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Abstract. Self-adjoint Schrodinger operators with § and d§’-potentials
supported on a smooth compact hypersurface are defined explicitly via
boundary conditions. The spectral properties of these operators are in-
vestigated, regularity results on the functions in their domains are ob-
tained, and analogues of the Birman—Schwinger principle and a vari-
ant of Krein’s formula are shown. Furthermore, Schatten—von Neumann
type estimates for the differences of the powers of the resolvents of the
Schrodinger operators with § and §’-potentials, and the Schrédinger
operator without a singular interaction are proved. An immediate con-
sequence of these estimates is the existence and completeness of the
wave operators of the corresponding scattering systems, as well as the
unitary equivalence of the absolutely continuous parts of the singularly
perturbed and unperturbed Schrodinger operators. In the proofs of our
main theorems we make use of abstract methods from extension theory
of symmetric operators, some algebraic considerations and results on
elliptic regularity.
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1. Introduction

Schrodinger operators with § and §’-potentials supported on hypersurfaces
play an important role in mathematical physics and have attracted a lot of
attention in the recent past; they are used for the description of quantum
particles interacting with charged hypersurfaces. In this introduction we first
define the differential operators which are studied in the present paper. Fur-
thermore, we state and explain our main results on the spectral and scattering
properties of these operators in an easily understandable but mathematically
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exact form in Theorems A-D below. Although the remaining part of the pa-
per can be viewed as a proof of these theorems we mention that Sections 3
and 4 contain not only slightly generalized versions of Theorems A-D but
also other results which are of independent interest.

In the following let ¥ be a compact connected C*°-hypersurface which
separates the Euclidean space R™ into a bounded domain €2; and an un-
bounded domain €, with common boundary 99, = 9€; = ¥. Denote by
Oy, the d-distribution supported on ¥ and by d% its normal derivative in the
distributional sense with the normal pointing outwards of €2;. The main ob-
jective of the present paper is to define and study the spectral properties of
Schrodinger operators associated with the formal differential expressions

E&a =-A+V -« <5§], . > 0y and E(;/,g =—-A+V - ﬂ<(5,2, . > 5’2 (11)

Here V € L>°(R") is assumed to be a real-valued potential and o, 5 : ¥ — R
are real-valued measurable functions, often called strengths of interactions in
mathematical physics. In order to define the Schrodinger operators with ¢
and §’-interactions rigorously, it is necessary to specify suitable domains in
L?(R™) which take into account the § and §’-interaction on the hypersurface
Y. In our approach this will be done explicitly via suitable interface conditions
on ¥ for a certain function space in L?(R"™). One of the main advantages
of our method compared with the usual approach via semi-bounded closed
sesquilinear forms (see, e.g. [18, 30]) is that §’-interactions can be treated
without any additional difficulties.

Throughout the paper we write the functions f € L?(R") in the form
f = fi ® f. with respect to the corresponding space decomposition L2(£};) @
L?(Q,). For the definition of Schrédinger operators with & or §’-potentials we
introduce the following subspaces

HYP() = { fi € H*2(Q): Afi € L2()},
HY?(Q0) = {fo € H*(Q): Afo € LX)},

of the Sobolev spaces H3/2(;) and H?/%(Q,), respectively, and their orthog-
onal sum in L?(R"):

HYP®RMN\Z) = HY () @ HY?(90);

cf. [2, 59] and Sections 2.3 and 2.4 for more details. The trace of a function

fi € Hi/ %(€) and the trace of the normal derivative d,, f; (with the normal
v; pointing outwards) are denoted by fi|s; and 9,, fi|s, respectively. Similarly,
for the exterior domain and f, € Hz/Q(QC) we write fo|y and 9, fo|s; here
Ve and v; are pointing in opposite directions.

The main objects we study in this paper are the operators given in the
following definition, which are associated with the formal differential expres-

sions in (1.1).



Schrodinger operators with ¢ and §’-potentials 3

Definition. Let oo € L (X) be a real-valued function on ¥. The Schrodinger
operator As . corresponding to the d-interaction with strength oo on X is de-
fined as

Asof =—-Af+ V],

afi'z = auefe|2 + ayifi‘E

Let B be a real-valued function on ¥ such that 1/8 € L*°(X). The Schrédinger
operator Ag g corresponding to the &' -interaction with strength 5 on X is
defined as

dom A, = {f c Hi/Q(R”\E) : file = fels }

Asipgf = —-Af+VF,

3/2 Oy fels = =0y, fils
dOInAg/’g =qf€ HA (R”\E) : .
B0, fels = felz — fils

The boundary conditions in the domains of A5, and As, g fit with the
formal differential expressions in (1.1). In order to see this for A, we intro-
duce the closed symmetric form

as,alfr 9] = (V£ V) r2@ricny + (V,9) 2@ny — (af|s, 9l2) L2 (s

on H'(R™). Further making use of the boundary conditions fi|s = fo|s and
afils = 0 fels + Oy, fils for f € dom A, and the first Green’s identity a
simple calculation yields

(Aé,af7 g)Lz(R”) = aﬁ,a[fa g] = <£§,af7g>

for all g € H'(R™). This also shows that As, coincides with the self-adjoint
operator associated with the closed symmetric form a5 ; cf. Proposition 3.7
for more details. The quadratic form method has been used in various papers
for the definition of Schrédinger operators with d-perturbations supported on
curves and hypersurfaces. We refer the reader to [18] and the review paper
[30] for more details and further references; we also mention [19, 28, 29, 32,
33, 34, 35, 39, 58] for studies of eigenvalues, [16, 31, 38, 70] for results on the
absolutely continuous spectrum, and [6, 36, 37, 40, 41, 54, 60, 67] for related
problems for Schréodinger operators with d-perturbations. We point out that
the quadratic form approach could not be adapted to the §’-case so far; see
the open problem posed in [30, 7.2] and our solution in Proposition 3.15. For
completeness we also mention that the above definitions of the differential
operators As . and As, 3 are compatible with the ones for one-dimensional §
and ¢’-point interactions in [3, 4].

In the next theorem, which is the first main result of this paper, we
obtain some basic properties of the Schrodinger operators A;, and Ay g.
Here also the free or unperturbed Schrodinger operator

Afreef = _Af + Vf7 dom Afree = HQ(RH)7

is used. It is well known and easy to see that Agee is semi-bounded and self-
adjoint in L?(R™). Recall that the essential spectrum oess(A) of a self-adjoint
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operator A consists of all spectral points that are not isolated eigenvalues
of finite multiplicity. The statements in Theorem A below are contained in
Theorems 3.5, 3.11, 3.14 and 3.16 in Sections 3.2-3.4.

Theorem A. The Schriédinger operators As o and As: g are self-adjoint oper-
ators in L?(R™), which are bounded from below, and their essential spectra
satisfy

Uess(Aé,a) = Uess(Aé',ﬁ) = Uess(Afree)~ (12)

If V.= 0, then 0ess(As,a) = Tess(Asrg) = [0,00) and the negative spectra
of the self-adjoint operators As . and As g consist of finitely many negative
eigenvalues with finite multiplicities.

It is not surprising that additional smoothness assumptions on the func-
tions v and # in the boundary condition yield more regularity for the func-
tions in dom A;, and dom As 5. The H?-case is of particular importance;
see also [17] where the Laplacian on a strip was considered. The next theo-
rem follows from Theorems 3.6 and 3.12. The Sobolev space of order one of
L°°-functions on ¥ is denoted by W1 (%).

Theorem B. If a € W1>°(X), then dom As,,, is contained in H? (%)@ H? ().
If1/3 € Whee(X), then dom Ag g is contained in H*(Q:) © H?(e).

The fact that the essential spectra of the operators As o, As, g and Agpee
in Theorem A coincide, follows from the observation that the resolvent dif-
ferences of these operators are compact. Roughly speaking this is a conse-
quence of the compactness of the hypersurface ¥ and Sobolev embedding
theorems. However, as can be expected from the classical results in [12] (see
also [10, 13, 14, 23, 49, 52, 53, 61]) more specific considerations yield more
precise Schatten—von Neumann type estimates for the differences of the re-
solvents and their integer powers, which then in turn imply existence and
completeness of the wave operators of the scattering pairs {As q, Afree } and
{As: 3, Anrec }; see, €.g. [56, 65, 72] for more details and consequences.

Recall that a compact operator T is said to belong to the weak Schatten—
von Neumann ideal &, o if the sequence of singular values sj, i.e. the se-
quence of eigenvalues of the non-negative operator (T*T)l/ 2. satisfies s =
O(k=1/P), k — oo. Note that &, « C &, for all p’ > p, where &,/ is the
usual Schatten—von Neumann ideal; cf. Section 2.1.

Theorem C. For the self-adjoint Schridinger operators As. and Asg in
L?(R") the following statements hold.

(i) For all A € p(As,a) N p(Apee) we have
(Aso =N = (Apee —N) 1 € SESIRS

and, in particular, the wave operators for the pair {As o, Atree} exist and
are complete when n =2 orn = 3.
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(ii) For all X € p(Asip) N p(Agree) we have
(A5/,ﬁ - /\)71 - (Afree - >\)71 € 6%71700,

and, in particular, the wave operators for the pair {As g, Apee} exist
and are complete when n = 2.

The scattering theory for operators with d-potentials in the two-dimen-
sional case is partially developed in [36]. In higher dimensions it is necessary
to extend the estimates to higher powers of resolvents as we do in the next
main theorem under an additional local regularity assumption on the poten-
tial V. In particular, for sufficiently smooth V' this implies the existence and
completeness of the wave operators for the scattering pairs {As o, Afree} and
{As 3, Aree } In any space dimension. For k € Ny the subspace of L= (R")
which consists of all functions that admit partial derivatives in an open neigh-
bourhood of the hypersurface ¥ up to order k in L*°(R") is denoted by
W™ (R™).

Theorem D. Let the self-adjoint Schrodinger operators As ., and As g be as

above, and assume that V € W™ > (R™) for some m € N. Then the fol-
lowing statements hold.

(i) Foralll=1,2,...,m and X € p(Asa) N p(Afee) we have
(A(S,()/ - A)il - (Afree - A)il E 6 n—1

2071

oo’

and, in particular, the wave operators for the pair { As o, Atree} €xist and
are complete when 2m — 2 >n — 4.

