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Aufgabe 1: Show that the minimization problem

F (u) :=

∫ 1

−1

(

xu′(x)
)2
dx = min!, u ∈ C1([−1, 1]), u(−1) = 0, u(1) = 1,

has no solutions. 1
Hint: Use the sequence of functions un(x) =

1
2 +

arctan(nx)
2 arctan(n) , n ∈ N and look at the

behavior of F (un).

Aufgabe 2: Show the following variant of the fundamental lemma of variational calculus. Given an

open interval I ⊆ R show that for u ∈ L2(I) satisfying
∫

I
uϕ′dx = 0, ∀ϕ ∈ C∞

0 (I),

there exists a constant c such that u = c almost everywhere.

Aufgabe 3: Let u ∈ W̊ 2
1 (a, b), where (a, b) is a finite interval. Show that there exists a unique

continuous function v : [a, b] → R satisfying u(x) = v(x) for almost all x ∈ (a, b) and v(a) = v(b) = 0.
Moreover, show the estimate

‖v‖∞ ≤ (b− a)1/2‖u′‖L2(a,b) ≤ (b− a)1/2‖u‖1.

Aufgabe 4: Let Ω ⊂ R
n be a bounded domain. By Poincare inequality there exists a constant c > 0

such that

‖u‖2L2(Ω) ≤ c‖∇u‖2L2(Ω;Rn)

for all u ∈ W̊ 2
1 (Ω). Estimate the constant c in terms of geometry of Ω as sharp as possible.

Aufgabe 5: Let Ω ⊂ R
n be a bounded domain. Given f ∈ L2(Ω) and g ∈ W 2

1 (Ω). Let u ∈ W 2
1 (Ω)

be the unique solution of the boundary value problem

∫

Ω

n
∑

j=1

∂ju∂jvdx =

∫

Ω
fvdx, for all v ∈ W̊ 2

1 (Ω),

with the boundary condition u− g ∈ W̊ 2
1 (Ω). Show that u is also the unique solution of the minimi-

zation problem

W 2
1 (Ω) ∋ u 7→

1

2

∫

Ω

n
∑

j=1

(∂ju)
2dx−

∫

Ω
fudx = min!

with the same boundary condition u− g ∈ W̊ 2
1 (Ω).

1This example of a non-solvable minimization problem belongs Weierstrass from 1870.


