 (76)
41
s ()

where e; = ||ju — uyl|; for mesh size h; and i = 1, 2.

dof h lu — unl1 r1 llu — upllo o

9 0.5 0.278838 0.0454333

25 0.25 0.159107  0.809433  0.0143888  1.65881

81 0.125 0.0829626  0.939463 0.00386289 1.89719

289 0.0625 0.0420212 0.981344 0.000986677 1.96903
1089 0.03125 0.0210929  0.994358 0.000248258 1.99074
4225 0.015625 | 0.0105597 0.998188 6.21819e-05 1.99727
16641  0.0078125 | 0.0052813  0.999607 1.55539e-05 1.99922
66049 0.00390625 | 0.00264053 1.00006  3.88889¢-06 1.99984

Table 7.1: Errors for different mesh sizes h and their convergence rates r; for f = —2 and
Y = (v — 2%)(y — y?) with respect to H'- norm and L,-norm, respectively.
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Figure 7.2: Iso-values of the reference solution u for f = —2 and ¢ = (z —2?)(y — y?) computed
by means of the saddle point problem.

Recalling the error estimate ([6.31]) of Example , ie.

[ = unl[y < ch,

I = unllo < eh?,

we observe from Table that the dependency on the mesh size h of the error agrees with the
computed error of the numerical example in the respective norms.

Furthermore, we investigate the iso-values of the reference solution and compare them with
the discrete solutions. Figure shows the values of the reference solution u. We can see from
Figure [7.3] that the discrete solution wj, converges to u as h — 0. In addition, the iso-values
of uy, agrees with the ones of the reference solution v as h — 0. We will compare this example
with itself but computed by a different method, i.e. the penalty method.

Example 7.2. Let f = —x and ¢ = —0.5. As in the previous example, we first compute the
reference solution u and investigate the dependency on the mesh size h of the error. Table
shows the error and the convergence rates in the H*-norm and Lo-norm, respectively. Analyzing
the error and convergence rates in Table we observe that the dependency of the mesh size
h in the error agrees with the a-priori estimates in Example ie. |lu—wuply < ch and
|l — up|lo < ch?. Figure [7.4] shows the iso-values of the reference solution u.
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(a) Iso-values of uy, for h = 0.25. (b) Iso-values of uy, for h = 0.625.

Figure 7.3: Iso-values of u;, for h = 0.25 and h = 0.625, where f = —2 and ¢ = (z — 2?)(y — y?)
computed by means of the saddle point problem.

dof h lu — upll1 1 lu — unllo o

9 0.5 0.0762753 0.0121097

25 0.25 0.0446101  0.773847 0.00395721 1.61361
81 0.125 0.023499 0.924771  0.00107725 1.87713

289 0.0625 0.0119476  0.975879 0.000276677 1.96107
1089 0.03125 0.00600501  0.992482  6.97523e-05 1.98789
4225  0.015625 | 0.00300762 0.997544 1.74825e-05 1.99633
16641  0.0078125 | 0.00150439 0.999448 4.37389e-06 1.99892

66049 0.00390625 | 0.000752149  1.00008  1.09364e-06 1.99978

Table 7.2: Errors for different mesh sizes h and their convergence rates r; for f = —x and
1 = —0.5 with respect to H'- norm and Ly-norm, respectively.

7.1.2 Penalty methods

We introduce another method for solving variational inequalities called the penalty method.

The contribution of this section is based on the ideas of [I3, Chapter 1], [I8, Chapter 4], [19,

Chapter 4] and [45]. We emphasize, that only a short introduction of the penalty method is

given in this work and refer to the latest references for its detailed description and analysis.
We consider the following general problem. Find u € K, such that

F(u) = min F(v),

veK
Fv) = %a(v,v) o (7.7)
K={veV |Bv—g<0inQ}CV,

where (V|| - ||) and (@, | - ||g) are two Hilbert spaces, B : V' — @ is a linear mapping and
g € . By Theorem we can characterize the minimization problem ([7.7)) by the variational
inequality (5.19al) using the G-derivative of F. In order to convert the inequality into an
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Figure 7.4: Iso-values of the reference solution u for f = —x and ¥ = —0.5.
equality we must introduce the penalty term P : V — R, P(v) = i[|[(Bv — g)T[lg, where