(11) For all | = 17 27 RN and \ € p(AJ’ﬁ) N ,D(Afmc) we have
(A'S/ﬁ - A)il - (Afree - >\)7l €EGna

27,00’
and, in particular, the wave operators for the pair {As g, Apee} exist

and are complete when 2m — 2 >n — 3.

Note that, for m = 1, Theorem D reduces to Theorem C. The proof of
Theorem D is essentially a consequence of Krein’s formula, some algebraic
considerations and results on elliptic regularity. The statements in Theorem D
are contained in Theorems 4.3, 4.5 and Corollaries 4.4, 4.7.

The paper is organized as follows. Section 2 contains preliminary mate-
rial on Schatten—von Neumann classes, general extension theory of symmetric
operators and function spaces. In particular, we prove some useful abstract
lemmas on resolvent power differences in Section 2.1. Furthermore, in Sec-
tion 2.2 we collect basic facts about quasi boundary triples — a convenient
abstract tool from [8, 9] to study self-adjoint extensions of symmetric partial
differential operators — and recall a variant of Krein’s formula suitable for
our purposes. Section 3 is devoted to the rigorous mathematical definition and
the investigation of the spectral properties of the operators As, and As g.
In Sections 3.2 and 3.3 we provide proofs of self-adjointness and sufficient
conditions for H2-regularity of the operator domains, cf. Theorems A and B,
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and we discuss variants of the Birman—Schwinger principle for the description
of eigenvalues of the self-adjoint operators A5, and As g. All these results
are obtained by means of suitable quasi boundary triples constructed in these
sections. Section 3.2 is accompanied by a comparison with the sesquilinear
form approach to Schrédinger operators with d-potentials on hypersurfaces.
In Section 3.4 we obtain basic spectral properties of the self-adjoint opera-
tors A and As, g such as lower semi-boundedness and finiteness of negative
spectra if V' = 0. Section 4 contains our main results on Schatten—von Neu-
mann estimates from Theorems C and D for resolvent power differences of
operators As o, Asg and Apee. As a direct consequence of these estimates
we establish the existence and completeness of wave operators for certain
scattering pairs arising in quantum mechanics.

We emphasize again that the results in the body of the paper are some-
times stronger than in the introduction. Several theorems of their own in-
dependent interest are formulated only in the main part. We also mention
that many of the results in the paper extend to more general second order
differential operators with sufficiently smooth coefficients and also remain to
be true under weaker assumptions on the smoothness of the hypersurface ;
in this context we refer the reader to the recent papers [1, 7, 43, 44, 45, 46, 63]
on elliptic operators in non-smooth domains.

2. Preliminaries

This section contains some preliminary material that will be used in the
main part of the paper. In Section 2.1 we first recall some basic properties
of Schatten—von Neumann ideals and we prove an abstract lemma with suffi-
cient conditions for resolvent power differences to belong to some Schatten—
von Neumann class. The concept of quasi boundary triples and their Weyl
functions from general extension theory of symmetric operators is briefly re-
viewed in Section 2.2. Sections 2.3 and 2.4 contain mainly definitions and
notations for the function spaces used in the paper.

2.1. &, and &, -classes

Let H and G be separable Hilbert spaces. The space of bounded everywhere
defined linear operators from H into G is denoted by B(H,G), and we set
B(H) := B(H,H). The ideal of compact operators mapping from H into G is
denoted by S (H,G), and we set S (H) := G (H, H). We agree to write
G when it is clear from the context between which spaces the operators
act. The singular values (or s-numbers) si(T), k = 1,2,..., of a compact
operator T' € G4 (H,G) are defined as the eigenvalues of the non-negative
compact operator (T*7T)'/2, enumerated in non-increasing order and with
multiplicities taken into account. Recall that the singular values of 7" and T™*
coincide; see, e.g. [47, 11.§2.2]. The Schatten—von Neumann class of operator
ideals &, and the weak Schatten—von Neumann class of operator ideals &, o



Schrodinger operators with ¢ and §’-potentials 7

are defined as

S, = {T € Guo: i(sk(T))p < oo},

k=1 p>0;

S0 = {T € Gt si(T) = Ok~ /P), k — oo},

they play an important role later on. We refer the reader to [47, II1.§7 and
111.§14], [69, Chapter 2] and to [15, Chapter 11] for a detailed study of the
classes 6, and &, . If a compact operator T' € & (H,G) belongs to &, or
Sp,00, then we also write T' € &,(H,G) or T € &, «(H,G), respectively, if
the spaces ‘H and G are important in the context. Moreover, we set

Gp . Gq = {TlTQ: T, € GP7T2 € 6,1},

Sp,o0 - Gg00 1= {TlTQI T1 € 6poo, 12 € 6‘1700}'

The proof of the next statement can be found in [15, 47] and, e.g. [11,
Lemma 2.3].

Lemma 2.1. Let p,q,r,s,t > 0. Then the following statements are true:
(i) 6,6, =6, and Sy 0 - Sg00 = Sroo when p~t + ¢t =171, or,
equivalently

GL'G%ZGL and GH

P PRI

61, =61

s+t

(il)) If T € &, then T* € &p; if T € Gp oo, then T* € 6, o ;
(ili) &) C Sp oo and Sy oo C Sy, for all p’ < p.
Let H and K be linear operators in a separable Hilbert space H and

assume that p(H) N p(K) # &. In order to investigate properties of the
difference of the mth powers of the resolvents,

(H=XN)""—(K-X"™  xep(H)Np(K), meN,

recall that, for two elements a and b of some non-commutative algebra, the
following formula holds:

m—1
a™ —b" = Z am_k_l(a — b)b. (2.1)
k=0

Substituting a and b by the resolvents of H and K, respectively, and setting
T (V) = (H = )~ 5D (=)™ = (K= )T (K =07 (22)

for A\e p(H)Np(K), me Nand k=0,1,...,m — 1, we conclude from (2.1)
that

m—1

(H=N""=(K-=N""=> Tnir(N (2.3)
k=0

holds for all A € p(H) N p(K) and m € N. In the next lemma we show that
(H—X)"™— (K —X)"™ belongs to 6, « for all A € p(H) N p(K) if all
the operators T, 0(A0), Tm.,1(A0), - -, Tm,m—1(Ao) belong to &, » for some
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Ao € p(H) N p(K). In the case m = 1 the statement is well known. We note
that the statement holds in the same form if the class &, o is replaced by
any operator ideal, e.g. &,,.

Lemma 2.2. Let H and K be linear operators in H such that p(H) N p(K) #
&. Moreover, let p > 0, m € N and T, be as in (2.2), and assume that
Toni(X0) € Gp.00(H) for some Ao € p(H)Np(K) and all k =0,1,...,m—1.
Then

(H=N)"" = (K = \) " € &, (H)
for all X € p(H) N p(K).
Proof. For A € p(H) N p(K) define
Ey:=T+M\=X)H—-XN"" and Fy:=T+\—X)(K—-X\"1 (24)
The resolvent identity implies that
Ex(H=20)"" = (H=X0) '+ (A=X0)(H=A)""(H=Xo) "' = (H-\)"" (2.5)
and, similarly,
(K —Xo) 'Fy = (K —\)"% (2.6)
By induction we obtain
E\(H—-X)'=(H-N"" and (K —X)'FL=(K-X\" (27

for all I € N. Set D1(\) := (H —A)"' — (K — X))~} A€ p(H) N p(K). Then
(2.5), (2.6) and (2.4) imply that

E\D1(M\)F\ = Ex(H — Xo) ' Fy — Ex(K — \o) ' F)
=(H—-)N)"'Fy - E\(K - )1
=H-N""+ A=) H-N)"HEK -\ (2.8)
—(K=XN""=(A=X)H - N)"HK =)'
=D (\).

For k =0,1...,m —1 and all A € p(H) N p(K) we obtain from (2.7), (2.8)
and the facts that E\ commutes with (H — \g)~! and F) commutes with
(K — Xo)~! the following relation

T (N) = (H = X) " UDy (A (K — 2)F
= (H —))~"M=kF=DE\ Dy (\o)Fa(K — \)7*
= B FNH — 2o) MU END (\) FA(K — Xo) R FY
= B R(H = ) "M D (M) (K — Ag) TFFEH!

= BV R T, (o) FEHE
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By assumption, T, x(Ao) € S, .00, and hence we conclude that Ty, k(A) €
Spoo for k=0,1,...,m—1and A € p(H) N p(K). This together with (2.3)
implies that
m—1
(H - )‘)_m - (K - /\)_m = Tm,k()\) € Gp,OO(H)
k=0

for all A € p(H) N p(K). O

The following lemma will be used in Section 4.2 to show that certain
resolvent power differences are in some class &, .

Lemma 2.3. Let H and K be linear operators in H, let K be an auxiliary
Hilbert space and assume that, for some Ao € p(H) N p(K), there exist oper-
ators B € B(K,H) and C € B(H,K) such that

(H—Xo) ' — (K — X))~ ! = BC. (2.9)

Let a > 0 and by,by > 0 be such that a < by 4+ by and set b := by + by — a.
Moreover, let r € N and assume that

(K—X) *Be6

1
ak+by 0’

C(K—)\o)_k €e6_u

ak+bo

k=0,1,...,r—1. (2.10)

,007

Then
(H-)N"'"—(K-)N"'ec6&

forall X € p(H)Np(K) and alll =1,2,...,r.

(2.11)

1
al+5:>®

Proof. We prove the statement by induction with respect to [. Using the
factorization in (2.9), the assumptions in (2.10) with ¥ = 0 and Lemma 2.1 (i)
we obtain

(H=X) ' =(K=X)"'=BCe€6. -6, =6 =6

,00 By m&o aF5 @’
Now Lemma 2.2 with m = 1 implies that
—1 —1
(H=XN)""—(K-)) GG#M

oo

for all A € p(H) N p(K), i.e. (2.11) is true for [ = 1.