(/)" = max(0, f). The penalty term is large the constraint of the set K is not satisfied. Thus,
we rewrite the minimization problem ([7.7) as: Find u, € V, such that
Fo(u,) = min F.(v),
1 (7.8)
Fu(v) = F(0) + - P(v),

where £ > 0 and F(v) as in (7.7). In order to apply Theorem on ([7.8]), we suppose that
the penalization term P is (weakly) lower semi-continuous and G-differentiable. Furthermore,
P has only an impact if the constraint of K is not satisfied, i.e.

P(v) >0, P(v)=0if and only if v € K.

With this assumptions on P, we can apply Theorem [5.27, where the G-derivative of the pe-
nalization term must be computed. Following the steps of [18, Chapter 3] we obtain, that the
minimization problem can be characterized by the variational form:

Find u, € V, such that

1
a(ug,v) + ~[j(Bu, —g)", Bv] = l(v) forallveV, (7.9)
K
where j : Q — @Q* is the Riesz map, Q* is the dual space of @ and [,] : @* x @ — R is the
duality paring in Q* x Q). We choose the finite dimensional subspace V}, C V as in ([7.3)). Hence,
the discrete formulation of (7.9)) reads as: Find wy, in V},, such that
1
a(up,vp) + —[j(Bup — g)*, Bup) = l(vy)  for all vy, € V. (7.10)
K

We will use the penalty method to solve the same problems as in Example|7.1]and Example
(.2
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Example 7.3. As in Example [7.1} we set f = —2 and ¢ = (z — 2?)(y — %?). In this case, the
Hilbert space Q = V = H}(Q), B =1 and g = ¢. We compute a reference solution u on a
fine mesh, again 200 x 200 grid, using Ps-elements. With the help of the reference solutions
we can compute the error and convergence rates with the solutions for different mesh sizes and
Pj-elements, see Table We discover that the mesh size dependency of the error agrees
with the obtained error estimates of Example ie. |lu—uply < chand ||u— upllo < ch®
Furthermore, it can be seen that the errors obtained using the penalty methods are very similar
to the errors computed by means of the saddle point problems. Hence, both methods give quite
the same result. This result can be also detected by comparing the iso-values of the solutions

in Figure [7.5 and Figure [7.6] with Figure [7.2] and Figure

dof h lu — uplly T lw — uplo o

9 0.5 0.278836 0.0454333

25 0.25 0.159111  0.809383  0.0143888  1.65881
81 0.125 0.0829578  0.939585  0.00386289  1.89719
289 0.0625 0.04202 0.9813  0.000986671 1.96904

1089 0.03125 0.0210991 0.993894 0.000248262  1.9907
4225  0.015625 | 0.0105598  0.9986  6.21993e-05 1.99689
16641  0.0078125 | 0.00527925 1.00018  1.57638e-05 1.98028
66049 0.00390625 | 0.0026413  0.999083 5.54499e-06 1.50736

Table 7.3: Errors for different mesh sizes h and their convergence rates r; with respect to H'-
norm and Ls-norm, respectively.

Remark 7.4. The convergence rate ro in the last line with respect to the Lo-norm in Table
18 1.50736, which does not agree with the rates above. The reason s, that the error as well as the
convergence rates are computed in terms of the reference solution, which is an approximation
of the exact solution as well. Thus, the approrimate solution uy, may have the same accuracy
as the reference solution u, such that the errors and convergence rates give unexpected values.