For the induction step fix m € N, 2 < m < r and assume that (2.11) is
satisfied for all l =1,2,...,m —1. For k = 0,1,...,m — 1 let T}, ;, be as in
(2.2), define

Dj(Xo) = (H =)/ = (K = Xo)™7,  j €N,
and write
_ _ —(m—k—1) _ —k
T (Ao) = (H = Xo) BC(K — o)
= Dy—1(Mo) BC(K — X\o) 7" (2.12)
+ (K — X))~ D BC(K — \) 7.
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Note that Dg(N\g) = 0. By assumption (2.10) we have
Be®. ., CK—-X)"e6

ﬁ a,kibz 007
_ —(m—k—1)
(K = 2o) Be6 oo
for k=0,1,...,m — 1. By the induction assumption we also have

Dm—k—l(/\o) €6

1
a(nl—kfl)«#b’OO

for k=0,1,...,m—1, and and hence we obtain with Lemma 2.1 (i) that the
first summand in (2.12) is in

eyt Gﬁvm ’ Gakibzvm - 6#%»00 = 6a711:.l+b7oo7
where we used that b > 0. The second summand in (2.12) is in
s Ot oo = Gt oo
Hence Tp, k(Xo) € & 1 oo for all k = 0,1,...,m — 1. Now Lemma 2.2
implies the validity of (2.11) for I = m. d

2.2. Quasi boundary triples and their Weyl functions

The concept of quasi boundary triples and Weyl functions is a generalization
of the notion of (ordinary) boundary triples and Weyl functions from [20,
26, 48, 57], which is a very convenient tool in extension theory of symmetric
operators. Quasi boundary triples are particularly useful when dealing with
elliptic boundary value problems from an operator and extension theoretic
point of view. In this subsection we provide some general facts on quasi
boundary triples which can be found in [8] and [9].

Throughout this subsection let (M, (-, -)#) be a Hilbert space and let A
be a densely defined closed symmetric operator in H.

Definition 2.4. A triple {G,T,T'1} is called a quasi boundary triple for A*
if (G,(+,-)g) is a Hilbert space and for some linear operator T' C A* with
T = A* the following holds:

(i) To,T'y : domT — G are linear mappings and ran (?‘1}) is dense in G X G;
(ii) Ao :=T T kerTy is a self-adjoint operator in H;
(iii) for all f,g € domT the abstract Green’s identity holds:
(Tf,9)n— (£, Tg)n = T1f,Toglg — Tof.T19)g- (2.13)

The following simple example illustrates the notion of quasi boundary
triples for the Laplacian on a smooth bounded domain, see [8, 9], Section 3.1
and Proposition 3.1.

Ezxample. Let ) be a bounded domain with smooth boundary, A = —A with
dom A = H3(Q), T = —A with domT = H?(Q), let G = L?(99) and define
the boundary mappings as

Lof =0ufloa, Tif = floa, fedomT;
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where 0, stands for the normal derivative with normal vector pointing out-
wards. It can be shown that the closure of T coincides with the adjoint
operator A* = —A, dom A* = {f € L?(Q) : Af € L?(Q)}, and that the
properties of (i)-(iii) in Definition 2.4 hold. Hence {L?(99), T, 1} is a quasi
boundary triple for A*.

We remark that a quasi boundary triple for the adjoint A* of a densely
defined closed symmetric operator exists if and only if the deficiency indices
ng(A) = dimker(A* F4) of A coincide. Moreover, if {G,T,T'1} is a quasi
boundary triple for A*, then A coincides with T' [ (kerT'g NkerT';) and the
operator A; :=T | kerI'; is symmetric in H. We also mention that a quasi-
boundary triple with the additional property ranl'y = G is a generalized
boundary triple in the sense of [25, 27]. In the special case that the defi-
ciency indices ny(A) of A are finite (and coincide) a quasi boundary triple
is automatically an ordinary boundary triple.

The following proposition contains a sufficient condition for a triple
{G,T,T'1} to be a quasi boundary triple, cf. [8, Theorem 2.3] and [9, Theo-
rem 2.3]. The result will be applied in Sections 3.2 and 3.3.

Proposition 2.5. Let H and G be Hilbert spaces and let T be a linear operator
in H. Assume that T'g,I'1: domT — G are linear mappings such that the
following conditions are satisfied:

(a) The range of (11:‘1)) :domT — G x G is dense and ker I'gNker I'y is dense
in H.
(b) The identity (2.13) holds for all f,g € domT.

(¢) T | kerT'y is an extension of a self-adjoint operator Ay.
Then A :=T | ker'go NkerI'y is a densely defined closed symmetric operator
inH, and {G,T0,T1} is a quasi boundary triple for A* with Ag =T | kerT'y.

Next we recall the definition of the 7-field and the Weyl function as-
sociated with a quasi boundary triple {G,'o,I'1} for A*. Note first that the
decomposition

domT = dom Ag + ker(T — \) = ker I'g + ker(T — \)

holds for all A € p(Ap). Hence I'y | ker(T" — A) is invertible for all A € p(A4y)
and maps ker(T — \) bijectively onto ranT.

Definition 2.6. Let {G,To,I'1} be a quasi boundary triple for T = A* and
Ao =T | kerT'g. Then the (operator-valued) functions v and M defined by
(A i= (T T ker(T = X))~ and  M(X):=T1y(A), A€ p(Ag),
are called the ~y-field and the Weyl function corresponding to the quasi

boundary triple {G,T'g,T"1}.

The values of the Weyl function corresponding to the quasi boundary
triple {L2?(99),T,T'1} in the example below Definition 2.4 are Neumann-to-
Dirichlet maps; cf. [8, 9], Section 3.1 and Proposition 3.1.
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The definitions of v and M coincide with the definitions of the ~-field
and the Weyl function in the case that {G,Tg,T'1} is an ordinary boundary
triple, cf. [26]. Note that, for each A € p(A4y), the operator v(A) maps ranT
into H and M(A) maps ranT'y into ranT';. Furthermore, as an immediate
consequence of the definition of M(\) we obtain

M()\)Fof)\ = Flf)\, f)\ S ker(T — /\), AE p(Ao).

In the next proposition we collect some properties of the y-field and the
Weyl function; all statements are proved in [8].

Proposition 2.7. Let {G,T,T1} be a quasi boundary triple for T = A* with
Ao =T | ker Ty, v-field v and Weyl function M. Then, for A € p(Ayp), the
following assertions hold.

(i) The mapping v(X\) is a densely defined bounded operator from G into H
with domy(\) = ranT.

(i) The adjoint of v()\) satisfies
Y(A)* =T1(A4g — Nt € B(H,G).

(iii) The wvalues of the Weyl function M are densely defined (in general
unbounded) operators in G with dom M(A) = ranTy and ran M(\) C

ranT'y. Furthermore, M(X) C M(\)* holds.
(iv) IfranTy = G, then M(\) € B(G).

(v) If Ay =T | ker 'y is a self-adjoint operator in H and X € p(Ag)Np(A1),
then M(X) is a bijective mapping from ranTy onto ranT';.

With the help of a quasi boundary triple and the associated Weyl func-
tion it is possible to describe the spectral properties of extensions of A, which
are restrictions of T C A*. The extensions Ag are defined with the help of
an abstract boundary condition by

Ag =T | ker(I'y — OLg) =T [ ker(©07'T; —TY), (2.14)

where © is a linear operator in G or a linear relation in G, i.e. a subspace
of G x G, cf. [8]. The sums and products are understood in the sense of
linear relations if © or ©~! is not a (single-valued) operator. However, for
our purposes the case that ©~! is a bounded linear operator on G is of
particular interest and linear relations will not be used in the following. The
next statement contains a variant of Krein’s formula in this case; see [8,
Theorem 2.8 and Theorem 4.8], [9, Theorem 3.7 and Corollary 3.9] and [11,
Theorem 3.13].

Theorem 2.8. Let {G,To,T1} be a quasi boundary triple for T = A* with
Ao =T | ker g, v-field v and Weyl function M. Furthermore, let B = B* =
0~ € B(G) and let

A@ =T r ker(BF1 - Fo) (215)
be the corresponding extension as in (2.14). Then, for A € p(Ayp), the follow-
ing assertions hold.
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(i) X € 0p(Ae) if and only if ker(I—BM (X)) # {0}. Moreover, in this case,
the multiplicity of the eigenvalue X of Ag is equal to dimker(I—BM(X)).

(ii) For all g € ran(Ag — A) and A ¢ o,(Ae) we have
(Ao = N)'g — (A= ) 'g =7V (I - BM(Y) " By(R)"s.

If, in addition, ranTy = G and M(\o) € G (G) for some A\g € C\ R, then
the operator Ag in (2.15) is self-adjoint in H, Krein’s formula

(Ao —N)7H = (Ag = Nt =y(\)(I -~ BM(N) By(\)* (2.16)
holds for all X € p(Ae) N p(Ao), and (I — BM()\))~! € B(G).

2.3. Sobolev spaces, traces and Green’s identities

Throughout this paper Sobolev spaces and certain interpolation spaces play
an important role. In this subsection we provide some necessary definitions
and basic properties. The reader is referred, e.g. to the monographs [2, 51,
59, 62] for more details.

Let © C R™ be an arbitrary bounded or unbounded domain with a
compact C*°-boundary 992). By H*(Q) and H*(91), s € R, we denote the
standard (L2-based) Sobolev spaces of order s of functions in Q and 99,
respectively. The inner product and norm on H?® are denoted by (-,-)s and
Il -5, for s = 0 we simply write (-,-) and | - ||, respectively. In order to avoid
possible confusion, sometimes also the space is used as an index, e.g. (-, -)Lz(Q)
and (-,-)z2(aq)- The Sobolev spaces of order k& € Ny of L°°-functions on {2
and 99 are denoted by W*>°(Q) and W*>°(9Q), respectively. The following
well-known implications will be used later:

f e HMQ), ge Wh>(Q) = fgeH*(Q), k&N

(2.17)
he HY(0Q), ke Wh>(0Q) = hkec H'(99Q).

For a function f on Q we denote by flaq and 0, f|oq the trace and
the trace of the normal derivative (with normal vector pointing outwards),
respectively. For s > 3/2 the trace mapping

H(Q) > f e {flon, 0 floa} € H™V2(0Q) x H=3/2(0Q) (2.18)

is the continuous extension of the trace mapping defined on C'°°-functions.
Recall that for s > 3/2 the mapping (2.18) is surjective onto H*~1/2(98) x
H*73/2(00).