Example 7.5. Next, we want to investigate the penalty method with the data as in Example
[7.2 f = —x and ¢ = —0.5. The errors and convergence rates can be observed in Table
and agree with the theory in Example [6.9) The error values and convergence rates are quite
similar to Table [7.2] The iso-values of the reference solution are even equal to Figure [7.4] As
explained in Remark [7.4] the convergence rate ry in the last line of Table does not give an
expected value due to the accuracy issues.

dof h |lu — upl|1 T lu — unllo o

9 0.5 0.0762746 0.0121097

25 0.25 0.0446117  0.773778  0.0039572  1.61361
81 0.125 0.0234975  0.924918 0.00107725 1.87713

289 0.0625 0.0119473  0.975818 0.00027669  1.961
1089 0.03125 0.00600719  0.991926 6.97688e-05 1.98762
4225 0.015625 | 0.00300765 0.998052 1.74899e-05 1.99606
16641  0.0078125 | 0.00150362 1.0002  4.39397e-06 1.99293
66049 0.00390625 | 0.000752668 0.998355 1.55686e-06 1.49688

Table 7.4: Errors for different mesh sizes h and their convergence rates r; with respect to H'-
norm and Ls-norm, respectively.
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Figure 7.5: Iso-values of the reference solution u for f = —x and ¢ = —0.5 computed by the
penalty method.
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Figure 7.6: Iso-values of uy, for h = 0.25 and h = 0.625, where f = —2 and ¢ = (v — 2?)(y — y?)
computed by the penalty method.



7.2 Numerical results for the simplified Signorini prob-
lem

In this section, we turn our attention to the numerical results for the simplified Signorini
problem (4.25)). Recalling the variational form of the simplified Signorini problem (4.27)), we
have: Find u e K= {v e H(Q) | v >0 on ' = 9Q}, such that

/Vu~V(v—u)+u(v—u) de/f(U—u) dm—l—/g(v—u) ds forallvek, (7.11)

r

where f and g are sufficiently smooth. The discrete formulation is:
Find u, € Ky, = {vy, € Vi | n(Znode) > 0 for every node 2,04, on the boundary I'}, such that

/Vuh -V (vp, — up) + up(vy — up) de > /f(vh —up) dx + /g(vh —uy) ds for all v, € K.
9)

Q T

(7.12)

We solve the simplified Signorini problem only with the help of the penalty method. For our
example, we choose f = —222 — 2y? + 2%y?> — 2y and g = 0. This time, the Hilbert space Q in
denotes the space Ly(T'). The computational domain is the unit square Q = [0, 1] x [0, 1].
As a slight simplification, we fixed two boundary sides of the domain, i.e. v = 0, and computed
the reference solution on a 250 x 250 grid using Ps-elements. Solving the discrete problem
with the penalty method for different mesh sizes h and with P;-elements, we can observe
in Table the errors and convergence rates with respect to the reference solution wu.

dof h |lu — wup || T |l — unllo To

9 0.5 0.216582 0.0210473

25 0.25 0.123927  0.805414  0.00525725 2.00126
81 0.125 0.0663637  0.90103  0.00139896 1.90995

289 0.0625 0.0341887 0.956877 0.000364405  1.94074
1089 0.03125 0.0172744  0.984879 0.000102346  1.83209
4225  0.015625 | 0.00866511 0.995348 5.91655e-05  0.790628
16641  0.0078125 | 0.00434309 0.996497 5.76312e-05  0.0379065
66049 0.00390625 | 0.00218799 0.989117 5.81437e-05 -0.0127735

Table 7.5: Errors for different mesh sizes h and their convergence rates r; for f = —2x% —2y>+
2?y? — 2y and g = 0 with respect to H'- norm and L,-norm, respectively.

From Table it can be deduced that the dependency on the mesh size h of the error agrees
with the a-priori estimates of Example [6.10] i.e. ||u —wylli < ch and [Ju — upllo < ch® The
error and convergence rates with respect to the Ly-norm in the last three lines of Table do
not give expected values due to the accuracy issue as explained in Remark [7.4] Lastly, we plot
the reference solution u in Figure and the discrete solutions uy, for different mesh sizes h
in Figure [7.7} It can be observed that the discrete solution converges to the reference solution
and that the iso-values are very close to each other.
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Figure 7.7: Iso-values of uy, for h = 0.25 and h = 0.625, where f = —22 — 2y + 2%y* — 2y and
g = 0 computed by the penalty method.
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Figure 7.8: Iso-values of the reference solution u for f = —2x? — 2y% + 22y?> —ay and g = 0
computed by the penalty method.

7.3 A more realistic example

The aim of this section is to use the mathematical model for frictional contact, or rather,
its variational formulation , to consider the contact of a more realistic three-dimensional
problem. We investigate the contact between an elastic body €2 and a rigid medium F (rigid
plate). The elastic body € has a cube shape with edge side length A equal to A = 2-10~*
and is centered at the origin of the axes. The rigid plate F has the shape of a parallelepiped
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Figure 7.9: The elastic body © (lower medium) possesses asperities which comes in contact
with the rigid plate F (upper medium).

with length in z- and y- directions equal to A, = 2-107% and length in z-direction equal to
As = 107%. The two mediums are parallel with respect to xy plane and the elastic body
possesses asperities on the surface boundary, which comes into contact with the rigid plate, as
illustrated in Figure[7.9) We consider the simple case, where the contact boundary part of the
rigid medium is parallel to the zy plane and the contact boundary part of the elastic medium
can be a rough surface, i.e. asperities. For our purpose, the rough surface of the elastic body
is described by

S(z,y) = 0.14 cos (M) cos (%) | (7.13)

as visualized in Figure[7.10] The two contact surfaces are parallel to each other with maximum
distance defined by the gap function ¢ = 0.1A. The contact area between these two surfaces
are determined by the contact points which have zero distance, i.e. the peaks of the asperities
are in touch with the rigid plate.

In our problem, the rigid plate above the elastic material is moving in z-direction with
velocity v;1 = 0.01A. Thus, the contact surfaces move relative to each other. Due to this
motion, friction forces (shear stresses) are developed across the contact surfaces, which, in
turn, cause a deformation of the lower elastic body and a deformation of the asperities in a
boundary layer in the contact region. This deformation is described by the mathematical model
. We solve this problem numerically, considering its variational formulation , and
compute the maximal displacement u for the points on the surface S, for different friction
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Figure 7.10: Rough surface, i.e. asperities, on the contact boundary part of the elastic body €2.

coefficients vr. Furthermore, we always consider Young’s Modulus £ and Poisson’s ration v
to be equal to £ = 69.5 - 10* and v = 0.29, and compute the Lamé coefficients as in (3.38)).
In addition, we consider o,(u) = —1, so o,(u) < 0 holds, for our computations. We have
computed the maximal displacements u for different values of the friction coefficients vp. The
results are displayed in Table [7.6

Input data Output data
Friction coefficient vr | Maximal displacement u

0.3 1.56028e-05

0.4 1.87371e-05

0.47 1.97386e-05

0.53 4.15374e-05

Table 7.6: Maximal displacements u of the asperity points for different friction coefficients vp.

We can observe from Table [7.6] that higher friction coefficients result in higher maximal
displacements. This is physically reasonable, since materials with lower friction coefficients
have slippery surfaces, therefore the rigid plate slides over the asperities without pulling them
with it strongly. On the other hand, if the friction coefficient is high, then the elastic material
is more afflicted with the rigid plate, which causes higher displacements. Additionally, we
observe that the variations of the displacement do not follow a linear relation with respect to
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the variations of the friction coefficients. In Figure [7.11] we can see the initial configuration of
the elastic body €2 and its deformed configuration after the movement of the rigid plate.
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Figure 7.11: The elastic body €2 deforms relative to the movement of the rigid plate for v = 0.3.
Both, the original and deformed shape of 2 are illustrated for comparison.
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Chapter 8