Besides the Sobolev spaces H*(2) the spaces

Hi(Q):={feHQ): Af € L*(Q)}, s>0,

equipped with the inner product (-,-)s + (A-,A"-) and corresponding norm
will be useful. Observe that for s > 2 the spaces HX (2) and H?(2) coincide.
We also note that HX (), s € (0,2), can be viewed as an interpolation
space between H?(Q) and HQ (), where the latter space coincides with the
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maximal domain of the Laplacian in L?(Q2). By [59] the trace mapping can
be extended to a continuous mapping

HA(Q) > f— {floa, 0vflon} € H7H2(09) x H*73/%(69Q) (2.19)
for all s € [0,2), where each of the mappings
HA(Q) 3 f— floa € H2(09),
HA(Q) 3 f = 8, floa € H*/%(00)

is surjective for s € [0,2). We also recall that the first and second Green’s
identities hold for all f,g € HY?(Q) and h € H'(Q):

(*Af’ )L2(Q (Vf, Vh)m Q;Cn) (avf|39’ h|3Q)L2(aQ) (2.20)
and

(-Af )L2 () (f’_Ag)LZ(Q)

(2.21)
= (f|8978ug|89)L2(6Q) - (auf|aﬂag‘OQ)L2(BQ)7

cf. [42, 59] and, e.g. [11, Theorem 4.2].

2.4. Some local Sobolev spaces

Let ¥ be a compact connected C°°-hypersurface which separates the Eu-
clidean space R™ into a bounded (interior) domain €; and an unbounded
(exterior) domain Q. In particular, ¥ = 9; = 9. For s > 0 we use the
short notation

H*(R™\X) == H* () & H* (%),

HA(RM\X) := H () & HA(Q). (2.22)

We denote by Hg () with s > 0 the subspace of L?(€;) which consists
of functions that belong to H* in a neighbourhood of ¥ = 0€, i.e.

H () = {f € L*(€): 3 domain Q' C € such that
09 DY and f | Q' € H*(Q)}.
The space HE(S2.) is defined in the same way with €; replaced by .. The
local Sobolev spaces HE(R™) and HE(R™\X) in the next definition consist

of L2-functions which are H® in a neighbourhood of ¥ or in both one-sided
neighbourhoods of ¥, respectively.

Definition 2.9. Let X, O, Qe, and the spaces HE (%) and HE (), s > 0, be
as above. Then we define
HE(R™) := {f € L*(R™): 3 domain Q' C R" such that
Q' >OYand f QY eH Q)]
HE(RM\E) = HE () & HE ().
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It follows from the above definition that HE(R™) C HE(R™\X) holds
for all s > 0.

For k € Ny we denote by W™ (€) the subspace of L°°(€;) which
consists of functions that belong to W% in a neighbourhood of ¥ = 9,
ie.

Wg’m(ﬂi) = {f € L®(Q): 3 domain Q' C O such that
o DY and f [ Q € Whe(V)}.

The space WS’OO(QE) is defined in the same way with €; replaced by Q.. In
analogy to Definition 2.9 we introduce the local Sobolev spaces WQ’N(R”)

and Wg"x’ (R™\X) of L>®-functions which belong to W*° in a neighbourhood
or both one-sided neighbourhoods of ¥, respectively.

Definition 2.10. Let X, €, €., and the spaces W™ () and WE™(Q,),
k € Ng, be as above. Then we define

WE™(R") := {f € L®(R™): 3 domain @’ C R" such that
Q' DYand f]Q eWh>()},
W™ (R™M\E) = Wy ™ (@) x W™ ().

Finally, we recall a well-known result about the &,, .. property of boun-
ded operators mapping into the Sobolev space H92(X%), where go > 0 and X =
0 = 99, is the (n — 1)-dimensional compact connected C>°-hypersurface
from above, cf. [50] and [11, Lemma 4.6].

Lemma 2.11. Let K be a Hilbert space, B € B(KC, L?(X)) and let go > q1 > 0.
Ifran B C H%*(X), then B belongs to the class & n—1 __(IC, HI*(X)).
q2—q1 "’

3. Self-adjoint Schrodinger operators with interactions on
hypersurfaces

In this section we define the Schrodinger operators with § and ¢’-interactions
on hypersurfaces with the help of quasi boundary triple techniques. These def-
initions coincide with the ones in the introduction and are compatible with
those for one-dimensional d-point interactions from [3, 4] and the definition of
d-interactions on manifolds via quadratic forms; see, e.g. [18, 35, 39, 41, 58].
We also determine the semi-bounded closed quadratic form which corre-
sponds to the Schrodinger operator with a ¢’-interaction on a hypersurface,
which answers a question from [30] posed by P. Exner. As a byproduct of the
quasi boundary triple approach we obtain variants of Krein’s formula and
the Birman—Schwinger principle. This section contains the complete proofs
of Theorem A and Theorem B from the introduction.
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3.1. Notations and preliminary facts

Let ¥ be a compact connected C°°-hypersurface which separates the Eu-
clidean space R™, n > 2, into a bounded (interior) domain €; and an un-
bounded (exterior) domain €, with the common boundary 99; = 99, = X.
Let

L=-A+V, (3.1)

where V is a real-valued potential from L>°(R"™). The restrictions of £ to the
interior and exterior domains will be denoted, respectively, by

ﬁizﬁfQi and ﬁeZC[Qe.

For a function f € L?(R") we write f = f; @ fo, where f; = f | @ and
fe = f I Qe. Let us denote by (-,-), (-,*)i, (+,-)e and (+, )y the inner products
in the Hilbert spaces L?(R™), L%(€);), L?(Q.) and L?(X), respectively. When it
is clear from the context, we denote the inner products in the Hilbert spaces
L3(R™;C"), L*(Q;;C"), and L?(Q; C™) of vector-valued functions also by
(-y), (+,+); and (-, ), respectively.

The minimal operators associated with the differential expressions L;
and L, are defined by

Aifi = Lifi, dom A; = H3 (),
Acfe = Lo fe, dom A, = HZ ().
The operators A; and A, are densely defined closed symmetric operators
with infinite deficiency indices in L?(€Q;) and L?(.), respectively. Hence
their direct sum
Ae=Ai® A, domA;e = Hy (%) & Hg (), (32)

is a densely defined closed symmetric operator with infinite deficiency in-
dices in the space L?(R") = L?(%) ® L?(2,). Furthermore, we introduce the
operators

Tfi=Lifi,  domT = HY*(),
Tfe=Lefe,  domT. = HY?(Q),
and their direct sum
Te=T®T, domTi.=Hy*R"5),

where the notation in (2.22) is used. It can be shown that Af = T;, A% = T,
and hence A7, = Tj.. Next we define the usual self-adjoint Dirichlet and
Neumann realizations of the differential expressions £; and L. in L?(£);) and
L?(Q.), respectively:

Apifi = Lifi, dom Ap; = {fi € H*(): fi|s =0},
Apefe = Lefe, dom Ap . = {fe € H2(Qe): fels = 0}7
Anifi = Lifs, dom Ax; = {fi € H*(): 0, fils = 0},

Anefe=Lefo,  domAxe = {f. € H?

—~

Qe)5 auefe|2 = 0}7
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and their direct sums
Apjiec=Ap,;i ® Ape, (3.3)
dOIIlAD,i}e = {f c HQ(Rn\E) : fi‘g = fe‘z = 0}, ’

and
ANjie = AN @ ANjes

dom Anie = {f € H*(R™\X) : 8, fils = 9, fe|s = 0},

which are self-adjoint operators in L?(R"). Finally, we denote the usual self-
adjoint (free) realization of £ in L?(R™) by

Afreef = ‘Cfv dom Afree = HQ(RH) (35)

(3.4)

In the next proposition we define quasi boundary triples for A and A},
and recall some properties of the associated ~-fields and Weyl functions; see
[8, Proposition 4.6] and [11, Theorem 4.2]. For brevity we discuss the interior
case j =1 and the exterior case j = e simultaneously.

Proposition 3.1. Let A;, Ae, T3, Tc, Api, Ape, An;i and An,e be as above.
Then the following statements hold for j =1 and j = e.

(i) The triple I; = {L*(X),T0,,T1,,}, where
Tojfi =0 file, Tiifi=fils, fi€domTy = HY?(Qy),

is a quasi boundary triple for Aj. The restrictions of T to the kernels
of the boundary mappings are the Neumann and Dirichlet operators:

1}‘ [kerFOJ- = ANJ‘, Tj [ker Fl,j = ADJ‘;
the ranges of the boundary mappings are
ranl; = L*(X) and ranTy; = H'(X).
(ii) For A € p(An ;) and ¢ € L*(X) the boundary value problem
(‘Cj - /\)fj = 07 8Ujfj|2 =¥, (36)
has the unique solution v;(\)p € HZ/Q(Qj), where y; s the y-field as-
sociated with I1;. Moreover, v;(\) is bounded from L?(X) into L*(§;).
(iii) For A € p(Ax,;) the Weyl function M; associated with II; is given by
M\ = fils, ¢ L*(%),

where f; = v;(X)g is the solution of (3.6). The operators M;(X\) are
bounded from L*(X) to HY(X) and compact in L*(X). If, in addition,
A € p(Ap,j), then M;()) is a bijective map from L*(X) onto H*(X).

The operators M;(A) and M, () in Proposition 3.1 (iii) are the Neumann-
to-Dirichlet maps associated with the differential expressions £;—\ and L—\,
respectively.
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3.2. Schrodinger operators with d-interactions on hypersurfaces:
self-adjointness, Krein’s formula and H 2-regularity

In this section we make use of quasi boundary triples to define and study the
Schrodinger operator Aj o associated with the formal differential expression
Lso=—-A+V —a(ds,-)ds in (1.1). It is convenient to use the symmetric
extension

A= Afree N AD,i,e =L {f € HQ(Rn)i fi|2 = fe|Z = O} (37)

of the orthogonal sum A4, . in (3.2) as the underlying symmetric operator for
the quasi boundary triple. Furthermore,

T:=T. ! {fi®f € H’R\D): fils = fels}. (3.8)

acts as the operator on whose domain boundary mappings are defined in the
next proposition. The method of intermediate extensions is inspired by the
general considerations for ordinary boundary triples in [24, Section 4]. We
remark that the quasi boundary triple and Weyl function below appear also
implicitly in [5] and [66, Section 4] in a different context.

Proposition 3.2. Let the operators /Nl, f, Apjic, ANie and Agee be as in (3.7),
(3.8), (3.3), (3.4) and (3.5), respectively, and let M; and M, be the Weyl
functions from Proposition 3.1. Then the following statements hold.