Conclusion and Outlook

8.1 Conclusion

In this thesis, we focused on the analysis of abstract elliptic variational and hemi-variational
inequalities. The motivation was the classical Signorini problem (4.25)), where we derived
its variational formulation . We saw that the contact conditions led to restrictions in
the mathematical model, which turned out to be in the form of inequalities and defining the
solution on an admissible set. Furthermore, we obtained a generalized form of variational
inequalities . We successfully answered the question about the existence of a unique
solution under strong assumptions as strong monotonicity for the operator A and convexity
and lower semi-continuity for the functional j, see Theorem [5.38] Additionally, we provided
an analysis of variational inequalities derived from minimization problems, c.f. Theorem [5.31]
The variational formulation (5.35) can be associated with frictionless or simplified frictional
contact problems. However, in order to provide frictional contact problems, hemi-variational
inequalities are essential. They are characterized by the dependence of the functional j on the
solution. We introduced elliptic hemi-variational inequalities and answered the question
about a unique solution as well, see Theorem For this purpose, we considered a strong
assumption imposed on the functional j, which was . We examined an application of
hemi-variational inequalities (5.70), where we discovered that frictional problems are by far no
simply solvable problems and that under very strong assumptions on the data a solution can
found. In many works, c.f. [6], [I6] and [I8], this problem has been investigated and they faced
a lot of difficulties.

In addition, we considered the Finite Element discretization of elliptic variational and hemi-
variational inequalities. For both cases, we obtained the convergence of the discrete solution
to the exact solution, c.f. Theorem and Theorem [6.14] and derived discretization error
estimates in Theorem and Theorem [6.16] Unfortunately, solving the variational inequality
numerically is associated with lots of computational difficulties. Hence, the elaborated conver-
gence theory is hard to verify. Recent works of [34], [35], [41] and [45] address this problem and
introduce different methods for solving variational inequalities efficiently.

Lastly, we considered simplified contact problems, i.e. the obstacle problem and the
simplified Signorini problem (7.11)). We verified the error dependency on the mesh size h derived
in Example and Example for each problem. We introduced two different numerical
methods, i.e. the dual method by means of saddle point problems and the penalty method. We
observed similar results for the error behavior solving the obstacle problem with these methods.
The last numerical example was dedicated to a more realistic frictional contact problem, where
we investigated the connection between the displacement and friction coefficient using the
mathematical model for the Signorini problem with Coulomb friction ([5.70]).
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8.2 Outlook

Considering this thesis, there are many possibilities for future work and research. Firstly, we
always considered the contact between an elastic body and a rigid medium. In the litera-
ture, this type of contact is usually called unilateral contact. If both bodies are elastic, then
the deformation of both bodies must be considered and the contact condition becomes more
complicated. However, this type of contact problem can be also characterized by variational
inequalities.

The analysis of variational inequalities presented in this work has been done for real-valued
Hilbert spaces. It is possible to extend this analysis to vector-valued spaces, in order to de-
scribe realistic three-dimensional contact problems. However, as we have already remarked,
the numerical treatment of more-dimensional contact problems involves a lot of mathematical
difficulties for complicated contact conditions such as friction. In general, frictional contact
problems are of special interest and many researchers focus on the numerical simulation of
these type of contact problems. Numerical methods for solving hemi-variational inequalities
require deep mathematical investigation. The computation of an appropriate solution for non-
simplified contact problems is still an open research field.

Another possible outlook is to extend the analysis of this work for another types of contact.
In terms of tribology, not only firctional contact is of special importance, but also lubrication or
wear are essential in engineering applications. Similar mathematical models can be introduced
and it is possible to find analogies to this thesis.

In this work, we did not go into detail about Finite Element solvers for variational inequal-
ities. We used well known methods as the penalty method or the dual method by means of
the saddle point problem, for solving the variational inequalities. A direct continuation to this
work would be the investigation of different Finite Element solvers and an approach to combine
parallelization or adaptive methods with the Finite Element method.

Furthermore, the examination of variational inequalities can be enlarged by considering time
dependent contact problems, i.e. hyperbolic variational inequalities. Time-dependent problems
do not only complicate the mathematical model, but also involve more numerical difficulties
compared to elliptic variational inequalities.

Finally, due to the actual research about Artificial Intelligence (AI), there are several ap-
proaches to combine the Finite Element methods with AI systems. A possible experiment
would be to go into this direction and solve variational inequalities by Finite Element methods
in terms of Al systems. However, this requires the correct connection between the mathematical
foundation and the AI systems.
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