(i) The triple = {L2(D), Lo, fl}, where
Tof = O fels + dunfils, Tif=flo,  f=fiefocdomT,

is a quast boundary triple for A*. The restrictions off to the kernels
of the boundary mappings are

T I kerTo = Apee and T [ kerDy = Ap e,

and the ranges of the boundary mappings are

ranly = L*(X) and ranly = H'(X). (3.9
(i) For A € p(Agee) and ¢ € L3(X) the transmission problem
(ﬁ—A)f:O7 fe|2 :fi|Ea 6uefe|2+al/;fi|2 =¥ (310)

has the unique solution ¥(\)p € HZ/Q(R"\Z), where 7 is the y-field
associated with T1. Moreover, ¥(\) is bounded from L?(X) to L*(R™).

(ili) For A € p(Agree) the values M(A) of the Weyl function associated with
II are bounded operators from L?*(X) to H'(X) and compact operators

in L2(X). If, in addition, A\ € p(Ap;e), then M()) is a bijective map
from L2(X) onto H*(X). Moreover, the identity

-1

M(N) = (M) + M0 ) (3.11)

holds for all A € p(Agree) N p(Apie) N p(ANie)-
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Proof. (i) First note that the boundary mappings 1~“0, fl are well defined
because of the properties of the trace mappings (2.19). We show that the triple

IT satisfies the conditions (a), (b) and (c) in Proposition 2.5. For condition
(a), let ¢ € HY?(X) and ¢ € H3/?(X) be arbitrary. By (2.18) there exist
fi € H?() and f. € H?(Qe) such that

A, fils = o, fils =1, Oy fels =0, fels = .
Since H?(R™\X) C HZ”(R”\E), we have f 1= f;® f. € domT and Iy f = ¢,
I'y f = . Hence

HY%(%) x H3?(%) ran@O),
1

which implies that the first item in (a) of Proposition 2.5 is satisfied; the
second item is clear. Next let f = f; ® f. and g = ¢; ® g be two arbitrary
functions in dom 7. From Green’s identity (2.21) we obtain the following two
equalities:

(T3fi, 91)i — (fi, Tigi)i = (filss Onigile) g — (O fils, giln) 5
(Tefeyge)e - (fe;Tege)e = (fe‘Z;auegelZ)Z - (8yefe|27ge|2)2~

Since the functions f and ¢ in dom T satisfy the boundary conditions

file=fels = fls and  gils = gels = gls,
we have
(Tf,g) - (f fg) = (Tifi,01)i — (fi,Tigi)i + (Tefe, ge)e — (fes Tege)e
= (fls: 0ugils + 0v.geln) 5 — (On fils + v fels, gls) 5
which shows that condition (b) of Proposition 2.5 is fulfilled. Since the re-

striction T [ ker fo contains the self-adjoint operator Agee, also condition (c)
is satisfied. Hence we can apply Proposition 2.5, which implies that

T | (ker g NkerIy)
is a densely defined closed symmetric operator in L?(R™), that the triple
II = {L?(X),Ty,I'1} is a quasi boundary triple for its adjoint and that
Agree = T | ker Tp.
Note that the operator T I ker fl is symmetric by Green’s identity and con-

tains the self-adjoint operator Ap ;.. Therefore these operators also coincide.
Hence we get

T I (ker fo N ker fl) = (T [ ker fo) N (f | ker fl) = Apree N Apje = A.
Since, for j = i and j = e, the mapping f; — fj|s is surjective
from HY?(Q;) onto H'(S) and the mapping f; — D, filx is surjective
from HY?(Q;) onto L2(%), it follows easily that ranT; = H'() and that

ranTy C L2(X). In order to see that I'g maps surjectively onto L2(X), let
us fix an arbitrary x € C§°(R™) such that y = 1 on an open neighbourhood
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of ;. Let SL be the single-layer potential associated with the hypersurface
Y and the differential expression —A + 1; see, e.g. [62, Chapter 6] for the
definition and properties of single-layer potentials. By [62, Theorem 6.11,
Theorem 6.12 (i)], for an arbitrary ¢ € L*(X), the function f := xSL¢ be-

longs to dom 7" and satisfies the condition
Op fels + 0u fils = o,

hence Iy f = ¢, and thus ranTy = L2(%).
(i) For A € p(Agee) the y-field ¥(\) associated with the quasi bound-

ary triple II maps ran'y = L?(X) onto ker(T — \) by Definition 2.6 and
Proposition 2.7 (i). Hence f = fi @ fo := J(\)p satisfies

(L-Nf=0, feHY*R"Y) and fils = fols.
Furthermore,
o =TT\ =Tof =y felz + O fils
and hence f =7 (\)p is the unique solution of the problem (3.10).

(iii) Definition 2.6, Proposition 2.7 (iv) and (v) and (3.9) imply that
M()) is a bounded operator from L?(X) into H'(X) for A € p(Agree) and
that it is bijective for A € p(Afree) N pP(Ap ie). The compactness of M () in
L?(X) is a consequence of the compactness of the embedding of H!(X) into
L?(X); see, e.g. [71, Theorem 7.10].

In order to prove the identity (3.11), let A € p(Afee) N p(AD,ie) N
p(Ax ie). For such A the operator M (A) is invertible, and the same holds true
for M;()\) and M,()); cf. Proposition 3.1. If M(A\)¢ = 9 for some ¢ € L*(X)
and ¢ € H*(X), then there exists an f = f; @ f. € ker(T — \) such that

Tof=¢ and  Tif=19.
As fi € ker(T; — A) and f, € ker(T, — A), we have
Doifi = Mi(A\) Ty fi = Mi(\) ™,
Loefe = Mc(N) ' Trefe = Mc(N) 0,

and hence
]\A/[/(A)fli/’ =9 =0y fils + 0 felz =Toifi + Toefe
= M;(N\) "'+ Mo (N) My
Since this is true for arbitrary 1 € H*(X), relation (3.11) follows. O

Remark 3.3. Assume for simplicity that the potential V' in the differential
expression £ in (3.1) is identically equal to zero. In this case the y-field ¥ and

the Weyl function M in Proposition 3.2 are, roughly speaking, extensions
of the acoustic single-layer potential for the Helmholtz equation. In fact, if
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Gy, A € C\ R, is the integral kernel of the resolvent of Agee, then for all
p € C*(X) we have

/GA z,y)p(y)doy, =€ R™X,

and
(7 /G)\:cy y)do,, €3,

where o, is the natural Lebesgue measure on 3. For more details we refer
the reader to [62, Chapter 6]; see also [21, 22].

We repeat the definition of a Schrédinger operator with d-potential from
the introduction and relate it to the quasi boundary triple II.

Definition 3.4. For a real-valued function a@ € L% (X) the Schrodinger op-
erator with d-potential on the hypersurface ¥ and strength « is defined as
follows:

A(;’a = j: r ker(afl - fo),
which is equivalent to
Asaf ==-Af+ V],

{f € HY*(R™M\D) :

dom A; 4 :

fils = fels = fls (3.12)
afls = Ov fels +0ufils |

The definition of As, is compatible with the definition of a point 4-
interaction in the one-dimensional case [3, Section 1.3], [4] and the definitions
of the operators with d-potentials on hypersurfaces given in [6, 67] and in [18];
see also Proposition 3.7. Note also that the domain of Aj, is contained in
H'(R™); cf. Proposition 3.7.

T =A*
1<>_"4>‘<

1,e

Ao C A C Aso C T C T

FIGURE 1. This figure shows how the operator As, is re-
lated to the other operators studied in this section. The op-
erators Agee, As,o and Ap ;. are self-adjoint.
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The following theorem contains a proof of self-adjointness of the opera-
tor As o and provides a factorization for the resolvent difference of A5, and
Afree via Krein’s formula; cf. [18, Lemma 2.3 (iii)]. Item (iii) in Theorem 3.5
can be viewed as a variant of the Birman—Schwinger principle; it coincides
with the one in [18]. The first item of Theorem 3.5 is part of Theorem A in
the introduction.

Theorem 3.5. Let As, be as above and let Apee be the self-adjoint operator
defined in (3.5). Let 5 and M be the y-field and the Weyl function associated

with the quasi boundary triple 11 from Proposition 3.2. Then the following
statements hold.

(i) The operator As, is self-adjoint in the Hilbert space L*(R™).
(if) For all X € p(As,a) N p(Aree) the following Krein formula holds:
(Asa =N 7" = (Aee = 7" =500 (I = aM (V) ' aF(R)",
where (I — aM (X))~ € B(L2(X)).
(iii) For all X € R\ 0(Afree) we have
A€ op(Asa) < 0€0,(I—aM(N)
and dimker(As o — A) = dimker(I — aM())).

Proof. Under our assumptions on the function « the operator of multipli-
cation with « is bounded and self-adjoint in the Hilbert space L?(¥). The
values of the Weyl function M are compact operators in L?(X); see Proposi-
tion 3.2 (iii). Now the assertions (i)—(iii) follow from Theorem 2.8. O

The next theorem gives assumptions on «, which ensure that the domain
of the self-adjoint operator As, has H2-regularity in R"\X. This theorem is
the first part of Theorem B in the introduction. Recall that W1:°°(3) is the
Soboloev space of order one of L*° functions on X; cf. Section 2.3.

Theorem 3.6. Let A5, be the self-adjoint Schrodinger operator in Defini-
tion 3.4 and assume, in addition, that the function a: X — R belongs to
Whee(X). Then dom As o is contained in H*(R™\X).

Proof. For any function f € dom A5, we have f € domT C HZ/2(R"\E).
Then by Proposition 3.2 (i)

I.feH(D).

The definition of the operator Ajs ., the assumptions on the smoothness of o
and the property (2.17) imply that

Tof =al'yf € H(Z). (3.13)
Let us fix A € C\ R. By the standard decomposition
dom T = dom Agee + ker(T — \) (3.14)
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the function f € dom As, can be reBresented in the form f = free + ),
where free € dom Agee and fy € ker(T — A). It is clear that
firee € H*(R™) C H*(R™\X).
Relation (3.13) and Agee = T | ker Iy yield
Tofa=Tof € HY(X) c HY/?(D). (3.15)

The properties of the trace map in (2.18) show that Lo maps the space
dom T N H?(R™\X) onto H'/?(X), and hence (3.14) implies that Ty maps

ker(T — \) N H*(R™\X)

bijectively onto H'/2(X). This observation and (3.15) show fy € H?(R™\X),
and therefore f = free + fr € HZ(R™\X). O

It follows from the proof that for Theorem 3.6 to hold it is sufficient
that the multiplication by o maps H'(X)-functions into HY/?(X).

A common method to define self-adjoint Schrodinger operators with -
interactions on hypersurfaces makes use of semi-bounded closed sesquilinear
forms. For this consider the sesquilinear form

a5,a[fag] = (Vf7 v.g) + (Vf7g) - (af|z,g|2)27 fvg € Hl(Rn)' (316)

As it is shown in [18], for a real-valued a € L*°(X) and a real-valued V' €
L>*(R"), the form a5, is semi-bounded, closed and symmetric. The first
representation theorem — see [56, Theorem VI.2.1] or [64, Theorem VIII.15]
— yields that a unique self-adjoint operator As,, in L*(R™) corresponds to
the form a5 in the sense that

(As,afr9) = asalf, gl for all f € dom As, and g € domag, = H'(R").
In the next proposition we show that our approach leads to the same operator.

Proposition 3.7. The self-adjoint Schrodinger operator As o in Definition 3.4
and the self-adjoint operator As. corresponding to the sesquilinear form
in (3.16) coincide.

Proof. First we show the inclusion dom A5, C domas,. For this let f =
fi ® fe € dom A . According to (3.12) we have, in particular,

fi € H¥2(Q) € HY(), fo€ HY*(Q) C HY(Q), and fils = fols.

Making use of [2, Theorems 5.24 and 5.29] a standard extension argument
implies that f € H'(R") and hence dom A5, C domas 4.
Next let f = fi® fo € dom A5, and g = ¢ ® g € domas,. Then
as.alf, g] is well defined. By the first Green’s identity (2.20) we have
(Vfi; Vai)i = (Ou fils, gils)s = (=Afi, g1)s,

(erane)e - (8ucfe|27ge|2)2 = (_Afe7ge)e-
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Using this and the relation af|s = 0, fo|s + 0., fi|s we obtain
a5alf,9) = (V,V9) + (Vf g) — (afls, gls)s
= (vfia v.gi)i =+ (vfcv Vgc)c + (Vfa g) - (auifi|§]agi|2)2 - (auefc|279c|2)2

= (_Afivgi)i + (_Afevge)e + (vag) = ((_A + V)fv g)~

Now the first representation theorem (see [56, Theorem VI.2.1]) implies that
fedomAs,and As o f = —Af+V f; thus As o C Ajs,o. Since both operators
As o and A; o are self-adjoint, we conclude that A5 = As . O

3.3. Schrodinger operators with §’-interactions on hypersurfaces:
self-adjointness, Krein’s formula and H 2-regularity

In this section we make use of quasi boundary triples to define and study the
Schrodinger operator As 3 associated with the formal differential expression
Lso=—-A+V —[3(0%,)d% in (1.1). The methodology and presentation is
very much the same as in the previous section. We mention that to the best
of our knowledge a systematic treatment of ¢’-potentials on hypersurfaces is
not contained elsewhere; see the list of open problems in [30].

In analogy to (3.7) and (3.8) we define the symmetric extension

A= Apee N Anje =L {f € HXR"): 3, fils = Dy foln =0} (3.17)

of the orthogonal sum A; ., defined in (3.2), which will serve as the underlying
symmetric operator for the quasi boundary triple in the next proposition, and
the operator

j—\‘ = Ti,e ) {fl @ fe € Hz/Q(Rn\E) aucfe|2 +avifi|2 = 0} (318)

We remark that the quasi boundary triple and Weyl function below appear
also implicitly in [66, Section 4] in a different context.

Proposition 3.8. Let the operators A\, ZA“, Apjie; ANjie and Agee be asin (3.17),
(3.18), (3.3), (3.4) and (3.5), respectively, and let M; and M, be the Weyl
functions from Proposition 3.1. Then the following statements hold.

(i) The triple 1 = {L2(2),Ty, T}, where
fOf:‘?Vefebv flf:fe|2_fi|27 f:fi@feedomf,

is a quast boundary triple for A*. The restrictions off to the kernels
of the boundary mappings are

Tl kerTo = Anie and T |kerDy = Agee,
and the ranges of the boundary mappings are
ranTy = L*(X) and ran T = HY(®).
(i) For A € p(Anie) and ¢ € L*(X) the problem
(L=Nf=0, Op, fels = =0y, fils = o,

has the unique solution ¥(N)¢ € HZ/Q(R”\E), where 7 is the y-field
associated with 11. Moreover, §(\) is bounded from L?(X) to L*(R™).
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(ili) For A € p(An,e) the values J\/J\()\) of the Weyl function associated with
I are bounded operators from L2(X) to H'(X) and compact operators
in L3(X). If, in addition, X € p(Agec), then ]/\4\()\) is a bijective map
from L*(X) onto H'(X). Moreover, the identity

M(N) = M;(\) + Mo(N) (3.19)
holds for all A € p(AN ).

Proof. (i) One can see that Mis a quasi boundary triple for A* in a similar
way as in the proof of Proposition 3.2 (i). Basically, the same argumentation
as before yields that T [ ker fo = Anje, T | ker fl = Afee and also that
ranTy = L2(), ranl; C H!(X). Further we show surjectivity of I'y onto
HL(Y). Fix a function y € C§°(R") as in the proof of Proposition 3.2, i.e.
such that y = 1 on an open neighbourhood of ;. Let DL be the double-layer
potential associated with the hypersurface ¥ and the differential expression
—A +1; see, e.g. [62, Section 6] for the discussion of double-layer potentials.
By [62, Theorem 6.11, Theorem 6.12 (ii)] for an arbitrary » € H(X) the
function f := xDL¢ belongs to dom T and satisfies the condition

felz — fils = o,

hence I'y f = ¢, and thus ranT; = H ().

(ii)—(iii) The properties of the y-field 4 and the Weyl function M follow
from Proposition 2.7 in the same way as in the proof of Proposition 3.2 (ii)—
(iil). We only verify the identity (3.19). For this let A € p(Ani.), so that the

operators M;(\), Mc(A) and M () all exist; cf. Proposition 3.1. If J\/J\()\)go =1
for some ¢ € L?(X) and ¢ € H!(X), then there exists f = fi® f. € ker(T —\)
such that

f()f: ¢ and f1f =1.
As fi € ker(T; — A) and f, € ker(Te — ), we have
Tiifi = Mi(MToifi = —Mi(N)e,
[iefe = Mc(Mloefe = Mc(N)e,
and hence
Mg = fels = fils = Mo\ + Mi(\)g.
Since this is true for arbitrary ¢ € L?(X), relation (3.19) follows. O

Remark 3.9. Assume for simplicity that the potential V' in the differential
expression £ in (3.1) is identically equal to zero. Note that the problem in
Proposition 3.8 (ii) is decoupled into an interior and an exterior problem. Let,
as in Remark 3.3, GG, be the integral kernel of the resolvent of Agee. Then,
for all ¢ € C> (%),

WWWM=LWmﬁmeMW@@WwIEWW7



26 J. Behrndt, M. Langer and V. Lotoreichik

and

o~

(M(A)_lw) (z) = —a,,i(m)/z [ayi(y)GA(x,y)]w(y)day, IO IN

where 0y, ;) and d,,(,) are the normal derivatives with respect to the first and
second arguments with normals pointing outwards of €}, and o, is the natural
Lebesgue measure on 3. Note that the operator 7(\) is, roughly speaking, an
extension of the ;a\coustic dou/@e—layer potential for the Helmholtz equation
multiplied with M()\) and —M (X)~! coincides with the hypersingular oper-
ator; see, e.g. [62, Chapter 6] and [21, 22]. The representation of ]/\4\()\)_1,
given above, appears also in [66] in a slightly different context.

We repeat the definition of the Schrodinger operator with §’-potential
from the introduction and relate it to the quasi boundary triple II.

Definition 3.10. For a real-valued function § such that 1/8 € L%°(X) the
Schrodinger operator with ¢’-potential on the hypersurface ¥ and strength (3
is defined as follows:
Asipg = T [ker(fl — ,Bfo),
which is equivalent to
Aspf=—Af+ V.

Oy, fels = =0y, fils 3.20
dom Ay, 5 = {f € HY*(R™M\D) : . (3.20)

ﬁauefekl - fe|2 - fi|2

The definition of As g is compatible with the definition of a point ¢’-
interaction in the one-dimensional case [3, Section 1.4], [4] and the definition
of the operator with ¢§’-potentials on spheres given in [6, 68]. Note that,
in contrast to the domain of A; ., the domain of As g is not contained in
HY(R™).

=)l
I
G

BY Ti,e — A;:e
¢ .

A, C A C Ayy ¢ T C T,

s

Afree

FIGURE 2. This figure shows how the operator A g is re-
lated to the other operators studied in this section. The op-
erators Ay e, As,p and Apee are self-adjoint.
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The next theorem is the counterpart of Theorem 3.5 and can be proved
in the same way. Theorem 3.11 shows the self-adjointness of As/ g and provides
a factorization for the resolvent difference of As g and Ay via Krein’s
formula and a variant of the Birman—Schwinger principle. The first item of
the next theorem is part of Theorem A in the introduction.

Theorem 3.11. Let As.g be as above and let An ;e be the self-adjoint operator
defined in (3.4). Let 5 and M be the v-field and the Weyl function associated

with the quasi boundary triple 11 from Proposition 3.8. Then the following
statements hold.

(i) The operator Ags. g is self-adjoint in the Hilbert space L*(R™).

(ii) For all X € p(As3) N p(Anie) the following Krein formula holds:
(Ass — AL = (Axie — A=A (T = 871 M(N) 870"
where (I — B~1M(N)~! € B(LX(X)).

(iii) For all A € R\ 0(An,i,e) we have

Neoy(Asg) = 0€o,(I—F1MN)
and dimker(Ay g — A) = dimker(I — 32 M(X)).
The next theorem gives assumptions on 3 which ensure that the domain

of the self-adjoint operator As 3 has H2-regularity. This theorem is the second
part of Theorem B in the introduction.

Theorem 3.12. Let Asi g be the self-adjoint Schridinger operator in Defini-
tion 3.10 and assume, in addition, that the function B: % — R is such that
1/3 € Whe(X). Then dom Ag g is contained in H?(R™\X).

Proof The proof proceeds as the proof of Theorem 3.6 with As o, Afree, T’ ~,
I‘o, Iy and o replaced by A58, AN ies T I‘O, Iy and B~ respectively. Instead
of the decomposition (3.14) one has to use the decomp081t10n
domT = dom ANie + ker(T — \), Ae C\R.
O

3.4. Semi-boundedness and point spectra

In this section we show that the self-adjoint operators As o, and A g are lower
semi-bounded, and that in the case V = 0 their negative spectra are finite.
We recall some preparatory facts on semi-bounded quadratic forms first.

Definition 3.13. For a (not necessarily closed or semi-bounded) quadratic
form q in a Hilbert space H we define the number of negative squares k_(q)
by
t—(q) :=sup { dim F': F" linear subspace of domq
such that g[f] < 0 for all f € F'\ {0}}.
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Assume that A is a (not necessarily semi-bounded) self-adjoint operator
in a Hilbert space H with the corresponding spectral measure F4(-). Define
the possibly non-closed quadratic form s4 by

salf] == (Af, f)n, doms, :=dom A.

If, in addition, A is semi-bounded, then by [56, Theorem VI.1.27] the form
54 is closable, and we denote its closure by 4. According to the spectral
theorem for self-adjoint operators and [15, 10.2 Theorem 3]

dimran B4 (—00,0) = k_(54) = k—(54). (3.21)

In particular, if k_(s4) is finite, then the self-adjoint operator A has finitely
many negative eigenvalues with finite multiplicities.

In the case V = 0 we write —As o, —As 3 and —Agee instead of Aj; 4,
As g and Agee. Now we are ready to formulate and prove the main results of
this section. The next theorem is part of Theorem A in the introduction. We
mention that finiteness of the negative spectrum in the case of §-potentials
on hypersurfaces was also shown in [18] by other methods.

Theorem 3.14. Let o, 3: ¥ — R be such that «,1/3 € L*™°(X) and let the self-
adjoint operators —As . and —As. g be as above. Then the following state-
ments hold.

(i) Uess(_Aé,oz) = Uess(—Aél,ﬁ) = [0, 00).

(ii) The self-adjoint operators —As o and —Ag, 3 have finitely many negative
eigenvalues with finite multiplicities.

Proof. (i) According to Theorem 4.3 in Section 4.2 below the resolvent dif-
ference of the self-adjoint operators —As o and —Ag.e is compact; thus

Uess(_A&a) = Uess(_Afree) = [0,00)

Analogously, according to Theorem 4.5 below the resolvent difference of the
self-adjoint operators —As/ 3 and —Agee is also compact. Hence

Oess(—A513) = Oess(—Afree) = [0, 00).
(ii) Let us introduce the (in general non-closed) quadratic forms
5_asalfl = (Qsaf. f), dom(s_a,,) = dom(—~As),
s ny,lf1 = (=Qspf, f), dom(s_a,, )= dom(=Asp).

Applying the first Green’s identity (2.20) to these expressions and taking the
definitions (3.12), (3.20) of the domains of the operators —Aj o, —As/ g into
account we obtain

5—A5,a[f] = (7Afi7fi)i + (7Afeafe)e
= (V. V), — (0ufils, fils) g + (er,vfe)e — (Ou.felms felz) 5
= (vfavf) - (Oéf|2af|2)2
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and
E—Aél,ﬁ[f] = (_Afiafi)i + (_Afevfe)e
= (Vfia vfi)i* (auifi‘ﬁh fi|2)2 + (era vfe)e - (avefe|27 fe|2)2
= (Vf, vf)"’(ﬁ_l(fe‘z_fi‘z)afi|2)2_(ﬁ_l(felZ_filZ)vfelZ)E
= (VL V) = (B fels = filg), fels = filg) g
For a bounded function o: ¥ — R define the quadratic form g,
a0 [f1:= (V1. V) = (ofils, fils)y, — (0 fels: feol2) g
dom q, = H'(R™\X).
It follows from [12, Theorem 6.9] (cf. the proof of Proposition 3.15 below)
that the form g, is closed and semi-bounded, and the self-adjoint operator
corresponding to q, has finitely many negative eigenvalues with finite mul-

tiplicities. Thus, by (3.21), we have k_(q,) < oco. It can easily be checked
that

dom(s_AM) C dom(q‘avg) and Vf € dom(s—As,a): 5_A5,a [f] > q\a|/2[f]
Using the inequality |a — b> < 2(|a|? 4 |b|?) for complex numbers a,b we
obtain
dOIn(S_Aé,Yﬁ) - dom(qz/‘m) and Vf € dom(5—As/,5): E—Ag/,ﬂ [f] > qQ/W‘[‘ﬂ
These observations yield that

K(85-0g.) < K-(djajj2) <00 and kK_(s-a,,) < K-(d2/p) < 00
From this and (3.21) it follows that the negative spectra of —As o and —Ay/ 3

are finite. O

In the following proposition the (closed) sesquilinear form t_ 5.5 Which
induces the self-adjoint operator —Ags 3 is determined. This was posed as
an open problem in [30, 7.2]. Note that, by the first representation theorem,
ton,, s the closure of the form

s_ny 9] = (=Aspfi9),  f.g€dom(-Ayg),

defined in the proof of Theorem 3.14. For completeness we mention that
Proposition 3.15 extends naturally to the Schrédinger operator As, s with
non-trivial V€ L*°(R™) and the corresponding quadratic form.

Proposition 3.15. The sesquilinear form
ayslf, 9] = (Vf,Vg) = (67 (felz — fils) gelx — gils)

defined for f,g € HY(R™\X) is symmetric, closed and semi-bounded from
below. The self-adjoint operator corresponding to as g is —As g, i.e.

(_A(S’,ﬁf7 g) = a5’,6[f7 g]
holds for all f € dom(—As ) and g € HY(R™\Y).
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Proof. Since 3 is a real-valued function, it follows that the form as/ g is sym-
metric. In order to show that it is closed and semi-bounded, we consider the
forms

alf,g]:==(Vf,Vg) and d'[f, g := (87" (fels — fil2), gels — gilx) 5,

on H'(R™\X), so that as.3 = a + a’ holds. Note that t is closed and non-
negative. Let ¢ € (3,1) be fixed. Since the trace map is continuous, there
exists ¢; > 0 such that ||fi|s||ge-1/2¢x) < cillfill o) is valid for all fi €
H'(£). Hence it follows from Ehrling’s lemma that for every ¢ > 0 there
exists a constant Cj(g) such that

I filslls < el fill ey < ellfill iy + Ci(e)|l fill L2 (o) (3.22)

holds for all fi € H'(£;). We decompose the exterior domain in the form
Qe = Q1 U ﬁeg, where 21 is bounded, {2 2 is unbounded, and the C°°-
boundary of {1 ; is the disjoint union of ¥ and 9 2. The restriction of a
function f, to Qe is denoted by f, 1. Then again the continuity of the trace
map and Ehrling’s lemma show that for every € > 0 there exists a constant
Co(€) such that

[felzlls = I ferlzlls < [ feiloe, 2 @0..1)
< el feallar (o) + Ce(E)l ferllLz(on) (3.23)
<ellfellar o) + Ce(e)l fellL2(q.)

holds for all f, € H1(£). The estimates (3.22) and (3.23) yield that the form
a’ is bounded with respect to a with form bound < 1, and hence as,g = a+a’ is
closed and semi-bounded by [56, Theorem VI.1.33]. The remaining statement
follows from [56, Theorem VI.2.1] and similar arguments as in the proof of
Proposition 3.7. O

Items (i) and (ii) in the next theorem are part of Theorem A in the
introduction.

Theorem 3.16. Let o, 3: ¥ — R be such that a,1/8 € L>(X) and let V €
L>®(R"™) be a real-valued potential. Moreover, let the self-adjoint operators
As o, As g, and Agree be as in (3.12), (3.20) and (3.5), respectively. Then the
following statements hold.

(1) Jess(AE,a) = Uess(A5’,,3) = Uess(Afree)-

(ii) Both self-adjoint operators As, and As,g are lower semi-bounded.

Proof. (i) The equality of the essential spectra follows from the stability of
the essential spectrum under compact perturbations and Theorems 4.3 and
4.5 below.

(ii) By Theorem 3.14 (ii) the operators —A;, and —Ags 3 are bounded
from below. The operator of multiplication with the function V is bounded

and self-adjoint. Thus the operators As . and As g are bounded from below.
O
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4. Resolvent power differences in &, ..-classes, existence and
completeness of wave operators

In this section we compare the powers of the resolvents of the singularly
perturbed self-adjoint Schrodinger operators As . and As g with the powers
of the resolvents of the unperturbed Schrodinger operator Ag... This leads to
singular value estimates, which have a long tradition in the analysis of elliptic
differential operators, cf. [12, 13, 14, 49, 55] and the recent contributions
[10, 11, 52, 53, 61] for more details. In this section we prove Theorem C and
Theorem D from the Introduction in a slightly stronger form.

4.1. Elliptic regularity and some preliminary &,, -estimates

In this section we first provide a typical regularity result for the functions
(Afree — A) 71 f and (Anjie — A)~Lf if f and V satisfy some additional local
smoothness assumptions. This fact is then used to obtain estimates for the
singular values of certain compact operators arising in the representations
of the resolvent power differences of the self-adjoint operators As o, As g,
Afree and An je. In the next lemma we make use of the local Sobolev spaces
WES(R™), WE®(R™\E) and HE(R™), HE(R™\Y) defined in Section 2.4.
Lemma 4.1. Let Agee and An ;e be the self-adjoint operators from (3.5) and

(3.4), respectively, and let m € Ny. Then the following assertions hold.

(i) If V.e WS (R™), then, for all X\ € p(Afee) and k =0,1,...,m,

fEHER") = (Anee—\)'f€ HEP(R™).
(ii) If V € We"(R™\X), then, for all X € p(An,ie) and k=0,1,...,m,
fEHERMY) = (Anje—N)"'f€ HEPZRMY).
Proof. We verify only assertion (i); the proof of (ii) is similar and left to the
reader. We proceed by induction with respect to k. For k = 0 the statement
is an immediate consequence of H3(R") = L?*(R™) and dom Age. = H?(R™).
Suppose now that the implication in (i) is true for some fixed k < m and let
fe HSH(R”). Then, in particular, f € HE(R™) and hence
U= (Agee — \)7f € HEPA(R™) € HETHR™)

by assumption. As k +1 < m and V € Wg"(R"), it follows from (2.17)

that Vu € HETH(R™). Therefore f — Vu € HETH(R™), and since the function
u satisfies the differential equation

—Au— A u=f—-—Vu inR"
standard results on elliptic regularity yield u € H§+3(R”); see, e.g. [62, The-
orem 4.18]. O

An application of the previous lemma yields the following proposition,
in which we provide certain preliminary &, -estimates that are useful in
the proofs of our main results in the next subsection.
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Proposition 4.2. Let Apee and An e be the self-adjoint operators from (3.5)
and (3.4), respectively, and let ¥ and 7 be the y-fields from Propositions 3.2
and 3.8, respectively. Then for a fired m € Ny the following statements hold.

(i) If Ve W™ (R™), then, for all A\, i € p(Apee) and k=0,1,...,m,
(1) T (Ao =N €6 s (2R, I3(5)),

(b) (1) (Apee —A) " €6 sy 00 o (L2(R™), H'(S)),
(€) (Afree = N) FF(n) € & _ur (L), L2(R™)).

2k+3/2 )OO

(it) IfV € W™ (R™\X), then, for all \, p € p(Ax ; c) andk =0,1,...,m,
(a) (1) (Axie—A) "€ S o (LR ))
(b) A" (Anje =N " €6 _n- /Q,OO(LQ (R™), HY(%)),
(©) (Anje—N)""(1) €6 _nn ,OO(LQ(E),LQ(R"))-

2k+3/2

Proof. We prove assertion (i); the proof of (ii) is analogous. As

ran(Agee — A) " = dom Agee = H*(R™) C HZ(R™)
we conclude from Lemma 4.1 (i) that the inclusion

mn((Afree — 1) " (Afree — )\)_k) C H%k“(R")

holds for all £ = 0,1,...,m. Moreover, since by Proposition 3.2 we have
Agree = T | ker g, Proposition 2.7 (ii) implies that

(1) (Ascee = N7 = T1 (Asree = 1)~ (Apree = )"
and hence

ran ((u)" (Apree — A)7F) € HPH3/2(%) (4.1)

by the properties of the trace map I'y, cf. (2.18). Now the estimates in (a)
and (b) follow from (4.1) and Lemma 2.11 with K = L?(R"), g2 = 2k + %
and with ¢; = 0 for (a) and ¢; = 1 for (b), respectively. The estimate in (c)
follows from (a) by taking the adjoint. d

4.2. Resolvent power differences for the pairs { As o, Afree }» { As',35 Afree }
and {Agl’g, AN,i,e}

In the next theorem we prove &,, -properties of resolvent power differences

for the self-adjoint operators As and Agee. The theorem and its corollary

are parts of Theorems C and D in the introduction.

Theorem 4.3. Let oo € L™ (X) be a real-valued function on %, and let As o
and Agee be the self-adjoint operators defined in (3.12) and (3.5), respectively.
Assume that V € W& >>°(R") for some m € N. Then

(A5,a - >‘)_l - (Afree - )\)_l S Gﬁ,oo (L2(Rn))
foralll=1,2,...,m and for all X € p(Asa) N p(Aree)-
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Proof. We prove the theorem by applying Lemma 2.3. Fix an arbitrary Ao €
C\ R, and let 5, M be as in Proposition 3.2. By Theorem 3.5 the resolvent
difference of As o and Agee at the point Ag can be written in the form

(As.a = 20) " = (Atee — 20) ™ = F(Ao) (I — aM (M) " a7 (No)",

where (I — aM (X)) Lo € B(L%(X)). Proposition 4.2 (i) (a) and (c) imply
that the assumptions in Lemma 2.3 are satisfied with

H=A450, K=Apee: B=7(No), C=(I- OéZT/[/()\o))_laﬁ(Xo)*7

2 3/2
a n—1 5 1 2 n—1 5 T m
Since b =b1 +by—a = $7 Lemma 2.3 implies the assertion of the theorem.

O

The previous theorem has a direct application in mathematical scat-
tering theory. Consider the pair {Asq, Agee} of self-adjoint operators as a
scattering system; here Apee stands for the unperturbed operators and As o
is singularly perturbed by a d-potential of strength « supported on the hy-
persurface X. It is well known (see, e.g. [56, Theorem X.4.8]) that if, for some
m € N, the difference of the mth powers of the resolvents of As, and Afyee
is a trace class operator, i.e. if

(Aé,a - )\0)_m - (Afree - )\0)_m S 61
for some Ay € p(As,a) N p(Agree), then the corresponding wave operators

e : it A —itAgy,
Wj: (Aé,ou Afree) = tsi}irgo gttt eePac(Afree>

exist and are complete, i.e. the strong limit exists everywhere and the ranges
coincide with the absolutely continuous subspace of the perturbed opera-
tor Asqo. Here Pho(Agfree) denotes the orthogonal projection onto the ab-
solutely continuous subspace of the unperturbed operator Age.. This im-
plies, in particular, that the absolutely continuous parts of A, and Agce
are unitarily equivalent and that the absolutely continuous spectra coincide:
Oac(As,0) = Tac(Afree), cf. [56, Theorem X.4.12, Remark X.4.13] and [65, 72].

The next corollary shows that for sufficiently smooth potentials V' the
wave operators of the scattering system {As o, Afree} €xist in any space di-
mension.

Corollary 4.4. Let the assumptions be as in Theorem 4.3. If V € WS’M(R”)
for some even k and k > n—4, then the wave operators Wi (As o, Atree) €xist
and are complete, and hence the absolutely continuous parts of As . and Agree
are unitarily equivalent.

In particular, if V =0, then Wi(As o, Afree) exist and are complete for
any n > 2 and ac(As,a) = [0,00).

In the next theorem we prove &, -properties for resolvent power dif-
ferences of the self-adjoint operators As g and Ageec. The theorem and its
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corollary are the second parts of Theorems C and D in the introduction. The
formulation given below is a bit stronger than the one in the introduction.

Theorem 4.5. Let 3 be a real-valued function on ¥ such that 1/8 € L>®(X),
and let As 3 and Apee e the self-adjoint operators defined in (3.20) and (3.5),
respectively. Assume that V € We™ >>®(R™\X) for some m € N. Then

(A5 = A) 7" = (Atree = A) ' € G (L*(R"))
foralll =1,2,...,m and for all X € p(As.3) N p(Apree)-

Proof. First we apply Lemma 2.3 to the difference of the Ith powers of the
resolvents of Apee and A ;e. Fix an arbitrary Ao € C\ R and let 7 and M
be the 7-field and Weyl function associated with the quasi boundary triple
in Proposition 3.8. Since the operators Ape. and Ay ;i are both self-adjoint,
in analogy to (2.16) we have

(Afee = 20) ™' = (Ax e = A0) ™ = =7 (A0) M (h) ' F(R0)":
see [11, Corollary 3.11]. Furthermore, by Proposition 2.7 (v) and Propo-
sition 3.8 (iii) the operator J/\/[\()\O) is bijective and closed as an operator
from L2(X) onto H(Y). Hence dom M(\g)~! = HY(E) and M(Xo)~! is
closed as an operator from H!(X) into L?(X). Thus, we can conclude that
M(Xo)"! € B(HL(S), L2(%)). Set
H = Agee, K :=ANie, B:=-5(\), C:= J/\/[\()\o)_lﬁ(xo)*.

Then Proposition 4.2 (ii) (b) and (c) imply that the assumptions in Lemma 2.3
are satisfied with

2 3/2 1/2
T nC1 bl_n—l7 2= p—1 7™
Since b = by + bs — a = 0, Lemma 2.3 implies that
(Afree - A)il - (AN,i,e - )\)71 € 6%700 (LQ(Rn)) (42)

for all A € p(Anee) N p(Anie) and all I = 1,2,...,m. This observation to-
gether with Theorem 4.8 shows that

(A5 = A) 7" = (Atree = A) ' € G (L*(R")) (4.3)

for all I = 1,2,...,m and for all A € p(As5 3) N p(Afee) N p(ANie). As the
resolvent power difference in (4.3) is analytic in A, it follows that (4.3) holds
also for those points A € p(As,g) N p(Asee) Which are isolated eigenvalues of
An ie; note that we know already that the essential spectra of An e, As g
and Agee coincide because the relations (4.2) and (4.3) are true at least for
non-real \. U

Remark 4.6. We note that in (4.2) it is shown that the difference of the
mth powers of the resolvents of Age. and Ay ;e belongs to the class & S
provided V € W™ >*(R™\¥). This is a slight improvement of a result in

[12]. For infinitely smooth V' the asymptotics of the singular values have been
studied in [13, 14] and [49].
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The following corollary is the counterpart of Corollary 4.4 for the scat-
tering system {As g, Afree }-

Corollary 4.7. Let the assumptions be as in Theorem 4.5. If V € Wg’m(R”\E)
for some even k and k > n—3, then the wave operators Wi (As: g, Atree) exist
and are complete, and hence the absolutely continuous parts of As g and Agree
are unitarily equivalent.

In particular, if V=0, then Wi (As g, Anee) exist and are complete for
any n > 2 and cac(As ) = [0, 00).

The next result on the &, -properties of the resolvent power differ-
ences of As g and Ay je completes the proof of Theorem 4.5, but is also of
independent interest. We do not formulate the corresponding corollary for
the scattering system {As g, AN i }-

Theorem 4.8. Let 5 be a real-valued function on ¥ such that 1/3 € L>(X),
and let Asig and Anie be the self-adjoint operators defined in (3.20) and

(3.4), respectively. Assume that V. € W™ >*(R™\X) for some m € N.
Then

(Ayg— N7 = (Anje —A)H € 6;3—111700 (L*(R™))
foralll=1,2,....m and all X € p(As ) N p(Anie)-

Proof. As in the proofs of Theorem 4.3 and 4.5 fix A\g € C\ R and let 5

and M be the ~-field and Weyl function associated with the quasi boundary
triple in Proposition 3.8. By Theorem 3.11 the resolvent difference of As g
and A e at the point A\ can be written in the form

_ 1~ 1 N
(Ass — o) 't (ANjie — o) L= ’Y()\o)(—’ -8 1M()\0)) B 1’7(/\0) )
where (I — 571]\’4\0\0))71&—1 € B(L*(X)). Proposition 4.2 (ii) (a) and (c)

imply that the assumptions in Lemma 2.3 are satisfied with
H=Ayp, K=Axie, B=7(), C=(I-p"MN))"
2 _3)2

a ’I’L—].’ 1 2

1

6_1;)/\(X0)*7

n—1"

Since b = by +by —a = ﬁ, Lemma 2.3 implies the assertion of the theorem.
O
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